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We consider the problem of implementation of functions of the three-valued logic by formulas over finite
systems. Lupanov [1] obtained an asymptotically exact estimate of the Shannon function for any complete
system of Boolean functions. It was shown in [2] that for an arbitrary finite system ¥ of Boolean functions
each function from [¥] can be implemented by a formula with the complexity having at most exponential
growth with respect to the number of variables. An example of a sequence of functions of the four-valued
logic whose complexity in the class of formulas over some finite incomplete system has the double-exponential
order of growth with respect to the number of variables was given in [3]. For some closed classes of the three-
valued logic upper bounds of the corresponding Shannon functions were obtained in [4, 5]. In this paper we
study the complexity of functions of the three-valued logic which take values from the set {0,1} and whose
restrictions to the set of collections of zeros and ones are linear Boolean functions. All necessary definitions
can be found in [1-3, 6-9].

Let B, ={0,1,...,k — 1}, k > 2. By E} we denote the set of all collections & = (a1, ..., ) such that
o1,...,an € By By P, we denote the set of all functions of the k-valued logic and by Ps 2 the set of all
functions from Ps taking values from the set Eo only. Let F' C Py. By [F] we denote the closure of the set
F with respect to superpositions and the operation of introducing inessential variable (see [6]), and by F(n)
we denote the set of all functions from F' depending on the variables zy,...,z,, n > 1.

Define the following sets of Boolean functions: L is the set of all linear functions, S is the set of all
self-dual functions, T; is the set of all functions preserving the constant ¢, s = 0,1. Assume L; = L NT; for
1 =0,1, Loy = Lo N Ly, and SL = SN L. The disjunction of x; and x3, conjunction of z; and x5, sum
modulo two of x1 and x5 are denoted by x1 V za, x1&x2, 21 D X2, respectively.

Let ¥ be a finite system of functions from Py and let f(z1,...,z,) € [¥]. Consider a formula ® over ¥
implementing the function f and a set F' C [¥]. By L(®) we denote the number of symbols of variables and
constants occurring in the formula ® (the complexity of the formula ®), by Ly(f) we denote the complexity
of the function f, and by Ly (F'(n)) — the Shannon function for the set F.

Let f(x1,...,2,) € P3 2. The projection of the function f(z1,...,z,) is defined as the Boolean function
(pr f)(z1,...,x,) whose value on an arbitrary collection & € E¥ is given by the equality (pr f)(a) = f(@).
In what follows, the function (pr f)(z1,...,y) is denoted by pr f(z1,...,z,). The projection pr F' of a set
of functions F' C Pj o is defined as the set | J{pr f}, where the union is taken over all functions f € F. It is
not difficult to check that for any closed class F' C Ps 5 the set pr F' is a closed class of Boolean functions.
Assume £ = {f € P3| prf € L}. A function f(z1,...,x,) € P32 is called pseudo-linear if f € L.

Let f(z1,...,2n) € P32 and H C E¥. Define the restriction of the function f to the set H as the function
from P35 whose value on an arbitrary collection & € E¥ is equal to f(&) for & € H and to 0 for & ¢ H (the
notation is f|g).

By ji(z) we denote the function from P35 which is equal to 1 for = ¢ and to 0 for the other cases,
i € 3. By £+ y and x - y we denote the functions from Ps 5 such that for any a,3 € E3 the equalities
a+ B =7j1(a)®ji1(8) and « - 5 = j1(a)&j1(8) hold, respectively.

Give a description of closed classes H C P;3 such that prH = L. Given an arbitrary pseudo-linear
function f(x1,...,x,), it is not difficult to see that the following equality holds:

Fr ) = o @1) i, (@),

where the sum is taken over all collections ¢ = (o1,...,0,) € E¥ such that f(¢) = 1. Replacing each
occurrence of the function jo(y) in the right-hand side of this equality by the function 1 + ji(y) + j2(v),
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which is equal to it, and opening the brackets, we obtain a representation of the function f(zi,...,x,) in
the following form:

flri, ..o zn) =np(@1, .., 2n) F0f(21, ..o 20), (1)

where

n
ng(z1,...,an) =a+ Zaijl(xi)a op(@1,...,20) = ZCLLJ%I,J(xla ey Tn),
i=1 1,J

srg(T1, . n) = <Hj1($i)> (sz(ﬂﬂj)),
icl jeJ

a,a;,ar,; € {0,1}, and the sum in the definition of the function J§; is taken over all sets I,J such that
IUJCA{l,...,n},INJ =9, J#@.If a y =1, then the function s j(z1,...,2,) is called a component
of the function f. By K; we denote the set of all components of the function f. Assume K = |J Ky, where
the union is taken over all pseudo-linear functions f. It is easy to see that the representation of a function
f € L in form (1) is unique (up to a permutation of summands and the order of factors in the summands).
By J; we denote the set of all functions ji(z;), 1 < i < n, such that a; = 1 for the representation of the
function f in form (1). Define a set H; as follows: if @ = 1 in the representation of the function f in form (1),
then Hy = {1}; otherwise Hf = &. Assume Yy = Ky U Jy U Hy.

Let a € Es. Define a subset Z3 , of the set P32, a = 0,1, as follows. A function f(z1,...,2,) € P32
belongs to the set Zs , if and only if it satisfies the following condition: if & € EY, B € E%, and the collection o
is obtained from the collection B by replacing all twos by a, then f(a) = f (B), n>1.

Define the following subsets of the set £. Assume

Ly={feL|K;C{s,€K]||I]<1}},

Lo, ={feLl|K;C{rsjeK|I=2,J<r}}, 1<r<oo
L27OO:{f€£|Kf§{%])J€K| IZ@}}.

It was shown in [7] that the set of all closed classes F' C £ such that pr F' = L consists of the following
classes: L, Lo, L oo, Z2oNL, Zo1NL, Ly ,, where 1 <17 < 0co. And each of these closed classes, except for
the class Lg o, has a finite basis.

Assume Az,y) = ji(z) + j1(y), p(z,y) = j(@)j2(y), ve(z1,...,20) = Ja(@1)j2(22) ... jo(2r), r = 1.
Define the following systems of functions from L. Assume

2= {1,/\(33,]4)}, B :QLU{j1($)j1(y)jg(z),j0($),j1(213),j2(33)}, Q::Qlu{u(a:,y)},

gr :Q[U{Vr(xla---axf’)}v @Z{l,jo(ﬂf)—F]Q(y)}

It is known [7] that [A] = Z2o N L, [B] = L, [€] = La, [D,] = Lo, [€] = Z21 N L.

Below we obtain estimates of the Shannon functions for all finitely-generated closed classes F' C P35 such
that pr F' = L.

Theorem 1. Let Q = ZoogNL, U =231 NL, W = Ly, V. = Lo, where 1 <r < oo. Then the following
relations hold:

La(Q(n)) = Le(U(n)) =n+1, n=>2; (2)
Lo, (Vi(n)) =14+n+r(CL+C2+...+C0), n>r (3)
Le(W(n)) =n2""t 42"t 1 n>2. (4)

Theorem 2. The following relation holds:

3n
logyn’

Los(£L(n)) ~ (5)

In order to prove Theorem 1, we need the following lemma.
Lemma. Let f(z1,...,2,) be a function from Ly, essentially depending on n variables, n > 2. Then
Lo, (f) = [yl + [Hy| + r|Ky].
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The proof of Theorem 1 is the following. The equality Ly(Q(n)) = n+ 1 in (2) follows from the fact
that for any function f(z1,...,z,) € @Q essentially depending on n variables, n > 2, the relation Ly(f) =
L{1 244y (pr f) = n+ 1 holds. The equality Le(U(n)) =n + 1 is valid due to the duality considerations.

Prove equality (3). If n = r = 1, then the statement is evident. Let n > 2, n > r > 1. It is easy to see that
for any function f(z1,...,7,) € V;(n) the inequalities |J| + |Hf| <1+n and |K¢| < C} 4 ...+ C hold.
Therefore, by the Lemma, Ly, (V;.(n)) < 1+4+n+7r(CL + C2 + ...+ Cr), which implies the upper bound.

Prove the lower bound. By 6,, we denote the function from the set V,.(n) for which all coefficients in
the representation (1) are equal to 1. It is evident that |Jy, |+ |Hg,| =1+ n and |Ky,| = CL + ...+ CI.
The lemma implies Ly, (0,) = |Jo, | + |Ho, | + 7|Kp,| = 1 +n+r(CL + ...+ C). Therefore, Ly, (V,.(n)) >
Lo, (0,)=1+n+r(CL+C2+...4+C").

We prove equality (4) in the following way. First, for any function f € Ly essentially depending on n
variables, n > 2, we obtain the inequality Le¢(f) < |Yf| + B(f), where B(f) is some quantity uniquely
determined by the function f. Then we show that |Yy| < n2"~! + 2" and B(f) < 2" — 1. This implies
the inequality Le(f) < n2"~! + 271 — 1. Finally, we consider the function 7, (1, ..., 2,) from Ly whose
all the coefficients in representation (1) are equal to 1 and show that its complexity satisfies the inequality
Le(ry) > n2n=t 420+l — 1,

Present the sketch of the proof of Theorem 2. The upper bound in relation (5) can be obtained with the
help of a modification of the asymptotically optimal method for synthesis of formulas over the basis {&, Vv, }
[8] (other generalizations see in [10, 11]). The proof is based on the existence of a special partition 2 of the
set E¥, n > 1, into disjoint subsets I'g,I'y,...,I's (where ¢ is a parameter depending on n). Such a partition
can be obtained by using the method for constructing perfect Hamming codes [9] of length m, m < n, over
the field GF(3), where m is a parameter of the form m = (3" — 1)/2, r € N. The partition ) possesses the
following properties: the number of collections contained in the set I'y is “sufficiently small,” and for each
set I';, i = 1,...,t, there exists a number j; < m such that for any collection @ = (aq,...,a,) € I'; the
equality a;, = 2 holds.

Let f(z1,...,2n) € L,n > 3. By f|r, we denote the restriction of the function f to the set I';, 7 =10,...,¢,
and assume A =Ty U...UT;. Describe the main stages in the construction of a formula ® over 9B imple-
menting the function f. First, we construct formulas @4, ..., ®; implementing the functions f|r,,..., f|r,,
respectively, by a method similar to the method for synthesis of formulas from [8]. Here we use the functions
Ji(z) + j1(y) and ji(x)j1(y)j2(x;,) instead of the functions x V y and z&y, respectively (see the properties
of the partition ). Further, we construct a formula @, implementing the function f|4 and having the
complexity not exceeding the lower cardinality bound for the function Lg(L£(n)). Then, for the formula ®g
corresponding to the function f|r, we take a formula “similar” to the perfect disjunctive normal form of
this function. Finally, we consider the formula ® = ji(®o) + j1(®4) implementing the function f, and its
complexity (by virtue of the properties of the partition 9)) is asymptotically equal to the complexity of the
formula ® 4.

The lower bound in relation (5) follows from cardinality considerations [8] and the equality

|£(n)| — 2n+1 . 2371_271.

Remark. For closed classes F' C Ps 5 such that pr F' € {Lg, L1, LS, Lo }, similar relations can be estab-
lished.
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