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Abstract—Upper and lower estimates for the complexity of functions of the 3-valued logic taking
values from the set {0, 1} with linear Boolean restrictions are derived.
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We consider the problem of implementation of functions of the three-valued logic by formulas over finite
systems. Lupanov [1] obtained an asymptotically exact estimate of the Shannon function for any complete
system of Boolean functions. It was shown in [2] that for an arbitrary finite system Ψ of Boolean functions
each function from [Ψ] can be implemented by a formula with the complexity having at most exponential
growth with respect to the number of variables. An example of a sequence of functions of the four-valued
logic whose complexity in the class of formulas over some finite incomplete system has the double-exponential
order of growth with respect to the number of variables was given in [3]. For some closed classes of the three-
valued logic upper bounds of the corresponding Shannon functions were obtained in [4, 5]. In this paper we
study the complexity of functions of the three-valued logic which take values from the set {0, 1} and whose
restrictions to the set of collections of zeros and ones are linear Boolean functions. All necessary definitions
can be found in [1–3, 6–9].

Let Ek = {0, 1, . . . , k − 1}, k ≥ 2. By En
k we denote the set of all collections α̃ = (α1, . . . , αn) such that

α1, . . . , αn ∈ Ek. By Pk we denote the set of all functions of the k-valued logic and by P3,2 the set of all
functions from P3 taking values from the set E2 only. Let F ⊆ Pk. By [F ] we denote the closure of the set
F with respect to superpositions and the operation of introducing inessential variable (see [6]), and by F (n)
we denote the set of all functions from F depending on the variables x1, . . . , xn, n ≥ 1.

Define the following sets of Boolean functions: L is the set of all linear functions, S is the set of all
self-dual functions, Ti is the set of all functions preserving the constant i, i = 0, 1. Assume Li = L ∩ Ti for
i = 0, 1, L01 = L0 ∩ L1, and SL = S ∩ L. The disjunction of x1 and x2, conjunction of x1 and x2, sum
modulo two of x1 and x2 are denoted by x1 ∨ x2, x1&x2, x1 ⊕ x2, respectively.

Let Ψ be a finite system of functions from Pk and let f(x1, . . . , xn) ∈ [Ψ]. Consider a formula Φ over Ψ
implementing the function f and a set F ⊆ [Ψ]. By L(Φ) we denote the number of symbols of variables and
constants occurring in the formula Φ (the complexity of the formula Φ), by LΨ(f) we denote the complexity
of the function f , and by LΨ(F (n)) — the Shannon function for the set F .

Let f(x1, . . . , xn) ∈ P3,2. The projection of the function f(x1, . . . , xn) is defined as the Boolean function
(pr f)(x1, . . . , xn) whose value on an arbitrary collection α̃ ∈ En

2 is given by the equality (pr f)(α̃) = f(α̃).
In what follows, the function (pr f)(x1, . . . , xn) is denoted by pr f(x1, . . . , xn). The projection prF of a set
of functions F ⊆ P3,2 is defined as the set

⋃

{pr f}, where the union is taken over all functions f ∈ F . It is
not difficult to check that for any closed class F ⊆ P3,2 the set prF is a closed class of Boolean functions.
Assume L = {f ∈ P3,2 | pr f ∈ L}. A function f(x1, . . . , xn) ∈ P3,2 is called pseudo-linear if f ∈ L.

Let f(x1, . . . , xn) ∈ P3,2 and H ⊆ En
3 . Define the restriction of the function f to the set H as the function

from P3,2 whose value on an arbitrary collection α̃ ∈ En
3 is equal to f(α̃) for α̃ ∈ H and to 0 for α̃ /∈ H (the

notation is f |H).
By ji(x) we denote the function from P3,2 which is equal to 1 for x = i and to 0 for the other cases,

i ∈ E3. By x + y and x · y we denote the functions from P3,2 such that for any α, β ∈ E3 the equalities
α + β = j1(α) ⊕ j1(β) and α · β = j1(α)&j1(β) hold, respectively.

Give a description of closed classes H ⊆ P3,2 such that prH = L. Given an arbitrary pseudo-linear
function f(x1, . . . , xn), it is not difficult to see that the following equality holds:

f(x1, . . . , xn) =
∑

jσ1(x1) . . . jσn(xn),

where the sum is taken over all collections σ̃ = (σ1, . . . , σn) ∈ En
3 such that f(σ̃) = 1. Replacing each

occurrence of the function j0(y) in the right-hand side of this equality by the function 1 + j1(y) + j2(y),
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which is equal to it, and opening the brackets, we obtain a representation of the function f(x1, . . . , xn) in
the following form:

f(x1, . . . , xn) = ηf (x1, . . . , xn) + δf (x1, . . . , xn), (1)

where

ηf (x1, . . . , xn) = a +
n

∑

i=1

aij1(xi), δf(x1, . . . , xn) =
∑

I,J

aI,JκI,J (x1, . . . , xn),

κI,J(x1, . . . , xn) =

(

∏

i∈I

j1(xi)

)(

∏

j∈J

j2(xj)

)

,

a, ai, aI,J ∈ {0, 1}, and the sum in the definition of the function δf is taken over all sets I, J such that
I ∪ J ⊆ {1, . . . , n}, I ∩ J = ∅, J 	= ∅. If aI,J = 1, then the function κI,J(x1, . . . , xn) is called a component
of the function f . By Kf we denote the set of all components of the function f . Assume K =

⋃

Kf , where
the union is taken over all pseudo-linear functions f . It is easy to see that the representation of a function
f ∈ L in form (1) is unique (up to a permutation of summands and the order of factors in the summands).
By Jf we denote the set of all functions j1(xi), 1 ≤ i ≤ n, such that ai = 1 for the representation of the
function f in form (1). Define a set Hf as follows: if a = 1 in the representation of the function f in form (1),
then Hf = {1}; otherwise Hf = ∅. Assume Yf = Kf ∪ Jf ∪ Hf .

Let a ∈ E2. Define a subset Z2,a of the set P3,2, a = 0, 1, as follows. A function f(x1, . . . , xn) ∈ P3,2

belongs to the set Z2,a if and only if it satisfies the following condition: if α̃ ∈ En
2 , ˜β ∈ En

3 , and the collection α̃

is obtained from the collection ˜β by replacing all twos by a, then f(α̃) = f(˜β), n ≥ 1.
Define the following subsets of the set L. Assume

L2 = {f ∈ L | Kf ⊆ {κI,J ∈ K | |I| ≤ 1}},

L2,r = {f ∈ L | Kf ⊆ {κI,J ∈ K | I = ∅, |J | ≤ r}}, 1 ≤ r < ∞,

L2,∞ = {f ∈ L | Kf ⊆ {κI,J ∈ K | I = ∅}}.

It was shown in [7] that the set of all closed classes F ⊆ L such that prF = L consists of the following
classes: L, L2, L2,∞, Z2,0 ∩ L, Z2,1 ∩ L, L2,r, where 1 ≤ r < ∞. And each of these closed classes, except for
the class L2,∞, has a finite basis.

Assume λ(x, y) = j1(x) + j1(y), μ(x, y) = j1(x)j2(y), νr(x1, . . . , xr) = j2(x1)j2(x2) . . . j2(xr), r ≥ 1.
Define the following systems of functions from L. Assume

A = {1, λ(x, y)}, B = A ∪ {j1(x)j1(y)j2(z), j0(x), j1(x), j2(x)}, C = A ∪ {μ(x, y)},

Dr = A ∪ {νr(x1, . . . , xr)}, E = {1, j0(x) + j0(y)}.

It is known [7] that [A] = Z2,0 ∩ L, [B] = L, [C] = L2, [Dr] = L2,r, [E] = Z2,1 ∩ L.
Below we obtain estimates of the Shannon functions for all finitely-generated closed classes F ⊆ P3,2 such

that pr F = L.
Theorem 1. Let Q = Z2,0 ∩L, U = Z2,1 ∩L, W = L2, Vr = L2,r, where 1 ≤ r < ∞. Then the following

relations hold:
LA(Q(n)) = LE(U(n)) = n + 1, n ≥ 2; (2)

LDr(Vr(n)) = 1 + n + r(C1
n + C2

n + . . . + Cr
n), n ≥ r; (3)

LC(W (n)) = n2n−1 + 2n+1 − 1, n ≥ 2. (4)

Theorem 2. The following relation holds:

LB(L(n)) ∼ 3n

log2 n
. (5)

In order to prove Theorem 1, we need the following lemma.
Lemma. Let f(x1, . . . , xn) be a function from L2,r essentially depending on n variables, n ≥ 2. Then

LDr(f) = |Jf | + |Hf | + r|Kf |.
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The proof of Theorem 1 is the following. The equality LA(Q(n)) = n + 1 in (2) follows from the fact
that for any function f(x1, . . . , xn) ∈ Q essentially depending on n variables, n ≥ 2, the relation LA(f) =
L{1,x+y}(pr f) = n + 1 holds. The equality LE(U(n)) = n + 1 is valid due to the duality considerations.

Prove equality (3). If n = r = 1, then the statement is evident. Let n ≥ 2, n ≥ r ≥ 1. It is easy to see that
for any function f(x1, . . . , xn) ∈ Vr(n) the inequalities |Jf | + |Hf | ≤ 1 + n and |Kf | ≤ C1

n + . . . + Cr
n hold.

Therefore, by the Lemma, LDr(Vr(n)) ≤ 1 + n + r(C1
n + C2

n + . . . + Cr
n), which implies the upper bound.

Prove the lower bound. By θn we denote the function from the set Vr(n) for which all coefficients in
the representation (1) are equal to 1. It is evident that |Jθn | + |Hθn | = 1 + n and |Kθn | = C1

n + . . . + Cr
n.

The lemma implies LDr(θn) = |Jθn | + |Hθn | + r|Kθn | = 1 + n + r(C1
n + . . . + Cr

n). Therefore, LDr(Vr(n)) ≥
LDr(θn) = 1 + n + r(C1

n + C2
n + . . . + Cr

n).
We prove equality (4) in the following way. First, for any function f ∈ L2 essentially depending on n

variables, n ≥ 2, we obtain the inequality LC(f) ≤ |Yf | + B(f), where B(f) is some quantity uniquely
determined by the function f . Then we show that |Yf | ≤ n2n−1 + 2n and B(f) ≤ 2n − 1. This implies
the inequality LC(f) ≤ n2n−1 + 2n+1 − 1. Finally, we consider the function τn(x1, . . . , xn) from L2 whose
all the coefficients in representation (1) are equal to 1 and show that its complexity satisfies the inequality
LC(τn) ≥ n2n−1 + 2n+1 − 1.

Present the sketch of the proof of Theorem 2. The upper bound in relation (5) can be obtained with the
help of a modification of the asymptotically optimal method for synthesis of formulas over the basis {&,∨, }
[8] (other generalizations see in [10, 11]). The proof is based on the existence of a special partition Y of the
set En

3 , n ≥ 1, into disjoint subsets Γ0, Γ1, . . . , Γt (where t is a parameter depending on n). Such a partition
can be obtained by using the method for constructing perfect Hamming codes [9] of length m, m < n, over
the field GF (3), where m is a parameter of the form m = (3r − 1)/2, r ∈ N. The partition Y possesses the
following properties: the number of collections contained in the set Γ0 is “sufficiently small,” and for each
set Γi, i = 1, . . . , t, there exists a number ji ≤ m such that for any collection α̃ = (α1, . . . , αn) ∈ Γi the
equality αji = 2 holds.

Let f(x1, . . . , xn) ∈ L, n ≥ 3. By f |Γi we denote the restriction of the function f to the set Γi, i = 0, . . . , t,
and assume A = Γ1 ∪ . . . ∪ Γt. Describe the main stages in the construction of a formula Φ over B imple-
menting the function f . First, we construct formulas Φ1, . . . , Φt implementing the functions f |Γ1 , . . . , f |Γt ,
respectively, by a method similar to the method for synthesis of formulas from [8]. Here we use the functions
j1(x) + j1(y) and j1(x)j1(y)j2(xji ) instead of the functions x ∨ y and x&y, respectively (see the properties
of the partition Y). Further, we construct a formula ΦA implementing the function f |A and having the
complexity not exceeding the lower cardinality bound for the function LB(L(n)). Then, for the formula Φ0

corresponding to the function f |Γ0 we take a formula “similar” to the perfect disjunctive normal form of
this function. Finally, we consider the formula Φ = j1(Φ0) + j1(ΦA) implementing the function f , and its
complexity (by virtue of the properties of the partition Y) is asymptotically equal to the complexity of the
formula ΦA.

The lower bound in relation (5) follows from cardinality considerations [8] and the equality

|L(n)| = 2n+1 · 23n−2n

.

Remark. For closed classes F ⊆ P3,2 such that pr F ∈ {L0, L1, LS, L01}, similar relations can be estab-
lished.
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