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Preface

Beginning with Sir Isaac Newton, Differential Equations have many appli-
cations in natural science and engineering. Mainly, mathematical models of this
applications lead to nonlinear differential equations that required a qualitative
approach to find solutions. After Henry Poincaré, nonlinear part of Differential
Equations led to the branch called Dynamical Systems with rich mathematical
subject.

This book concerns to some aspects of Qualitative Theory of Dynamical
Systems originated by Henry Poincaré and Aleksander Lyapunov, and devel-
oped by Aleksander Andronov, Ivar Bendixon and George Birkhoff. Beginning
with works by Marston Morse, Qualitative Theory of Dynamical Systems was
enriched by methods of Topology and Geometry. Therefore, this theory is now
often called Geometric Theory of Dynamical Systems.

The modern Geometric Theory of Dynamical Systems was based by Steve
Smale, Dmitrii Anosov, Jakov Sinai, and his numerous progeny. It is not
impossible to imagine the modern Theory of Dynamical Systems without the
hyperbolic ideology when a most interesting dynamics endowed with some
types of hyperbolicity. A hyperbolicity implies the existence of smooth or con-
tinuous families of invariant manifolds which often looks locally like a family
of straight lines or parallel hyperplanes. For such a family, we refer to as a lo-
cal lamination. This notion includes foliations and laminations. To be precise,
a hyperbolicity implies the existence of a two-web consisting of local lamina-
tions. Clearly that the study of dynamical systems is intimately connected with
the study of local laminations.

So, we consider dynamical systems with additional lamination structures.
Therefore, the big part of the book concerns to Theory of Local Laminations.
In our opinion, an acquaintance with Theory of Dynamical Systems and Local
Laminations (including, Foliations) must begin with low dimensional spaces
when a dimension of support space does not exceed 2. In this case, the Reader
get the complete and maximal presentation on goals, methods, and deep results
of this Theories. The another reason to begin with low dimensional cases
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is a minimal knowledge that allows to young researchers to make first steps
independently.

This book is meant to be a graduate or undergraduate textbook and partly
a monograph on the subject. The book is virtually divided into three parts.
First part are Chapters 1 and 2. This part is intended to be an introduction
in geometric aspects of dynamical systems. Second part are Chapters 3, 4,
and 5. Here, we focus on surface local laminations. At last, in the third
part which are Chapter 6, Chapter 7, Chapter 8, and Chapter 9 studies surface
dynamical systems (flows and diffeomorphisms) with invariant one-dimensional
local laminations, and 2-webs, and one-dimensional basic sets.

Each chapter is ended by Bibliographic Notes and Panoramas where we
give some historical remarks, overviews, and results (in the frame of our knowl-
edge).

The authors wrote series of surveys [16,17,19,20,31,32,90,97,172] some of
them were written together with Samuil Aranson and Dmitrii Anosov who are
the moral coauthors of this book. Anosov unfortunately already dead in 2014.
He was advisor and friend, and we miss him. Our common teacher, friend and
often co-authors Samuil Aranson did much for us, both in science and in life.

The book summarizes the many years researches by the authors in Theory
of Dynamical Systems. Both authors belong to the famous scientific school
founded by Aleksandr Andronov in Nizhny Novgorod. As students, authors
began to study the Theory of Dynamical Systems in Department of Differential
Equations, which was headed by Evgenia Alexandrovna Leonovich-Andronova
(wife of Andronov).

It is our pleasure to thank people who helped us in many ways. Among
those are G. Belitskii, M. Brin, E. Gurevich, M. Malkin, N. G. Markley, S. Mat-
sumoto, V. Medvedev, Ya. Pesin, Ya. Sinai, A. Zorich.

Both authors owe a great debt to Alexey Borisov for moral support and
good advices in time of our work with the book.

The authors are grateful to Dmitrii Mints, a student of the Higher School
of Economics, who spent a lot of time carefully reviewing the manuscript and
made many useful comments on the text’s form.

Writing of the book is supported by the Russian Science Foundation under
grant 17-11-01041.



CHAPTER 1

Foundations

Here we introduce the first notation concerning Dynamical Systems. Any
dynamical system is defined on a space that often is a manifold. Therefore, in
Section 1.1, we introduce briefly manifolds, mainly low-dimensional. A good
introduction to low-dimensional Topology are the books [53, 210, 211]. In
Section 1.2, we give the definition of a dynamical system with continuous
and discrete time. Since the general definition was induced by properties of
solutions of ordinary differential equations, we recommend to get acquainted
with some principles of Ordinary Differential Equations. Good sources are [119,
151]. In Section 1.3, we introduce the basic notation of Dynamical Systems
that traditionally attributes to Topological Dynamics.

The notion of hyperbolicity is essential in modern Theory of Dynamical
Systems. In Section 1.4, we recall some results on linear maps and introduce
canonical hyperbolic fixed points. In Section 1.5, one formulates Grobman –
Hartman Theorem that is a keystone of Hyperbolic Dynamics. In Section 1.6,
we present classical example of Smale Horseshoe and introduce the notion of
a hyperbolic set. At last, in Section 1.7, one considers basic results concerning
hyperbolic sets.

1.1. Manifolds

Roughly speaking, a topological n-manifold is a second-countable Haus-
dorff topological space Mn locally homeomorphic to Euclidean space R

n or
half-space R

n
+. The points corresponding to the boundary of R

n
+ form the

boundary ∂Mn of Mn. If Mn is compact and ∂Mn = ∅, Mn is a closed
manifold. To consider differentiable dynamical systems one needs differentiable
manifolds Mn. At first time, it suffices to think of a differentiable manifold Mn

as an n-dimensional differentiable surface or submanifold in R
N , where N > n

(see John Lee’s Introduction to Topological manifolds). The most part of the
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book concerns to 1-manifolds and 2-manifolds (surfaces). Therefore, let us give
more details for such manifolds.

One-dimensional and two-dimensional manifolds

1-manifolds are intervals (compact or open) of the real line R. A unique
closed 1-manifold is a circle S1. Mainly, we consider the unit circle S1 =
= [0; 1]/(0 ∼ 1), where 0 ∼ 1 indicates that 0 and 1 are identified. We’ll
also consider S1 as S1 =

{
z ∈ C : |z| = 1

2π

}
in complex plane C, so-called

multiplicative circle. The two notations are related by z = 1
2π e

2πix, x ∈
∈ [0; 1]/(0 ∼ 1). The first representation endowed S1 with the natural cyclic
coordinate.

Figure 1.1. 2-sphere (a); torus (b); Möbius band (c); projective plane (d).

Surface is a 2-manifold. At first, one can think of surfaces in a prim-
itive manner. Fig. 1.1 is a description of two oriented (two-sided) surfaces,
a sphere and torus, and two non-oriented (one-sided) surfaces, a Möbius band
and projective plane (on the right, each pair of antipodal points of the circle are
supposed to be identified). Note that the torus (Fig. 1.1 (b)) can be considered
as the product S1 × S1.

The simplest example of a surface is Euclidean plane R
2. The next simple

example is a plane domain or 2-sphere with n holes that obtained by deleting
from 2-sphere n (possibly, n = 0) disjoint disks. If the removing disks are
open we get a compact plane domain. If the removing disks are closed, one
obtains an open (noncompact) plane domain. In the last case some disks are
accepted to be points. This points and the boundaries of removing closed disks
one considers as an ideal boundary.

By a handle we mean a surface obtained by deleting from a torus the
interior of a 2-cell, Fig. 1.2 (a). If 0 � p � n handles are attached to the
boundary of the 2-sphere with n holes, the resulting surface is an oriented
surface of genus p with b = n − p holes denoted by M2

p,b, Fig. 1.2 (b). Note
that historically, a genus was introduced as a “measure of connectivity” defined
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Figure 1.2. A handle (a); the surface M2
2 of genus 2 (b); an attaching a Möbius band (c).

by the maximum number of disjoint closed curves which can be drawn on the
surface without separating.

A non-oriented surface of genus p with b = n − p holes or a sphere
with p cross-caps and b = n − p holes is a surface obtained by starting with
a 2-sphere with n holes and then attaching a Möbius band to the boundary of
each of p holes, Fig. 1.2 (c). Such a surface is denoted by N2

p,b. Clearly, M2
p,0 =

= M2
p and N2

p,0 = N2
p are closed surfaces. Note that any non-orientable surface

has genus � 1.

Non-branched covering projections

One of the methods to construct dynamical systems starting with simple
models is their lifting on covering surfaces or projecting from covering surfaces.
The advantage is that sometimes a covering surface, for example, universal
covering surface, can be endowed with simple coordinate charts, and therefore
a dynamical system can be described directly. We begin with non-branched
covering projections.

A map p : X → Y is called a (non-branched) covering projection or cov-
ering map (and X is called a covering space of Y ) if each point y ∈ Y has
a neighborhood U such that p−1(U) is a nonempty disjoint union of sets Uα

(sheets, which are components of p−1(U)) on which p|Uα
is a homeomor-

phism Uα → U . We always will assume that p is surjective. If the cardinal-
ity |p−1(m)| of p−1(m) does not depend on a point m ∈ Y and is finite, one
says that p is a |p−1(m)|-sheeted covering projection or |p−1(m)|-sheeted cov-
ering map. If the space X is simply connected, p is called universal and X is
a universal covering space. The simplest example of universal covering pro-
jection is

R→ S1 = [0; 1]/(0 ∼ 1) where x �→ x mod 1.

This example produces the universal covering projection

π : R× R→ S1 × S1, π(x, y) = (x mod 1, y mod 1) (1.1)

of R2 = R× R onto the torus T
2 = S1 × S1.
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For 2-manifolds X and Y , we can assume that the neighborhood U above
is homeomorphic to an open disk or R

2. Well known that every surface pos-
sesses universal covering surfaces, see, for example [210].

Let M2 be a surface and M
2

its covering surface with the covering projec-

tion π : M
2 →M2. A deck transformation is a homeomorphism γ : M

2 →M
2

such that π ◦ γ = π. All such mappings γ form a group called the covering

group and denoted by Γπ or Γ(M2). Two points of M
2

are congruent if they
belong to the same orbit under the covering group. Certainly, two congruent
points have the same projection on M2. If conversely, any two points lying
over the same point of M2 are congruent, the covering group is said to be
transitive. Later on, we consider only transitive covering groups. Any deck
transformation of non-branched covering surface has no fixed points, except the
identity mapping.

Let X be a topological space and G be a group of transformations of X .
An action of G on X is a map G × X → X , where the image of (f, x)
will be denoted by f(x), such that (fh)(x) = f(h(x)), x ∈ X , f, h ∈ G.
The orbit of x is the set O(x) = {f(x) | f ∈ G}. It is easy to see that two
orbits are either disjoint or identical. The space of orbits is denoted by X/G,
with the quotient topology from the map X → X/G taking x to O(x), and
is called the quotient space or orbit space. An action of G on X is said
to be properly discontinuous if for any point x ∈ X the fact that point x
has a neighborhood U such that f(U) ∩ U �= ∅ implies f = e, the identity

map [53], III.7.1. Given a covering map M
2 →M2, if the covering group Γ is

properly discontinuous then the quotient space M
2
/Γ is homeomorphic to M2.

Studying quotient spaces one usually finds a convenient fundamental domain,
the closure of set containing a unique point of each Γ-orbit. Let us consider
some examples.

Example 1.1 2-sheeted (non-branched) covering projection S2 → PR
2.

Consider a 2-sphere S2 embedded in R
3 such that S2 is invariant under

the central symmetry S with respect to the origin O ∈ R
3, Fig. 1.3. The

symmetry S is an involution. Hence, the group generated by S is Z2. One
can take the fundamental domain to be a half-sphere, say S2

+. S identifies
each pair of antipodal points of ∂S2

+. Therefore, the quotient space S2/Z2

is a projective plane PR
2, and the projection S2 → S2/Z2 is a 2-sheeted

(non-branched) covering projection S2 → PR
2. ♦
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Figure 1.3. The 2-sheeted (non-branched) cover S2 → PR
2.

Example 1.2 The universal covering space of torus T 2 and Klein bottle K2,
and 2-sheeted (non-branched) covering projection T 2 → K2.

Take the Euclidean plane R
2 endowed with the standard coordinates x, y.

For the torus T 2, one can take as Γ the group Z
2 of integer translations Snk:

(x, y)→ (x+ n, y + k), n, k ∈ Z. (1.2)

For the Klein bottle K2, the group Γ consists of transformations

(x, y)→
(
x+

n

2
, (−1)ny + k

)
, n, k ∈ Z. (1.3)

Let us check that the quotient space R
2/Γ is a corresponding surface. Since the

group Z
2 consists of integer translations Snk, the square 0 � x � 1, 0 � y � 1

can be taken to be the fundamental domain of Z
2 that identifies the opposite

sides of this square. Hence, R2/Z2 is T 2, and the natural projection

π : R2 → R
2/Z2 = T 2

is a universal covering projection defined by (1.1) with the group of deck
transformations Γ(T 2) = Z

2, Fig. 1.4.

Figure 1.4. The 2-sheeted (non-branched) cover T 2 → K2.

Denote by Γ′ the group consisting of transformations (1.3). Similarly, one
can check that the quadrangle 0 � x � 1

2 , 0 � y � 1 is fundamental domain
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of Γ′, and the quotient space R2/Γ′ is K2. Thus, Γ′ = Γ(K2) is a group of deck
transformations, and R

2 → R
2/Γ′ = K2 is a universal covering projection.

Since the double iteration of the map (x, y) →
(
x+ 1

2 , −y
)

gives the
map (x, y)→ (x+1, y), Z2 is a subgroup of Γ(K2) of index 2, Γ(K2)/Z2 =
= Z2. This implies that

T 2 = R
2/Z2 → R

2/Γ(K2) = K2

is a 2-sheeted (non-branched) covering projection T 2 → K2. Geometrically,
the square 0 � x � 1, 0 � y � 1 covers the quadrangle 0 � x � 1

2 , 0 � y � 1
and quadrangle that is congruent to it. ♦

Example 1.2 is a particular case of the following well known fact that any
non-orientable surface N2 has two-sheeted (non-branched) covering orientable
surface M̂ [210].

Proposition 1.1 Given any non-orientable surface N2
p of genus p, there is

a 2-sheeted (non-branched) covering projection M2
p−1 → N2

p , where M2
p−1 is

an oriented surface of genus p− 1.

This result is generalized by the following statement.

Lemma 1.1 Given any non-orientable closed n-dimensional manifold Mn,
there are an oriented closed n-dimensional manifold M̃n and 2-sheeted (non-
branched) covering projection M̃n →Mn, where n � 2.

Proof can be found in “topological” books, exm., [209, 212].

Fundamental groups

A fundamental group was introduced by Poincaré [193]. Suppose X is
a topological space and x0 ∈ X is a choice of base point. Roughly speaking,
the fundamental group π1(X, x0) is formed by homotopy classes of loops start-
ing and finishing at x0. A continuous mapping f : X → Y induces the homo-
morphism f∗ : π1(X, x0) → π1(Y, f(x0)). The fundamental group π1(X, x0)
is a topological invariant, i. e., if f : X → Y is a homeomorphism, then the
groups π1(X, x0) and π1(Y, f(x0)) are isomorphic. In particular, if X =
= Y , f∗ is an automorphism. For a surface X = M2

p , every automorphism
of π1(M

2
p , x0) is induced by some homeomorphism (M2

p , x0)→ (M2
p , x0).

Proposition 1.2 Let φ : π1(M
2
p , x0) → π1(M

2
p , x0) be an automorphism.

Then there is a homeomorphism f : M2
p → M2

p defined uniquely up to ho-
motopy such that f∗ = φ.
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1.2. Definition of a Dynamical System

Theory of Dynamical Systems studies the long-time behavior of evolving
of different type systems. Mainly one considers a discrete time and continu-
ous time. Respectively, one considers a discrete-time dynamical system and
continuous-time dynamical system.

Continuous-time dynamical systems

The motivation for the definition of dynamical systems (DS) with contin-
uous time are autonomous differential equations on closed manifolds. Recall
that an n-manifold Mn is locally Euclidean space R

n endowed with coordi-
nates (x1, . . . , xn). The autonomous system of first order differential equations
is

ẋi = Fi(x1, . . . , xn), i = 1, . . . , n, (1.4)

where ẋ denotes the derivative of a function x with respect to a single vari-
able t that often traditionally is called a time. If the functions Fi are smooth
enough, the existence and uniqueness theorem for ordinary differential equa-
tions guarantees that given any p0 = (x0

1, . . . , x
0
n) ∈Mn and t0 ∈ R, there are

functions (ϕ1(t), . . . , ϕn(t)) such that

ϕi(t0) = x0
i and

d

dt
ϕi(t)

∣
∣
∣∣
t=t0

≡ Fi (ϕ1(t), . . . , ϕn(t)), i = 1, . . . , n ∀t.

The vector-function f(t) = (ϕ1(t), . . . , ϕn(t)) : R → Mn is called a solution
satisfying the initial condition (p0, t0). The graph of the function f(t) is the
curve

l̂ = {(t, f(t)) : −∞ < t < +∞} ⊂ R
n+1.

Let P : Rn+1 → R
n be the natural projection (t, x1, . . . , xn) �→ (x1, . . . , xn).

Since the right hand of (1.4) does not depend on t, it follows that f(t+C)

is also a solution of (1.4) for any constant C ∈ R. Therefore, l̂ is projected
by P onto the curve l = P (l̂) that is either a simple closed curve or non-closed
curve with no self-intersections, Fig. 1.5 (a). This curve l is called integral.
An integral curve endowed with the (positive) direction corresponding to the
increasing t is called a trajectory.

Let f(·, t) : Mn →Mn be a shift along integral curves by t: p0 �→ f0(t),
where f0 is a solution satisfying the initial condition (p0, t0). Clearly that the
consecutive shifts by t1 and t2 is equivalent to the shift by t1+ t2. The theorem
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Figure 1.5. The curves ̂l and l = P (̂l).

of continuous dependence of solutions on initial conditions implies that shifts
satisfy to the following properties:

• f(·, t) : Mn →Mn is a diffeomorphism for any t ∈ R;
• f(p, t+ s) = f(f(p, t), s) for any p ∈Mn and all s, t ∈ R, Fig. 1.5 (b);
•

d

dt
fi(p, t)

∣∣
∣
∣
t=0

= Fi(p) for each p ∈Mn, i = 1, . . . , n.

This properties motivate the general definition of a dynamical system with
continuous time (sometimes, one says continuous dynamical system). Often, DS
with continuous time is called shortly a flow. Recall that a map f : Mn →Mn

is a Cr , r � 1, diffeomorphism if f is invertible and the both f and f−1 have
the continuous derivatives of the orders 1, . . . , r. C0 diffeomorphism means
a homeomorphism. When the dimension of a manifold Mn is not important
we shall denote Mn by M .

A Cr flow (or a continuous-time Cr dynamical system) is a one-parameter
family {f t} of Cr diffeomorphisms f t : Mn → Mn, where t ∈ R is a param-
eter, r � 0, such that

1) f t1+t2 = f t1 ◦ f t2 ; t1, t2 ∈ R,
2) f0 = id.

With no confusing, we often denote a flow by f t.
The positive (negative) semi-trajectory of the point p ∈Mn is the set

l+(p) = {f t(m) : t � 0} (resp., l−(m) = {f t(m) : t � 0}).

The set l(p) = l+(p) ∪ l−(p) is called a trajectory through the point p.
The trajectory l(p) = p that is a unique point is called a fixed point or

singularity. If p ∈ Mn is not a fixed point then it is called a regular point
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and l(p) will be called a one-dimensional trajectory. If l(p) is homeomorphic
to S1, then l(p) is a closed trajectory or periodic trajectory. A trajectory l(p)
is non-closed if l(p) is neither a fixed point nor a periodic trajectory.

Example 1.3 Constant parallel flow on R
n.

Let �V0 be a nonzero vector in R
n. Then f t(p) = pt, where pt is the end

of vector �Op + t�V0 different from the original O, p ∈ R
n, defines an analytic

constant parallel flow on R
n, Fig. 1.6, (b). Every trajectory is a straight line

parallel to the vector �V0. ♦

Figure 1.6. Vector field �V (a), constant parallel flow (b), constant parallel flow with
a fake saddle.

Example 1.4 Constant flow on a torus.

We represent the two-dimensional torus T 2 as the product S1× S1 of two
unit circles S1 = [0; 1]/(0 ∼ 1). Fix two numbers α �= 0 and β. Let f t be
the composition of the rotation of T 2 along the meridian {·} × S1 through the
angle βt and the rotation along the parallel S1 × {·} through the angle αt. To
be precise,

f t(x, y) = (x+ αt mod 1, y + βt mod 1).

The family {f t}, t ∈ R, forms an analytic constant flow denoted by f t
α,β . ♦

Let p be a regular point of flow f t and U(p) be a neighborhood of p.
Given any trajectory l, a connected component of l ∩ U(p) (if non-empty) is
called trajectory arc in U(p).

The following Theorem describes the local structure of a flow in a neigh-
borhood of regular point (the proof can be found in series of monographs on
Differential Equations, see for example [44], ch. 2).

Theorem 1.1 Let p be a regular point of Cr flow f t generated by Cr vector
field on a manifold Mn. Then there are a neighborhood U(p) of p, and
a Cr diffeomorphism ψ : U(p) → R

n, and a constant parallel flow f t
0 such

that ψ takes every trajectory arc in U(p) to a trajectory of f t
0, Fig. 1.7.
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Figure 1.7. Rectifying diffeomorphism.

Keeping the notation of theorem 1.1, the neighborhood U(p) is called
a neighborhood with the structure of constant flow, and the diffeomorphism ψ
is called a rectifying diffeomorphism.

Theorem 1.1 gives a complete description of topological structure of flow
in a neighborhood of a regular point. Actually, it says that this structure is
trivial.

Vector fields and ordinary differential equations

Given a point p ∈ Mn, Tp(M
n) denotes the vector space of all tangent

vectors to Mn at p. The union
⋃

p∈Mn

Tp(M
n) = {(p, �v) : �v ∈ Tp(M

n)} def
= T (Mn)

is a tangent space of Mn, a smooth 2n-dimensional manifold. It is well-
known that the natural projection ξ : T (Mn) → Mn is a tangent bundle
with the fiber R

n. A vector field �V on Mn is a cross section of ξ, that
is, a map �V : Mn → T (Mn) such that ξ ◦ �V = id. Cr smoothness of �V means
that �V : Mn → T (Mn) is Cr smooth.

Each point p ∈ Mn is covered by a local chart U in which a coordinate
system is given by a mapping (x1, . . . , xn) : U → R

n. To define a vector
field �V in U we must specify n functions v1, . . . , vn : U → R, the com-
ponents of �V in U . So, the field �V broken up into its coordinates is just
a set of n functions. This field defines at each local chart U the system of
differential equations:

ẋ1 = v1(x1, . . . , xn), . . . , ẋn = vn(x1, . . . , xn).

The smoothness of �V equals the ones of v1, . . . , vn.
If this functions are C1, the Theorem of Existence and Uniqueness of

Solutions implies the existence of (local) flow in some neighborhood of p [168,
198].
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Example 1.5 Constant flow with a fake saddle on R
n.

Let �V0 = (μ1, . . . , μn) be a nonzero vector in R
n. The system of differ-

ential equations ẋ1 = μ1, . . ., ẋn = μn defines a constant parallel flow denoted

by f
t

μ on R
n, see Example 1.3. The system of differential equations

ẋ1 = μ1(x
2
1 + · · ·+ x2

n), . . . , ẋn = μn(x
2
1 + · · ·+ x2

n)

defines the flow denoted by f
t

μ,0 with the fixed point at (0; . . . ; 0) that is

called a passable fixed point or a passable singularity. One says that f
t

μ,0 is

obtained from f
t

μ by putting a passable fixed point at (0; . . . ; 0).
For n = 2, (0; . . . ; 0) = (0; 0) is often called a fake saddle,

Fig. 1.6, (c). ♦
For a closed Mn, a Cr vector field defines Cr flow. A vector field is

usually given as a system of differential equations in local charts. Conversely,
a Cr flow f t defines at each point p ∈Mn the tangent vector

�V (p) =
d

dt
f t(p)

∣
∣∣
∣
t=0

∈ Tp(m)

to the trajectory passing through p. Here, the components are

v1(q) =
d

dt
x1

(
f t(q)

)
∣
∣
∣
∣
t=0

, . . . , vn(q) =
d

dt
xn

(
f t(q)

)
∣
∣
∣
∣
t=0

,

q(x1, . . . , xn) = q ∈ U .

The correspondence p→ �V (p), where p runs the whole Mn, is a Cr−1 vector
field induced by the flow f t, see Fig. 1.6, (a).

Discrete-time dynamical systems

Let f : Mn →Mn be a Cr diffeomorphism, r � 0. The iterations fk of f
satisfy the obvious conditions fk1+k2 = fk1◦fk2 , f0 = id, that is particular one
defining a continuous-time dynamical system. It is natural the family {fk}k∈Z

call a discrete-time dynamical system or cascade. We even simply call f itself
a discrete-time dynamical system.

Let f t be a Cr flow on Mn. For each real number t0, the iterations (f t0)k

of the time-t0 map f(·, t0) form a discrete-time dynamical system. In particular,
the diffeomorphism f(·, 1) is called the time-one map.
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The set {fk(x)}∞−∞ is called the orbit of x ∈ Mn under f , denoted
by O(x, f), or simply O(x), or Orb(x). The forward orbit O+(x) is the
set {fk(x) : k � 0}. The backward orbit O−(x) is the set {fk(x) : k � 0}.
Sometimes, we call a forward (backward) orbit a positive (negative) semi-orbit.
We call x a periodic point if there is q ∈ N such that f q(x) = x. The
such minimal positive q is called a period. Denote the set of periodic points
by Per(f). The orbit O(x) of periodic point consists of finitely many points
and is called a periodic orbit. A periodic point of period 1 is a fixed point. We
denote the set of fixed points of f by Fix(f).

Example 1.6 Rotations of the circle. Represent S1 as factor space R/G,
where G is the group of motions R → R such that each element γ ∈ G
is given by formula γ(x) = x + mγ , where mγ ∈ Z. Denote by π natural
projection R→ S1. Then natural distance on [0; 1] induces a distance d on S1

by formula
d(s1, s2) = min(|x1 − x2|, 1− |x1 − x2|),

where s1, s2 ∈ S1 and x1, x2 ∈ [0, 1], π(x1) = s1, π(x2) = s2.

For α ∈ R, let Rα be the rotation of S1 by value α i. e.,

Rα(x) = x+ α mod 1. (1.5)

For the multiplicative circle, Rα is the rotation by angle 2πα, Rα(z) =
= z exp 2πα. �

Proposition 1.3 Let Rα : S
1 → S1 be a circle rotation defined by (1.5). Then

1) if α is rational, every orbit of Rα is periodic; 2) if α is irrational, every
orbit of Rα is dense.

Proof. If α = p
q is rational then Rq

α = Id. Hence, every point is periodic.
Consider the case of α is irrational. Let us show that any forward orbit is
dense. Take any point x ∈ S1 and a number ε > 0. There is k ∈ N such
that 1

k < ε. Since α is an irrational number, the points Ri
α(x), i = 0, . . . , k,

divide S1 into k + 1 intervals. Hence there are i1, i2 ∈ {0, 1, . . . , k}, i1 �=
�= i2, such that d(Ri1

α (x), R
i2
α (x)) < ε. For definiteness, suppose that i1 < i2.

Then R
i2−i1
α (R

i1
α (x)) = R

i2
α (x). Since Rα is a rigid rotation, Ri2−i1

α moves any
point of S1 no further than ε. It follows that the forward orbit of x under Rα

comes through the ε-neighborhood of every point of S1. Since ε is arbitrary,
any forward orbit is dense. �
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Suspension and cross-section

There are natural constructions connecting continuous-time and discrete-
time dynamical systems. At first, let us consider the particular (but the most
important) case of suspension over a circle homeomorphism f : S1 → S1.
Consider the quotient space

Mf = S1× [0; 1]/∼, where ∼ is the equivalence relation (x; 1) ∼ (f(x); 0).

Actually, f pasts in sense two boundary components of the closed cylinder S1×
× [0; 1], Fig. 1.8.

Figure 1.8. Suspension over a circle homeomorphism.

Since a preserving orientation circle homeomorphism is isotopic to the
identity, Mf is a torus provided f preserves orientation. Otherwise, Mf is
a Klein bottle. The suspension over f is the flow sust(f) given by

sust(x; τ) = (f [t+τ ](x); {t+ τ}),

where [z] (resp., {z}) denotes the integer (resp., fractional) part of a number z.
In other words, a trajectory of the flow goes to (x; 1) along {x} × [0; 1), then
jumps to (f(x); 0), and continues along f(x)× [0; 1), and so on, see Fig. 1.8.
The proof of the property sust1+t2 = sust1 ◦ sust2 is left to the reader. The
following statement holds.

Lemma 1.2 Let f : S1 → S1 be a circle homeomorphism. Then 1) If f has
a dense orbit, then sust has a dense trajectory; 2) If f has a nowhere dense
orbit, then sust has a nowhere dense trajectory; 3) If f has a periodic orbit,
then sust has a periodic trajectory. The converse assertions are also valid.



22 CHAPTER 1

Proof follows from the definition of sust and the fact that a trajectory
through (x; 0) passes through the points (fn(x); 0), n ∈ Z. �

Note that if f is orientation reversing, f has a periodic orbit and has no
dense orbits.

Example 1.7 A constant flow on the torus revised.

Take a rotation Rμ : S
1 → S1. Then sust(Rμ) is a constant flow on the

torus T
2, see Example 1.4.

Example 1.8 Irrational and rational torus flows.

The trajectories of sust(Rμ) are either all closed (periodic) or non-closed

in dependence on the ratio β
α = μ. If μ is rational, then the trajectories are

closed while μ is irrational, then the trajectories are all non-closed, and every
trajectory is dense. For β

α is irrational (rational), f t
α,β is called the irrational

(rational) torus flow. ♦
Now we present the general construction. Let f : Mn → Mn be a home-

omorphism and ϕ : Mn → R
+ a positive function. Consider the quotient space

Mn+1
f,ϕ = {(x, t) ∈Mn × R

+ : 0 � t � ϕ(x)}/ (x, ϕ(x) ∼ (f(x), 0)).

The suspension over f with ceiling function ϕ is denoted by sustf,ϕ and de-
fined as follows. The trajectories are formed from the lines {x} × [0; ϕ(x)],
x ∈Mn. A current point moves along {x}× [0; ϕ(x)] to (x, ϕ(x)), then jumps
to (f(x), 0) and continues along {f(x)} × [0; ϕ(f(x))], and so on. Some-
times sustf,ϕ is called a suspension flow under a function ϕ. The suspension
flow sust constructed above is actually sustf,1.

Let f t be a flow on Mn and C ⊂ Mn be a codimension one subman-
ifold. Suppose that there is a nonempty subset C0 ⊂ C such that given any
point x ∈ C0, the set Tx = {t ∈ R

+ : f t(x) ∈ C} is a nonempty discrete
subset of R

+. The number τ(x) = minTx is called a return time to C. The
map P : C0 → C given by P (x) = f τ(x)(x) is called a first return map. This
map is often called a Poincaré map also.

Hyperbolic diffeomorphisms

We begin with the famous example of hyperbolic diffeomorphism, so-
called toral automorphism. This example was a source of Hyperbolic Dynamics.
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Example 1.9 Toral automorphisms.

Let A = (aij) be an n × n matrix with aij ∈ Z and detA = ±1.
Let LA : Rn → R

n be the induced linear map. Recall that π : Rn → T
n is

the universal covering projection which takes a point (x1, . . . , xn) to the point
in the torus T

n by taking each component modulo 1, see (1.1). Because A
has all integers entries, LA takes the integer lattice (points with all integer
coordinates) into itself. Moreover, any congruent points in R

n are mapped to
congruent points. Hence, LA induces a map LA : Tn → T

n such that LA ◦π =
= π ◦ LA. Since detA = ±1, the inverse A−1 is again a matrix with integer
entries, so LA is a diffeomorphism with L−1

A = LA−1 . Suppose in addition that
the matrix A has no eigenvalues of absolute value 1. Such diffeomorphisms
are called hyperbolic toral automorphisms. They are prototypes of the more
general class of hyperbolic dynamical systems. The main feature of these
automorphisms is the existence of mutually transversal invariant families of
hyperplanes.

For simplicity, we consider the concrete map for n = 2. Let LA : R2 → R
2

be given by the matrix

A =

(
1 1
1 0

)
.

Thus, LA is defined by the following coordinate formulas

x = x+ y, y = x. (1.6)

It is easy to check that the eigenvalues of A are

λs =
1−
√
5

2
, λu =

1 +
√
5

2
, |λs| < 1, |λu| > 1,

and the corresponding eigenvectors are

�vs =

(
2

−1−
√
5

)
, �vu =

(
2

−1 +
√
5

)
.

Denote by F
s

(resp., F
u
) the family of straight lines parallel to �vs

(resp., �vu). Since �vs and �vu are eigenvectors and LA is a linear map, the
both F

s
and F

u
are invariant under LA. The invariantness of F

s
means that

if ls is a line of F
s

then LA(l
s) is also a line of F

s
. Similarly, F

u
.
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Figure 1.9

The map LA contracts by the factor λs in the direction of the eigenvec-
tor �vs. This is a reason to call F

s
a stable foliation of LA. Similarly, F

u

is called an unstable foliation because LA expands by the factor λu in the
direction of the eigenvector �vu, Fig. 1.9.

The linear map LA2 : R2 → R
2 induced by the matrix

A2 =

(
2 1
1 1

)

has the same eigenvectors with LA, but LA reverses orientation and has one
negative eigenvalue λs, while LA2 preserves orientation and has two positive
eigenvalues (λs)2, (λu)2. Similarly to LA, LA2 induces a map LA2 : T2 → T

2

such that LA ◦ π = π ◦ LA.
Stable and unstable foliations of LA are families of integral curves of

constant flow on R
2, see Example 1.3. They project to so called stable and

unstable foliations F s, Fu respectively of the diffeomorphism LA : T 2 → T 2.
The both F s and Fu are invariant under LA. Notice that both eigenvec-
tors �vs, �vu have irrational slope. Taking in mind Example 1.4, we see that
the foliations F s, Fu are irrational. Thus, each of hyperbolic toral auto-
morphisms LA, LA2 has invariant mutually transversal foliations. One of this
foliation is stable in the sense that an automorphism contracts every leaf, while
another foliation is unstable meaning that the automorphism expands every
leaf. �

Proposition 1.4 Let LA : T2 → T
2 be a linear hyperbolic toral automorphism

defined by an integer unimodular matrix A. Then the periodic points of LA

are dense in T
2.
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Proof. For fixed natural k, let Ratio(k) be the rational points in T
2 with

denominators k:

Ratio(k) =
{
π
(m
k
;
n

k

)
, (m, n) ∈ Z

2
}
⊂ T

2.

Then LA(Ratio(k)) ⊂ Ratio(k) because of the matrix A is integer. Since the
rational on the segment [0; 1) with denominators k equals k, the set Ratio(k)
consists of k2 points. Clearly, the restriction LA|Ratio(k) is one-to-one because
of LA is a diffeomorphism. Hence, LA|Ratio(k) is a permutation of Ratio(k)

and every point in this set is periodic. Finally, the union
⋃

k∈N

Ratio(k) is dense

in T
2, and the periodic points are dense. �

Topological conjugacy and semi-conjugacy

Two maps f : M → M , g : M → M are called topologically semi-
conjugate (or simply, semi-conjugate) if there is a continuous map h : M →M
such that h ◦ f = g ◦ h. One frequently writes this relation in the form of
a commutative diagram

M
f−→ M

↓ h ↓ h

M
g−→ M.

The map h is called a semi-conjugacy map (or simply, semi-conjugacy)
between f and g. Sometimes one says that h semi-conjugates the map f into g.

If h is a homomorphism then f and g are called topologically conjugate
(or simply, conjugate). Roughly, such f and g differ by homeomorphic change
of coordinates.

Lemma 1.3 Any orientation preserving homeomorphisms of [0; 1] without
fixed points in (0; 1) are topologically conjugate.

Proof. Let f , g are orientation preserving homeomorphisms of [0; 1]
without fixed points in (0; 1). Suppose that f(x) > x for some (hence,
any) x ∈ (0; 1). Then ϑ(x) = 1 − x is a conjugacy map between f and
the homeomorphism

f ′ = ϑ ◦ f ◦ ϑ−1 = ϑ ◦ f ◦ ϑ

with f ′(x) < x for any x ∈ (0; 1). Indeed, f ′(x) = 1− f(1− x). Since f(1−
− x) > 1− x, f ′(x) < x. Therefore, without loss of generality, we can assume
that f(x) < x and g(x) < x for any x ∈ (0; 1).
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Take any x0 ∈ (0; 1) any homeomorphism h0 : [x0; f(x0)]→ [x0; g(x0)].
For every n ∈ Z, put by definition

hn|[fn(x0); f
n+1(x0)]

=

= gn ◦ h0 ◦ f−n : [fn(x0); f
n+1(x0)]→ [gn(x0); g

n+1(x0)].

Clearly that these hn glue together to give a homeomorphism h : [0; 1]→ [0; 1]
such that h ◦ f = g ◦ h. �

The notion of structural stability

Let Diff1(Mn) be the space of C1 diffeomorphisms on Mn endowed
with the uniform C1 topology [115]. A diffeomorphism f is said to be struc-
turally stable if there exists a neighborhood U of f in Diff1(Mn) such that
every g ∈ U is conjugate to f .

Action of a group on a manifold

A generalization of the notion of DS with continuous and discrete time is
an action of a group. Let G be a (multiplicative) Lie group and M be a man-
ifold. Suppose that any g ∈ G corresponds a homeomorphism Hg : M →M
such that the map G ×M → M , (g, x) �→ Hg(x) is continuous. The fam-
ily {Hg : g ∈ G} is called an action of G on M (or simply G-action) if

• Hg1g2
= Hg1

◦Hg2
for ∀g1, g2 ∈ G;

• Hg−1 = H−1
g for ∀g ∈ G.

Usually, we denote a G-action by AG or A (G). A flow (continuous-time DS)
can be interpreted as an R-action while a cascade (discrete-time DS) a Z-action.
It is easy to see that if the group G is commutative then the mappings Hg

commute.
Given any G-action AG on M , the set {Hg(x) : g ∈ G} is called the orbit

of x ∈ M under AG, denoted by O(x, AG), or simply O(x), or Orb(x) =
= OrbG(x). Denote by Gx the isotropy group of x (i. e., the subgroup of G
that stabilizes x) which is a closed subgroup of G. Then the orbit OrbG(x)
is the quotient space G/Gx. Note that the orbits may not all have the same
dimension, in general. However, there is a natural class of actions those orbits
are locally homeomorphic to G.

G-action on M is locally free, if given any x ∈M the isotropy group Gx

is discrete. In this case, there is a neighborhood V of the unity e ∈ G such that
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the map V → M , g �→ Hg(x), is injective. Therefore, the orbits are locally
homeomorphic to G (here, we assume that G is a connected Lie group, for
example R

n).
Often we shall omit the letter H in Hg writing simply g : M →M instead

of Hg : M →M . Below, we shall assume that actions are smooth enough.

1.3. Elements of Topological Dynamics

Topological Dynamics studies topological dynamical systems. This means
that f t : M → M or f : M → M is a homeomorphism in the case of
continuous-time DS (flow) or discrete-time DS respectively. Often, M is just
a topological manifold. Topological Dynamics studies properties that are in-
variant under semi-conjugacy and conjugacy maps. We restrict ourself mainly
by discrete-time DS since notions are often similar for continuous-time DS.

Limit Sets

Let f : M → M be a homeomorphism of topological manifold M en-
dowed with a metric d. A point a ∈ M is an ω-limit point of x ∈ M if there
is a sequence of natural numbers nk such that d(a, fnk(x)) → 0 as nk → ∞
(k → ∞). The ω-limit set of x denoted by ωf (x) = ω(x) is the union of all
ω-limit points of x. Sometimes, we’ll apply the following notations

ω(x) = ω(x, f) = Lω(x) = Lω(x, f) = L+(x, f).

Similarly, a point b ∈ M is an α-limit point of x if there is a sequence of
integers nk such that

d(a, fnk(x))→ 0 as nk → −∞ (k →∞).

The α-limit set of x denoted by

αf (x) = α(x) = α(x, f) = Lα(x) = Lα(x, f) = L−(x, f)

is the union of all α-limit points of x. Clearly, αf (x) = ωf−1(x). It is easy to
check that if x is a periodic point then ω(x) = α(x) = O(x).

A subset N ⊂M is called forward invariant if f(N) ⊂ N , and backward
invariant if f−1(N) ⊂ N . A subset N is invariant if it is both forward and
backward invariant. The simplest example of invariant subset is a periodic
orbit.



28 CHAPTER 1

Lemma 1.4 An ω- and α-limit sets of a point are closed invariant sets. The
both sets are nonempty provided M is compact.

Proof. Since αf (x) = ωf−1(x), it is enough to consider only the ω-limit
set of a point x ∈ M . The compactness of M implies ω(x) �= ∅ because
the sequence {fk(x)}∞0 has a converge subsequence. Now one assumes
that ω(x) �= ∅. Take y ∈ ω(x). Then there is a sequence nk → ∞ such
that fnk(x) → y. Then fnk+1(x) → f(y). Hence, f(ω(x)) ⊂ ω(x). Simi-
larly, f−1(ω(x)) ⊂ ω(x). Thus, ω(x) is invariant.

Suppose the sequence of yi ∈ ω(x) converges to y∗. Given any yi, there

is the sequence n
(i)
k → ∞ such that fn

(i)
k (x) → yi as k → ∞. Then there is

a sequence ji → ∞ such that f
n
(i)
j
i (x) → y∗ as i → ∞. Hence, y∗ ∈ ω(x),

and ω(x) is closed. �
The full limit set L(f) of f is the topological closure of the union of all

limit points,

L(f) = clos

(
⋃

x∈M

(
L+(x, f) ∪ L−(x, f)

)
)

.

Proposition 1.5 A full limit set is closed and invariant.

Proof is omitted. We leave it to the Reader. �
Lemma 1.5 If N is invariant then so are closN , intN , and ∂N .

Proof. Since f is a homeomorphism,

f(closN) ⊂ clos f(N) = N and f−1(closN) ⊂ clos f−1(N) = N.

Hence, f(closN) = closN . The other two are similar. �

Non-wandering points

A point p ∈M is called non-wandering point of homeomorphism f : M →
→ M if given any neighborhood U of p and N0 ∈ N, there is n � N0 such
that fn(U) ∩ U �= ∅. A point is wandering if it is not non-wandering. Denote
by NW (f) the union of all non-wandering points called a non-wandering set.

Lemma 1.6 The set NW (f) is closed and invariant.

Proof. By definition, a point is wandering if it has a neighborhood V such
that V ∩ fn(V ) = ∅ for any n ∈ Z. Therefore, the set of wandering points is
open. Hence NW (f) is closed. Since f and f−1 are continuous, NW (f) is
invariant. �
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Lemma 1.7 Every point of full limit set is non-wandering, L(f) ⊂ NW (f).

Proof. By Lemma 1.6, NW (f) is closed. Therefore, it is sufficient
to prove that every ω(α)-limit point is non-wandering. Given any ω-limit
point a ∈M there are point x ∈M and a sequence of natural numbers nk such
that d(a, fnk(x)) → 0 as nk → ∞ (k → ∞). For any neighborhood U of
the point a, the sequence fnk(x) belongs to U beginning with some index nk.
Since nk →∞, a ∈ NW (f). If a is an α-limit point, the argument is similar. �

Since every periodic point is an ω(α)-limit one,

clos (Per(f)) ⊂ L(f) ⊂ NW (f).

Chain Recurrent Sets

Let f : M → M be a homeomorphism and ε > 0. An ε-chain of
length n ∈ N from a point x ∈ M to a point y ∈ M is a finite sequence {x =
= x0, x1, . . . , xn = y} such that

d(f(xi−1), xi) < ε for all 1 � i � n, Fig. 1.10.

Figure 1.10

A chain recurrent set of f is the set R(f) of points x ∈M such that there
is an ε-chain of arbitrary large length from x to x. Since an ε-chain can be
a part of real orbit, NW (f) ⊂ R(f).

Lemma 1.8 The chain recurrent set R(f) is closed and invariant.

Proof is similar to the proof of Lemma 1.6. We leave the details to the
Reader. �

One can easily check that

L(f) ⊂ NW (f) ⊂ R(f).
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Now we define a relation ∼ on R(f) as follows. Set x ∼ y if for all n ∈ N

and ε > 0 there are ε-chains of lengths greater than n from x to y and from y
to x. Two such points x, y ∈ R(f) are called chain equivalent. It is clear that
this is an equivalence relation. The equivalence classes are called the chain
components.

Shift Maps

Here, we present the useful class of dynamical systems which helps to
study many brilliant examples of dynamical systems. Fixing a positive in-
teger k � 2, denote by Σk = {0, . . . , k}N the set of all sequences taking
values {0, . . . , k} indexed by Z. Let us introduce a metric d on Σk. If the
sequences {xn}n∈Z

, {yn}n∈Z
are different, set D = min{i � 0 | xi �= yi,

or x−i �= y−i}. Put by definition,

d ({xn}n∈Z
, {xn}n∈Z

) =

(
1

2

)D

.

The metric d induces the corresponding topology in Σk. For example, the
2−l-neighborhood Ul of a X = {xn}n∈Z

is the set

Ul =

{
X ′ = {x′

n}n∈Z
∈ Σk | d(X, X ′) <

1

2l

}
.

This implies that xi = x′
i and x−i = x′

−i for every |i| � l.
The set Σk endowed with the metric d becomes a topological compact

space. Sometimes Σk is called a full shift space. We define the maps σl : Σk →
→ Σk, σr : Σk → Σk by

{σl(X)}n = xn+1, {σl(X)}n = xn−1, ∀n ∈ Z, where X = {xn}n∈Z
∈ Σk,

σl : (. . . , x−1, x0︸︷︷︸
zero place

, x1, . . .) �→ (. . . , x0, x1︸︷︷︸
zero place

, x2, . . .),

σr : (. . . , x−1, x0︸︷︷︸
zero place

, x1, . . .) �→ (. . . , x−2, x−1︸︷︷︸
zero place

, x0, . . .).

Since σl and σr shift sequences by one place, they are called the left shift map
and the right shift map respectively.

Lemma 1.9 Each shift map σl and σr is a homeomorphism Σk → Σk.
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Proof. The letter τ means either l or r. If d(X, Y ) �
(
1
2

)D
, where X, Y ∈

∈ Σk, then

d (στ (X), στ (Y )) �
(
1

2

)D−1

=
1

2
d(X, Y ).

Hence, στ is continuous. The inverse σ−1
τ is a shift map. It is continuous by

the same sort of argument as above. �

Lemma 1.10 Let σ : Σk → Σk be a shift map (left or right). Then

• periodic points are dense in Σk;
• transitive orbits are dense in Σk;
• every point of Σk is non-wandering.

Proof. Take arbitrary X = {xn}n∈Z
∈ Σk and 2−l-neighborhood Ul of

a X . Denote by B the finite block 〈x−l, . . . , x−1, x0, x1, . . . , xl〉. Then the
point

Y = {yn}n∈Z
= {. . . , σ−i(2l+1)

r (B), . . . ,

. . . , σ(2l+1)
r (B), B, σ(2l+1)

r (B), . . . , σi(2l+1)
r (B), . . .} ∈ Σk

is periodic and Y ∈ Ul. This follows that periodic points are dense in Σk.
Let B1, B2, . . . the family of all possible finite blocks consisting of the

values {0, . . . , k}. Then the point

Q = {. . . , Bi, . . . , B2, B1, B, B1, B2, . . . , Bi, . . .}

is transitive. Moreover, Q ∈ Ul. Hence, transitive orbits are dense in Σk.
The last statement follows from the each of the previous statements. �

Birkhoff Transitivity Theorem

Let f be a homeomorphism of a complete metric space M with countable
basis. Recall that a subset N is residual if there is a countable number of open
dense sets Vi such that N =

⋂

i

Vi. The Baire category theorem states that any

residual set N ⊂M is dense in M .
A set A ⊂ M is transitive if there is a point x ∈ A such that the or-

bit Of (x) is dense in A, A = closOf (x). Sometimes, we say that f is topo-
logically transitive on A, or simply transitive. If A = M , f is (topologically)
transitive.
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Theorem 1.2 Suppose that given any open sets V1 and V2 ⊂M , there is k ∈ N

such that f(V1) ∩ V2 �= ∅. Then there is a residual subset R ⊂ M such that
the orbit of every point p ∈ R is dense in M . In particular, f is transitive.

Proof. Let {wj}j∈Z
be a countable basis of M . By condition, the or-

bit O(wj) =
⋃

n∈Z

fn(wj) of every wj is an open and dense set. Therefore, the

set
R =

⋂

j∈Z

O(wj)

is residual. Given any x ∈ R, O(x) ∩ wj �= ∅ for all j ∈ Z. Hence, O(x) is
dense in M . �

A dynamical system with the property that every its orbit is dense is
called minimal. Obviously, a minimal dynamical system is transitive. A circle
rotation Rα is minimal provided α is irrational.

Mixing

A homeomorphism f : M → M is called mixing if for any (nonempty)
open sets U , V ⊂M there is n0 ∈ N such that fn(U)∩V �= ∅ for all n � n0.

Theorem 1.2 implies that a mixing homeomorphism is transitive but not
vice versa: the rotation Rα of the circle S1 by an irrational α is a transitive
(see Example 1.6) but not mixing.

Example 1.10 A hyperbolic toral automorphism A : T2 → T
2 defined by x =

= x+ y mod 1, y = x mod 1 is mixing.

We keep the notion of Example 1.9. Every leaf of the unstable folia-
tion F

u
is parallel to the eigenvector �vu. Therefore, the slope of every leaf

equals α = −1+
√
5

2 since the corresponding eigenvalue is λu = 1+
√
5

2 . Obvi-

ously, α is irrational. By Lemma 1.2, any leaf, say Wu, of F
u

is dense in T
2.

Given any ε > 0, the family of balls of radius ε centered at points of Wu

covers T
2. Because of T

2 is compact, a finite collection of these balls also
covers T

2. Hence, there are l > 0 and a compact segment K ⊂ Wu of the
length l such that the ε-neighborhood of K covers T2 i. e., K is ε-dense in T

2.
A rigid translation of T2 is an isometry. Since the unstable foliation F

u

is invariant under any rigid translation, every segment of the length l belonging
to a leaf of F

u
is ε-dense in T

2.
Take now any nonempty open sets U , V ⊂ T

2. A point x ∈ V has an
ε-neighborhood Uε(x) such that Uε(x) ⊂ V . Choose a segment d ⊂ U of
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length δ > 0 belonging to some Wu. Since |λu| > 1, there exists n0 ∈ N

such that |λu|n0δ � l. This follows that the length of the segment An(d)
is at least l for every n � n0. As a consequence, An(d) intersects Uε(x).
Hence, An(U) ∩ V �= ∅ for all n � n0. �

Similarly, one can prove the following statement (we omit the proof).

Lemma 1.11 A hyperbolic toral automorphism A : T n → T n is mixing.

Lemma 1.12 The full one- and two-sided shifts are mixing.

Proof. Let U , V ⊂ Σk be any non-empty open sets. Take points X , X ′Σk

with those 1
2l1

- and 1
2l2

-neighborhoods respectively denoted by N1 and N2 such
that N1 ⊂ U , N2 ⊂ V . Recall that

N1 =

{
Y ′ = {y′n}n∈Z

∈ Σk | d(X, Y ′) <
1

2l1
∼= y′n = xn for |n| � l1

}
,

N2 =

{
Z = {zn}n∈Z

∈ Σk | d(X ′, Z) <
1

2l2
∼= x′

n = zn for |n| � l2

}
.

By definition, elements of σm
r (N1) are sequences with specified values in the

places m − l1, . . ., m + l1. Therefore, when m − l1 > l2, the intersec-
tion σm

r (N1) ∩N2 is non-empty. So, σm
r (U) ∩ V �= ∅ for all m � l1 + l2 + 1.

The proof for σl is similar (one can also use that σl = σ−1
r ). �

Topological Entropy

Topological entropy characterizes the complexity of the orbit structure
of a DS. Roughly speaking, it shows the exponential rate of the growth of
essentially different orbits. For a continuous map f : M → M of a metric
space M that is endowed with a metric d, we introduce the metric

dn(x, y) = max
0�m�n

d (fm(x), fm(y)) for each n ∈ N.

The distance dn(x, y) is the maximum distance between the first n iterations
of x and y. Obviously, d � dn � dn+1.

Fix ε > 0. A subset A ⊂ M is (n, ε)-spanning if for every p ∈
∈ M there is q ∈ A such that dn(p, q) < ε. Thus, a family of
points {q1, . . . , qr} is (n, ε)-spanning, if given any point p ∈ M , the n-seg-
ment orbit {p, f(p), . . . , fn(p)} of p visits at least one ε-ball Bε(qi). If the
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space M is compact, there are finite (n, ε)-spanning sets. Denote by span(n, ε)
the minimum cardinality of an (n, ε)-spanning set.

A subset B ⊂M is called (n, ε)-separated if any two different points in B
are at least ε apart in the metric dn. Since M is compact, any (n, ε)-separated
set is finite. Denote by sep(n, ε) the maximum cardinality of an (n, ε)-sepa-
rated set.

Let B be an (n, ε)-separated set with the maximal cardinality sep(n, ε).
By the maximality, given any point p ∈M , the n-segment orbit {p, f(p), . . . ,
. . . , fn(p)} of p visits at least one ε-ball centered at the points of B. It follows
that

span(n, ε) � sep(n, ε). (1.7)

As usual, the diameter of a set is the supremum of distances between
pairs of points in the set. Denote by cov(n, ε) the minimum cardinality of
ε-balls of dn-diameter that cover M . By compactness of M , cov(n, ε) is
finite. Obviously, sep(n, ε) � cov(n, ε). One can prove that cov(n, 2ε) �
� span(n, ε). Taking in mind (1.7), one gets

cov(n, 2ε) � span(n, ε) � sep(n, ε) � cov(n, ε). (1.8)

Lemma 1.13 The sequence an = log cov(n, ε) is subadditive i. e. an+m �
� an + am.

Proof. Take a set U with dn-diameter less than ε > 0, and a set V with
dm-diameter less than ε. By the definition of dn+m metric, U ∩ f−n(V ) has
dn+m-diameter less than ε. Then

cov(n+m, ε) � cov(n, ε) · cov(m, ε).

It follows the result. �

Lemma 1.14 Suppose that the sequence {an}∞n=1, an � 0, is subadditive.
Then

lim
n→∞

an
n

= inf
n

an
n
.

Proof. Since the sequence {an}∞n=1 is subadditive, akm � kam. Let us
fix m. Given any n > 0, n = km+ j where 0 � j < m. Then

an
n

=
akm+j

km+ j
� akm

km
+

aj
km

� kam
km

+
aj
km

=
am
m

+
aj
km

.



1.3. ELEMENTS OF TOPOLOGICAL DYNAMICS 35

Putting n→∞, k →∞, one gets

lim sup
n→∞

an
n

� am
m

, and hence, lim sup
n→∞

an
n

� inf
m

am
m

.

Since
lim sup
n→∞

an
n

� lim inf
n→∞

an
n

� inf
m

am
m

,

it follows that lim
n→∞

an

n exists and equals to inf
n

an

n . �
As a consequence of Lemmas 1.13, 1.14, one gets that the following limit

exists and is finite

hε = lim
n→∞

log cov(n, ε)

n
.

Obviously that cov(n, ε) increases provided ε → 0. Therefore, hε increases
monotonically as well. Hence, the limit

htop = lim
ε→0+

hε = lim
ε→0+

lim
n→∞

log cov(n, ε)

n
(1.9)

exists, and is called the topological entropy of f .
It follows from (1.8) that

htop = lim
ε→0+

lim
n→∞

log cov(n, ε)

n
= lim

ε→0+
lim

n→∞

log sep(n, ε)

n
=

= lim
ε→0+

lim
n→∞

log span(n, ε)

n
. (1.10)

We see that the topological entropy is either a finite non-negative number
or an infinity.

Expansiveness

A homeomorphism f : M → M is expansive if there exists δ > 0 such
that for any distinct points x, y ∈M

d (fn0(x), fn0(y)) � δ for some n0 ∈ Z.

It is easy to check that a circle rotation is not expansive. One can prove
that the full one- and two-sided shifts, and the hyperbolic toral automorphism
are expansive.
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The similar definition of expansiveness holds for non-invertible maps. In
this case n0 ∈ N, and f is called positively expansive. One can prove that the
expanding circle endomorphism is positively expansive.

Any number δ > 0 with the above property is called an expansiveness
constant.

For expansive homeomorphisms, the topological entropy can be calculated
as follows.

Lemma 1.15 Let f : M →M be an expansive homeomorphism with expansive
constant δ. Then

h(f) = hε(f) for any ε < δ.

Proof is omitted. See e. g., Proposition 2.5.7 [54].

Algebraic Entropy

Let G be an abelian group with the finite system of generators {γ1, . . . , γs}.
An element γ ∈ G has a unique representation γ = i1γ1 + · · · + isγs

where i1, . . . , is ∈ Z. Denote by |γ| =
s∑

j=1

|ij| the length of γ.

Let A : G→ G be an endomorphism. Put by definition,

ln = max
1�i�s

|An(γi)|, n ∈ N.

The limit

halg(A) = lim
n→∞

log ln
n

(1.11)

is called the algebraic entropy of A. Since ln+m � ln · lm, the limit (1.11)
exists. One can prove that this definition does not depend on the choice of
a system of generators.

Let f : Td → T
d be a continuous map of d-torus T

d, d � 1. Then f in-
duces the linear mapping f∗ = f∗1 : H1(T

d, Z) → H1(T
d, Z) of the first

(integer) homology group H1(T
d, Z) that can be identified with Z

d. The en-
tropy halg(f∗) is called the homological-group entropy of f . The mapping f∗ is
the linear part of f , and can be defined by the integer matrix denoted by A(f).
The linear mapping A(f) = f∗ can be considered as a linear simplification
of f . Therefore, one can prove that

halg(f∗) � htop(f). (1.12)

See details in [124], Theorem 8.1.1.
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The mapping f∗ can be naturally extended to the linear map R
d → R

d

that is defined by the same matrix A(f). Moreover, this is the mapping f∗ =
= f∗1 : H1(T

d, R) → H1(T
d, R) of the first homology group H1(T

d, R)
over R induced by f . Let Spec(f∗) = {λ1, . . . , λk} be the eigenvalues of f∗,
and suppose that

|λmax| = |λ1| � |λ2| � · · · � |λs| > 1 > |λs+1 � · · · � |λk|.

Then calculations give

halg(f∗) =
s∑

i=1

log |λi| � log |λmax|. (1.13)

As a consequence of (1.12) and (1.13), one gets

Corollary 1.1 Let f : Td → T
d be a continuous map of d-torus T

d, and f∗ =
= f∗1 : H1(T

d, R) → H1(T
d, R) be the mapping of the first homology

group H1(T
d, R) over R induced by f . Let Spec(f∗) = {λ1, . . . , λk} be

the eigenvalues of f∗, and suppose that |λmax| = |λ1| � |λ2| � · · · � |λs| >
> 1 > |λs+1 � · · · � |λk|. Then

log |λmax| � htop(f).

1.4. Linear maps

Denote by L(Rk, Rm) the set of linear maps R
k → R

m. Given
bases {�ei}ki=1 of Rk and {�rj}mj=1 of Rm, a linear map L ∈ L(Rk, Rm) deter-
mines a k ×m matrix A = (aij) by

L(�V ) = L

⎛

⎝
k∑

j=1

xj�ej

⎞

⎠ =
m∑

i=1

⎛

⎝
k∑

j=1

aijxj

⎞

⎠�ri,

where x1, . . ., xk are coordinates of the vector �V in the base {�ei}ki=1. Vice
versa, a k×m matrix A = (aij) determines the corresponding linear map L =
= LA. If the bases are fixed, we often identify such a linear map LA with this
k ×m matrix A. With this identification, the linear map LA is given by

A

⎛

⎜
⎝

x1
...
xk

⎞

⎟
⎠ =

⎛

⎜
⎝

y1
...

ym

⎞

⎟
⎠,



38 CHAPTER 1

where y1, . . . , ym are coordinates of the vector LA(
�V ) in the base {�rj}mj=1. It

follows from the formula above that yi =
k∑

j=1

aijxj .

From dynamical point of view, we are interesting in positive and negative
iterations of a mapping. Therefore, one supposes k = m and LA is invertible.
Thus, detA �= 0, and the invert A−1 exists, and L−1

A = LA−1 . Denote
by GL(Rm) the space of invertible linear maps of Rm.

In the simplest case m = 1, the space GL(R1) is the set of the
maps A(x) = kx, k �= 0.

Below, we are considering some examples of maps from GL(R2). The
base is canonical: �e1 = (1; 0), �e2 = (0; 1). It is easy to extend these examples
to GL(Rm), m � 3.

Example 1.11 Canonical hyperbolic saddle.

Let LA ∈ GL(R2) is defined by the diagonal matrix

A =

(
λ1 0
0 λ2

)
,

where |λ1| > 1, |λ2| < 1. Since LA is invertible, λ1λ2 �= 0. The point (0; 0)
is fixed under LA, LA(0; 0) = (0; 0). Given any (x0; y0) ∈ R

2, Ln
A(x0; y0) =

= (λn
1x0; λ

n
2 y0). Because of λn

1 → ±∞ and λn
2 → 0 as n→ +∞, we see that

the map LA expands along �e1, and contracts along �e2, Fig. 1.11 (a), so the fixed
point (0; 0) is called a canonical hyperbolic saddle. Note that if λ1λ2 > 0,
LA preserves orientation. Otherwise, LA reverses orientation. �

Figure 1.11

Remark that if λ1 = 1 or λ2 = 1, (0; 0) is not isolated fixed point.
If λ1 = −1 or λ2 = −1, (0; 0) is not isolated periodic point.
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Example 1.12 Canonical hyperbolic node.

Let us consider linear maps defined by the following matrices

A =

(
λ1 0
0 λ2

)
, B =

(
λ 0
0 λ

)
, C =

(
λ 1
0 λ

)
,

where |λ| �= 1, and either |λ1| < 1, |λ2| < 1 or |λ1| > 1, |λ2| > 1. Since LA,
and LB, and LC are invertible, λ1λ2λ �= 0. The study of dynamics is similar
to study of the hyperbolic saddle above, so the details are left to the reader.
The dynamics of LA is shown in Fig. 1.11 (b) for |λ1| > 1, |λ2| > 1, and
in Fig. 1.11 (c) for |λ1| < 1, |λ2| < 1 (LB is a particular case of LA). The
dynamics of LC is shown in Fig. 1.11 (d). �

Example 1.13 Canonical focus and center.

Let LA ∈ GL(R2) is defined by the matrix

A =

(
α β
−β α

)
,

where β �= 0. For simplicity, assume β = 1. To study the dynamics we pass to
the polar coordinates:

x = ρ cosϕ, y = ρ sinϕ.

Then LA becomes
{
ρ cosϕ = αρ cosϕ+ ρ sinϕ

ρ sinϕ = −ρ cosϕ+ αρ sinϕ

It follows

ρ2 = ρ2
(
α2 cos2 ϕ+ 2α sinϕ cosϕ+ sin2 ϕ+

+cos2 ϕ− 2α sinϕ cosϕ+ α2 sin2 ϕ
)
.

Hence,
ρ = ρ

√
1 + α2. (1.14)

Further,

tanϕ =
− cosϕ+ α sinϕ

α cosϕ+ sinϕ
=

tanϕ− 1
α

1 + 1
α tanϕ

.
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Hence
tanϕ = tan(ϕ− θ), (1.15)

where tan θ = 1
α .

Taking in mind (1.14) and (1.15), we see that the dynamics of LA is given
by Fig. 1.12 (a) for α �= 0 and by Fig. 1.12 (c) for α = 0. In the last case, the
fixed point (0; 0) is called a canonical center. If α �= 0, the fixed point (0; 0)
is called a canonical (hyperbolic) focus. �

Figure 1.12

Remark 1.1 Note that the dynamics could be represented by Fig. 1.12 (b),
when |β| < 1.

This example shows that to study the dynamics of linear map it is natural
to find a base such that the linear map is represented by a matrix of simplest
type, similar in sense to diagonal.

Real Jordan canonical form

Let now A be a real m×m matrix. Fix a base{�ei}mi=1 of Rm, so A defines
the linear map LA : Rm → R

m.
Recall that a linear map A has a (scalar) eigenvalue λ ∈ R if there is

a nonzero eigenvector �v ∈ R
m such that A(�v) = λ · �v. If A has m pairwise

different real eigenvalues λ1, . . ., λm then there are m linear independent
eigenvectors �v1, . . ., �vm respectively. Thus, the eigenvectors form a base such
that the linear map LA above is defined by the diagonal matrix

diag(λ1, . . . , λm) =

⎛

⎜⎜
⎜
⎝

λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λm

⎞

⎟⎟
⎟
⎠
.
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In general, one can find a base such that a linear map is described by
a matrix with so-called Jordan blocks,

A = diag(λi), B =

⎛

⎜
⎜
⎜
⎜
⎜⎜
⎜
⎝

λ 1 0 · · · 0 0
0 λ 1 0 · · · 0
0 0 λ · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λ 1
0 0 0 · · · 0 λ

⎞

⎟
⎟
⎟
⎟
⎟⎟
⎟
⎠

,

C =

(
α β
−β α

)
, D =

(
C E2

0 C

)
,

where E2 is the 2× 2 identity matrix. One can prove (see [77,119]) that given
any invertible linear map L : Rm → R

m, there is a base such that L determines
the m×m matrix M , L = LM , of the type

M = diag(A1 . . . An1
B1 . . . Bn2

C1 . . . Cn3
D1 . . .Dn4

),

where Ai, Bi, Ci, and Di are Jordan blocks described above.
As a consequence, the dynamics of invertible linear map R

m → R
m splits

into corresponding dynamics. This means the following. Each Jordan block cor-
responds to the invariant linear subspace E1n1

, . . . , En1n1
, E1n2

, . . . , En2n2
,

E1n3
, . . . , En3n3

, E1n4
, . . . , En4n4

such that their direct sum equals R
m. The

restrictions of L on the invariant subspaces are defined by the blocks. Given
any point P ∈ R

m, one can take the projections of P on Ejni
. The behavior

of the projection under L is defined by the restriction LEjn
i

. Since the dy-

namics of LEjn
i

are independent, one can easily conclude the picture of global

behavior of P under L.

Definition 1.1 An invertible linear map LA : Rm → R
m is hyperbolic if non

of the eigenvalues of the matrix A have modulus 1.

The dynamics of hyperbolic linear map splits into dynamics of Exam-
ples 1.11–1.13 excluding the center fixed point. As a consequence, one gets the
following description.

Lemma 1.16 Let LA : Rm → R
m be a linear hyperbolic map with s eigen-

values of modulus less than 1 and u eigenvalues with modulus greater than 1,
s + u = m. Then there is a splitting R

m = Es ⊕ Eu into invariant sub-
spaces Es, Eu, where dimEs = s and dimEu = u, such that

• |Ln
A(�v)| → 0 as n→ +∞ if �v ∈ Es;

• |L−n
A (�v)| → 0 as n→ +∞ if �v ∈ Eu.
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1.5. Grobman–Hartman Theorem

In this section, we introduce the notion of hyperbolic periodic point for
diffeomorphisms and fixed point for flows. One needs to define carefully the
notion of derivation for diffeomorphisms of manifolds.

Derivative of a map

Roughly speaking, a manifold is a set that is locally homeomorphic to
Euclidean space. To be precise, an d-manifold Md is a second countable
metric space covered by open subsets {Uα} such that 1) given any α, there is
a homeomorphism ϕα : R

d → Uα; 2) if Uα ∩ Uβ �= ∅ then

ϕα,β = ϕ−1
β ◦ ϕα : ϕ

−1
α (Uα ∩ Uβ) ⊂ R

d → ϕ−1
β (Uα ∩ Uβ) ⊂ R

d

is a C∞ diffeomorphism between open subsets of R
d. The domains Uα are

called coordinate charts. We see that any point of Md is endowed with Eu-
clidean coordinates that are smoothly recalculated if the point belongs to two
coordinate charts.

Let f : U ⊂ R
k → f(U) ⊂ R

m be a Cr map. This means that all partial
derivatives of r order exist and are continuous. Given any point p ∈ U , the
derivative of f at p i. e., the matrix Dfp consisting of the partial derivatives of
the first order,

Dfp =

(
∂fi
∂xj

(p)

)

should actually be thought of as a linear map L(Rk, Rm). If f is a diffeomor-
phism (hence, k = m = d), Dfp belongs to GL(Rd).

It is convenient the domain R
k of Dfp to think of the copy of Euclidean

plane with the origin at p. Such R
k is usually considered as the tangent space

at p denoted by Tp(R
k). The similar is referred to the point f(p). From this

point of view, Dpf is a linear map taking the tangent space Tp(R
k) into the

tangent space Tf(p)(R
m).

Let M and N be two manifolds. One says that f : M → N is
a Cr map provided for each point p ∈M and coordinate charts ϕα : R

k → Uα

and ϕβ : R
m → Uβ at p and f(p) respectively, the map ϕ−1

β ◦ f ◦ ϕα is

a Cr mapping. It maps R
k into R

m where k = dimM , m = dimN . Put by
definition, the derivative of f at p is the linear map

Dfp = D(ϕ−1
β ◦ f ◦ ϕα(p)) : TpM → Tf(p)N.
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One can prove that this definition does not depend on the choice of coordinate
charts.

Hyperbolic periodic points

Let f : Md →Md be a diffeomorphism with a fixed point p = f(p). This
point is called hyperbolic if no eigenvalues of Dfp : TM

d
p → TMd

p belong
to the unit circle |z| = 1. It is easy to check that the fixed points in Exam-
ples 1.11–1.13 are hyperbolic. A periodic point q of f of period k is called
hyperbolic if q is a hyperbolic fixed point of fk. The following statement is
a part of Grobman –Hartman theorem for diffeomorphisms.

Theorem 1.3 Let f : Rd → R
d be a Cr diffeomorphism with a hyperbolic

fixed point p. Then there are neighborhoods U of p and V of O and a home-
omorphism h : V → U such that

f ◦ h(x) = h ◦Dfp(x)

for all x ∈ V .

Let f t be a flow with a fixed point x0 on a d-manifold M . Let ϕ : Rd → U
be a coordinate chart containing x0. In the right coordinates, the smoothly
enough flow f t is defined by the system of differential equations

⎧
⎪⎨

⎪⎩

ẋ1 = F1(x1, . . . , xd) = a11x1 + . . .+ a1dxd + ψ1(x1, . . . , xd)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ẋd = Fd(x1, . . . , xd) = ad1x1 + . . .+ addxd + ψd(x1, . . . , xd)

where ψj(x0) = 0 = Dψ(x0). The point x0 is called hyperbolic if none of the
eigenvalues of the matrix ⎛

⎜
⎝

a11 · · · a1d
...

. . .
...

ad1 · · · add

⎞

⎟
⎠

has zero real part. One can prove that this definition does not depend on the
choice of coordinate chart. The following statement is a part of Grobman –
Hartman theorem for flows.

Theorem 1.4 Let x0 be a hyperbolic fixed point of a flow f t defined by
the differential equation ẋ = F (x) near the point x0. Let O ∈ R

d be the
fixed point of the flow F t defined by the linear differential equation ẋ = Ax
where A = DFx0

. Then f t is locally equivalent at x0 to F t at the point O.
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We restrict ourself by the proof in the simplest case for diffeomorphisms
when d = 1. Let f : R → R be a diffeomorphism with the hyperbolic fixed
point x0. The hyperbolicity means that |Df(x0)| �= 1. To be definite, assume
that |Df(x0)| < 1. If |Df(x0)| > 1, the proof is similar. Let U be a neighbor-
hood of x0 such that |Df(x)| < 1 for any x ∈ U . To prove Grobman –Hartman
theorem for f it is sufficient to prove that the restriction of f on some segment
belonging to U conjugates to the restriction of the linear map L : x → kx on
some segment belonging to the origin 0, where Df(x0) = k.

Take a segment [x0 − α; x0 + α] ⊂ U . Since |Df(x)| < 1 for any x ∈
∈ [x0 − α; x0 + α],

|f(x)− x0| = |f(x)− f(x0)| = |Df(q)| · |x− x0| < |x− x0|,
where x ∈ [x0 − α; x0 + α], |x− q| � |x0 − x|.

Hence, f([x0 − α; x0 + α]) ⊂ [x0 − α; x0 + α]. Moreover, fn(x) → x0

as n→ +∞.
Take any β > 0. Because of |k| < 1, L([−β; β]) ⊂ [−β; β]. More-

over, Ln(x)→ 0 as n→ +∞.
There are two possibilities: (1) f is order preserving, 0 < Df(x0) < 1;

(2) f is order reversing, −1 < Df(x0) < 0. In the first case, let h0 be any
orientation preserving homeomorphism that takes [f(x0+α); x0+α] to [kβ; β]
and [x0 − α; f(x0 − α)] to [−β; −kβ] such that h0(x0 + α) = β and h0(x0 −
− α) = −β. Clearly, h0(f(x0 + α)) = kβ and h0(f(x0 − α)) = −kβ. So,

h0 ◦ f(x0 +α) = L ◦ h0(x0 +α), h0 ◦ f(x0 −α) = L ◦ h0(x0 −α). (1.16)

Given any x0 < x � x0 + α, there are unique n ∈ Z+ and z ∈ (f(x0 +
+α); x0 +α] such that x = fn(z). Similarly given any x0 −α � x < 0, there
are unique n ∈ Z+ and z ∈ [x0 − α; f(x0 + α)) such that x = fn(z). Put by
definition

h(x) = Ln ◦ h0 ◦ f−n(x) = Ln ◦ h0(s).

As a composition of homeomorphisms, h is a homeomorphism at x �= fn(x0 +
+ α), n ∈ N. It follows from (1.16) that h is homeomorphism at any x =
= fn(x0 + α), n ∈ N. Since Ln(x)→ 0 and fn(x)→ x0 as n→ +∞,

H(x) =

{
h(x), if x �= x0

0, if x = x0
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is a homeomorphism [x0 − α; x0 + α]→ [−β; β]. Moreover,

H ◦ f(x) = h ◦ f(x) = Ln+1 ◦ h0 ◦ f−(n+1)(x) =

= L ◦ Ln ◦ h0 ◦ f−n ◦ f−1 ◦ f(x) = L ◦ h(x), for x �= x0.

Obviously, H ◦ f(x0) = H(x0) = 0 = L(0) = L ◦ H(x0). Hence, H is
a conjugacy map between f |[x0−α;x0+α] and L|[−β;β].

In the second case, when f is order reversing (−1 < Df(x0) = k < 0),
denote by If the segment [f2(x0 + α); x0 + α] and denote by I0 the seg-
ment [k2β; β]. Now L is the linear map x → −kx. Let h0 be any orientation
preserving homeomorphism that takes If to I0 such that h0(x0 + α) = β

and h0(f
2(x0 + α)) = k2β. Note that

⋃

n�0

fn(If ) = [f(x0 + α); x0) ∪ (x0; x0 + α],

⋃

n�0

Ln(I0) = [−kβ; 0) ∪ (0; β].

Given any x ∈ [f(x0 + α); x0) ∪ (x0; x0 + α], there are unique n ∈ Z+

and z ∈ (f2(x0 + α); x0 + α] such that x = fn(z). Put by definition h(x) =
= Ln ◦ h0 ◦ f−n(x). One can check that H above again is a conjugacy
map between f |[f(x0+α);x0+α] and L|[−kβ;β]. This completes the proof of
Grobman –Hartman Theorem for diffeomorphisms when d = 1.

Local Stable and Unstable Manifolds

Lemma 1.16 shows that if LA : Rm → R
m is a linear hyperbolic map then

there is a splitting R
m = Es ⊕ Eu into invariant subspaces Es, Eu such that

|Ln
A(�v)| → 0 for �v ∈ Es, and |L−n

A (�v)| → 0 for �v ∈ Eu as n→ +∞.

One says that Es and Eu are stable and unstable manifolds of O respectively.
The origin O is an attracting fixed point for the restriction LA|Es of LA on Es.
Similarly, O is a repelling fixed point for LA|Eu .

Grobman –Hartman Theorem says that the dynamics near a hyperbolic
fixed point of a diffeomorphism is locally the same with the dynamics near
a hyperbolic fixed point of the corresponding linear map. This implies the exis-
tence of so-called local stable and unstable manifolds of hyperbolic fixed point
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for arbitrary diffeomorphism f : Mm → Mm. To be precise, for some ε > 0,
the sets

W s
ε (x0) = {x ∈Mm | d(fn(x); x0) < ε ∀n ∈ N,

and fn(x)→ x0 as n→ +∞},
Wu

ε (x0) = {x ∈Mm | d(f−n(x); x0) < ε ∀n ∈ N,

and f−n(x)→ x0 as n→ +∞},
are smoothly embedded manifolds

Js : R
dimEs →W s

ε (x0) ⊂Mm, Ju : R
dimEu →Wu

ε (x0) ⊂Mm

respectively. They are called local stable and local unstable manifolds respec-
tively of the fixed point x0 of diffeomorphism f : Mm →Mm, Fig. 1.13.

Figure 1.13. Local stable and unstable manifolds.

As a consequence, one can prove that given any hyperbolic periodic point,
there are local stable and unstable manifolds (for some ε > 0). The sum of
dimensions of these manifolds equals to the dimension of the ambient mani-
fold Mm, dimEs+dimEu = dimMm. Below, we represent the more general
result on the existence of stable and unstable manifolds for arbitrary hyperbolic
set.

1.6. Hyperbolic Sets

Hyperbolicity of invariant set is characterized by local expansion and con-
traction in complementary directions at each point of the invariant set. This
notion is an extension of hyperbolicity of periodic point to arbitrary invariant
set.

Let f be a C∞ diffeomorphism of a closed manifold Md endowed with
some Riemannian metric. A closed f -invariant set Λ ⊂Md is called hyperbolic
(one says also, Λ has a hyperbolic structure) if the tangent bundle TΛM

d is
the Whitney sum of two Df -invariant bundles,

TΛM
d = E

s
Λ ⊕ E

u
Λ,
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and there are constants Cs > 0, Cu > 0, and 0 < λ < 1 such that

‖Df i(v)‖ � Csλ
i‖v‖, v ∈ E

s
Λ, ‖Df−i(w)‖ � Cuλ

i‖w‖, w ∈ E
u
Λ, i > 0.

The subspace E
u
x (respectively, Es

x) is called the unstable (respectively, stable)
subspace at x ∈ Λ. The family {Eu

x}x∈Λ ({Es
x}x∈Λ) forms the unstable (stable)

bundle E
u
Λ (Es

Λ).

Lemma 1.17 Let Λ be a hyperbolic set of diffeomorphism f . The sub-
spaces E

u
x , Es

x depend continuously on x ∈ Λ.

Proof. Let xj ∈ Λ be a sequence converging to x∞ ∈ Λ. Passing to
a subsequence, one can assume that dimE

s
xj

is constant. Let vj ∈ E
s
xj

be
a sequence converging to v∞ ∈ E

s
x∞

. Passing to the limit as j → +∞ in

‖Dfn(vj)‖ � Csλ
n‖vj‖,

we see that dimE
s
x∞

� dimE
s
xj

. A similar argument shows that dimE
u
x∞

�
� dimE

u
xj

. It follows from

dimE
s
x∞

+ dimE
u
x∞

= dimE
s
xj

+ dimE
u
xj

that dimE
s
x∞

= dimE
s
xj

and dimE
u
x∞

= dimE
u
xj

. The result is proved. �

Example 1.14 Linear hyperbolic transformation of Euclidean space.

Let LA = R
m → R

m be an invertible linear transformation defined by
a real m × m matrix A = (aij). Let Spec(LA) = {λ1, . . . , λm} be the
eigenvalues of LA, and suppose that

|λ1| � · · · � |λs| < 1 < |λs+1| � · · · � |λm|.

Then there are vector spaces E
s, Eu of dimensions s and m − s respectively

such that R
m = E

s ⊕ E
u where E

s is spanned by generalized eigenvectors
corresponding to λ1, . . . , λs, and E

u is spanned by generalized eigenvectors
corresponding to λs+1, . . . , λm. We see that the restriction LA

∣∣
Es is uniformly

attractive while LA

∣
∣
Eu is uniformly expanding. Since the tangent space at each

point of R
m is canonically isomorphic to R

m itself, R
m is a hyperbolic set

of LA. ♦
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Example 1.15 Anosov linear torus automorphism.

We keep the notation of Example 1.14. Suppose that the matrix A is
integer and unimodular, aij ∈ Z and detA = ±1. Then LA induces the
hyperbolic torus automorphism LA : Tm → T

m, see Example 1.9. It follows
from Example 1.14 that Tm is a hyperbolic set of LA. Often, LA is called an
Anosov linear torus automorphism. ♦

The Horseshoe

Here we represent the famous example of nontrivial hyperbolic set dis-
covered by Smale [207, 208], so-called Smale horseshoe. The Smale horseshoe
map f : D2 = [0; 1]2 → R

2 is defined by contracting the x direction and
expanding the y direction, and then twist the result around as indicated in
Fig. 1.14.

Figure 1.14

The map f can be easily extended to the diffeomorphism of R
2 or the

sphere S2. Since the most interesting dynamics is on D2, we only describe this
part of f analytically. Set

J0 = [0; 1]×
[
0;

1

3

]
, J1 = [0; 1]×

[
2

3
; 1

]

and define

f |J0
: J0 → f(J0), (x; y) �→

(
1

3
x; 3y

)
, (1.17)

respectively

f |J1
: J1 → f(J1), (x; y) �→

(
1− 1

3
x; 3(1− y)

)
. (1.18)
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The set D2 ∩ f(D2) consists of two vertical rectangles f(J0)
def
= R0

and f(J1)
def
= R1 of the width 1

3 . The set D2 ∩ f(D2) ∩ f2(D2) consists
of for vertical rectangles R00, R01 ⊂ R0, R10, R11 ⊂ R1 of the width 1

32 .
Here,

R00 = R0 ∩ f(R0), R01 = R0 ∩ f(R1),

R10 = R1 ∩ f(R0), R11 = R1 ∩ f(R1).

For any finite sequence {i0, i1, . . . , in} of zeros and ones,

Ri0, i1, ..., in
= Ri0

∩ f(Ri1
) ∩ · · · ∪ fn(Rin

)

is a vertical rectangle of width 1
3n . Moreover, D2 ∩ fn(D2) is the union

of 2n rectangles of width 1
3n , see the left part of Fig. 1.15.

Figure 1.15

For an infinite sequence I = {i0, i1, . . . , in, . . .} of zeros and ones,

RI =
+∞⋂

n=0

fn(Rin
)

is a vertical segment through the classical Cantor set C+ ⊂ [0; 1] × {0}. So,
the set

Λ+ =

+∞⋂

n=0

fn(D2) =
⋃

I∈{0, 1}N

RI

is the product of a vertical segment of length one and the Cantor set C+.
Clearly, that all negative iterations of a point of Λ+ stay in D2.

We can now construct, in a similar way, a set Λ− using pre-images. We
saw that D2 ∩ f−1(D2) consists of two horizontal rectangles J0 and J1 of
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height 1
3 . The set D2 ∩ f−1(D2) ∩ f−2(D2) consists of four rectangles J00,

J01 ⊂ J0, J10, J11 ⊂ J1 of the height 1
32 , see the right part of Fig. 1.15. Here,

J00 = J0 ∩ f−1(J0), J01 = J0 ∩ f−1(J1),

J10 = J1 ∩ f−1(J0), J11 = J1 ∩ f−1(J1).

For any finite sequence {jn, jn−1, . . . , j1} of zeros and ones,

Jjn, jn−1, ..., j1
= Jjn ∩ f−1(Jjn−1

) ∩ · · · ∪ f−n(Jj0 )

is a horizontal rectangle of width 1
3n . For an infinite sequence J =

= {. . . , jn, jn−1, . . . , j1} of zeros and ones,

JJ =

+∞⋂

n=0

f−n(Jjn)

is a horizontal segment through the classical Cantor set C− ⊂ {0}× [0; 1]. The
set

Λ− =

+∞⋂

n=0

f−n(D2) =
⋃

J∈{0, 1}N

JJ

is the product of a horizontal segment of length one and the Cantor set C−.
Note that all positive iterations of a point of Λ− stay in D2.

The horseshoe set Λ = Λ+∩Λ− is the product of two Cantor sets C+, C−.
Obviously, Λ is closed and f -invariant. It follows from (1.17) and (1.18)
that Λ is a hyperbolic set.

Proposition 1.6 The restriction f |Λ of the Smale horseshoe map f on the
horseshoe set Λ conjugates to the full two-sided shift Σ2.

Proof. By construction, given any infinite sequence {. . . , jn, jn−1, . . . ,
j1, i0, i1, . . . , in, . . .} = ω ∈ {0, 1}N, one corresponds a unique point ϕ(ω) =
= JJ ∩ RI , and vise versa. Clearly that this correspondence ϕ is a homeo-
morphism Σ2 → Λ. Moreover,

f ◦ ϕ(ω) = f

(
+∞⋂

n=0

f−n(Jjn)

+∞⋂

n=0

fn(Rin
)

)

=

=

+∞⋂

n=1

f−n(Jjn)

+∞⋂

n=0

fn+1(Rin
) ∪D2 = ϕ ◦ σr(ω),
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where σr is the right shift in Σ2. Thus, ϕ is a conjugacy map between f |Λ
and (Σ2, σr). �

It follows from Lemma 1.10 and Proposition 1.6 the following corollary.

Corollary 1.2 Let f |Λ be the restriction of the Smale horseshoe map f on the
horseshoe set Λ. Then

• periodic points are dense in Λ;
• transitive orbits are dense in Λ;
• every point of Λ is non-wandering.

In particular, f |Λ is transitive.

Stable and Unstable Manifolds

Here, omitting proofs, we represent two important and essential results of
Hyperbolic Dynamics on the existence of local and global stable and unstable
manifolds for a hyperbolic set. Suppose that a manifold M admits a Riemannian
structure, and so, M endowed with the corresponding metric d : M×M → R+.
Similarly to the case of hyperbolic periodic points, there are local stable and
unstable manifolds of points of hyperbolic set.

Theorem 1.5 Let f : M → M be a C1 diffeomorphism and Λ ⊂ M a hyper-
bolic set. Then there is ε > 0 such that for every point x ∈ Λ

• the sets

W s
ε (x) = {y ∈M : d(fm(x), fm(y)) < ε for all m ∈ N},

Wu
ε (x) = {y ∈M : d(f−m(x), f−m(y)) < ε for all m ∈ N}

are C1 embedded Euclidean planes R
dimE

s

, RdimE
u

respectively;
• TxW

s
ε (x) = E

s, TxW
u
ε (x) = E

u;
• f (W s

ε (x)) ⊂W s
ε (fx), f

−1 (Wu
ε (x)) ⊂Wu

ε (f
−1x).

After local manifolds, it is natural to introduce (global) stable and unstable
manifolds

W s(x) =

∞⋃

m=0

f−mW s
ε (f

m(x)), Wu(x) =

∞⋃

m=0

fmWu
ε (f

−m(x)), x ∈ Λ

that satisfy the following statement.
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Theorem 1.6 Let f : M → M be a Cr diffeomorphism and Λ a hyperbolic
set. Then given any p ∈ Λ, there are Cr immersions

Js : R
s0 →M, Ju : R

u0 →M,

where s0 = dimE
s
p and u0 = dimE

u
p , such that

1) Js(R
s0)

def
= W s(p) and Ju(R

u0)
def
= Wu(p) are embedded Euclidean

spaces R
s0 and R

u0 respectively (so, the both Js : R
s0 → W s(p)

and Ju : R
u0 →Wu(p) are one-to-one).

2) W s(p) is tangent to E
s
p, and Wu(p) is tangent to E

u
p ,

TPW
s(p) = E

s
p, TPW

u(p) = E
u
p .

3) Given any q ∈ W s(p) the distance d(fn(p), fn(q)) tends exponen-
tially to 0 as n → +∞; similarly, given any q ∈ Wu(p) the dis-
tance d(fn(p), fn(q)) tends exponentially to 0 as n→ −∞.

4) The both family W s(Λ) = {W s(x)}x∈Λ, Wu(Λ) = {Wu(x)}x∈Λ are
invariant under f :

f(W s(x)) = W s(f(x)), f(Wu(x)) = Wu(f(x)) for any x ∈ Λ.

5) Given any x, y ∈ Λ, the sets W s(u)(x), W s(u)(y) are either coincide or
disjoint.

Proof can be found in [116, 117, 198].
The set above W s(u)(p) is called stable (stableunstable) stablemanifold of

a point p ∈ Λ. Clearly that the unstable manifold Wu(p) is a stable one for the
diffeomorphism f−1.

Local Product Structure

Let Λ be a hyperbolic set. By Lemma 1.17, the subspaces E
s
x, Eu

x depend
continuously on x ∈ Λ. Moreover, given any point x ∈ Λ, E

s
x ∩ E

u
x =

= {0}. Therefore, the local stable and unstable manifolds of x intersect at x
transversally, W s

ε (x) � Wu
ε (x) = {x}. As a consequence, one gets

Lemma 1.18 Let Λ be a hyperbolic set of f . Then for every ε > 0
there is δ > 0 such that if x, y ∈ Λ and d(x, y) < δ then the intersec-
tion W s

ε (x) ∩ Wu
ε (x) is transverse and consists of a unique point denoted

by [x, y], Fig. 1.16 (a). Moreover, [x, y] depends continuously on x and y,
Fig. 1.16 (b).
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Figure 1.16. Intersections of local manifolds.

Note that the point [x, y] from Lemma 1.18 might does not belong to Λ.
Hyperbolic sets with a such feather form the special class of hyperbolic sets.
We say that a hyperbolic set Λ has a local product structure if there are ε > 0
and δ > 0 such that

• for all x, y ∈ Λ, the intersection W s
ε (x) ∩Wu

ε (y) consists of at most one
point which belongs to Λ;
• for all x, y ∈ Λ with d(x, y) < δ, the intersection W s

ε (x)∩Wu
ε (y) consists

of exactly one point, which belongs to Λ, and the intersection is transverse.

The Smale horseshoe gives the example of hyperbolic set with a local
hyperbolic structure. Here is an example by Rufus Bowen that shows that there
is a compact part of Horseshoe with no a local product structure.

Example 1.16 Bowen example of compact hyperbolic set with no local product
structure.

Let Λ be the hyperbolic set of the Smale horseshoe. We see that Λ one can
thought as the full two-sided shift Σ2 i. e., the space of sequences of zeros and
ones with the shift map σr . Consider the subset Λ0 of Λ, and correspondingly
of Σ2,

Λ0 = {ω ∈ Σ2 : any finite maximal string of 0’s is of even length}.

Obviously, Λ0 is a compact σr-invariant subset of Λ. Denote by σj ∈ Λ0,
j ∈ N, the sequence containing the maximal string [−j, j] of zeros,

ω−j−1 = 1, ω−j = 0, . . . , ω−1 = 0, ω0 = 0, . . . , ωj−1 = 0, ωj = 1.

Then d(σj , σj+1) is arbitrarily small when j is large. Take σ∗ ∈ Λ that is σj

with the unique difference ω−j−1 = 0. Then σ∗ ∈ Λ but σ∗ /∈ Λ0. Given
any ε > 0, there is j such that d(σj , σ∗) < ε and d(σ∗, σj+1) < ε. Moreover,

d
(
σk
r (σ∗), σ

k
r (σj+1)

)
→ 0, and d

(
σ−k
r (σ∗), σ

−k
r (σj)

)
→ 0 as k → +∞.
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It follows that σ∗ ∈ W s
ε (σj+1) and σ∗ ∈ Wu

ε (σj). Hence, σ∗ ∈ W s
ε (σj+1) ∩

∩Wu
ε (σj). We see that σ∗ = [σj , σj+1], but σ∗ /∈ Λ0. ♦

Locally Maximal Hyperbolic Sets

Let U = U(Λ) be some neighborhood of hyperbolic set Λ. Denote by I(U)
the points of U whose orbits belong to U i. e.,

I(U) =

{

x ∈ U : O(x) =
⋃

m∈Z

fm(x) ⊂ U

}

.

Clearly, I(U) is invariant and equals

I(U) =
⋂

m∈Z

fm(U).

Moreover, I(U) contains Λ and is the maximal invariant set belonging to U(Λ).
A hyperbolic set Λ is called locally maximal if there exists a neighbor-

hood U of Λ such that

Λ =
⋂

m∈Z

fm(U) = I(U).

One can say that Λ is locally maximal if there is a neighborhood U of Λ such
that any invariant set contained entirely inside of U is a subset of Λ.

The Horseshoe is an example of a locally maximal hyperbolic set. The
set Λ from Example 1.16 is not locally maximal. This can be checked directly
or due to the following result.

Theorem 1.7 A hyperbolic set is locally maximal if and only if it has a local
product structure.

The proof can be found in [54], Proposition 5.9.3.

1.7. Basic Theorems for Hyperbolic Sets

Here, we present a list of basic results of Hyperbolic Dynamics. There are
numerous books and monographs with careful proofs. Some of these proofs are
technical. Therefore, we omit detailed proofs restricting ourselves by ideas and
discussions, and references.
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Inclination Lemma (λ-lemma)

Let p be a hyperbolic fixed point of the saddle type, and W τ (p) be an
invariant manifold of p, where τ is either u or s. Since W τ (p) is an C1 em-
bedded manifold, it is endowed with the natural interior metric dτ . Denote
by Dτ

r (p) ⊂W τ (p) the τ -disk of radius r > 0 and the center at p. The follow-
ing statement usually is called the Inclination Lemma or Lambda Lemma.

Theorem 1.8 Let p be a hyperbolic fixed point of a diffeomorphism f :M→M ,
and q ∈W s(p). Suppose that D � q is a C1 disk of dimension u = dimWu(p)
intersecting W s(p) transversally at q. Then given any r > 0, there are a neigh-
borhood U of p and n0 ∈ N such that the components of the intersections

D1 = f(D) ∩ U, D2 = f(D1) ∩ U, . . . , Dn = f(Dn−1) ∩ U, . . .

form the sequence of u-disks for all n � n0 that converges uniformly to Du
r (p)

in terms of the C1 topology.

The proof can be found in [181].
The important consequence of the Inclination Lemma is the existence of

so-called lamination structure (see below the exact notation) formed by stable
or unstable manifolds of the same dimension. Denote by W u

d the union of
d-dimensional unstable manifolds of hyperbolic points.

Theorem 1.9 Let f : Mn → Mn be a diffeomorphism with hyperbolic non-
wandering set NW (f) that equals clos (Per(f)). Then given any 1 � d � n−
− 1 and a point x ∈ Wu(y) ⊂ W u

d , there is a ball-neighborhood U of x such
that the components of intersections U ∩Wu(y), Wu(y) ⊂ W u

d , are locally
equivalent to the family of parallel d-hyperplanes. This means that there is
a homeomorphism ψ : U → R

d such that every component of U ∩Wu(y) is
mapped by ψ onto a d-hyperplane defined by the equations

x1 = c1, . . . , xn−d = cn−d for some constants c1, . . . , cn−d.

The similar theorem holds for stable invariant manifolds W u
d of fixed

dimension d. Another consequence of the Inclination Lemma is the following
statement on the continuous dependence of invariant manifolds under initial
conditions on compact disks.

Theorem 1.10 Stable (unstable) invariant manifolds of the same fixed dimen-
sion depend continuously under initial conditions on compact disks.
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Birkhoff –Smale Theorem

Theorem 1.11 Let p be a periodic hyperbolic point of a diffeomor-
phism f : Md →Md, and q be a transversal homoclinic point for p. Then for
each neighborhood U of the pair {p, q}, there is n ∈ N such that fn has a non-
trivial hyperbolic invariant set Λ ⊂ U with p, q ∈ Λ and the restriction fn|Λ is
topologically conjugate to the two-sided shift map on k � 2 symbols, σ on Σk.
In addition,

Λ ⊂ clos(Per(f)) ⊂ NW (f).

We give the idea of the proof. Without loss of generality, one can assume
that p is a fixed point. Take a compact disk Bs ⊂ W s(p) with the dimen-
sion dimBs = dimW s(p) = s such that p, q ∈ Bs. By the extended version
of Grobman –Hartman Theorem, there is a compact neighborhood Dd of Bs

such that the restriction f |Dd conjugates to the linear diffeomorphism. We can
assume that Dd is a tubular neighborhood of Bs that is diffeomorphic to the
product Bs × Bu where the disk Bu ⊂ Wu(p) has the dimension dimBu =
= dimWu(p) = u, Fig. 1.17 (a).

Figure 1.17

Actually, one can think of Dd as a curvilinear high dimensional parallel-
ogram in R

d = R
s × R

u whose sides are parallel to R
s × {0} and {0} × R

u

respectively. Moreover, the linear map contracts the parallelogram in R
s × {0}

direction and expands in {0} × R
u direction.

Because of the existence of the homoclinic point q, there is n ∈ N such
that fn(Dd) intersects Dd at least at two components, Fig. 1.17 (b). One of
them contains p and an another contains q. We see that fn|Dd is Smale horse-
shoe map. By Proposition 1.6, there is a nontrivial invariant locally maximal
set Λ belonging to Dd ∪ fn(Dd). Note that the union Dd ∪ fn(Dd) contains
the orbit O(q) of the point q, Fig. 1.18 (a), since p is a fixed point.
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Denote {p} ∪O(q) by Λq. Clearly, Λq is invariant under f , and Λq ⊂ Λ.
We introduce the splitting of the tangent space T (Λq) into invariant bundles
as follows. For p, set Tp(M

d) = Tx(W
s(p)) ⊕ Tx(W

u(p)). For a point x ∈
∈ O(q) ∩W s(p), set Es

x = Tx(W
s(p)) and Eu

x = Tx(W
u(p)), Fig. 1.18 (b).

Figure 1.18

Since q is a point of transversal intersection of W s(p) and Wu(p),
Tx(M

d) = Es ⊕ Eu. Because of f(W s(p)) = W s(p) and f(Wu(p)) =
= Wu(p),

Df (Tx(W
s(p))) = Tf(x)W

s(p), Df (Tx(W
u(p))) = Tf(x)W

u(p).

Hence, the splitting Es ⊕ Eu|Λq
is invariant under Df . One can extend the

hyperbolic structure to Λ. Now the inclusions Λ ⊂ clos(Per(f)) ⊂ NW (f)
follow from Corollary 1.2. �

Spectral Decomposition Theorem

Let f : M → M be a diffeomorphism having hyperbolic periodic points.
Denote by H(f) the set of all hyperbolic periodic points of f . We say that
a point p ∈ H(f) is heteroclinically related to q ∈ H(f), or p is h-related
to q, if Wu(O(p)) has a nonempty transverse intersection with W s (O(q))
and Wu(O(q)) has a nonempty transverse intersection with W s (O(p)),

Fig. 1.19, (a). We also will write p
h∼ q.

Lemma 1.19 If p
h∼ q then

dimWu
p = dimWu

q , dimW s
p = dimW s

q .

Proof. If dimWu
p < dimWu

q then dimWu
p + dimW s

q = dimWu
p +

+ n − dimWu
q < n. This contradicts to the transversality of the intersec-

tion Wu(O(p)) ∩ W s(O(q)). Therefore, dimWu
p = dimWu

q . Similarly,
dimW s

p = dimW s
q . �
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Figure 1.19

It follows from the Inclination Lemma (Theorem 1.8) that being h-related
is an equivalence relation, see Fig. 1.19, (b). The set

Hp = {q ∈ H(f) : p
h∼ q}

is called the h-class of p ∈ H(f).

Lemma 1.20 Cloud Lemma. Suppose x ∈ W s(p) ∩Wu(q) and y ∈ Wu(p) ∩
∩ W s(q) where p

h∼ q. Then x, y ∈ clos(Per(f)). In particular, x, y ∈
∈ NW (f).

Proof. By Theorem 1.8, Wu(p) intersects transversally W s(p) arbitrary
close to x. Theorem 1.11 implies that x ∈ clos(Per(f)). Similarly, y ∈
∈ clos(Per(f)).

There is another way to prove the result (in sense, classical) that gives
the name Cloud Lemma. Let U be a neighborhood of x ∈ W s(p) � Wu(q).
We take m so large that p, q are fixed points of fm. Figure 1.20 shows that
some iteration fkm(U) must re-intersect U eventually. Hence, x ∈ NW (f).
Similarly, y ∈ NW (f). �

Figure 1.20. fkm(U) must re-intersect U .
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Lemma 1.21 If p ∈ H(f) then

• the both Hp and clos(Hp) are invariant;
• the set clos(Hp) is transitive.

Proof. Obviously, Hp is invariant. By Lemma 1.5, clos(Hp) is also
invariant.

To prove that clos(Hp) is transitive, take any relative open nonempty

sets Û1, Û2 in clos(Hp), i. e. there are open sets U1, U2 in M such that Û1 =

= U1∩ clos(Hp) and Û2 = U2 ∩ clos(Hp). Taking in mind the Birkhoff Transi-

tive Theorem (Theorem 1.2), it is sufficient to show that fk(Û1) ∩ Û2 �= ∅ for
some k ∈ N. Since the sets Û1, Û2 are open, there are points x1 ∈ U1 ∩ Hp,

x2 ∈ U2 ∩ Hp. Because of x1
h∼ x2, Wu(O(x1)) has a nonempty trans-

verse intersection with W s(O(x2)) at some point, say y1, and Wu(O(x2))
has a nonempty transverse intersection with W s(O(x1)) at some point, say y2.
By Theorem 1.11, the both y1 and y2 are in the closure of periodic points
which must be heteroclinically related to x1 and x2, since stable and unstable
manifolds depend continuously on initial conditions (Theorem 1.10). There-
fore, y1, y2 ∈ clos(Hp). It follows that fk(Û1) ∩ Û2 �= ∅ for some k ∈ N. �
Theorem 1.12 Let f : M → M be a diffeomorphism of a compact man-
ifold M . Suppose that the non-wandering set NW (f) is hyperbolic and
periodic points are dense in NW (f). Then NW (f) is a finite union

NW (f) = Ω1 ∪ · · · ∪ Ωk

of pairwise disjoint f -invariant closed sets Ωi such that

• every restriction f |Ωi
is topologically transitive, i = 1, . . . , k;

• every Ωi is the closure of some h-class, i = 1, . . . , k;
• every Ωi has a local product structure, i = 1, . . . , k.

Proof. If clos(Hp) ∩ clos(Hq) �= ∅, there is a point r ∈ clos(Hp) ∩
∩clos(Hq) that must be a limit point for periodic points Pi ∈ Hp and Qj ∈ Hq .
Since NW (f) = clos(Per(f)) is endowed with a hyperbolic structure, the
points Pi and Qj are h-related beginning with some i � i0, j � j0. It
follows that Pi and Qj belong to the same h-class. Hence, clos(Hp) =
= clos(Hq). So, NW (f) is the union of pairwise disjoint h-classes clos(Hn).
By Lemma 1.21, all clos(Hn) are invariant and transitive.

Let us prove that there are only finitely many h-classes. Suppose the
contrary. Then there is a limit point for periodic points from infinitely many
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(different) h-classes. Again, the hyperbolic structure on clos(Per(f)) implies
that these periodic points must belong to the same h-class. This contradiction
proves the result.

Denote by Ω = clos(Hp), where p ∈ Per(f). It remains to prove
that Ω has a local product structure. Let x, y ∈ Ω. There are sequences xk → x,
yk → y with xk, yk ∈ Hp. For sufficiently small ε > 0, each intersec-
tion Wu

ε (xk) ∩W s
ε (yk) and Wu

ε (yk) ∩W s
ε (xk) has at most one point, say μk

and νk respectively. For sufficiently close x and y, these μk and νk are single
points at corresponding transverse intersection. By Lemma 1.20, μk, νk ∈
∈ clos(Per(f)). There is δ > 0 such that if d(x, y) < δ, then μk, νk ∈ Ω,
because of the closures of h-classes are a finite distance apart. By the continuity
of invariant manifolds (Theorem 1.10), μk approach μ ∈Wu(x)∩W s(y) and νk
approach ν ∈ Wu(y) ∩W s(x). Since Ω is compact, μ, ν ∈ Ω and μ, ν are
points of corresponding transverse intersections. This completes the proof. �

These Ωi are called the basic sets of f . The dimension of unstable mani-
fold Wu(x), where x ∈ Ωi, is called the index of Ωi. Sometimes, dimWu(x)
is called Morse index, or unstable index of Ωi. By Lemma 1.17, this definition
does not depend on the choice of point x ∈ Ωi.

Following Smale [208], we call Theorem 1.12 the Spectral Decomposition
Theorem. The conditions of Theorem 1.12 form so called an Axiom A intro-
duced by Smale [208]. So if NW (f) is hyperbolic and the periodic points are
dense in NW (f), f is called an A-diffeomorphism. Thus, the non-wandering
set of A-diffeomorphism is the union of basic sets.

Isolated periodic (in particular, fixed) point gives the example of trivial
basic set. A basic set is nontrivial if it is not a periodic isolated orbit.

Neighborhoods of hyperbolic sets

Here, we consider the asymptotic behavior of points near a compact basic
set Λ of an A-diffeomorphism. Theorem 1.6 states that if p ∈ W s(q) for
a point q ∈ Λ, then p is asymptotic with q, and hence, with Λ. Assume that we
know that the positive orbit of a point p stays near Λ. The following theorem
says that p is asymptotic with a point of Λ.

Theorem 1.13 Let f : M → M be an A-diffeomorphism and Ω1, . . ., Ωk the
basic sets of f , NW (f) = Ω1 ∪ · · · ∪Ωk. Then

M =

k⋃

i=1

W s(Ωi) =

k⋃

i=1

Wu(Ωi),
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where

W s(Ωi) =
⋃

x∈Ωi

W s(x), Wu(Ωi) =
⋃

x∈Ωi

Wu(x), i = 1, . . . , k.

Proof. It follows from Lemma 1.7, that f j(p) tends to NW (f) as j →

→ ±∞ for any point p ∈ M . Hence, M =
k⋃

i=1

W s(Ωi) =
k⋃

i=1

Wu(Ωi). Since

the basic sets Ω1, . . ., Ωk are disjoint, f j(p) tends to some Ωi as j → +∞ and
to some Ωr as j → −∞. So, p ∈W s(Ωi) and p ∈Wu(Ωr).

We have to prove that p ∈ W s(q1) and p ∈ Wu(q2) where q1 ∈ Ωi

and q2 ∈ Ωr. It is enough to consider only the case when p ∈ W s(Ωi).
Denote Ωi by Λ. Since Λ is invariant, it is sufficient to prove that

fm(p) ∈W s
ε (Λ) =

⋃

x∈Λ

W s
ε (x) for some m ∈ N, ε > 0.

The existence of local product structure implies that for sufficiently small ε > 0,
the set

Du = clos (W s
ε (Λ) \ f(W s

ε (Λ)))

is a proper fundamental domain for Wu
ε (Λ) see Fig. 1.21 (a), i. e., a compact

set such that

Wu
ε (Λ) \ Λ ⊂

⋃

m�0

f−m(Du), Du ∩ Λ = ∅.

Let U be a neighborhood of Du, Fig. 1.21, (b). One can assume
that fk(U) ∩ U = ∅ for k � 2. Then

V = W s
ε (Λ)

⋃

m�0

f−m(U)

is a neighborhood of Λ. Note that by construction, fk(U) ∩ V = ∅ for k � 2.
Therefore, if fm(p) ∈ V for all sufficiently large m then fm(p) have to belong
to W s

ε (Λ). �

Spectral decomposition of basic set

Here, we prove that every nontrivial basic set Ω has a spectral decompo-
sition itself. To be precise, the following statement holds.
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Figure 1.21

Theorem 1.14 Let Ω be a nontrivial basic set of an A-diffeomorphism. Then Ω
is a union of pairwise disjoint closed subsets Ωc1, . . ., Ωch such that

fh(Ωcj) = Ωcj, f(Ωcj) = Ωc,j+1,

where Ωc,h+1 = Ωc1 (1 � j � h),

and each intersection W s
x ∩ Ωcj , W

u
x ∩ Ωcj is dense in Ωcj for any periodic

point x ∈ Ωcj .

Proof. Take a periodic point p ∈ Ω and put by definition Ωp =

= clos
(
Wu

p ∩NW (f)
)
. It is convenient to prove the theorem in steps.

Step 1.1 Ωp ⊂ NW (f) and fPer(p)(Ωp) = Ωp, where Per(p) is a period of p.

Proof of Step 1.1. Let the sequence xi ∈ Ωp = clos
(
Wu

p ∩NW (f)
)

converge to x as i → ∞. Then there exists a sequence yi ∈ Wu
p ∩ NW (f)

that converges to x as well. In particular, yi ∈ NW (f). Since NW (f) is
closed, x ∈ NW (f). The equality fPer(p)(Ωp) = Ωp is obvious because
of fPer(p)(Wu

p ) = Wu
p . ♦

Step 1.2 The set Ωp is relatively open in NW (f).

Proof of Step 1.2. Indeed, assume that δ > 0 satisfies the condi-
tion of Theorem 1.7 on existence of local coordinates, i. e. if x, y ∈
∈ NW (f) and d(x, y) < δ then the intersection W s

ε (x) ∩ Wu
ε (y) con-

sists of a unique point from NW (f) for some ε > 0. Let U(Ωp) be the
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δ
2 -neighborhood of Ωp. Take a periodic point q ∈ Uδ(Ωp). Since Ωp =

= clos
(
Wu

p ∩NW (f)
)
, there is a point x ∈Wu

p ∩NW (f) such that d(x, q) <
< δ. Hence, the intersection Wu

ε (x)∩W s
ε (q) ⊂Wu

p ∩W s
q consists of a unique

point y ∈ NW (f). Since Wu
P and W s

q are invariant under fPer(p)·Per(q), q ∈
∈ clos

(
Wu

p ∩NW (f)
)
= Ωp because of

fk·Per(p)·Per(q)(y)→ q as k → +∞.

Since periodic points are dense in NW (f), it follows that any non-wandering
point from U(Ωp) belongs to Ωp. This concludes that Ωp is relatively open
in NW (f). ♦

Step 1.3 Ωp ⊂ clos(Hp).

Proof of Step 1.3. Take z ∈ Ωp. First, suppose that z ∈ Wu
p ∩ NW (f).

If z ∈ clos(Hq) for some periodic point q, then clos(Hp) = clos(Hq) because
of fk·Per(p)(z) → p as k → +∞, and h-related classes are closed and pair-
wise disjoint. Hence, z ∈ clos(Hp). If z ∈ Ωp \

(
Wu

p ∩NW (f)
)

then there
is a sequence xi ∈ Wu

p ∩ NW (f) converging to z. By previous considera-
tions, xi ∈ clos(Hp). Therefore, z ∈ clos(Hp) as well. ♦

Step 1.4 If q ∈ Ωp then Ωp = Ωq .

Proof of Step 1.4. By Step 1.3, the points p, q are h-related. Lemma 1.19
implies dimWu

p = dimWu
q and dimW s

p = dimW s
q . It follows from the

Inclination Lemma (Theorem 1.8) that Ωq ⊂ Ωp. Similarly, Ωp ⊂ Ωq. ♦
As a consequence of Steps 1.2, 1.4, one gets that the sets Ωp, Ωq are either

coincident or disjoint, where p, q are periodic points. Indeed, if x ∈ Ωp ∩ Ωq

then there is a periodic point r ∈ Ωp ∩ Ωq, since periodic points are dense
in NW (f). By Step 1.4, Ωp = Ωr = Ωq .

Now, given any periodic point q ∈ Ω = clos(Hp), there exists k ∈ Z

such that fk(p) is h-related to q. Then q ∈ Ωfkp. By Step 1.4, Ωfkp =
= Ωq. It follows from Step 1.1 that Ω is the union of pairwise disjoint sets Ωp,
f(Ωp), . . . , f

P0−1(Ωp) for some P0 ∈ N.
Take a periodic point q ∈ Ωp. By Step 1.3, W s

p intersects Wu
q . Hence, q ∈

∈ clos(W s
p ). Therefore, the intersection W s

p ∩ Ωp is dense in Ωp. Simi-
larly, W s

q ∩ Ωp is dense in Ωp. �
These Ωcj are called C-dense components of Ω. We will also call them

periodic components of Ω. If Ω has a unique C-dense component, then we will
say that Ω is a C-dense basic set.
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1.8. Nontrivial attractors and repellers

Later on, we study A-diffeomorphisms of compact manifold Mn (possibly
with boundary) with a nontrivial basic set Λ in the interior of Mn. Recall
that W s

x,ε (Wu
x,ε) is an ε-neighborhood of the point x ∈ Λ on the mani-

fold W s
x (Wu

x ) in the inner metric ds (du). Due to Theorem 1.7 (existence
of local product structure), every point x ∈ Λ has the canonical neighbor-
hood Vx ⊂ Λ homeomorphic to the direct product W̌ s

x,ε × W̌u
x,ε, where

W̌ s
x,ε = W s

x,ε ∩ Λ, W̌u
x,ε = Wu

x,ε ∩ Λ.

Lemma 1.22 A nontrivial basic set Λ of a diffeomorphism f : Mn → Mn

coincides with its stable (unstable) manifold if and only if there is a point x ∈ Λ
such that

dim W̌ s
x = dimW s

x (dim W̌u
x = dimWu

x ).

Proof. The necessity is evident. We now prove the sufficiency. To be
definite let dim W̌u

x = dimWu
x . From the definition of the unstable manifold

it follows that Λ ⊂ Wu
Λ . Therefore to prove Wu

Λ = Λ it is sufficient to
show that Wu

y ⊂ Λ for every y ∈ Λ. Since dim W̌u
x = dimWu

x , there is
a point z ∈ Λ and there is δ > 0 such that Wu

z,δ ⊂ Λ. Since the set of the
periodic points is dense in Λ there is a periodic point p in the neighborhood V =
= Wu

z,δ × W̌ s
z,δ ⊂ Λ. The structure of the direct product in V gives us that

there is η > 0 such that Wu
p,η ⊂ Λ. Therefore Wu

p ⊂ Λ and Wu
Op
⊂ Λ.

Hence, closWu
Op

= Λ.
Let K ⊂Wu

y be a compact neighborhood of a point y which contains the
point w. Then since the set Wu

Op
is dense in Λ and since the unstable manifolds

are C1-close on compact sets, the set K is the topological limit of the compact
subsets Wu

Op
. Then K ⊂ Λ and therefore w ∈ Λ. �

Lemma 1.23 Let Λ be a nontrivial basic set of a diffeomorphism f :Mn→Mn

such that for a point x ∈ Λ dim W̌ s
x = 0 (dim W̌u

x = 0). Then clos W̌ s
x,ε

(clos W̌u
x,ε) is the Cantor set and dimΛ = dim W̌u

x (W̌ s
x ).

Proof. To be definite let dim W̌ s
x = 0. To prove that clos W̌ s

x,ε is the
Cantor set it suffices to show that clos W̌ s

x,ε has no isolated points in W s
x .

Assume the contrary: there is an isolated point y ∈ clos W̌ s
x,ε in W s

x . Then
there is a neighborhood V of it in the set Λ which coincides with the set W̌u

y,δ
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for some δ > 0. Since the periodic points are dense the neighborhood V =
= W̌u

y,δ contains at least two periodic points and this contradicts the property
of an unstable manifold.

We now show that dimΛ = dim W̌u
x . The local structure of the basic

set Λ implies that dimΛ = dim(W̌ s
x,ε × W̌u

x,ε), therefore dimΛ � dim W̌u
x,ε.

On the other hand,

dim(W̌ s
x,ε × W̌u

x,ε) � dim W̌ s
x,ε + dim W̌u

x,ε.

Then from dim W̌ s
x = 0 we get that dim(W̌ s

x,ε × W̌u
x,ε) � dim W̌u

x,ε.
Thus, dimΛ = dim W̌u

x . �

Theorem 1.15 Let f : Mn → Mn be an A-diffeomorphism having an n-di-
mensional basic set Λ. Then Λ = Mn, and f is an Anosov diffeomorphism.

Proof. Since dimΛ = n, there is an open n-ball U in the set Λ [121]. Then
for some point x ∈ U and some δ > 0 the inclusions Wu

x,δ ⊂ Λ and W s
x,δ ⊂ Λ

hold. Then by Lemma 1.22, Wu
y ⊂ Λ and W s

y ⊂ Λ for every point y ∈ Λ.
Since Λ = W s

Λ = Wu
Λ , the canonical neighborhood Vx of every point x ∈

∈ Λ is homeomorphic to W s
x,ε ×Wu

x,ε. Then the point x has a neighborhood
which is open in Mn and therefore the set Λ is open. Since Λ is closed, it
coincides with the entire manifold Mn. Since every point x ∈ Λ has a neighbor-
hood homeomorphic to R

n we have that Mn is a manifold without boundary.
Since Λ = Mn it follows that f is an Anosov diffeomorphism. �

Definition 1.2 A basic set Λ is called an attractor for f if there is a compact
neighborhood U of Λ such that

f(U) ⊂ intU,
⋂

k�0

fk(U) = Λ.

A basic set Λ is called repeller if it is an attractor for f−1.

Now, we give criteria for a basic set Λ to be an attractor (repeller).

Theorem 1.16 A basic set Λ of a diffeomorphism f : Mn →Mn is an attrac-
tor (repeller) if and only if Wu

Λ = Λ (W s
Λ = Λ).

Proof. To be definite let Λ be an attractor.
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Necessity. From the definition of an attractor it follows that there
is a compact neighborhood UΛ such that f(UΛ) ⊂ intUΛ and Λ =
=
⋂

k�0

fk(UΛ). Then there is ε > 0 such that
⋃

x∈Λ

Wu
x,ε ⊂ UΛ. Hence

there is 0 < δ < ε such that Wu
x =

⋃

j�0

f j(Wu
f−j(x),δ). Then Wu

Λ ⊂

⊂
⋃

j�0

f j(
⋃

x∈Λ

Wu
x,δ). Since

⋃

x∈Λ

Wu
x,δ ⊂ UΛ and

⋃

j�0

f j(UΛ) ⊂ UΛ we

have Wu
Λ ⊂ UΛ. Then

⋂

k�0

fk(Wu
Λ ) ⊂

⋂

k�0

fk(UΛ). Since Wu
Λ =

⋂

k�0

fk(Wu
Λ )

and Λ =
⋂

k�0

fk(UΛ) we have Wu
Λ ⊂ Λ. From Λ ⊂ Wu

Λ it follows

that Wu
Λ = Λ.

Sufficiency. Hyperbolicity of the set Λ implies that there is δ > 0 such

that cl f(W s
x,δ) ⊂ intW s

f(x),δ for every point x ∈ Λ. Let UΛ = cl

(
⋃

x∈Λ

W s
x,δ

)
.

From Λ = Wu
Λ it follows that UΛ is a compact neighborhood of Λ in the man-

ifold Mn. By construction f(UΛ) ⊂ intUΛ and Λ =
⋂

k�0

fk(UΛ). Therefore Λ

is an attractor. �

Theorem 1.17 Every codimension one basic set Λ of a diffeomorphism
f : Mn →Mn is either an attractor or a repeller.

Proof. Let x ∈ Λ and let Vx be the canonical neighborhood of the point x.
It follows from dim Vx = n−1 that dim W̌ s

x,ε+dim W̌u
x,ε � dim W̌ s

x,ε×W̌u
x,ε =

= n− 1.
Since dim W̌u

x,ε � dimWu
x,ε, dim W̌ s

x,ε � dimW s
x,ε and dimW s

x,ε +

+ dimWu
x,ε = n we have that either dim W̌u

x,ε = dimWu
x,ε or dim W̌ s

x,ε =

= dimW s
x,ε. Indeed, if we suppose that dim W̌u

x,ε < dimWu
x,ε and dim W̌ s

x,ε <

< dimW s
x,ε then we get dim W̌ s

x,ε + dim W̌u
x,ε � dimW s

x,ε − 1 + dimWu
x,ε −

− 1 = n− 2 and this contradicts dim W̌ s
x,ε+dim W̌u

x,ε � n− 1. Now the result
follows from Lemma 1.22 and Theorem 1.16. �

A nontrivial basic set Λ, which is an attractor, is called expanding if
the topological dimension of Λ is equal to the dimension of Wu

x , x ∈ Λ.
A nontrivial basic set Λ, which is a repeller, is called contracting if it is an
expanding attractor for the diffeomorphism f−1.

Example 1.17 Prove that every 1-dimensional basic set of a diffeomor-
phism f : M2 →M2 is either an expanding attractor or a contracting repeller.



1.8. NONTRIVIAL ATTRACTORS AND REPELLERS 67

Theorem 1.18 Every expanding attractor (contracting repeller) Λ has the lo-
cal structure of the direct product of the k-dimensional Euclidean space and
the Cantor set, where k is the topological dimension of Λ.

Proof. To be definite let Λ be an attractor. Let x ∈ Λ and Vx be the
canonical neighborhood of the point x. Theorem 1.16 implies that Wu

x,ε =

= W̌u
x,ε. From [121] it follows that

dimWu
x,ε = dimVx � dimWu

x,ε + dim W̌ s
x,ε (1.19)

If dim W̌ s
x,ε � 1 then we pick a subset W ⊂ W̌ s

x,ε of dimension 1 and as
a corollary of Hurewicz theorem [121] we get that dimVx � dimWu

x,ε + 1,
and this contradicts (1.19). Therefore dim W̌ s

x,ε = 0. By Lemma 1.23 W̌ s
x has

the local structure of the Cantor set and from this the hypothesis of the theorem
follows. �

Topological dimension and type of basic sets

We state some important properties of the basic sets in relation to their
type and dimension. These properties are used for the topological classification
of the basic sets (including expanding attractors and contracting repellers) as
well as of important classes of structurally stable diffeomorphisms.

The pair (a, b) where a = dimWu
x , b = dimW s

x , x ∈ Λ is called the type
of the basic set Λ. Notice that (1, 1) is the type of every nontrivial basic set
of a surface diffeomorphism.

Definition 1.3 Let Λ be a basic set of type (n − 1, 1) or ((1, n − 1)) of
an A-diffeomorphism f : Mn → Mn, let x ∈ Λ and let Λx be the periodic
component of the set Λ containing the point x.

• We say a connected component of the set W s
x \ x (Wu

x \ x) to be densely
situated in Λx if it contains a set which is dense in Λx.
• We say a point x to be s-dense (u-dense) if both connected components

of the set W s
x \ x (Wu

x \ x) are densely situated in Λx.
• We say a point x to be an s-boundary point (u-boundary point), if one of

the connected components of the set W s
x \ x (Wu

x \ x) is disjoint from Λ.

Lemma 1.24 If Λ is a basic set of type (n− 1, 1) then for every point x ∈ Λ
at least one connected component of the set W s

x \ x is densely situated in Λx.
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Proof. Introduce a parameter t ∈ R on the manifold W s
x such

that W s
x(0) = x. Let W s+

x , W s−
x denote the connected components of the

curve W s
x \ x for t > 0 and t < 0 respectively. Due to a local product struc-

ture, W s
x contains a dense in Λx set. Therefore there is a sequence tn → ∞

such that zn = W s
x(tn) ∈ Λx. One can assume that tn → +∞ (or tn → −∞)

and that the sequence zn converges to a point z ∈ Λx, z /∈ W x
s (otherwise one

considers a subsequence of tn). To be definite let tn → +∞. We now show
that W s+

x contains a set dense in Λx.

Figure 1.22. An illustration to the proof of Lemma 1.24

Let y be an arbitrary point of Λx distinct from x and let Uδ(y) be a δ-neigh-
borhood of the point y in Mn. Since W s

z contains a dense in Λx set there is
a segment lz of the manifold W s

z which contains the point z and which in-
tersects Uδ(y). On the other hand the fact that stable manifolds are C1-close
on compact sets for any δ1 > 0 implies that there is δ2 > 0 such that any
manifold intersecting δ2-neighborhood Uδ2

(z) of the point z, while staying in
δ1-neighborhood Uδ1

(lz) of the segment lz , intersects the neighborhood Uδ(y),
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see Figure 1.22. Now pick δ1 such that x /∈ Uδ1
(lz), then pick n0 such

that zn0
∈ Uδ2

(z). Then there is a segment lzn0

of the component W s+
x which

passes through the point zn0
and which intersects the neighborhood Uδ(y). The

local product structure implies that for δ small enough the intersection lzn
0

∩Wu
y

contains a point of periodic component Λx in the neighborhood Uδ(y). �
The similar result holds for a basic set of type (1, n − 1). For this type,

the set Wu
x \ x is densely situated in Λx.

Lemma 1.25 Let Λ be a nontrivial basic set of a diffeomorphism f : Mn →
→ Mn. If fm(Wu

x ) = Wu
x (fm(W s

x ) = W s
x ) for some point x ∈ Λ and

some m ∈ N then the map fm|Wu
x

(fm|W s
x
) has a periodic point which is

a hyperbolic source (sink) for the restriction fm|Wu
x
(fm|W s

x
).

Proof. To be definite assume fm(W s
x ) = W s

x . Without loss of gen-
erality we assume m = 1 (otherwise the same arguments hold for the
diffeomorphism fm). From the definition of a stable manifold it follows
that d(fk(x), fk+1(x)) → 0 for k → +∞. A hyperbolic structure implies
that there are ε > 0 and μ ∈ (0, 1) such that from x1, x2 ∈ W s

fk(x),ε

it follows that ds(f(x1), f(x2)) < μds(x1, x2). Let k0 ∈ N be such

that ds(fk0(x), fk0+1(x)) < ε
2 (1−μ). Then for any point y ∈ cl

(
W s

fk
0 (x), ε

2

)

it holds

ds(fk0(x), f(y)) � ds(fk0(x), fk0+1(x)) + ds(f(y), f(fk0(x))) <

<
ε

2
(1− μ) +

ε

2
μ =

ε

2
,

that is f
(
cl
(
W s

fk
0 (x), ε

2

))
⊂ intW s

fk
0 (x), ε2

. Therefore for the segment I =

= cl
(
W s

fk0 (x), ε2

)
we have f(I) ⊂ int I and from x1, x2 ∈ I it follows

that ds(f(x1), f(x2)) < μds(x1, x2), that is f |I is a contraction. By
the Contraction Mapping Principle f |I has a unique fixed point p such
that lim

k→+∞
ds(fk(x), p) = 0 for every point x ∈ I . Since the basic set is

closed p is hyperbolic. �
The following statement describes the structure of a basic set of types (n−

− 1, 1) and (1, n− 1).

Theorem 1.19 Let Λ be a basic set of type (n − 1, 1) ((1, n − 1)) for an
A-diffeomorphism f : Mn →Mn. Then
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1) if Λ has s-boundary (u-boundary) points then there are finitely many of
them and all of them are periodic;

2) a point x ∈ Λ is s-dense (u-dense) if and only if the manifold W s
x (Wu

x )
contains no s-boundary (u-boundary) points;

3) if Wu
x (W s

x ) contains no s-boundary (u-boundary) points for some
point x ∈ Λ then for every δ > 0 both connected components of the
set W s

x,δ \ x (Wu
x,δ \ x) intersect Λ.

Proof. To be definite assume the basic set Λ to be of type (n− 1, 1).
(1) Let Λ have an s-boundary point x. We now show that x is a periodic

point. Assume the contrary: x is not periodic. Consider two cases: 1) for each
pair of integers i > j the relation Wu

fi(x) ∩Wu
fj(x) = ∅ holds; 2) there are

integers i > j such that Wu
fi(x) ∩Wu

fj(x) �= ∅.
In the case 1) there is a sequence kn → +∞ such that the subse-

quence {xn = fkn(x)} converges to some point y ∈ Λx and xn /∈ Wu
y for

every n ∈ N. In the case 2) Wu
fi(x) = Wu

fj(x) and therefore f i−j(Wu
x ) =

= Wu
x . By Lemma 1.25 the map f i−j |Wu

x
has a fixed hyperbolic source p.

Then there is an increasing sequence of integers m1, m2, . . . such that the
subsequence {xn = fmn(i−j)(x)} converges to some point y ∈ Λx. We now
show that there are η > 0 and n0 ∈ N such that xn /∈ Wu

y,η for n > n0.
Assume the contrary: for every η > 0 and every n0 ∈ N there is xn ∈ Wu

y,η

for n > n0. Since p is a hyperbolic source there is δ > 0 such that the diffeo-
morphism f |Wu

p,δ
is topologically conjugate to a linear expansion. Pick k ∈ N

such that f−k(y) ∈ Wu
p,δ . Then the sequence {f−k(xn)} converges to the

point z = f−k(y). But by the assumption there is a neighborhood U(z) ⊂Wu
p,δ

of the point z which contains infinitely many positive iterations of the point x
by the diffeomorphism f and this contradicts the dynamics of the diffeomor-
phism f |Wu

p,δ
.

In both cases let Vy be the canonical neighborhood of the point y. Then
for every point w ∈ Vy there is a unique pair of points ws ∈ W̌ s

y,ε, w
u ∈ W̌u

y,ε

such that w = Wu
ws ∩W s

wu . Since the subsequence xn converges to the point y
and xn /∈ Wu

y,ε for n greater then some N , there are n1 > N , n2 > N such
that xn1

, xn2
∈ Vy , xs

n1
, xs

n2
belong to the same connected component of the

set W s
y \ y and xs

n2
∈ (y, xs

n1
)s (see Figure 1.23). Then W s

xn
2
∩Wu

xn
1
�= ∅,

W s
xn

2
∩Wu

y �= ∅ and therefore both connected components of the set W s
xn

2
\xn2

intersect Λ. Since xn2
is an iteration by the diffeomorphism f of the s-boundary

point it itself is an s-boundary point and we have a contradiction.
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Figure 1.23. The local structure of the basic set

We now show that the set of the s-boundary points of the set Λ is finite.
Indeed, if we assume the contrary we get a sequence pn ∈ Λ of s-boundary
points converging to some point z ∈ Λ. Applying the same arguments as above
to the canonical neighborhood Vz we then prove the existence of a point pn2

in
the sequence pn for which both connected components of the set W s

pn
2
\ pn2

intersect Λ, and this contradicts the assumption.
(2) Necessity. Let x ∈ Λ be an s-dense point. We now show that W s

x

contains no s-boundary points. Assume the contrary: there is an s-boundary
point p ∈ W s

x . Denote by Jx the connected component of the set W s
x \ x

which contains the point p and denote by Jp the connected component of the
set W s

p \ p disjoint from Λ. Then Jp ⊂ Jx and the segment I = cl(Jx \ Jp)
contains a subset which is dense in Λ. Hence Λ ⊂ I which is impossible
because that means that a connected component of the set W s

x \ x distinct
from Jx contains a dense in Λ subset.

Sufficiency. Let W s
x contain no s-boundary points for x ∈ Λ. We now

show that x is a s-dense point.
Introduce a parameter t ∈ R on the manifold W s

x such that W s
x(0) = x.

Denote by W s+
x , W s−

x the connected components of the curve W s
x \x for t > 0,

t < 0 respectively. By Lemma 1.24 at least one of the connected components of
the set W s

x \x contains a set which is dense in Λx. To be definite let it be W s−
x

(otherwise we change the parameter t). We now show that the component W s+
x

contains a set which is dense in Λx as well. Let tn → +∞ (n = 0, 1, 2, . . . ,
t0 = 0) be a sequence of values of the parameter t such that zn = W s

x(tn) ∈ Λx



72 CHAPTER 1

and the sequence of points zn converges to a point z ∈ Λx. Consider two cases:
a) z /∈ W s

x , b) z belongs to W s
x .

In the case a) applying the arguments analogues to that of Lemma 1.24
we get that the component W s+

x contains a set dense in Λx. In the case b)
two subcases are possible: b1) z /∈ W s−

x , b2) z belongs to W s−
x . Consider

the subcase b1) (for the subcase b2 the proof is similar). Denote by W s−
z the

component of the set W s−
z \z such that W s−

z ∩W s−
x �= ∅. Since W s−

x contains
a set dense in Λx the component W s−

z contains a set dense in Λx as well.
Let now y be an arbitrary point from Λx and let δ > 0 be arbitrary small.

Since the component W s−
z contains a dense in Λx set there is a segment lz of

the component W s−
z which passes through the point z and which intersects the

δ-neighborhood of the point y. The component W s−
z contains finitely many

points z0 = x, z1, . . ., zk of the sequence {zn}. Since stable manifolds are
C1-close on compact sets we have that for any δ1 > 0 there is δ2 > 0 such that
the stable manifold which passes through δ2-neighborhood of the point z inter-
sects the δ-neighborhood of the point y while staying in the δ1-neighborhood of
the segment lz . Pick δ1 such that the δ1-neighborhood lz does not contain the
point zk+1 and pick n0 > k + 1 such that zn0

belongs to the δ2-neighborhood
of the point z. Then there is a segment lzn

0

of the component W s+
x which

passes through the point zn0
and intersects Wu

y,δ.
(3) Let a point x ∈ Λ be such that Wu

x contains no s-boundary points. We
now show that for every δ > 0 both connected components of the set W s

x,δ \ x
intersect Λ. Consider two cases: 1) x is a periodic point; 2) x is not periodic.
In the case 1) the hypothesis of the lemma follows from item (2). In the
case 2) analogously to the proof of the item (1) there are a sequence xkq

=

= f−kq (x) and N ∈ N, η > 0 such that for all n > N both connected
components of the set W s

xkn
,η \ xkn

intersect Λ. Consider fkn(W s
xkn

, η) for

all n > N . Since lim
n→+∞

diam fkn(W s
xkn

, η) = 0, for every δ > 0 both

connected components of the set W s
x,δ intersect Λ. �

Theorem 1.20 A basic set Λ of type (n − 1, 1) ((1, n − 1)) contains an
s-boundary (u-boundary) point if and only if Λ is not a repeller (attractor).

Proof. To be definite let the basic set Λ be of type (n− 1, 1).
Necessity. Let Λ contain an s-boundary point p; then W s

p does not belong
to Λ. Therefore W s

Λ �= Λ and by Theorem 1.16 Λ is not a repeller.
Sufficiency. Let Λ be not a repeller. We now show that Λ contains at

least one s-boundary point. Suppose the contrary: for every point x ∈ Λ both
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connected components of the set W s
x \ x intersect Λ. By Theorem 1.16 W s

Λ �=
�= Λ. Then by Lemma 1.22 there is a point z ∈ Λ such that dim W̌ s

z = 0 and
by Theorem 1.18 for every ε > 0 the set cl W̌ s

z,ε is a Cantor set. We now show
that every point x ∈ W̌ s

z,ε is a limit point for the points from Λ. Moreover both
connected components of any neighborhood of the point x on the curve W s

x

contain points from Λ and this would contradict the structure of a Cantor set.
If x is a periodic point then both connected components of W s

x \ x evi-
dently intersect Λ. Now let x be not periodic. Pick an increasing sequence of
integers n1 < n2 < . . . and a point y ∈ Λ such that f−nq(x)→ y for q → +∞.
Since both connected components of the set W s

y \ y intersect Λ there is a seg-
ment ly ⊂ W s

y for which the point y is interior. Denote by y1, y2 ∈ Λ the
boundary points of the segment ly. Since the stable manifolds are C1-close
on compact sets and since Λ has the local structure of the product it follows
that there is r > 0 and there is a sequence of segments lnq

with the boundary

points y
nq

1 , y
nq

2 ∈ Λ such that:
(1) lnq

⊂W s
f
nq (x)

;

(2) fnq (x) ∈ int lnq
;

(3) y
nq

1 → y1, y
nq

2 → y2 for q → +∞;
(4) ds(y

nq

1 , y
nq

2 ) < r, where ds is the interior metric on the curve W s
f
nq (x)

.

Since ds(fnq (y
nq

1 ), fnq (y
nq

2 ))→ 0 for q → +∞ we have fnq (y
nq

1 )→ x,
fnq (y

nq

2 ) → x. Therefore the point x is a limit point for the points from Λ
and both connected components of any neighborhood of the point x on the
curve W s

x contain points from Λ. �
Corollary 1.3 Let f : M2 → M2 be a surface A-diffeomorphism which has
a nontrivial basic set Λ. Then

0) if dimΛ = 0 then by Theorem 1.16 Λ is neither an attractor nor a repeller
and by Theorem 1.20 Λ necessarily has both s-boundary and u-boundary
points at the same time.

1) if dimΛ = 1 then by Exercise 1.17 Λ is either an expanding attractor or
a contracting repeller. Then by Theorem 1.20 Λ has s-boundary points
only in the case of the attractor and u-boundary points only in the case
of the repeller.

2) if dimΛ = 2 then by Theorem 1.15 Λ = M2 and f is an Anosov dif-
feomorphism. By Theorem 1.16 Λ is both an attractor and a repeller,
therefore Λ has neither s-boundary points nor u-boundary points by The-
orem 1.20.
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Proof. The first item follows from Theorem 1.16 and Theorem 1.20. The
second item follows from Exercise 1.17 and Theorem 1.20. The third item
follows from Theorem 1.15, and Theorem 1.16, and Theorem 1.20. �

1.9. Expansiveness, mixing, and shadowing

Expansiveness of basic sets

Lemma 1.26 Let Ω be a basic set of f . Then the restriction fΩ : Ω → Ω is
expansive.

Proof. Recall that Ω is locally maximal hyperbolic set and hence, Ω has
a local product structure i. e., there are 0 < δ < ε such that for all x, y ∈ Ω
with d(x, y) < δ, the intersection W s

ε (x) ∩ Wu
ε (y) consists of exactly one

point, which belongs to Ω, see Theorem 1.7. We shall prove that δ is an expan-
siveness constant for fΩ. Assume the contrary. Then there are x, y ∈ Ω such
that d(fn(x), fn(y)) � δ for all n ∈ Z. The inequality d(fn(x), fn(y)) � δ
for all n ∈ N implies that y ∈ W s

ε (x). The inequality d(fn(x), fn(y)) � δ
for all negative integers implies that y ∈ Wu

ε (x). Hence, y ∈ W s
ε (x) ∩Wu

ε (x).
From the other hand, by Theorem 1.7, the intersection W s

ε (x)∩Wu
ε (x) consists

of a unique point x because of d(x, y) � δ. Therefore, x = y. �

Mixing of C-dense basic sets

Theorem 1.21 Let Ω be a C-dense basic set of f . Then the restric-
tion f |Ω : Ω→ Ω is mixing.

Proof. Let U , V ⊂ Ω be relatively open sets. Since periodic points are
dense in Ω, there are periodic points p ∈ U and q ∈ V . Denote m = Per(q).
Because of Ω is a C-dense basic set, q is h-related to fk(p) for every 0 � k �
� m − 1. Therefore, there exists a non-wandering point xk ∈ fk(V ) ∩W s

q

so that fmj(xk) ∈ U for all j � jk beginning with some jk. It follows
that f tm

(
fk(U)

)
∩ V �= ∅ for all t � jk.

Denote N0 = max{j1, . . . , jm−1}. Any n � (m + 1)N0 can be repre-
sented as n = tm+ k, where 0 � k � m− 1. Since t � N0,

fn(U) ∩ V = f tm+k(U) ∩ V = f tm
[
fk(U)

]
∩ V �= ∅.

This concludes the proof. �



1.9. EXPANSIVENESS, MIXING, AND SHADOWING 75

Corollary 1.4 Let Ω be a basic set and Ωc be a C-dense component of Ω.
Then there is n ∈ N such that fn(Ωc) = Ωc and the restriction fn|Ωc

: Ωc →
→ Ωc is mixing.

Shadowing

Let f : M → M be a homeomorphism, and {xi}
i2
i1

be a δ-chain of
length i2 − i1. Recall that this means that

d(f(xi1+j), xi1+j+1) < δ for all 0 � j � i2 − i1 − 1.

Figure 1.24

We say that a point y ε-shadows {xi}
i2
i1

if d(xi, f
i−i1y) < ε for all i1 �

� i � i2, Fig. 1.24. Similar notation one holds for i1 = −∞ or i2 = +∞ or
both.

Obviously, every μ-chain {x0, x1} of length 1 is μ-shadowed by the
point x0. Moreover,

Lemma 1.27 Let f : M → M be a homeomorphism of compact manifold M .
Then given a fixed length N ∈ N and ν > 0, there is μ > 0 such that
every μ-chain {x0, x1, . . . , xN} of length N is ν-shadowed by the orbit of
the point x0 of length N .

Proof. Denote by Bκ(x) the ball of radius κ > 0 and the center at the
point x ∈M . Because of M is compact, there is 0 < μ < ν

N such that

f
(
Bμ(x)

)
⊂ B ν

N
(f(x)), f2

(
Bμ(x)

)
⊂ B ν

N

(
f2(x)

)
, . . . ,

fN
(
Bμ(x)

)
⊂ B ν

N

(
fN(x)

)
for any x ∈M.

In particular,

d(fN−k+1xi, f
N−kxi+1) = d

(
fN−k(fxi), f

N−kxi+1

)
<

ν

N
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since d(fxi, xi+1) < μ by definition of μ-chain {x0, x1, . . . , xN}. Then

d(fN−jx0, xN−j) � d(fN−jx0, f
N−j−1x1)+

+ d(fN−j−1x1, f
N−j−2x2) + · · ·+ d(f2xN−j−2, fxN−j−1)+

+ d(fxN−j−1, xN−j) < N · ν
N

= ν

for every 0 � j � N − 1. This completes the proof. �

Theorem 1.22 Let Ω be a basic set of diffeomorphism f : M → M of com-
pact manifold M . Then given any β > 0, there is α > 0 such that for
any α-chain {xi}

i2
i1

in Ω (i. e., every xi ∈ Ω) there is y ∈ Ω which β-shad-

ows {xi}
i2
i1

.

Proof. Recall that a hyperbolicity of Ω implies that given any q ∈W s(p),
the distance d(fn(p), fn(q)) tends exponentially to 0 as n → +∞. Sim-
ilarly, given any q1 ∈ Wu(p1), d(fn(p1), f

n(q1)) tends exponentially to 0
as n→ −∞. Formally, there exists 0 < λ < 1 such that

d(fn(p), fn(q)) � λnd(p, q) if q ∈W s(p), (1.20)

and

d(fn(p1), f
n(q1)) � λ−nd(p1, q1) if q1 ∈ W s(p1) for n ∈ N.

Since Ω is locally maximal hyperbolic set, Ω has a local product structure
i. e., there is 0 < δ < ε such that for all x, y ∈ Ω with d(x, y) < δ, the
intersection W s

ε (x)∩Wu
ε (y) consists of exactly one point, which belongs to Ω,

see Theorem 1.7. Take ε and δ so small that

ε

1− λ
+

δ

2
< β. (1.21)

Choose N ∈ N such that

λNε <
δ

2
. (1.22)

Because of Ω is compact, there exists α > 0 such that any α-chain {zi}N0 is
δ
2 -shadowed by the orbit of z0 of length N , where zi ∈ Ω (see Lemma 1.27).
This means that

if d(f(zi−1), zi) < α then d(zi, f
i(z0)) <

δ

2
for 1 � i � N. (1.23)
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Figure 1.25. α-chain of length 2N

First of all, we consider α-chains of length kN , k ∈ N, Fig. 1.25. Given
fixed kN -chain {xi}kN0 in Ω, we introduce the sequence of points x′

0, x′
N ,

x′
2N , . . ., x′

kN as follows:

x′
0 = x0, x′

N = W s
ε (xN ) ∩Wu

ε (f
Nx0) = W s

ε (xN ) ∩Wu
ε (f

Nx′
0),

x′
2N = W s

ε (x2N ) ∩Wu
ε (f

Nx′
N ), . . .

x′
jN = W s

ε (xjN ) ∩Wu
ε (f

Nx′
(j−1)N ), . . .

x′
kN = W s

ε (xkN ) ∩Wu
ε (f

Nx′
(k−1)N ).

This sequence is well defined. Indeed, by (1.23), d(xN , fN (x0)) < δ
2 . It

follows from Theorem 1.7 on the existence of a local product structure, there
is a unique point x′

N = W s
ε (xN ) ∩Wu

ε (f
Nx′

0). In particular, d(xN , x′
N ) < ε.

By (1.22), d(fNxN , fNx′
N ) � λNε < δ

2 . Therefore,

d(x2N , fNx′
N ) � d(x2N , fNxN ) + d(fNxN , fNx′

N ) <
δ

2
+

δ

2
= δ.

Hence, there exists a unique point x′
2N = W s

ε (x2N ) ∩Wu
ε (f

Nx′
N ). In particu-

lar, d(x2N , x′
2N ) < ε. Continuing by induction, one gets d(xjN , x′

jN ) < ε,
j � 2. By (1.22), d(fNxjN , fNx′

jN ) � λNε < δ
2 . By (1.23),

d(x(j+1)N , fNxjN ) < δ
2 (recall that {xjN , . . . , x(j+1)N} is an α-chain). We

see that

d(x(j+1)N , fNx′
jN ) � d(x(j+1)N , fNxjN )+d(fNxjN , fNx′

jN ) <
δ

2
+
δ

2
= δ.

Hence, there exists a unique point x′
(j+1)N = W s

ε (x(j+1)N ) ∩Wu
ε (f

Nx′
jN ).

This follows that the sequence x′
0, x

′
N , x′

2N , . . ., x′
kN is well defined.

Our first goal is to prove that the point f−kN (x′
kN )

def
= x β-shadows

the α-chain {xi}kN0 . Note that the point f (k−1)N (x) β-shadows the
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α-chain {x(k−1)N}kN0 . Indeed, taking in mind (1.20)–(1.23) and x′
(k−1)N ∈

∈W s(x(k−1)N ), x′
kN ∈W s

f−1(fN (x′
(k−1)N )), one gets for any 0 � j � N

d
(
f j ◦ f (k−1)N (x), x(k−1)N+j

)
= d
(
f (k−1)N+j(x), x(k−1)N+j

)
�

� d
(
f (k−1)N+j(x), f j(x′

(k−1)N )
)
+ d
(
f j(x′

(k−1)N ), f j(x(k−1)N )
)
+

+ d
(
f j(x(k−1)N ), x(k−1)N+j

)
<

< d
(
f−N+j ◦ fkN (x), f−N+j ◦ fN (x′

(k−1)N )
)
+

+ λjd(x′
(k−1)N , x(k−1)N ) +

δ

2
< ελN−j + λjε+

δ

2
� ε

1− λ
+

δ

2
< β.

Similarly, the point f (k−2)N (x) β-shadows the α-chain {x(k−2)N}kN0 . It is

enough to check that f (k−2)N (x) β-shadows the α-chain {x(k−2)N}
(k−1)N
0 .

Note that above estimate for j = 0 gives

d
(
f (k−1)N (x), x′

(k−1)N

)
< λNε

and hence, d
(
f (k−1)N (x), fN (x′

(k−2)N )
)
< λNε+ ε.

Again, taking in mind (1.20)–(1.23) and x′
(k−2)N ∈ W s(x(k−2)N ), x′

(k−1)N ∈
∈W s

f−1(fN (x′
(k−2)N )), one gets for any 0 � j � N

d
(
f j ◦ f (k−2)N (x), x(k−2)N+j

)
= d
(
f (k−2)N+j(x), x(k−2)N+j

)
�

� d
(
f (k−2)N+j(x), f j(x′

(k−2)N )
)
+ d
(
f j(x′

(k−2)N ), f j(x(k−2)N )
)
+

+ d
(
f j(x(k−2)N ), x(k−2)N+j

)
<

< d
(
f−N+j ◦ f (k−1)N (x), f−N+j ◦ fN(x′

(k−2)N )
)
+

+ λjd(x′
(k−2)N , x(k−2)N ) +

δ

2
<

< λN−jd
(
f (k−1)N (x), fN (x′

(k−2)N

)
+λjε+

δ

2
< λN−j(λNε+ε)+ε+

δ

2
<

< λ2N−jε+ λN−jε+ ε+
δ

2
� ε

1− λ
+

δ

2
< β.
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Continuing similarly with the induction method, we see that

d
(
f (k−i)N (x), x′

(k−i−1)N

)
< λiNε+ λ(i−1)Nε+ · · ·+ λNε+ ε.

Here, 0 � i � k. Therefore,

d
(
f j ◦ f (k−i−1)N (x), x(k−i−1)N+j

)
=

= d
(
f (k−i−1)N+j(x), x(k−i−1)N+j

)
�

� d
(
f (k−i−1)N+j(x), f j(x′

(k−i−1)N )
)
+

+ d
(
f j(x′

(k−i−1)N ), f j(x(k−i−1)N )
)
+

+ d
(
f j(x(k−i−1)N ), x(k−i−1)N+j

)
<

< d
(
f−N+j ◦ f (k−i)N (x), f−N+j ◦ fN (x′

(k−i−1)N )
)
+

+ λjd(x′
(k−i−1)N , x(k−i−1)N ) +

δ

2
<

< λN−jd
(
f (k−i)N (x), fN(x′

(k−i−1)N

)
+ λjε+

δ

2
<

< λN−j(λiNε+ · · ·+ λNε+ ε) + ε+
δ

2
<

< λ(i+1)N−jε+ λiN−jε+ · · ·+ ε+
δ

2
� ε

1− λ
+

δ

2
< β.

It follows that the point f−kN (x′
kN ) = x β-shadows the α-chain {xi}kN0 .

Any finite α-chain can be extended (for example, by real orbit) to the
α-chain {xi}kN0 for some sufficiently large k. This proves the theorem for finite
α-chains. Now, let {xi}+∞

−∞ be the infinite α-chain. Given any m ∈ N, there
is ym ∈ Ω that β-shadows the α-chain {xi}m−m. Then the limit point y ∈ Ω of
the sequence ym β-shadows the α-chain {xi}+∞

−∞. This completes the proof. �
Corollary 1.5 Let Ω be a basic set of diffeomorphism f : M →M of compact
manifold M . Then given any β > 0, there is α > 0 such that given any
periodic α-chain

{. . . , x0, x1, . . . , xp−1, xp = x0, x1, . . .}

in Ω there is a periodic point z ∈ Ω that β-shadows this α-chain i. e.,
d(f j(z), xj) � β for 0 � j � p and fp(z) = z.
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Proof. Without loss of generality, we can assume that 2β is an expan-
siveness constant for Ω, see Lemma 1.26. By Theorem 1.22, there is α > 0
and z ∈ Ω such that the orbit Orb(z) β-shadows this α-chain i. e.,

d
(
fp+kp(z), x0

)
� β, and d

(
f j+kp(z), xj

)
� β,

for all 0 � j � p− 1, k ∈ Z.

This means that given any n ∈ Z, there is 0 � in � p − 1 such
that d(fn(z), xin

) � β and d(fn+p(z), xin
) � β. One holds

d (fn(z), fn(fp(z)) � d
(
fn(z), xin

)
+ d
(
xin

, fn(fp(z)
)
� 2β

for all n ∈ Z. Because of 2β is an expansiveness constant for Ω, fp(z) = z. �

Corollary 1.6 Let Ω be a basic set of diffeomorphism f : M → M of com-
pact manifold M . Then given any β > 0, there is α > 0 such that
if d(fp(x), x) < α for x ∈ Ω, then there is x′ ∈ Ω such that

fp(x′) = x′, and d
(
f j(x), f j(x′)

)
� β for all 0 � j � p.

Proof. It is easy to see that the sequence

. . . , x, f(x), . . . , fp−1(x), x, f(x), . . . , fp−1(x), x, f(x), . . .

is a periodic α-chain. The statement follows from Corollary 1.5. �
Now we formulate omitting the proof the generalization of Theorem 1.22.

Theorem 1.23 Let Λ be a compact hyperbolic invariant set of diffeomor-
phism f . Then given any ε > 0, there are δ > 0 and η > 0 such that
if {xj}

j2
j1

is a δ-chain that belongs to the η-neighborhood of Λ then there

exists the point y which ε-shadows {xj}
j2
j1

. Moreover, if {xj}
j2
j1

is periodic,
y is periodic. If j1 = −∞, j2 = +∞, and Λ is an isolated invariant set (or
has a local product structure), then y is unique and y ∈ Λ.

Proof see in [198].

Growth of number of periodic orbits

Later on, in this section, we consider nontrivial basic set Ω of A-diffeomor-
phism f . We shall show that the number of periodic orbits grows exponentially
with respect to periods.
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Lemma 1.28 Let Ω be a basic set of diffeomorphism f : M → M of com-
pact manifold M , and δ > 0 be the expansiveness constant of the restric-
tion fΩ : Ω→ Ω. Suppose that Orb(x), Orb(y) ⊂ Ω are distinct periodic
orbits with the same period. Then there are points x′ ∈ Orb(x), y′ ∈ Orb(y)
such that d(x′, y′) � δ.

Proof. Assume the contrary. Then Orb(y) belongs to the δ-neighborhood
of Orb(x). The definition of expansiveness constant implies that Orb(x) =
= Orb(y). �

Denote by Nm the number of points of Fix(fm|Ω) i. e., Nm is the number
of periodic points of period m � 1 that belong to Ω. Because of compactness
of M and Lemma 1.28, Nm is finite.

Lemma 1.29 Let Ω be a C-dense basic set of f : M → M . Then there
is l ∈ N such that

Nm � Nm+l for all m ∈ N. (1.24)

Proof. Let δ > 0 be the expansiveness constant of the restric-
tion fΩ : Ω→ Ω. By Theorem 1.22 and Corollary 1.5, there is α > 0 such
that for any (periodic) α-chain {x0, x1, . . . , xk−1, xk = x0} in Ω there is
a real periodic point z ∈ Ω that δ

3 -shadows this α-chain.
Since Ω is compact, there are finitely many α

2 -balls V1, . . . , Vs ⊂ Ω that
cover Ω. By Theorem 1.21, the restriction fΩ : Ω → Ω is mixing. Therefore,
given any Vk and Vj , there is l ∈ N such that f l(Vk) ∩ Vj �= ∅.

Take x ∈ Fix(fm). Then x ∈ Vν for some 1 � ν � s. There is
a point xν ∈ Vν such that f(xν) ∈ Vν . We construct the periodic α-chain Ax

as follows

{. . . , x, f(x), . . . , fm−1(x), xν , f(xν), . . . , f
l−1(xν), x, . . .}.

By Corollary 1.5, there is the real periodic point zx of period m+ l that δ
3 -shad-

ows Ax. If y ∈ Fix(fm) is a periodic point different from x, then there are
points x′ ∈ Orb(x), y′ ∈ Orb(y) such that d(x′, y′) � δ (see Lemma 1.28).
By construction, the orbits Orb(x), Orb(y) belong to Ax, Ay respectively.
Therefore, there are points x′′ ∈ Ax, y′′ ∈ Ay such that d(x′, x′′) � δ

3

and d(y′, y′′) � δ
3 . Hence,

d(x′′, y′′) � d(x′, y′)− 2
δ

3
� δ

3
.
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It follows that Ax �= Ay . We see that the correspondence Fix(fm) →
→ Fix(fm+l) defined by x→ Ax is an immersion. The proof is complete. �

Corollary 1.7 Let Ω be a basic set of f : M → M . Then there is l ∈ N such
that

Nm � Nm+l for all m ∈ N. (1.25)

Proof. By Theorem 1.14, Ω is the union of finitely many C-dense compo-
nents Ωc1, . . ., Ωch. Given any Ωci, there is li that satisfies (1.24). Then l =
= max{l1, . . . , lh} satisfies (1.25) because of any Ωci is a C-dense compo-
nent. �

Similarly, one can prove the following statement.

Lemma 1.30 Let Ω be a basic set of f : M → M . Then there is l ∈ N such
that

NiNj � Ni+j+2l for all i, j ∈ N, (1.26)

Ni+j � Ni+lNl+l for all i, j ∈ N. (1.27)

Figure 1.26

Proof. We illustrate the ideas by Fig. 1.26 (a), (b). The details are omitted
to the Reader. �

Theorem 1.24 Let Ω be a nontrivial basic set of f : M →M , and Nm be the
number of points of Fix(fm|Ω). Then the following holds:

1) There are constants C > 0, H > 0 such that Nm � CeHm for all m ∈ N.
2) There are constants c > 0, h > 0 such that cehmk � Nmk

for some
sequence {mk}∞1 where mk → +∞ as k →∞.

Proof. (1). Take l satisfying Corollary 1.7 and (1.27) from Lemma 1.30.
Without loss of generality, one can assume that N1+l � 2 since Ω is the union
of C-dense components. By (1.25) and (1.27), N2 � N1+lN1+l = N2

1+l.
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Continuing by induction, one gets

Nm = N1+(m−1) � N1+lN(m−1)+l � N1+lN
m−1
1+l = Nm

1+l.

Hence, Nm � Nm
1+l for all m ∈ N. This follows the first assertion.

(2). Suppose l satisfies (1.26) from Lemma 1.30. Taking in mind (1.26),
one gets

N2+2l = N1+1+2l � N2
1 , N3+4l = N1+(2+2l)+2l � N1N2+2l � N3

1 .

Continuing by induction, one gets

Nn+(2n−2)l = N1+(n−1)+[2(n−1)−2]l+2l �
� N1N(n−1)+[2(n−1)−2]l � N1N

n−1
1 = Nn

1 .

Hence, Nm+(2m−2)l � Nm
1 for all m ∈ N. This follows the second estimate. �

Bibliographic Notes and Panoramas

Chapter 1. The modern Geometric Theory of Dynamical Systems applies
the power of many fields of Mathematics such as Topology, Geometry, Theory
of Foliations, and Theory of Complex Functions, and so on. A nice introduc-
tion to Modern Dynamical Systems are the books [54, 123, 181, 198]. A good
introduction to low dimensional Dynamical Systems are the books [3, 26, 183].

(1.1). Bernhard Riemann was first who motivated the idea of a manifold by
an intuitive process of varying a given object in a new direction, and presciently
described the role of coordinate systems and charts. A modern definition of
a 2-dimensional manifold was given by Hermann Weyl in his 1913 book on
Riemann surfaces [217]. The widely accepted general definition of a manifold
in terms of an atlas is due to Hassler Whitney [219], see also [154, 164].

(1.2). The first general definition of a dynamical system is by
Birkhoff [47], see also [168].

(1.3). A good introduction to Topological Dynamics is the book [2]. The
modern formulation of the non-wandering set appeared in [47].

(1.4). A system of differential equations can be approximated by a system
of first degree differential equations for the first-step approaching to investigate
the solutions of the system. Therefore, it is natural to approximate a differen-
tiable dynamical system by a linear dynamical system. In particular, it is natural
to start the study of discrete-time dynamical system with linear mappings.



84 CHAPTER 1

(1.5). First, the Grobman –Hartman Theorem was proved for a continuous-
time dynamical system. In 1959, Grobman [98] announced this result. The com-
plete proof was published in [99]. In 1960, Hartman [109] proved the result for
the more strong conditions on the smoothness than Grobman’s ones. Namely,
Philip Hartman required the smoothness C2. He wrote that it was raised by
M. M. Peixoto’s question. In [110], the complete proof was represented with the
weaker smoothness conditions. For diffeomorphisms (discrete-time dynamical
systems), the Grobman –Hartman Theorem was proved by Pugh [194].

(1.6). Roughly speaking, a hyperbolicity means that the linear part of
a transformation has complementary expanding and contracting directions. The
notion of hyperbolicity was introduced by Anosov [4, 5] and Smale [207, 208].

(1.7). Theorem 1.12 was proved by S. Smale in [208], Theorem 1.13 was
proved in [118], and Theorem 1.14 was proved in [6] and [52].

(1.8). Theorems 1.16, 1.17, 1.18 was proved in [185]. Lemmas 1.24, 1.25
and Theorems 1.19, 1.20 was proved in [82] and [96].



CHAPTER 2

Dynamics of Degree One Circle Maps

The biggest part of this chapter concerns to discrete-time dynamical sys-
tems generated by orientation preserving homeomorphisms of a circle. This
chapter can be considered as a careful introduction to One-Dimensional Dy-
namics. Excellent exposition of One-Dimensional Dynamics is in [161], see
also [180], ch. 1.

Section 2.1 is devoted to an elementary introduction to the qualitative
theory of degree one circle mappings. In Section 2.2 one studies Poincaré
rotation number. This notion turns out to be very useful in Theory of Dynamical
Systems. Poincaré rotation number is considered for monotone circle mapping
of degree 1. This map allows points of discontinuity and segments transforming
to points. In Section 2.3, we consider mainly circle degree one mappings and
homeomorphisms with irrational rotation numbers.

2.1. Degree of circle maps

Here we consider degree one maps of the unit circle S1 = [0; 1]/(0 ∼ 1).
We’ll also consider S1 as S1 =

{
z ∈ C : |z| = 1

2π

}
in C, so-called multiplica-

tive circle. The two notations are related by z = 1
2π e

2πix, x ∈ [0; 1]/(0 ∼ 1).

Degree of cover transformations

To specify circle maps, it is convenient to use cover transformations of the
universal covering space of S1, which is the real line R. The natural projection

π : R→ S1 = [0; 1]/(0 ∼ 1), π(x) = x mod 1,

is the universal covering map. For the multiplicative circle, π(x) = 1
2π e

2πix.
Two sets of R that are mapped under π to the same set are called congru-

ent. Given any set A ⊂ R and n ∈ Z, the set B = A+ n = {x+ n : x ∈ A} is
congruent to A.
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Suppose that f : R → R is a map (not necessary continuous) that takes
congruent points to congruent points. Then, given any point x ∈ R, there
is k(x) ∈ Z such that

f(x + 1) = f(x) + k(x). (2.1)

Definition 2.1 Let f : S1 → S1 be a mapping of the circle. Then f : R → R

is called the cover transformation for f or a lift of f , if

π ◦ f = f ◦ π :
R

f−→ R

↓ π ↓ π

S1 f−→ S1

One says that f induces f or f is a projection of f under π.

Proposition 2.1 If f :R→R satisfies (2.1) then f induces some map f :S1→S1

that is f is a cover mapping for f .

Proof. Given any x ∈ S1 and x ∈ π−1(x), put by definition f(x) =
= π ◦ f(x). Due to (2.1), f(x) does not depend on the choice of x ∈ π−1(x).
Indeed, take x+ l ∈ π−1(x), l ∈ Z. Then

π(f (x+ l)) = π(f (x) + k(x) + . . .+ k(x+ (l − 1)) = π(f(x)),

since k(x) + . . .+ k(x+ (l − 1)) ∈ Z. �

Definition 2.2 A map f : R→ R is said to be of degree k ∈ Z if f(x + 1) =
= f(x) + k for any x ∈ R.

Example 2.1 Examples.

• The map Ek : R→ R given by the formula Ek(x) = kx has degree k ∈ N.
For k > 1 this map is cover mapping for non-invertible expanding en-
domorphism Ek : S

1 → S1 given by the formula Ek(x) = kx mod 1
where x ∈ [0, 1) and π(x) = x. This endomorphism k-multiply covers S1

by itself;
• The map Rα : R→ R given by the formula Rα(x) = x+ α has degree 1;

this is cover mapping for the rotation Rα : S
1 → S1 by α and given by

the formula Rα(x) = x+ α mod 1;
• The map fω,ε given by the formula fω,ε(x) = x + ω + ε sin 2πx has

degree 1; this map can be considered as a perturbation of Rα.
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Proposition 2.2 If f is a lift of f , then f
n

is a lift of fn for any n ∈ N.

Proof. Since π ◦ f = f ◦ π, π ◦ fn
= (π ◦ f) ◦ fn−1

= f ◦ (π ◦ fn−1
) =

= . . . = fn ◦ π. �

Lemma 2.1 Given any continuous map f : S1 → S1, there is a unique k ∈ Z

such that f has a lift f : R → R of degree k, and f is continuous. Moreover,
given any cover transformations f1, f2 for f there is n ∈ Z such that f2(x) =
= f1(x)+n for ∀x ∈ R. Vice versa, if f is a lift of f , then f +n is also a lift
of f .

Proof. Take an arbitrary point x0 from π−1(f(π(0)) which is a lift
of f(π(0)). The image f(π([0; 1)) of π([0; 1)) ⊆ S1 can be considered as
a path starting at f(π(0)). Since π is a universal covering map, there is
a unique path P starting at s and covering f(π([0; 1))). Denote by x1 the
endpoint of P different from x0 (note that s1 could be geometrically coin-
cident with x0). Since f is continuous, x1 is congruent to x0. Taking in
mind that π is a local homeomorphism, we see that there exists a continuous
map f0 : [0; 1) ⊂ R → closP such that π ◦ f0|[0, 1) = f ◦ π|[0, 1). Let x1 −
−x0 = k. Put by definition, f(x) = f0(x−m)+km provided x ∈ [m; m+1),
m ∈ Z. It is easy to check that f is continuous and lift of f . Moreover, f(x+
+ 1) = f0(x+ 1− (m+ 1)) + k(m+ 1) = f0(x−m) + k(m+ 1) = f(x)−
− km+ k(m+ 1) = f(x) + k. Hence f is of degree k.

Let f2, f1 be two lifts. Then the function f2(x)−f1(x) is continuous and
value-integer for any x. Hence, f2(x) − f1(x) is some integer for all x ∈ R.
Obviously, f + n is a lift for any n ∈ Z. �

Lemma 2.1 allows us to introduce a degree of a continuous map f :S1→S1.

Definition 2.3 The degree of a continuous map f : S1 → S1 is called the
number which is equal to the degree of any lift f : R→ R for f .

Corollary 2.1 Any continuous map f : S1 → S1 is homotopy to Ek,
where k ∈ Z is the degree of f .

Proof. Take lifts f and Ek for f and Ek respectively. Put f t(x) = (1 −
− t)f(x) + tEk(x), where 0 � t � 1, x ∈ R. Then

f t(x+ 1) = (1 − t)f(x+ 1) + tEk(x+ 1) =

= (1− t)f(x) + (1− t)k + t(kx+ k) = (1 − t)f(x) + k = f t(x) + k.
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Therefore, f t induces ft : S
1 → S1 that realizes the homotopy between f = f0

and Ek = f1. �
The orientation of the real line R induces the orientation of S1 by the

projection π. So, one can say about orientation preserving and orientation
reversing homeomorphisms of S1. A particular case of Lemma 2.1 is the
following statement.

Lemma 2.2 Any homeomorphism of S1 has a lift that is a homeomorphism
of R. Moreover, if a homeomorphism f preserves (reverses) orientation, f is
of degree 1 (−1).

Proof. Clearly that if f is a lift of a homeomorphism f : S1 → S1,
then f is a homeomorphism. If f preserves orientation, then f preserves
orientation also and

f(x+ 1) = f(x) + 1. (2.2)

This implies
f(x+ n) = f(x) + n, ∀n ∈ Z. (2.3)

If f reverses orientation, then

f(x+ 1) = f(x)− 1. (2.4)

This implies
f(x+ n) = f(x)− n, ∀n ∈ Z. (2.5)

�

Monotone transformations

Denote by MT+(R) the set of maps f : R→ R, which satisfy the follow-
ing conditions:

f(x+ 1) = f(x) + 1, x ∈ R (f is of degree 1). (2.6)

f(x1) � f(x2), if x1 < x2 (monotonicity). (2.7)

Let us note that a monotone transformation from the class MT+(R) is not
necessarily continuous. We see that MT+(R) are degree 1 monotone transfor-
mations of R each of which induces a circle map by Proposition 2.1. Denote
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by MT+(S
1) the set of these circle maps (of degree 1). It immediately follows

from definition of MT+(R) that given any f ∈MT+(R),

f
n
(x+ k) = f

n
(x) + k (2.8)

f
n
(x1) � f

n
(x2), for any x1 < x2, (2.9)

where n ∈ N, k ∈ Z. From (2.2), one gets

Lemma 2.3 Any f ∈ MT+(R) can be represented as f(x) = x + ϕ(x),
where ϕ(x) is a 1-periodic function, ϕ(x+ 1) = ϕ(x).

In MT+(S
1), there are maps which transform S1 to a point. We shall call

such maps trivial. For nontrivial maps, there is the following generalization of
Lemma 2.1.

Lemma 2.4 Let f1, f2 ∈ MT+(R) be cover transformations for the same
nontrivial f ∈ MT+(S

1). Then there is k ∈ Z such that f2(x) = f1(x) + k
for any x ∈ R.

Proof. Clearly, f2(x)− f1(x) = k(x) ∈ Z. We have to prove that k(x) =
= const. Suppose the contrary. Then k(x) has the point x0 of discontinuity
with the jump k0 ∈ Z, k0 �= 0. Therefore there are x arbitrary close to x0 such
that k(x) = k0+k(x0). Without loss of generality, one can assume that x > x0.
Then

k(x) = f2(x)− f1(x) = k0 + f2(x0)− f1(x0),

or f2(x)− f2(x0) = k0 + f1(x)− f1(x0).

The last equality is impossible because |k0| � 1 and, due to the nontriviality,
(2.6) and (2.7) we have 0 � f i(x)− f i(x0) < 1, f i(x), i = 1, 2. �

Later on, we shall assume any f(x) ∈MT+(R) is nontrivial.

Spaces of monotone transformations

Let Diffr
+(S

1), r � 1, be the set of preserving orientation Cr diffeo-
morphisms, and Diffω

+(S
1) the set of preserving orientation analytic diffeo-

morphisms, and Homeo+(S
1)

def
= Diff0

+(S
1) the set of preserving orientation

homeomorphisms of S1. Obviously,

Diffω
+(S

1) ⊂ Diff∞
+ (S1) ⊂ . . . ⊂ Diff1

+(S
1) ⊂ Diff0

+(S
1) ⊂MT+(S

1).
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Denote by CDiffν
+(R) (ν = r � 0, ν = ∞ or ν = ω) the set of cover

transformations for Diffν
+(S

1). Here,

CDiffω
+(R) ⊂ CDiff∞

+ (R) ⊂ . . . ⊂ CDiff1
+(R) ⊂ CDiff0

+(R) ⊂MT+(R).

Let us introduce the metric on CDiffν
+(R). Given any f, g ∈ CDiffν

+(R),
put by definition

d0(f, g) = max
x∈R

|f(x) − g(x)|.

It follows from Lemma 2.3 that

d0(f, g) = max
x∈[0; 1]

|f(x)− g(x)|.

Therefore, d0 is really a metric that makes the set CDiffν
+(R) a metric (hence,

topological) space. This metric defines the metric d0 on CDiffν
+(S

1).

2.2. The Poincaré rotation number

The rotation number, in sense, is the limit of average rotation of a point.
For a large class of circle transformations, this limit does not depend on the
choosing of a point and characterizes the transformation itself. We give two
proofs of the existence of rotation number. The first one called conventionally
classical is for degree 1 monotone transformations MT+(S

1), which includes
homeomorphisms as well as transformations with discontinuity points. The
second proof conventionally called ergodic is for homeomorphisms.

Classical proof

It is methodologically convenient to prove the existence of rotation number
for degree 1 covering transformations MT+(R) instead of MT+(S

1).

Lemma 2.5 Let f ∈MT+(R), and suppose the following inequalities hold

r < f
k
(x0)− x0 < r + 1 (2.10)

for some k ∈ N, r ∈ Z and x0 ∈ R. If f
k
(x)−x /∈ Z for all x ∈ R, then (2.10)

holds for every x ∈ R.
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Proof. Denote D
def
= {x ∈ R : r < f

k
(x) − x}. By condition, x0 ∈ D .

Let us show that if x1 ∈ D , then [x1; x2] ∈ D for some x2 �= x1. Indeed,

due to (2.9), if x1 � x � f
k
(x1) − x1, then x + r � f

k
(x1) � f

k
(x).

Since f
k
(x) − x /∈ Z, the strong inequality x + r < f

k
(x) holds i. e., the

interval [x1; f
k
(x1)− x1] ⊂ D .

Put x∞ = sup{x ∈ D : [x0; x] ⊂ D}. Assume that x∞ < +∞.

Then x∞ /∈ D and x∞ > f
k
(x∞)−r. However, for x ∈ D satisfying f

k
(x∞)−

− r � x < x∞, one gets f
k
(x) � f

k
(x∞) < x+ r. This contradicts to x ∈ D .

Therefore, x∞ = +∞.
It follows from (2.8) that x0 + n ∈ D for all negative integers n.

Hence, D = R. The similar proof is for f
k
(x)− x < r + 1. �

Theorem 2.1 Given any f ∈MT+(R) and x ∈ R, the limit

lim
n→∞

f
n
(x)

n

def
= rot(f) (2.11)

exists and does not depend on x. Moreover, if f
k
(x0) = x0 + r for some

point x0 ∈ R and numbers k ∈ N, r ∈ Z, then rot(f) = r
k ∈ Q.

Proof. First, we prove that the limit (2.11) does not depend on a point x.
Suppose (2.11) exists for some point x1 ∈ R. Given any point x2 ∈ R, there
is s ∈ Z such that x1 + s � x2 < x1 + s+ 1. It follows from (2.8), (2.9) that

f
n
(x1) + s = f

n
(x1 + s) � f

n
(x2) � f

n
(x1 + s+ 1) = f

n
(x1) + s+ 1.

Hence, ∣
∣
∣∣
∣
f
n
(x1)− f

n
(x2)

n

∣
∣
∣∣
∣
� |s|+ 1

n
−→ 0 n→∞.

It remains to prove the existence of (2.11). First, suppose that f
k
(x0) = x0 + r

for some point x0 ∈ R and numbers k ∈ N, r ∈ Z. Any natural number n can
be expressed as n = qk + s, where 0 � s < k. By (2.8), we have

f
qk
(x0) = f

k ◦ . . . ◦ fk

︸ ︷︷ ︸
q

(x0) = f
k ◦ . . . ◦ fk

︸ ︷︷ ︸
q−1

(x0) + k = . . . = x0 + qr.
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Next, it follows from f
n
(x0) = f

s ◦ fqk
(x0) = f

s
(x0+ qr) = f

s
(x0)+ qr that

f
n
(x0)

n
=

f
s
(x0) + qr

n
=

f
s
(x0)

n
+

qr

qr + s
=

f
s
(x0)

n
+

r

k + s
q

→ r

k

because the set {fs
(x0) : 0 � s < k} is bounded and q →∞ as n→∞.

Now consider the case when f
k
(x)−x /∈ Z for all x ∈ R and k ∈ N. Then

given any x ∈ R and k ∈ N, there is qk(x) ∈ Z such that qk(x) < f
k
(x) −

− x < qk(x) + 1. By Lemma 2.5, qk(x) = qk does not depend on x,

qk < f
k
(x)− x < qk + 1, x ∈ R. (2.12)

Applying (2.12) for the points x = 0, f
k
(0), . . ., f

k(n−1)
(0), we have

qk < f
k
(0) < qk + 1, qk < f

2k
(0)− f

k
(0) < qk + 1, . . .

. . . , qk < f
nk
(0)− f

(n−1)k
(0) < qk + 1.

After adding together and dividing by nk, we get

qk
k

<
f
nk
(0)

nk
<

qk
k

+
1

k
. (2.13)

Dividing qk < f
k
(0) < qk + 1 by k, one has

qk
k

<
f
k
(0)

k
<

qk
k

+
1

k
. (2.14)

It follows from (2.13), (2.14) that

∣
∣
∣
∣
∣
f
nk
(0)

nk
− f

k
(0)

k

∣
∣
∣
∣
∣
<

1

k
. (2.15)

Since n, k were arbitrary, we can repeat formulas above replacing n, k. Then
one gets ∣

∣∣
∣
∣
f
nk
(0)

nk
− f

n
(0)

n

∣
∣∣
∣
∣
<

1

n
. (2.16)
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It follows from (2.15), (2.16) that
∣
∣
∣
∣
∣
f
n
(0)

n
− f

k
(0)

k

∣
∣
∣
∣
∣
<

1

k
+

1

n
.

This means that the sequence
{

f
n
(0)
n

}∞

1
is a Cauchy sequence. Therefore the

limit (2.11) exists at x = 0, and hence at any x ∈ R. �

Definition 2.4 The number

lim
n→∞

f
n
(x)

n

def
= rot(f), x ∈ R,

is called the rotation number of f ∈MT+(R).

If f ∈ MT+(R), then f1(x) = f
k
(x) + r belongs to MT+(R) for any

fixed numbers k ∈ N and r ∈ Z.

Lemma 2.6 rot(f
k
+ r) = k rot(f) + r.

Proof.

rot(f
k
+ r) = lim

n→∞

(f
k
+ r)n

n
= lim

n→∞

f
nk

+ nr

n
=

= k lim
n→∞

f
nk

nk
+ r = k rot(f) + r. �

Definition 2.5 For f ∈MT+(S
1), take its lift f ∈MT+(R). The number

rot(f) mod 1 = lim
n→∞

f
n
(x)

n
mod 1

def
= rot(f), where x ∈ R,

is called the rotation number of f .

If f1, f2 ∈ MT+(R) are lifts of f , then f2 = f1 + r for some r ∈ Z.
Due to Lemma 2.6, rot(f2) = rot(f1) + r. Therefore, definition 2.5 is correct.

Ergodic proof

Here we give the so-called ergodic proof of the existence of rotation num-
ber for f ∈ Homeo+(S

1). It is well known that such f has (not necessar-
ily unique) invariant normalized (μ(S1) = 1) measure μ. Then this measure
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can be lifted to the invariant measure μ of any cover map f ∈ CDiff0
+(R).

Since μ(S1) = 1, μ(I) = 1 for any unit interval I of R.

Proposition 2.3 Let f ∈ CDiff0
+(R) be a cover map for f ∈ Homeo+(S

1).
Then given any k ∈ N,

f
k
(x) = x+

k−1∑

i=0

ϕ ◦ f i
(x),

where ϕ(x) = f(x)− x is a 1-periodic continuous function (see Lemma 2.3).

Proof.

f
k
(x) = f(f

k−1
(x)) = f

k−1
(x) + ϕ ◦ fk−1

(x) = . . . =

= x+ ϕ(x) + . . .+ ϕ ◦ fk−1
(x). �

Lemma 2.7 Let f(x) = x+ ϕ(x) ∈ CDiff0
+(R) and

M = max
x∈R

ϕ(x), m = min
x∈R

ϕ(x).

Then M −m < 1.

Proof. Since ϕ(x) is a continuous 1-periodic function, there are
points xM , xm such that M = ϕ(xM ), m = ϕ(xm). If ϕ(x) = const,
nothing to prove. Suppose ϕ(x) �= const, so m �= M , xm �= xM . Since ϕ(x)
is 1-periodic, we can assume xM ∈ [xm; xm + 1]. It follows from f(x + 1) =
= f(x) + 1 and the monotonicity of f that f(xM ) − f(xm) < 1. Taking in
mind f(xM ) = xM +M and f(xm) = xm +m, one gets

M −m = f(xM )− f(xm)− (xM − xm) < 1− (xM − xm) < 1. �

In the following lemma, μ is the invariant measure of f that is a lift
measure of the invariant measure μ of f .

Lemma 2.8 Given any k ∈ N,

1∫

0

(f
k
(x)− x) dμ = k

1∫

0

ϕ(x) dμ
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Proof. We have
1∫

0

ϕ(x) dμ =
1∫

0

ϕ ◦ f i
(x) dμ for any i ∈ N. By Proposi-

tion 2.3,

1∫

0

(f
k
(x)− x) dμ =

k−1∑

i=0

1∫

0

ϕ ◦ f i
(x) dμ = k

1∫

0

ϕ(x) dμ. �

Put by definition,

μ(ϕ) =

1∫

0

ϕ(x) dμ, ϕk(x)
def
= f

k
(x)− x− kμ(ϕ).

Corollary 2.2 The function ϕk(x) has at least one root on the interval [0; 1].

Proof. By Lemma 2.8, ϕk(x) must take positive and negative values
because of

1∫

0

ϕk(x) dμ =

1∫

0

(f
k
(x)− x− kμ(ϕ)) dμ = 0. �

Lemma 2.9 max
x∈R

|fk
(x)− x− kμ(ϕ)| < 1 for any k ∈ N.

Proof. Since the function ϕk(x) is periodic, max
x∈R

|ϕk(x)| = max
x∈[0; 1]

|ϕk(x)|.
By Lemma 2.7, the difference between the maximal and minimal values
of ϕk(x) is less than 1. By Corollary 2.2, ϕk(x) has a root. As a conse-
quence, max

x∈R

|ϕk(x)| < 1. �
The following result implies the existence of rotation number.

Theorem 2.2 Given any f ∈ CDiff0
+(R),

∣
∣
∣ f

n
(x)−x
n

∣
∣
∣ converges uniformly to

1∫

0

(f(x)− x) dμ
def
= rot(f),

as n→∞.
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Proof. Indeed, by Lemma 2.9,

max
x∈R

∣
∣
∣
∣
∣
f
n
(x)− x

n
− μ(ϕ)

∣
∣
∣
∣
∣
<

1

n
.

This implies the statement. �
After Theorem 2.2, we can generalize Corollary 2.2 as follows.

Corollary 2.3 The function ϕk(x) = f
k
(x) − x − k rot(f) has at least one

root on [0; 1].

Now we give a list of properties concerning a rotation number.

The keeping of order. The following lemma can be applied for an
approximate calculation of rotation number.

Lemma 2.10 Let f ∈MT+(R). Then

1) If r � f
k
(x0) − x0 � r + 1 for some numbers k ∈ N, r ∈ Z and

a point x0 ∈ R, then
r

k
� rot(f) � r + 1

k
. (2.17)

2) If f is continuous and r
k < rot(f) < r+1

k , then there is η > 0 such that

r + η < f
k
(x)− x < r + 1− η for all x ∈ R. (2.18)

Proof. 1). By (2.8) and (2.9), nr + x � f
nk
(x) � n(r + 1) + x. Hence,

r

k
� lim

n→∞

nr + x

nk
� lim

n→∞

f
nk
(x)

nk
= rot(f) � lim

n→∞

n(r + 1) + x

nk
=

r + 1

k
.

2). By (2.17), r � f
k
(x)− x for all x ∈ R. If one assumes r = f

k
(x0) − x0,

then rot(f) = r
k , due to Theorem 2.11. Therefore, r < f

k
(x)−x for all x ∈ R.

Since the function f
k
(x) − x is periodic and continuous, there is η1 > 0 such

that r + η1 < f
k
(x) − x for all x ∈ R. Similarly, there is η2 > 0 such

that f
k
(x)− x < r + 1− η2. One can take η = min{η1, η2}. �
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The continuous dependence of rotation number. Let us con-
sider rot(f), the rotation number of f , as a function rot: CDiff0

+(R) → R.
Recall that CDiff0

+(R) is a space endowed with C0 topology induced by metric

d0(f, g) = max
x∈R

|f(x)− g(x)|, f , g ∈ CDiff0
+(R).

Theorem 2.3 The function rot : CDiff0
+(R)→ R is continuous.

Proof. Take f0 ∈ CDiff0
+(R) and ε > 0. Choose integers k > 2

ε and r

such that r
k < rot(f0) <

r+1
k . By Lemma 2.10, there is η > 0 such that r +

+ η < f
k

0(x) − x < r + 1 − η for all x ∈ R. Since any homeomorphism
from CDiff0

+(R) is uniformly continuous, there is δ > 0 such that d0(f0, g) < δ

implies d0(f
k

0 , g
k) < η. Then r < gk(x)− x < r + 1. By Lemma 2.10,

r

k
� rot(g) � r + 1

k
, hence | rot(f0)− rot(g)| � 2

k
< ε. �

Invariantness under semi-conjugacy. Recall that f ∈MT+(R) is semi-
conjugate to f0 ∈ MT+(R), if there is a continuous map h ∈ MT+(R) such
that

h ◦ f = f0 ◦ h. (2.19)

Another words, the diagram

R
f−→ R

↓ h ↓ h

R
f0−→ R

is commutative. Sometimes, we say that f is semi-conjugate to f0 by h.
If h is an orientation preserving homeomorphism, one gets the definition of the
conjugacy. The similar definitions hold for circle maps.

Theorem 2.4 If f ∈MT+(R) is semi-conjugate to f0 ∈MT+(R), then

rot(f) = rot(f0).

Proof. Let f be semi-conjugate to f0 by h. Due to (2.19), h◦fn
= f

n

0 ◦h.
Therefore,

rot(f) = lim
n→∞

f
n
(h(x))

n
= lim

n→∞

h(f
n

0 (x))

n
.



98 CHAPTER 2

By Lemma 2.3, any h ∈ MT+(R) can be represented as h(x) = x +
+ ϕ(x), where ϕ(x) is a 1-periodic continuous function. Obviously, |ϕ(x)| �
� N0 < +∞. Then

rot(f) = lim
n→∞

h(f
n

0 (x))

n
= lim

n→∞

f
n

0 (x) + ϕ(f
n

0 (x))

n
=

= lim
n→∞

f
n

0 (x)

n
= rot(f0). �

Corollary 2.4 If f, f0 ∈MT+(S
1) are semi-conjugate, then rot(f) = rot(f0).

Proof. Suppose that f is semi-conjugate to f0 by h. Take the covers f , f0,
h for f , f0, h respectively. Since h ◦ f covers h ◦ f , and f0 ◦ h covers f0 ◦ h,

f0 ◦ h = h ◦ f + k = h ◦ (f + k)

for some k ∈ Z, due to Lemma 2.4. It follows from Theorem 2.4 that rot(f0) =
= rot(f + k) = rot(f) + k. Hence, rot(f) = rot(f0). �

Periodic points. Recall that x0 ∈ S1 is a periodic point of f : S1 → S1

if f q(x0) = x0 for some q ∈ N. If q = 1, x0 is a fixed point. If q � 2
and f i(x0) �= x0 for i = 1, . . . , q − 1, then q is a minimal period. Clearly
that if f(x) : R→ R is a covering map for f : S1 → S1, then f has a periodic
point x0 ∈ S1 of period q ∈ N if and only if for any point x0 ∈ π−1(x0) there
is p ∈ Z such that f

q
(x0) = x0 + p.

Theorem 2.5 f ∈ Homeo+(S
1) has a periodic point, say x0 ∈ S1, of pe-

riod k ∈ N if and only if rot(f) = r
k ∈ Q. Moreover, k is a minimal period if

and only if the numbers r, k are relatively prime.

Proof. It follows from Theorem 2.1 that if f has a periodic point x0 ∈ S1

of period k ∈ N, then rot(f) = r
k ∈ Q. Moreover, if the period k is minimal,

the fraction r
k is noncancellable and r, k are relatively prime.

Suppose now that rot(f) = r
k ∈ Q. By Corollary 2.3, there is x0 ∈ R

such that
f
k
(x0)− x0 − k rot(f) = f

k
(x0)− x0 − r = 0.

Hence, π(x0) is a periodic point of f . If r, k are relatively prime, the fraction r
k

is noncancellable. Hence, k is a minimal period. �

Corollary 2.5 f ∈ Homeo+(S
1) has no periodic points if and only if the

rotation number rot(f) is irrational.
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For maps MT+(S
1) that are not necessarily homeomorphisms, the follow-

ing statement holds.

Corollary 2.6 If f ∈ MT+(S
1) has a periodic point, then rot(f) is rational.

If rot(f) is irrational, f ∈MT+(S
1) has no periodic points.

2.3. Circle maps with irrational rotation number

According to Corollary 2.6, if f ∈ MT+(S
1) has an irrational rotation

number rot(f), then f has no periodic points. For f being a homeomorphism,
we have the more precise statement. By Corollary 2.5, a homeomorphism f
has no periodic points if and only if the rotation number rot(f) is irrational. By
Example 1.6, the rotation Rα : S

1 → S1 with rot(f) = α ∈ R \ Q is minimal
and, in particular, transitive.

Semi-conjugacy and conjugacy with minimal rotation

Let A ⊂ R. Denote by A ⊕ Z the set of points x + m, where x ∈ A,
m ∈ Z.

Lemma 2.11 Let f0 ∈ MT+(R) has an irrational rot(f) = α. Given any
point x0 ∈ R, the map

h : O(x0, f)⊕ Z→ O(0, Rα)⊕ Z

that takes a point f
n
(x0) +m to n · rot(f) +m is one-to-one and monotone,

where n, m ∈ Z.

Proof. Since rot(f) is irrational, h is one-to-one. Let us show that h
is monotone. Suppose that f

n1(x0) + m1 < f
n2(x0) + m2. For definiteness

assume that n1 � n2. Then y0+m1 < f
n2−n1(y0)+m2, where y0 = f

n1(x0).

By Theorem 2.1, f
n2−n1(y0) − y0 /∈ Z because of rot(f) is irrational. It

follows from Lemma 2.5 that the inequality y +m1 < f
n2−n1(y) +m2 holds

for all y ∈ R. If n1 = n2, m1 < m2 and so n1 · rot(f) +m1 < n2 · rot(f) +
+ m2. If n1 < n2, it follows from Lemma 2.10 that m1−m2

n2−n1
� rot(f).

Hence, n1 · rot(f) +m1 � n2 · rot(f) +m2. Since rot(f) is irrational, the last
inequality must be strict. �

Since rot(f) = α is irrational, the set O(0, Rα) ⊕ Z is dense in R.
Therefore,

clos
(
O(x0, f)⊕ Z

)
= R. (2.20)
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Lemma 2.12 Let the condition of Lemma 2.11 holds. Then the map h has
a continuous extension to a monotone mapping (which we again denote by h)

h : clos
(
O(x0, f)⊕ Z

)
→ R

such that

h ◦ f |
clos(O(x0, f)⊕Z) = Rα ◦ h|clos(O(x0, f)⊕Z), (2.21)

h(x+ 1) = h(x) + 1, x ∈ clos
(
O(x0, f)⊕ Z

)
. (2.22)

Moreover,

1) if clos
(
O(x0, f)⊕ Z

)
= R then h is a homeomorphism;

2) if clos
(
O(x0, f)⊕ Z

)
�= R and (a, b) is an interval such that (a, b) ⊂

⊂ R \ clos
(
O(x0, f)⊕ Z

)
with a, b ∈ clos

(
O(x0, f)⊕ Z

)
, then h(a, b)

is a point such that h(a, b) = h(a) = h(b).

Proof. Given any point x ∈ clos
(
O(x0, f)⊕ Z

)
, there exists a se-

quence xn ∈ O(x0, f) ⊕ Z converging to x. Since h is monotone, the se-
quence xn is bounded and has at least one accumulation point, say y. We
claim that this accumulation point is unique. Suppose the contrary. By (2.20)
there are y1, y2 ∈ O(0, Rα) ⊕ Z, y1 �= y2. Because of monotonicity, two

points h
−1

(y1), h
−1

(y2) divide the sequence xn. This contradicts to xn being
convergent. It can be shown similarly that the point y = lim

n→∞
h(xn) does not

depend on the choice of the sequence xn converging to x.
Put by definition, hexten(x) = y. The monotonicity of h implies that the

extension hexten of h is monotone. As a consequence, hexten is continuous.

Given any point f
n
(x0) +m, f

(
f
n
(x0) +m

)
= f

n+1
(x0) +m. There-

fore,

h ◦ f
(
f
n
(x0) +m

)
= h

(
f
n+1

(x0) +m
)
=

= (n+ 1) · rot(f) +m = n · rot(f) +m+ rot(f) =

= h
(
f
n
(x0) +m

)
+ α = Rα ◦ h

(
f
n
(x0) +m

)
.

By continuity, (2.21) holds for any x ∈ clos
(
O(x0, f)⊕ Z

)
.
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For x = f
n
(x0)+m ∈ O(x0, f)⊕Z, h(x) = n ·rot(f)+m. Hence, h(x+

+ 1) = h(x) + 1. By continuity, (2.22) holds for any x ∈ clos
(
O(x0, f)⊕ Z

)
.

Below hexten is denoted by h.
Consider two cases: 1) clos(O(x0, f)⊕Z) = R; 2) clos(O(x0, f)⊕Z) �=

�= R. In the case 1), h is a homeomorphism because of the set O(0, Rα) ⊕ Z

is dense in R. In the case 2), the monotonicity of h implies that h(a, b) =
= h(a) = h(b). �
Corollary 2.7 Let f ∈ MT+(S

1) has an irrational rotation number α. Then
there is a continuous monotone mapping h : S1 → S1 such that h◦f = Rα ◦h.

Corollary 2.8 Suppose that a homeomorphism f has an irrational rotation
number α. If f : S1 → S1 is transitive, then there is a conjugacy map
between f and Rα. If f is not transitive, then there is a semi-conjugacy map
between f and Rα.

Proof. We keep the notation of Lemmas 2.11 and 2.12. By (2.22), h is
a lift of a continuous and monotone circle map h : S1 → S1. It follows
from Lemma 2.12 that f is either semi-conjugate or conjugate with a circle
rotation Rα. �

Transitive and minimal homeomorphisms

Here we show that a rotation number of a transitive (and minimal) circle
homeomorphism is a complete conjugacy invariant. Recall that a map f is
transitive if f has a dense orbit. If any orbit of f is dense, f is minimal.

First, we study the centralizer of minimal circle rotation Rα : S
1 → S1,

Rα(x) = x + α mod 1. The following lemma says that the centralizer of
a such Rα consists of circle rotations.

Lemma 2.13 Suppose that the minimal circle rotation Rα : S
1 → S1 com-

mutes with an order preserving homeomorphism h : S1 → S1, h◦Rα = Rα ◦h.
Then h = Rβ for some β.

Proof. Take a point x0 ∈ S1. Put by definition, β = h(x0) − x0.
Then Rβ(x0) = x0 + β = h(x0). Taking in mind that h ◦ Rn

α = Rn
α ◦ h

for every n ∈ Z, one gets

h (Rn
α(x0)) = Rn

α ◦ h(x0) = Rn
α ◦Rβ(x0) = Rβ (R

n
α(x0)).

Since the orbit O(x0, Rα) is dense (see Example 1.6), Rβ(x) = h(x) for
all x ∈ S1. �
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Theorem 2.6 Let f : S1 → S1 be a transitive homeomorphism with an irra-
tional rotation number rot(f) = α. Then

• f and Rα are conjugate via an orientation preserving homeomorphism.
• f is minimal.
• If h1, h2 are orientation preserving conjugacy maps between f and Rα,

then h2 = Rβ ◦ h1.

Proof. Let f : R → R be a lift of f . Since f is transitive, there is
a point x0 ∈ S1 such that the orbit O(x0, f) is dense in S1. Properties of the
universal covering map π : R→ S1 imply that π−1 (O(x0, f)) = O(x0, f)⊕Z,
where x0 = π(x0). Since O(x0, f) is dense, the set (O(x0, f)) = O(x0, f)⊕Z
is dense in R, clos (O(x0, f)) = O(x0, f) ⊕ Z = R. By Lemma 2.12, there
is an order preserving conjugacy map h : R → R that conjugates f with Rα.
By (2.22), h is the lift of order preserving homeomorphism h : S1 → S1 that
obviously conjugates f with Rα.

The second item follows from the first one because of Rα is minimal, see
Example 1.6.

To prove the third item notice that the relations h1 ◦ f = Rα ◦h1, h2 ◦ f =
= Rα ◦ h2 imply

Rα ◦ (h2 ◦ h−1
1 ) = h2 ◦ f ◦ h−1

1 = (h2 ◦ h−1
1 ) ◦Rα.

It follows from Lemma 2.13 that h2 ◦ h−1
1 = Rβ for some β. Hence, h2 =

= Rβ ◦ h1. �

Theorem 2.7 Let f1, f2 be minimal circle homeomorphisms. Then f1, f2 are
conjugate via an order preserving homeomorphism if and only if

rot(f1) = rot(f2).

Proof. By corollary 2.4, if f1 and f2 are conjugate via an order preserving
homeomorphism, then rot(f1) = rot(f2).

Suppose that rot(f1) = rot(f2) = α. Because of minimality, α is irra-
tional. By Theorem 2.6, there is an order preserving homeomorphism hi : S

1 →
→ S1 such that hi ◦ fi = Rα ◦ hi for every i = 1, 2. One gets

f1 ◦
(
h−1
1 ◦ h2

)
=
(
f1 ◦ h−1

1

)
◦ h2 = h−1

1 ◦Rα ◦ h2 =
(
h−1
1 ◦ h2

)
◦ f2.

Thus, the order preserving homeomorphism h−1
1 ◦ h2 is a conjugacy mapping

between f1 and f2. �
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Denjoy homeomorphisms

Example 1.6 gives us a transitive (so, minimal) circle homeomorphism.
The natural question now is the existence of nontransitive circle homeomor-
phism with an irrational rotation number. Such a homeomorphism must have
every orbit being non-periodic and nowhere dense. This question relates to
the second possibility in Corollary 2.8, that corresponds to the second pos-
sibility clos

(
O(x0, f)⊕ Z

)
�= R in Lemma 2.12. Let us show that such

homeomorphisms exist.
It is convenient to represent the circle S1(1+a), a > 0, of the length 1+a

as the segment [0, 1 + a] with the identified endpoints,

S1(1 + a) = [0, 1 + a]/(0 ∼ 1 + a).

So, S1 = S1(1). The natural orientation of [0, 1 + a] induces the orientation
of S1(1 + a).

Lemma 2.14 Let λn, n ∈ Z, be positive numbers such that the sum
∑

n∈Z

λn = a

is finite. Then given any orbit O(x, Rα), x ∈ S1, of circle rotation Rα with
an irrational α, there exists a family of disjoint open intervals In ⊂ S1(1 +
+ a), n ∈ Z, which are ordered in the same way in S1(1 + a) as Rn

α(x)
such that |In| = λn for all n ∈ Z and such that

⋃

n∈Z

In is dense in S1(1 +

+ a). Moreover, there is a monotone continuous map h : S1(1 + a)→ S1 and
a homeomorphism f : S1(1 + a)→ S1(1 + a) such that

f(In) = In+1, ∀n ∈ Z, h ◦ f = Rα ◦ h. (2.23)

Proof. Without loss of generality, one can assume that the point 0 ∼ 1 ∈
∈ S1 does not belong to the orbit O(x, Rα). Denote xn = Rn

α(x). Let J0l be
the set of (integer) indices of points xμ ∈ O(x, Rα) that belong to (0, x0). To
be precise, μ ∈ J0l iff 0 < xμ < x0. Denote

a0 =
∑

μ∈J0l

λμ, b0 = a0 + λ0.

Put by definition, I0 = (a0, b0) ⊂ S1(1 + a). Note that b0 = 1+ a−
∑

ν∈J0r

λν ,

where J0r is the set of indices of points xν ∈ O(x, Rα) that belong to (x0, 1),
since 0 /∈ J0l ∪ J0r.
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There are two cases: 1) x1 ∈ (0, x0); 2) x1 ∈ (x0, 1). We only con-
sider case 1) because case 2) is similar. By previous construction, 1 ∈ J0l.
Hence, a0 =

∑

μ∈J0l

λμ > λ1. Let J1l be the set of indices of points xμ ∈

∈ O(x, Rα) that belong to (0, x1), and a1 =
∑

μ∈J1l

λμ. Put by definition, I1 =

= (a1, b1) ⊂ S1(1 + a), where b1 = a1 + λ1. Continuing by similar way
with points x−1, x2, x−2, . . ., one gets the family of disjoint open inter-
vals In ⊂ S1(1 + a), |In| = λn, n ∈ Z, which are ordered in the same way
in S1(1 + a) as Rn

α(x).
Given any n ∈ Z, take any orientation preserving homeomorphism fn:

In → In+1. Let h0 :
⋃

n∈Z

In → S1 be defined by h0(In) = xn

and f0 :
⋃

n∈Z

In →
⋃

n∈Z

In by f0(x) = fn(x) if x ∈ In. Since

Rα(xn) = Rα ◦ h0(In) = xn+1 = h0(In+1),

h0 ◦ f0 = Rα ◦ h0. By construction, the both f0 and h0 are monotone
maps. Since O(x, Rα) is dense, h0 is continuous and has the continuous

extension h : clos

(
⋃

n∈Z

In

)
→ closO(x, Rα) = S1. It follows from the con-

dition
∑

n∈Z

λn = a and the density of O(x, Rα) in S1 that the union
⋃

n∈Z

In

is also dense in S1(1 + a). Therefore, f0 extends continuously to the circle
homeomorphism f : S1(1 + a)→ S1(1 + a) such that h ◦ f = Rα ◦ h. �

Let f be a homeomorphism satisfying Lemma 2.14. By corollary 2.4, f has
the irrational rotation number rot(f) = α. Hence, f has no periodic orbits.
By (2.23), the orbit of any interior point, say x, of the interval I0 intersects I0
at x. As a consequence, the orbit O(x, f) is nowhere dense. Therefore, f is
not minimal and is not transitive.

A homeomorphism f : S1 → S1 is called Denjoy homeomorphism if the
rotation number rot(f) is irrational and f is not minimal.

Let f : S1 → S1 be a Denjoy homeomorphism and h : S1 → S1 a semi-
conjugacy map between f and the rotation Rα : S

1 → S1 where α = rot(f).
The set

χ(f, h) = {x ∈ S1 : h−1(x) contains more than one point}

is called a characteristic set of f with respect to h.
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Lemma 2.15 Let χ(f, h) be a characteristic set of Denjoy homeomorphism f
with respect to the semi-conjugacy h between f and Rα, where α = rot(f).
Then

• given any x ∈ χ(f, h), h−1(x) is a closed interval.
• S1 \

⋃

x∈χ(f, h)

inth−1(x) = NW (f) = Lim(f) = Lim+(f) = Lim−(f) is

a Cantor set.
• χ(f, h) is an invariant set that consists of at most countable family of

orbits.
• h (NW (f)) = S1.
• the restriction

h|S1\
⋃

x∈χ(f, h)

h−1(x) : S
1 \

⋃

x∈χ(f, h)

h−1(x)→ S1 \ χ(f, h)

is a homeomorphism.

Proof. Because of h is monotone and continuous, h−1(x) is a closed
interval for any x ∈ χ(f, h).

Since the rotation Rα is minimal, NW (Rα) = Lim(Rα) = Lim+(Rα) =
= Lim−(Rα). It follows from semi-conjugacy between f and Rα

that S1 \
⋃

x∈χ(f, h)

inth−1(x) = NW (f) = Lim(f) = Lim+(f) = Lim−(f),

since any point of inth−1(x) is wandering. Clearly, S1 \
⋃

x∈χ(f, h)

inth−1(x) is

a closed and nonempty set. Again, semi-conjugacy between f and Rα implies
that S1 \

⋃

x∈χ(f, h)

inth−1(x) is a perfect set, as a consequence, a Cantor set.

Since NW (f) is invariant, S1 \
⋃

x∈χ(f, h)

inth−1(x) is also invariant.

Hence, χ(f, h) is an invariant set. The complement to a Cantor set is the
union of a countable family of open intervals. Therefore, χ(f, h) consists of
at most countable family of orbits. The last items follow from the previous
ones. �

By Lemma 2.13, if h1, h2 are semi-conjugacy maps between f and Rα

then χ(f, h2) = Rβ (χ(f, h)) for some β. This motivates the following defini-
tion of equivalence relation. Two sets χ1, χ2 ⊂ S1 are called rotation equiva-
lent, we write χ1 ≡ χ2, if χ2 = Rβ(χ1) for some β ∈ R. So a characteristic set
is uniquely defined up to the rotation equivalence. Taking in mind this equiv-
alence, we denote by χ(f) the characteristic set of Denjoy homeomorphism f .
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The following theorem shows that a characteristic set together with a rotation
number is a complete topological invariant for Denjoy homeomorphisms.

Theorem 2.8 Let f1, f2 be Denjoy homeomorphisms. Suppose that hi is
a semi-conjugacy map between fi and Rrot(fi)

, i = 1, 2. Then f1 and f2
are conjugate via an orientation preserving homeomorphism if and only
if rot(f1) = rot(f2) and χ(f1, h1) ≡ χ(f2, h2).

Proof. Suppose that f1, f2 are conjugate, and h is a monotone conju-
gacy map between f1 and f2, h ◦ f1 = f2 ◦ h. By corollary 2.4, rot(f1) =
= rot(f2) = α. It remains to prove that χ(f1, h1) ≡ χ(f2, h2). Take
a point x ∈ χ(f1, h1). By Lemma 2.15, the closed interval h−1

1 (x) in-
tersects NW (f1) at its endpoints only. Then h

(
h−1
1 (x)

)
is a closed in-

terval intersecting NW (f2) at its endpoints only because h (NW (f1)) =
= NW (f2). By Lemma 2.15, h2 takes h

(
h−1
1 (x)

)
into a point. Thus,

h2

(
h
(
h−1
1 (x)

))
∈ χ(f2, h2). For x ∈ S1 \ χ(f1, h1), h−1

1 (x) is a sin-
gle point, so does h2

(
h
(
h−1
1 (x)

))
. It follows that the mapping h0 =

= h2 ◦ h ◦ h−1
1 is well defined and h0(χ(f1, h1)) ⊂ χ(f2, h2). This

mapping is continuous because h1, h2 and h are monotone and continu-
ous. Similarly, h−1

0 = h1 ◦ h−1 ◦ h−1
2 is well defined, and continuous,

and h−1
0 (χ(f2, h2)) ⊂ χ(f1, h1). Consequently, h0 is a homeomorphism tak-

ing χ(f1, h1) onto χ(f2, h2). Given any x ∈ S1 \ χ(f1, h1), one gets

Rα ◦ h0(x) = Rα ◦ h2 ◦ h ◦ h−1
1 (x) = h2 ◦ f2 ◦ h ◦ h−1

1 (x) =

= h2 ◦ h ◦ f1 ◦ h−1
1 (x) = h2 ◦ h ◦ h−1

1 ◦Rα(x) = h0 ◦Rα(x).

By continuity, Rα ◦ h0(x) = h0 ◦ Rα(x) for all x ∈ S1. Due to Lem-
ma 2.13, h0 = Rβ for some β. Hence, χ(f1, h1) ≡ χ(f2, h2).

Suppose now that rot(f1) = rot(f2) = α and h0(χ(f1, h1)) = χ(f2, h2),
where h0 = Rβ for some β. Denote by Ω◦

1 the set S1 \ h−1
1 (χ(f1, h1))).

This set is exactly the Cantor set NW (f1) without endpoints of the adja-
cent intervals that are mapped to χ(f1, h1). By definition of χ(f1, h1),
the restriction h1|Ω◦

1
: Ω◦

1 → h1(Ω
◦
1) is one-to-one. Similarly, Ω◦

2 =

= S1 \ h−1
2 (χ(f2, h2))). Since hi(Ω

◦
i ) = S1 \ χ(fi, hi), where i = 1, 2,

and χ(f2, h2) = Rβ (χ(f1, h1)), the mapping h−1
2 ◦ Rβ ◦ h1|Ω◦

1
: Ω◦

1 → Ω◦
2 is

well defined and one-to-one.
Let us show that this mapping is uniformly continuous. Take ε > 0. There

is a finite collection of adjacent intervals J1, . . ., Jk from S1 \Ω2 such that the
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length of any interval of S1 \
k⋃

i=1

Jk is less than ε. Since h2

(
k⋃

i=1

Jk

)
⊂

⊂ χ(f2, h2) and h0(χ(f1, h1)) = χ(f2, h2), there are adjacent inter-

vals G1, . . . , Gk from S1 \ Ω1 such that h0 ◦ h1

(
k⋃

i=1

Gk

)
= h2

(
k⋃

i=1

Jk

)
.

Take a number 0 < δ < 1
2 to be less than the length of each Gi, i = 1, . . . , k.

In this case, if the length of the interval (x1, x2), where x1, x2 ∈ Ω◦
1, is less

than δ then (x1, x2) does not contain any of the intervals Gi. Hence, one of
the arcs with endpoints h−1

2 ◦ h0 ◦ h1(x1), h
−1
2 ◦ h0 ◦ h1(x2) does not contain

any of the intervals Ji. Therefore,

|h−1
2 ◦ h0 ◦ h1(x2)− h−1

2 ◦ h0 ◦ h1(x1)| < ε.

This proves that h−1
2 ◦ h0 ◦ h1|Ω◦

1
is uniformly continuous.

Similarly, one proves that h−1
1 ◦ h−1

0 ◦ h2|Ω◦
2

is also uniformly continuous.

Since h−1
2 ◦ h0 ◦ h1|Ω◦

1
is uniformly continuous, it can be extended to

a continuous map h : clos(Ω◦
1) = Ω1 → Ω2 = clos(Ω◦

2). Because of h−1
2 ◦ h0 ◦

◦ h1|Ω◦
1

is monotone, h is also monotone. It follows from the density of Ω◦
1

in Ω1 that the restriction h|Γ(Ω1)
: Γ(Ω1)→ Γ(Ω2) is one-to-one, where Γ(Ωi)

is the set of endpoints of all adjacent intervals from S1 \Ωi. Hence, h|Γ(Ω1)
is

a monotone homeomorphism Ω1 → Ω2.
Let us now extend h to a homeomorphism of the whole circle S1.

First, one breaks up the adjacent intervals from S1 \ Ω1 into equivalence
classes: two adjacent intervals G′, G′′ are equivalent if there is n ∈ Z such
that G′′ = f1(G

′). From each equivalence class we choose a representative,
say G1, G2, . . .. Actually, an equivalence class is an orbit of some Gi. Given
any Gi, we extend h to a homeomorphism hi : Gi → S1 \Ω2 on the whole in-
terval Gi by natural way. For x ∈ fn

1 (Gi), one sets hi,n(x) = fn
2 ◦hi ◦f−n

1 (x).
Denote the extension of h by the mappings hi,n again by h. It follows from
construction that h is a homeomorphism.

Let us check that h is a conjugacy map between f1 and f2. If x ∈ Ω◦
1,

then

h ◦ f1(x) = h−1
2 ◦ h ◦ h1 ◦ f1(x) =

= h−1
2 ◦Rβ ◦Rα ◦ h1(x) =

= f2 ◦ h−1
2 ◦Rβ ◦ h1(x) = f2 ◦ h(x).
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By continuity, h ◦ f1(x) = f2 ◦ h(x) for any x ∈ Ω1. If x ∈ fn
1 (Gi), then

h ◦ f1(x) = hi,n+1 ◦ f1(x) = fn+1
2 ◦ hi ◦ f

−(n+1)
1 ◦ f1(x) =

= f2 ◦ fn
2 ◦ hi ◦ f−n

1 (x) = f2 ◦ h(x). �

Theorem 2.8 shows that the characteristic set is an invariant of topologi-
cal conjugacy up to a rotation for Denjoy homeomorphism. The next theorem
shows that the characteristic set is a complete invariant (recall that a character-
istic set is a countable invariant set of minimal rotation, Lemma 2.15).

Theorem 2.9 Given any minimal rotation Rα and a countable invariant set χ,
there is a Denjoy homeomorphism f such that χ = χ(f, h), where h is a semi-
conjugacy map between f and Rα.

Proof is similar to the construction of the homeomorphism h in Lem-
ma 2.14. So, we give only a scheme of the proof. Given any orbit Ol from χ,

take a sequence {a(l)n }n∈Z
of numbers a(l)n > 0 such that
∑

n,l

a(l)n = a < +∞.

For example, one can take a
(l)
n = (|n| + l + 1)−1(|n| + l + 2)−1. Then,

similarly to the proof of Lemma 2.14, one can construct a family of disjoint
open intervals I(l)n ⊂ S1(1+a), which are ordered in the same way in S1(1+a)

as χ such that |I(l)n | = a
(l)
n for all n, l and such that

⋃

n,l

I
(l)
n is dense in S1(1 +

+ a). Moreover, there is a monotone continuous map h̃ : S1(1 + a)→ S1 and
a homeomorphism f̃ : S1(1 + a) → S1(1 + a) such that f̃(I(l)n ) = I

(l)
n+1 for

all n ∈ Z and h̃◦f̃ = Rα◦h̃. Let S1(1+a)→ S1(1+a) be any linear mapping.
Then this mapping induces a Denjoy homeomorphism f and a semi-conjugacy
map h between f and Rα such that χ = χ(f, h). �

The semi-conjugacy h above is a so-called blowing down operation that
sends the closure of each interval I(l)n to a point of χ. The inverse operation is
called a blowing up operation, one thinks of a blowing up of each point of χ
to a closed interval.

Let χ(f) be the characteristic set of Denjoy homeomorphism f . The
cardinality of χ(f) denoted by card(f) is called a characteristic of f . Clearly
that card(f) is either a natural number � 1 or denumerable.
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Theorem 2.10 Let f1, f2 be Denjoy homeomorphisms with card(f1) =
= card(f2) = 1. Then f1 and f2 are conjugate via an orientation preserving
homeomorphism if and only if rot(f1) = rot(f2).

Proof. By corollary 2.4, it is enough to prove that if rot(f1) = rot(f2)
then f1 and f2 are conjugate via an orientation preserving homeomorphism.
One can easily check that if O1, O2 are orbits of the minimal circle rotation Rα,
where α = rot(f1) = rot(f2), then there exists a β ∈ R such that Rβ(O1) =
= O2. This follows that χ(f1) ≡ χ(f2). By Theorem 2.8, one gets the result. �

Theorem 2.11 Given any irrational α ∈ (0, 1) and natural number k � 2,
there is a continual set of pairwise non-conjugate Denjoy homeomor-
phisms {fμ} with rot(fμ) = α and card(fμ) = k.

Proof. It is enough to prove the theorem for k = 2. By Theorems 2.8, 2.9,
it suffices to show that there is a continual set of pairwise non-equivalent sets,
each of which consists of two orbits of the rotation Rα. Let us fix an orbit O1

of Rα and consider the set χμ = O1 ∪ Oμ, where Oμ is an orbit of Rα

different from O1. Suppose χμ1
is equivalent to χμ2

. Then Rβ(χμ1
) = χμ2

for some β ∈ R. Since Rβ ◦ Rα = Rα ◦ Rβ , Rβ takes an orbit of Rα onto
an orbit of Rα. It follows that there are only two possibilities: 1) Rβ(O1) =
= O1, 2) Rβ(O1) = Oμ2

. In case 1), Rβ(Oμ1
) = Oμ1

because of any rotations
commute. Hence, Oμ1

= Oμ2
. In case 2), Rβ(Oμ1

) = O1. As a consequence,
given any χμ = O1 ∪Oμ, there is a unique χμ′ = O1 ∪Oμ′ that is equivalent
to χμ and different from χμ. Certainly, there is a continual set of distinct
sets χμ. Therefore, there is a continual set of pairwise non-equivalent sets of
the type χμ. �

Bibliographic Notes and Panoramas

Chapter 2. A circle is a unique one-dimensional closed manifold. There-
fore, the circle was a natural place for basic and first investigations of dynamics
for various classes of dynamical systems. Maier [140] and Peixoto [182] proved
that the Morse –Smale circle C1-diffeomorphisms form the open and dense set
in the space Diff1(S1) of circle C1-diffeomorphisms. Moreover, the Morse –
Smale circle C1-diffeomorphisms are completely classified [140].

(2.1). The advantage to consider cover transformations is the existence of
universal coordinates on a covering space. The universal covering space for the
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circle S1 is R with a unique coordinate. Thus, cover transformations can be
defined with using 1-periodic functions.

(2.2). A rotation number for circle homeomorphisms was introduced by
Poincaré [192] to study fixed-point free flows on a torus.

It is a nontrivial task to extend the concept of Poincaré rotation number to
the study of higher dimensional dynamics. Generalizations in this direction, in
different forms, were introduced in [201] where in rough terms, one used rota-
tion vectors to describe the asymptotic motion of orbits in the homology classes.
The notion of rotation number was generalized to the class of continuous circle
mappings of degree one in [171]. In this case one gets a rotation interval. The
idea to generalize the notion of Poincaré rotation number to many-dimensional
cases appears in the papers [113,128,137]. In [163] one introduced the rotation
set ρ(F ) for a lift F of a homeomorphism f : Td → T

d, which is homotopic to
the identity, as the set of accumulation points of the subset

{
Fn(x)− x

n
| x ∈ R

d, n ∈ N

}

One proved that ρ(F ) is convex. The following statement that is similar to
Theorem 2.5 was proved in [73] (see also [137]).

Theorem 2.12 Suppose f : T2 → T
2 is a homeomorphism homotopic to the

identity map, and let F : R2 → R
2 be a lift. If a vector v lies in the interior of

the rotation set ρ(F ) and has both coordinates rational, then there is a periodic
point x ∈ T

2 with the property that

F q(x0)− x0

q
= v

where x0 ∈ R
2 is any lift of x and q is the least period of x.

Further developments for area preserving surface diffeomorphisms are
in [74].

(2.3). The circle homeomorphism in Lemma 2.14 with a Cantor mini-
mal set and without periodic orbits was constructed by Poincaré [192]. Such
C1 diffeomorphism was first constructed by Bohl [48] and independently by
Denjoy [66]. Beginning with the paper [66], a circle homeomorphism with
a Cantor minimal set and without periodic orbits is called a Denjoy type home-
omorphism (or in short, Denjoy homeomorphism). Hermann [113] constructed
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a C1+α Denjoy diffeomorphism. Hall [107] constructed a C∞ Denjoy home-
omorphism. This smooth homeomorphism has two critical points and so, it is
not a diffeomorphism. However, Yoccoz [225] proved that there are no analytic
Denjoy homeomorphisms. See also [159, 160].

Theorem 2.8 was proved in [149].
Denjoy type multi-dimensional mappings T

k → T
k was constructed

in [155, 156].
A rotation functional introduced independently in [122] and [184] is an

extension of Poincaré rotation number when one passes from a Z-action to
a Z

d-action, d � 2. Recall that if f : R→ R is a lift of degree one homeomor-
phism f : S1 → S1 then f has a rotation number, i. e. (2.11) holds. One can
represent (2.11) as follows

f
n
(x) = x+rot(f)n+α(n, x), where lim

n→∞

α(n, x)

n
= 0 uniformly under x.

Indeed,

lim
n→∞

f
n
(x) − x

n
= rot(f) ↔ lim

n→∞

[
f
n
(x)− x

n
− rot(f)

]

= 0 ↔

↔ lim
n→∞

[
f
n
(x)− x− rot(f)n

n

]

= 0.

Denote f
n
(x) − x − rot(f)n = α(n, x). By Theorem 2.2, α(n, x)

n converge
to 0 uniformly under x. The number rot(f) (respectively rot(f) mod 1) is
a rotation number of f (resp. f ).

Let A (Zd) be a Z
d-action on R i. e., given any γ ∈ Z

d, one corresponds
a degree one homeomorphism Hγ : R→ R such that

• Hγ1γ2
= Hγ1

◦Hγ2
for ∀γ1, γ2 ∈ Z

d;

• Hγ−1 = H−1
γ for ∀γ ∈ Z

d.

Since Z
d is a commutative group, any mappings Hg commute. To simplify

matters, denote Hγ(x) by γx.
A linear functional λ : Zd → R is called rotation functional of A (Zd) if

given any γ ∈ Z
d,

γx = x+ λ(γ) + α(γ, x), (2.24)

where lim
||γ||→∞

α(γ, x)

||γ|| = 0 converges uniformly under x.
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Here ||γ|| is a distance between γ = (k1, . . . , kd) and (0, . . . , 0), ||γ|| =
=
√
k21 + · · ·+ k2d . One can prove the following statement

Theorem 2.13 Let A (Zd) be a Z
d-action on R such that given any γ ∈ Z

d,
the corresponding mapping Hγ : R → R is a degree one lift of a circle

homeomorphism. Then A (Zd) has a unique rotation functional.

Similarly to Theorem 2.5, one can proved the following theorem (see
details in [2] and [3]).

Theorem 2.14 A Z
d-action A on S1 has a periodic point if and only if the

rotation functional is rational.



CHAPTER 3

Introduction to Local Laminations

Foliations and laminations are objects arising naturally in Topology, Geom-
etry and Hyperbolic Dynamics. For example, fibers of locally trivial fiber bun-
dles form special foliations considered in Differential Topology. Hyper-surfaces
of constant curvature form families of special laminations considered in Geome-
try. Invariant manifolds and invariant sets appear like foliations and laminations
in Hyperbolic Dynamics. One can represent huge amount of other examples.
The uniformizing notation for a foliation and lamination is a local lamination.
This chapter is devoted to the introduction to the Theory of Local Laminations.

In Section 3.1, we formulate basic definitions illustrated by simple ex-
amples. In Section 3.2, one represents some methods of construction of local
laminations (including foliations and laminations) on surfaces. We also intro-
duce some basic examples. In Section 3.3, one treats the notion of limit set
for a curve with no self-intersections. Section 3.4 is devoted to properties
of orientable and non-orientable local laminations. In Section 3.5, one gives
conditions of the existence of closed transversals for local laminations. In Sec-
tion 3.6, we represent classical results concerning indexes of singularities and
closed curves under foliations. In Section 3.7, we introduce the notions of min-
imal, quasiminimal and Maier quasiminimal sets for local laminations. Here,
one considers basic properties of this invariant sets of local laminations. Sec-
tion 3.8 is devoted to geodesic laminations which are important in constructing
of invariants of dynamical systems considering in this book.

3.1. First notations and examples

Let M2 (in this part, sometimes denoted simply by M ) be a surface. An
infinite curve l on M2 is the image m(R) under a local homeomorphism

m : R→ m(R) = l ⊂M2

that defines the parametrization t → m(t) ∈ l (t ∈ R). The infinite curve l
is simple, if m : R → l is one-to-one. In this case, the parametrization m is
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injective. Sometimes one says that l has no self-intersections. A closed curve l
on M2 is the image m(S1) under a local homeomorphism m : S1 →M2. The
closed curve l is called simple, if m : S1 → m(S1) = l is a homeomorphism.

Recall that we consider S1 as the interval [0; 1] whose endpoints are iden-
tified, S1 = [0; 1]/(0 ≈ 1). Put by definition, π(x) = x mod 1, x ∈ R. For
a simple closed curve l = m(S1), we’ll sometimes use a periodic parametriza-
tion

m ◦ π : R→ l ⊂M2.

Such parametrization naturally appears when one considers periodic trajectories.
A curve is either an infinite curve or a closed curve. A curve l is Cr-smooth,
if the corresponding map m is locally a Cr-map, r � 1.

Foliated boxes and simplest examples

The motivation for the definition of local lamination is Theorem 1.1 that
says that trajectories locally look like parallel straight lines beyond of singulari-
ties. At first, we give the definition of a local lamination for a surface M2 with-
out boundary, ∂M2 = ∅. As usual, one assumes that the Euclidean plane R

2 is
equipped with Cartesian coordinates (x, y). By a C0-diffeomorphism, we mean
a homeomorphism. Fix integer numbers 0 � l � r �∞.

Definition 3.1 Let M ⊂M2 be a subset of M2 (which may coincide with M2)
that contains some closed subset S ⊂ M . Let M be a union S

⋃

α
Lα,

where Lα are pairwise disjoint Cr-smooth simple curves (α runs through
some set of indices). We say that the family {Lα} forms a Cr,l-local lam-
ination, if for any point P ∈ M − S, there exists a neighborhood U(P )
of P and a Cl-diffeomorphism ψ : U(P ) → R

2, ψ(P ) = (0, 0), such that
any connected component of the intersection U(P ) ∩ Lα (provided that this
intersection is nonempty) is mapped by ψ onto the line y = const and the
restriction ψ|U(P )∩Lα

is a Cr-diffeomorphism onto its image, Fig. 1.7.

Roughly speaking, {Lα} is a family pairwise disjoint simple curves locally
homeomorphic to a family of parallel straight lines. For simplicity, we refer
to the family {Lα}, denoted by D , as a Cr,l local lamination with the set of

singularities S
def
= Sing(D). The set

M =

(
⋃

α

Lα

)

∪ S
def
= suppD
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itself is called a support of the local lamination D . The curves Lα are called
leaves. Each point of the set Sing(D) is called a singularity. A point that is
not a singularity is called regular.

Thus, any collection of parallel straight lines on R
2 gives us a simplest

and trivial example of a local lamination, and by definition, every local lam-
ination is locally homeomorphic to such simplest example beyond the set of
singularities. A few generalization of this simplest local lamination gives the
following example.

Example 3.1 A family of parallel graphics.

Let f : R1 → R be a Cr function. Given any α ∈ R, the set

Lα = {(x, y) | y = f(x) + α, x ∈ R}

is a graph of the function f + α. The homeomorphism (x, y)→ (x, y+ f(x))
takes Lα to the line y = α. Hence, given any set B ⊂ R, the collection L =
= {Lα | α ∈ B} forms a local lamination without singularities. If B is
closed, L is a lamination, see below exact definitions. If B = R, L is both
a lamination and a foliation with no singularities on R

2. ♦
Keeping the notation of Definition 3.1, the neighborhoods U(P )

where P ∈ suppD − Sing(D) are called neighborhoods with the structure
of a linear local lamination and the diffeomorphisms ψ are called rectifying
diffeomorphisms. The pre-image ψ−1([−1; +1]× [−1; +1]) is called a closed
trivially foliated box. The interior of this box is an open trivially foliated box.
Actually, foliated boxes are neighborhoods with the structure of a linear local
lamination, but they are bounded in part by transversal segments. Given any
leaf Lα, a connected component of the intersection of Lα with an open triv-
ially foliated box is called a local leaf. Local leaves form a base of topology
on each Lα. We call this topology the intrinsic (or interior) topology of the
leaf Lα. Taking in mind this topology, we speak on compactness of a leaf or
that a leaf is homeomorphic to some 1-dimensional manifold, for example, R,
S1 and so on.

Let Σ be a segment (the image of the unit interval [0; 1] under an embed-
ding of [0; 1] into M2) through the regular point P . If there is the rectifying
diffeomorphism ψ : U(P ) → R

2 such that Σ ⊂ U(P ) and ψ maps Σ into the
line x = 0, then Σ is called locally transversal segment at P . The segment Σ
is called transversal if it is locally transversal at each point of suppD ∩ Σ.
A closed simple curve C is called a closed transversal if every arc-wise part
of C is a transversal segment.
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The concept of a local lamination generalizes the classical concepts of
lamination and foliation. If suppD is closed and Sing(D) = ∅, then D is
called a Cr,l-lamination. An important example of a lamination is a geodesic
lamination. We will usually denote a lamination by L . Note that a local
Cr,l-lamination without singularities is not always a lamination. If suppD =
= M2, then D is called a Cr,l-foliation. We usually denote a foliation by F .
One may say that a local lamination with singularities is a “foliation” (with
singularities) on a some subset. If this subset is closed and there are no singu-
larities, then we obtain a lamination. If this subset coincides with a manifold
(and there may be some singularities), then the local lamination is a foliation.
It follows from the aforesaid that the concept of a local lamination is a quite
general concept, which includes, as particular cases, the concepts of lamination
and foliation. Therefore,

all assertions and definitions that are valid for a local lamination are
also valid for laminations and foliations.

In Theory of Foliations, a union of leaves and singularities of some folia-
tion is traditionally called a saturated set. In Theory of Dynamical Systems, the
union of orbits or trajectories is called invariant. With no confusing, we’ll use
the both notions for the union of leaves and singularities of local lamination.

If r = l, then we write Cr instead of Cr,r. If r = l = 0 or the smoothness
is inessential, we simply say “local lamination”.

Example 3.2 Reeb foliations, Fig. 3.1.

On the strip [−1; +1]× R ⊂ R
2, consider a family of curves

lα = {α+ φ(t) : −1 < t < +1},

where φ(t) = exp
t2

1− t2
, −∞ < α < +∞,

l−1 = {(−1, y) : −∞ < y < +∞},
l1 = {(+1, y) : −∞ < y < +∞}.

These curves form a C∞ foliation FReeb(S), which is called a Reeb
foliation on an infinite strip. The leaves are invariant under the translation
along the axis Y . Performing the identification (x, y) ∼ (x, y + 1), we obtain
a foliation FReeb(A) in the annulus [−1; +1] × S1, which is called a Reeb
foliation on a closed annulus or a Reeb component on a closed annulus,
Fig. 3.1, (b). Both boundary components of the annulus [−1; +1] × S1 are
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Figure 3.1. The Reeb foliations on an infinite strip (a), and a closed annulus (b).

leaves of FReeb(A). If we glue two boundary components of the annulus by
an orientation-reversing homeomorphism, we obtain a Reeb foliation on the
two-dimensional torus T

2. ♦
If one deletes a saturated set of some foliation or lamination, we get a local

lamination. In this way, one can produce many examples of local laminations
starting with foliations and laminations. Therefore, later on, we mainly consider
examples of foliations and laminations.

Often, the structure of local lamination in a neighborhood of Sing(D)
should be described separately for each class of local laminations. Let us
consider some special singularities of a foliation.

Example 3.3 Saddle type singularities.

A saddle type singularities are shown on Fig. 3.2. Roughly speaking, any
such singularity has a family of special leaves, so-called separatrices, that go
to the singularity and divide a neighborhood of the singularity into sectors in
which leaves looks like hyperbolas. Later on, we shall give a precise definition.

A saddle with a single separatrix is called a thorn (or needle); with two
separatrices, a fake saddle; with three separatrices, a tripod; and with four
separatrices, a standard (ordinary) saddle. ♦

Figure 3.2. Saddle type singularities with ν separatrices.
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Below, the notion of a separatrix will be generalized for a singularity which
is not necessary a saddle type singularity (certainly, the separatrices of saddle
type singularities shall be separatrices in general sense).

Example 3.4 Level sets of a submersion.

Let f : R2 → R be a smooth submersion, i. e. Df �= 0. Well known that,
for each point (x, y) ∈ R

2, there is a coordinate neighborhood U , (u, v) : U →
→ R

2, of this point and a coordinate neighborhood V , u : V → R, of f(x, y),
relative to which the formula for f |U becomes f(u, v) = u. It follows that the
level sets f−1(z), z ∈ R, are properly embedded curves that locally looks like
parallel copies of R in R

2. Thus, the connected components of the nonempty
level sets are the leaves of a foliation. ♦

If ∂M2 �= ∅, each component of ∂M2 is homeomorphic to a circle. In
this case the behavior of leaves near ∂M2 is also described separately. We’ll
usually assume that a component of ∂M2 either is transversal (in the topolog-
ical sense) to leaves Lα (Fig. 3.3, (c)) or consists of leaves and singularities
(Fig. 3.3, (a), (b)).

Figure 3.3. The structure of a foliation which is possible near a boundary.

A compact leaf is homeomorphic either to a compact interval with end-
points lying on the boundary ∂M2 or to a circle. In the latter case, the leaf is
said to be closed.

Example 3.5 Flows.

Let f t be a Cr flow with a set of fixed points Fix(f t) on M2. Then
the trajectories of f t form a Cr foliation F on M2 with the set of singular-
ities Sing(F ) = Fix(f t). If f t is induced by a Cr vector field, then f t is
a Cr+1,r foliation [168, 198]. ♦

Orientable and non-orientable foliations

Thus, every flow gives us an example of a foliation, which belongs to
a class of so-called, orientable foliations. Let us give a precise definition.
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Definition 3.2 A foliation that can be embedded into a flow is called ori-
entable; otherwise, non-orientable.

By an embedding of a foliation F into a flow f t, we mean the following:
each one-dimensional leaf of the foliation F becomes a one-dimensional tra-
jectory of the flow f t, and Sing(F ) = Fix(f t). Sometimes we use the term
“oriented” instead of “orientable”. Reeb foliations on an infinite strip and on
a closed annulus are orientable. The Reeb foliation on the two-dimensional
torus T

2 is non-orientable.
On an orientable surface, the orientability of a foliation F is equivalent to

the so-called transversal orientability. This means the existence of a flow f t
⊥

with Sing(F ) = fix(f t
⊥) such that the trajectories of f t

⊥ transversally intersect
the leaves of F on the set M2 − Sing(F ).

Example 3.6 The simplest foliations on a half-disk and disk.

Figure 3.4. The simplest foliations F0, Fst on a half-disk and disk respectively.

We begin with the simplest foliation on the half-disk

D+ =
{
(x, y) ∈ R

2 : x2 + y2 � 1, y � 0
}
.

Obviously, the family of semicircles x2+ y2 = c, 0 < c � 1, defines a foliation
on D+, which we denote by F0, Fig. 3.4, (a). The point (0, 0) = Sing(F0) is
a singularity of this foliation. On the interval [−1; 1] ⊂ D+, the foliation F0

induces the map H(x) = −x. Now one glues together two copies of the half-
disk D+ with the simplest foliations F0 along the semicircle x2 + y2 = 1.
It is clear that gluing together two half-disks D+ yields a disk. In order to
distinguish the type of the singularities, we glue to the boundary of the disk
a ring with a trivial foliation by segments that are transversal to the boundary.
The foliation Fst thus obtained is called the simplest foliation on a disk. This
foliation is transversal to the boundary of the disk and has two singularities
(thorns), Fig. 3.4, (b). ♦
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A continuous dependence on initial conditions

We formulate here the fundamental Theorem 3.2 on continuous dependence
of compact arcs of leaves on initial conditions, which plays an important role in
the whole theory. Let’s start with the following simple lemma that demonstrates
an intimating connection between a local lamination and foliation.

Lemma 3.1 Let D be a Cr,l local lamination on M2. Then any point of a leaf
has a neighborhood homeomorphic to an open trivially foliated box. Moreover,
the local lamination D can be extended to a Cl foliation in this neighborhood.

Proof follows immediately from Definition 3.1. �
This lemma allows one to extend a local lamination to a foliation not only

in a neighborhood of a regular point but also in some neighborhood of arbitrary
compact subset of a leaf. Namely, the following theorem holds.

Theorem 3.1 Let D be a Cr,l local lamination on M2. Then, for any con-
nected compact subset K of any leaf lα, there exists a neighborhood of K
in M2 that is homeomorphic to an open trivially foliated box. Moreover, the
local lamination D can be extended to a Cl foliation in this neighborhood.

Proof. Due to a compactness, K can be covered by a finite family of
neighborhoods each of which is homeomorphic to an open trivially foliated
box by Lemma 3.1. Then, the proof repeats, with inessential modifications,
the proof of Theorem 5.1 from [213], where one constructs a subcovering for
a given covering by trivially foliated boxes (such neighborhoods are called
marked coordinate neighborhoods in [213]) in such a way that (new) intersect-
ing coordinate neighborhoods have a common rectifying diffeomorphism. The
idea of the proof is illustrated by Fig. 3.5. This means that K has a neigh-
borhood in which the local lamination is homeomorphic to a family of straight
lines on R

2. Hence, we obtain the required result. �

Figure 3.5
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In the Theory of Differential Equations, there is the theorem on continuous
dependence of solutions on initial conditions on compact arcs (see [3],
thm 4) that can be reformulated for local laminations as follows.

Let A0 = [a0; b0] be an arc on a leaf l0. Then given any ε > 0,
there is δ > 0 such that for every leaf l through Uδ(a0) there is the
arc A = [a; b] ⊂ l with a ∈ Uδ(a0), b ∈ Uδ(b0), and A ∈ Uδ(A0).

As a corollary to Theorem 3.1, we get such statement for local laminations.
In view of the importance of this result, we formulate it as a theorem.

Theorem 3.2 On compact arcs, the leaves of a local lamination depend con-
tinuously on the initial conditions.

Corollary 3.1 Let N be a saturated set of a local lamination D . Then the
topological closure closN , and the boundary ∂N , and the interior intN are
saturated sets.

Proof. We prove only that closN is saturated. Take p ∈ closN . If p is
a singularity, nothing to prove. Assume that p belongs to a (one-dimensional)
leaf l. Take any q ∈ l. Then the arc Kpq of l with endpoints p, q is compact.
Applying Theorem 3.2 to Kpq, one get that q ∈ closN . It follows that l ⊂
⊂ closN . Hence, closN is saturated. The remain statements are proved in the
similar way. �

The Poincaré mapping

First of all, following [101], let’s introduce a Σ-arc for a simple curve.
Suppose that an infinite simple curve l intersects transversally an arc Σ at
two points a and b. The arc âb of the curve l with endpoints a and b is
called a Σ-arc if Σ ∩ âb = a ∪ b. In other words, âb intersects Σ only at
the endpoints. One can generalize this notion as follows. Suppose that l

intersects transversally two arcs Σ1 and Σ2. Then the arc âb of the curve l with
endpoints a ∈ Σ1 and b ∈ Σ2 is called a Σ1Σ2-arc if âb intersects Σ1 ∪ Σ2

only at the endpoints, (Σ1 ∪ Σ2) ∩ âb = a ∪ b.
Let l+(z1) be a positive semileaf of a local lamination D that intersects

a transversal segment Σ2 at z2, z2 �= z1. Take a transversal segment Σ1

through z1, and suppose that the arc l+(z1, z2) of l+(z1) with endpoints z1, z2
is a Σ1Σ2-arc: l+(z1, z2) ∩ (Σ1 ∪ Σ2) = {z1, z2}. One can consider z2 as an
image of z1 under some mapping P induced by D . Suppose for the moment
that D is orientable local lamination. Theorem 3.1 allows to extend P to
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some neighborhood U(z1) ⊂ Σ1 of z1 on Σ1 such that for any point z̃1 ∈
∈ U(z1) ∩ suppD the positive semileaf l̃+ = l+(z̃1) intersects Σ2. Denote
by z̃2 ∈ Σ2 the first point after z̃1 where l̃+ intersects Σ2, see Fig. 3.6, (a).
Certainly, we assume that z̃2 → z2 as z̃1 → z1.

Figure 3.6. The Poincaré mappings.

The mapping P+
Σ1,Σ2

: (suppD)∩U(z1)→ Σ2 that sends z̃1 to z̃2 accord-
ing to the rule above is called the Poincaré mapping or, to be precise, forward
Poincaré map induced by D . For a negative semileaf l−(z1), one gets a back
Poincaré map P−

Σ1,Σ2
.

In Theory of Foliations, a Poincaré mapping is often called a total holon-
omy [60]. Clearly that if D is a Cr,l foliation, then the Poincaré mappings are
Cl diffeomorphisms.

Suppose now that Σ1 = Σ2
def
= Σ, see Fig. 3.6, (b). By the similar way,

one gets the map PΣ : (suppD) ∩ U(z1) → Σ called the first return map.
Often, this map is also called the Poincaré map in honor of H. Poincaré who
introduced such maps to study the behavior of flows near periodic trajectories.

In the case of non-orientable local lamination when there are no natural
orientations of leaves, there exist two ways to introduce a Poincaré mapping.
The first way is to fix an arc l(z1, z2) of a semileaf l(z1) and consider a map
induced by arcs sufficiently close to l(z1, z2). This way is usual in the theory
of high dimensional foliations when one considers the so called holonomy map
along a fixed path on a leaf. In the second way, one needs to indicate a side of
transversal where semileaves start. To be precise, if C is a transversal segment
or closed transversal having a cylinder neighborhood, then one can introduce
a positive C+ and negative C− sides of C. The sides are often defined by
introducing a continuous unit vector field �n on C that is transversal to C. We
can consider C+ and C− as copies of C endowed with some sign. If a current
point on l(z1) moves coherently in sense with �n near z1, then z1 ∈ C+. Other-
wise, z1 ∈ C−. Similarly, z2 ∈ C+ or z2 ∈ C−. Thus, the Poincaré mapping P
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is defined on a subset of C+ ∪ C−, P : DomP ⊂ C+ ∪ C− → C+ ∪ C−,
where z ∈ DomP , provided there exists a semileaf l(z) intersecting C after z,
Fig. 3.6, (c).

Lemma 3.2 Let C1, C2, C3 be transversal segments of an orientable folia-
tion F on a compact M . Suppose that there are points m12 ∈ C1, m13 ∈ C1

such that the positive semileaves l+(m12), l
+(m13) intersect C2, C3 respec-

tively as shown in Fig. 3.7, (a): the C1C2-arc m12P
+
C1C2

(m12) does not

intersect C3, and the C1C3-arc m13P
+
C1C3

(m13) does not intersect C2. Then
given any j = 2, 3, there is a point m ∈ C1 between m12 and m13 such that
either the semileaf l+(m) passes through an endpoint of Cj or l+(m) does
not intersect C2 ∪ C3. If C2 or C3 is a closed transversal, l+(m) does not
intersect C2 ∪C3.

Figure 3.7

Proof. Consider only j = 2 because for j = 3, the proof is similar. If C2

is a transversal segment and there is m ∈ C1 such that l+(m) passes through
an endpoint of C2, then there is nothing to prove. Suppose that such a point
does not exist. Then there is the maximal interval (m1, m2) ⊂ C1 contain-
ing m12 such that (m1, m2) ⊂ DomP+

C1C2
, and given any m ∈ (m1, m2),

the C1C2-arc mP+
C1C2

(m) does not intersect C3. Assume for definiteness
that m1 is between m12 and m13. Since (m1, m2) is a maximal interval,
l+(m1) does not intersect the interior of C2. If we assume that l+(m1) in-
tersects the interior of C3, Theorem 3.1 implies that there are m ∈ (m1, m2)
sufficiently close to m1 such that the C1C3-arc mP+

C1C3
(m) intersects C3

without meeting C2. This is impossible because by the inclusion (m1, m2) ⊂
⊂ DomP+

C1C2
, l+(m) must first intersect C2. Thus, l+(m1) does not inter-

sect C2 ∪ C3. �
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Lemma 3.2 has the following extension to non-orientable foliations.

Lemma 3.3 Let C1, C2, C3 be transversal segments of a foliation F on
a compact M . Suppose that there are points m12 ∈ C1, m13 ∈ C1 such
that the semileaves l(m12), l(m13) intersect C2, C3 respectively as shown in
Fig. 3.7, (b): the both starting points m12 and m13 of l(m12), l(m13) belong
to the same side of C1 (either C+

1 or C−
1 ). Then given any j = 2, 3, there

is a point m ∈ C±
1 between m12 and m13 such that either the semileaf l(m)

passes through an endpoint of Cj or l(m) does not intersect C2 ∪ C3. If C2

or C3 is a closed transversal, l+(m) does not intersect C2 ∪ C3.

Proof is similar to the proof of Lemma 3.2, and we omit it. �

Transitive and highly transitive foliations

Actually, we’ve met transitive and highly transitive foliations as an irra-
tional linear foliation on the torus T

2, see Example 1.8.

Definition 3.3 A foliation on a surface is called transitive if it has at least
one everywhere dense leaf. A foliation is called highly transitive if every
(one-dimensional) leaf is dense on a surface.

Obviously, any highly transitive foliation is a transitive one. One can prove
that if a transitive foliation has only isolated singularities, then each singularity
is of saddle type.

A leaf that is a separatrix in the both positive and negative directions is
called a separatrix connection, see Fig. 3.8. Sometimes, a separatrix connects
different topological saddles, Fig. 3.8, (a), but sometimes the connecting saddles
coincide. In the last case, a separatrix forms a loop, Fig. 3.8, (b).

Figure 3.8. Separatrix connections.

In general, a transitive foliation can have separatrix connections, while
a highly transitive foliation have no separatrix connections (obviously, a sepa-
ratrix connection can’t be dense). A highly transitive foliation can have fake
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saddles the number of whose could be arbitrary with no connection with the
topology of supporting surface. In this sense, fake saddles are artificial. There-
fore, it is natural to distinguish transitive foliations without separatrix connec-
tions and fake saddles.

Definition 3.4 A highly transitive foliation with no fake saddles is called irra-
tional if it has only isolated singularities.

An irrational linear foliation on T
2 is irrational. Later on, we show that an

irrational foliation can have singularities only being saddles. Now we represent
another examples of such foliations.

Example 3.7 Irrational foliations on a disk.

Now, take three half-disks D1, D2, and D3 with simplest foliations F1,
F2, and F3, respectively, and glue these half-disks together along their di-
ameters as shown in Fig. 3.9. Denote the obtained foliation by Fα, and the
set obtained by gluing together three half-disks by D. The foliation Fα has
three singularities (thorns) at the points α

2 ,
1
2 ,

α+1
2 ∈ [0; 1] inside D and one

singularity (tripod) at the point α ∈ [0; 1] on the boundary of D. It turns out
that the “dynamical” properties of the foliation Fα depend on the arithmetic
properties of the number α. Assume, for definiteness, that α < 1

2 .

Figure 3.9. The foliation Fα.

One can easily verify that the foliations F1, F2, and F3 induce the
Poincaré maps

H1(x) = α− x, 0 � x � α;

H2(x) = 1 + α− x, α � x � 1,

H3(x) = 1− x, 0 � x � 1,
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respectively. Then

H3 ◦H1(x) = x− α+ 1, 0 � x � α,

H3 ◦H2(x) = x− α, α � x � 1.

If we represent a circle S1 as [0; 1] with identified endpoints, then the map-
pings H3◦H1 and H3◦H2 induce the rotation R−α by −α of S1. According to
Example 1.6, for an irrational α, all semi-orbits of R−α are everywhere dense
on S1. Therefore, any leaf inside D intersects [0; 1] ⊂ D in an everywhere
dense set of points (note that the semi-orbits of the rotation R−α give only
“half” of the intersection points). Hence, for an irrational α, each leaf of the
foliation Fα is everywhere dense in D. ♦

Similar arguments involving the rotation R−α show that for a rational α,
the foliation Fα has a separatrix connection that connects the thorns and a sep-
aratrix connection that connects a tripod with a thorn. The remaining leaves
inside D are closed (homeomorphic to a circle).

By analogy with Example 1.8, we’ll call Fα with irrational α an irrational
foliation on a disk.

Irrational foliations on a disk and torus are highly transitive foliations. An
irrational foliation on a torus is orientable while an irrational foliation on a disk
is non-orientable because there are locally non-orientable singularities, namely,
thorns and tripods. Note also that by virtue of the Poincaré –Bendixson Theo-
rem (see Theorem 4.1), there are no flows with everywhere dense trajectories
and semitrajectories on a disk.

Example 3.8 The foliation F (α1, . . . , αp, β1, . . . , βq).

Generalizing the above scheme, we construct a foliation on a disk for the
set of numbers

α1, . . . , αp, β1, . . . , βq, 0 < αi < 1, 0 < βi < 1,

by gluing p + 1 half-disks with simplest foliations to the segment [0; 1] from
above and q + 1 half-disks with simplest foliations from below (as is shown in
Fig. 3.10). Denote the foliation obtained by F (α1, . . . , αp, β1, . . . , βq). ♦

Example 3.9 Irrational foliations on a sphere.

There are several methods for constructing transitive foliations on the
sphere S2. Consider some of them. Take the simplest foliation Fst on a disk D.
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Figure 3.10. The foliation F (α1, . . . , αp, β1, . . . , βq).

Without loss of generality, we may assume that the boundary of the disk D is
a unit circle S1, which we represent as the unit segment [0; 1] with identified
endpoints. This representation defines a cyclic coordinate on S1. Again, with-
out loss of generality, we may assume that the map induced by Fst on S1 has
the form Hst(x) = 1 − x (mod 1). This means that the separatrices of thorns
intersect S1 at the points x = 0 and x = 0,5. Let us glue together two copies
of disks D by the rotation of a circle,

Rα : S
1 → S1, Rα(x) = x+ α mod 1.

This gluing yields the sphere S2 with the foliation denoted by Fα(S
2). The

singularities of Fα(S
2) are four thorns.

Let us prove that for irrational α, Fα(S
2) is irrational. The boundary of

the disks D forms the closed transversal C on S2 that divides S2 into two
disks D1 and D2. The restriction of Fα(S

2) onto each of these disks Di

is topologically equivalent to the standard foliation and induces the Poincaré
mapping (along leaves on Di) Hst,i(x) = 1 − x mod 1. Taking into account
the gluing Rα(x) = x+ α mod 1, we have

Hst,1 ◦Rα ◦Hst,2(x) = x− α mod 1 = R−α(x).

Hence, for an irrational α, each (one-dimensional) leaf of Fα(S
2) is everywhere

dense on S2. ♦

3.2. Basic specification methods

Here, we represent some methods to construct local laminations (including
foliations and laminations) on surfaces. At the same time, one introduces some
basic examples.
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Lifting and projecting

One of the methods to construct local laminations starting with simple
models is their lifting on covering surfaces or projecting from covering surfaces.
The advantage is that sometimes a covering surface, for example, universal
covering surface, can be endowed with simple coordinate charts, and therefore
a local lamination can be described directly. We begin with non-branched
covering projections.

Recall that Snk is a group of integer translations (x, y)→ (x+ n, y+ k),
n, k ∈ Z, of the Euclidean plane R

2. A system of differential equations

ẋ = f1(x, y), ẏ = f2(x, y) (3.1)

defines the vector field �v = (f1(x, y), f2(x, y)) on R
2. Since the Jacobian

of any integer translation Snk is the identity, �v is invariant under Snk if and
only if the functions f1(x, y), f2(x, y) are invariant under the group Z

2. This
means that f1(x, y), f2(x, y) are 1-periodic in both arguments:

fi(x+ n, y + k) ≡ fi(x, y) ∀(x, y) ∈ R
2, (n, k) ∈ Z

2, i = 1, 2. (3.2)

Then �v is projected into a vector field on T
2. For the Klein bottle K2, �v is

invariant under the group Γ(K2) if and only if

f1

(
x+

n

2
, y + k

)
≡ f1(x, y), f2

(
x+

n

2
, y + k

)
≡ (−1)nf2(x, y) (3.3)

∀(x, y) ∈ R
2, (n, k) ∈ Z

2. This arguments are true in general.

Lemma 3.4 Let π : M → M be a covering projection and �v a vector field
on M . If �v is invariant under the group of deck transformations, �v induces the
vector field π(�v) on M .

Sometimes one says that π(�v) is a projection of �v under π.

Example 3.10 Constant flows on the torus T
2 and Klein bottle K2 revised.

The constant flow f
t

μ on R
2 defined by the differential equations ẋ = 1,

ẏ = μ is a covering flow for the constant flow f t
μ on T

2, see example 1.8. The
system of differential equations

ẋ = sin2 πx+ sin2 πy, ẏ = μ(sin2 πx+ sin2 πy)
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defines the covering flow for the flow f t
0,μ with the fake saddle at the

point π(0; 0) on T
2. One says that f t

0,μ is obtained from f t
μ by putting a fake

saddle at π(0; 0).

By (3.3), f
t

μ is a lift of linear flow on K2 if and only if μ = 0. In this
case, all trajectories on K2 are periodic. ♦

Hyperbolic (Lobachevsky) plane and group of isometries

There have been many books devoted to hyperbolic (Lobachevsky) geom-
etry and Riemannian surfaces [46, 63, 125, 211]. Here, we mention only some
of the results that are used in the text. There are two models of hyperbolic
(Lobachevsky) plane, H2-model when one uses the upper half-plane

H
2 = {z = x+ iy : y > 0} with the metric generated

by the differential ds =
|dz|
y

and Δ-model when we use the unit disk

Δ = {z ∈ C : |z| < 1} with the metric generated

by the differential ds =
|dz|

1− |z|2 .

In both cases, denote by dNE the metric generated by ds. In both models, one
introduces the absolute, or the circle at infinity (sometimes, one says circle
composed of infinitely remote points):

S∞ = R ∪ {∞} in the case of the H
2 model,

S∞ = {z ∈ C : |z| = 1} in the case of the Δ model.

These points do not belong to the hyperbolic plane; however, they play a very
important role in hyperbolic geometry. The geodesics are arcs of Euclidean
circles and straight lines that orthogonal to S∞. We will suppose that endpoints
of geodesics, ideal endpoints, belong to S∞.

The group I(H2) of isometries of H
2 consists of the following transfor-

mations:

z �→ az + b

cz + d
, where a, b, c, d ∈ R, ad− bc = 1, (3.4)

z �→ −az + b

−cz + d
, where a, b, c, d ∈ R, ad− bc = 1. (3.5)
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The group I(Δ) of isometries of Δ consists of the following transformations:

z �→ az + b

bz + a
, where a, b ∈ C, |a|2 − |b|2 = 1, (3.6)

z �→ az + b

bz + a
, where a, b ∈ C, |a|2 − |b|2 = 1. (3.7)

Isometries of the type (3.6), (3.4) preserve orientation, and of the type (3.7),
(3.5) reverse orientation. Thus, each isometry is a transformation that is nat-
urally extended to the circle at infinity S∞. Any isometry has a type defined
by the property of being orientation-preserving or orientation-reversing and by
the number of fixed points in the extended hyperbolic plane Δ ∪ S∞ = Δ.
According to [220], any non-identity transformation of the group I(Δ) has one
of the following types:

• an elliptic transformation; this transformation preserves orientation and has
exactly one fixed point in Δ, which lies in Δ;
• a parabolic transformation; this transformation preserves orientation and

has exactly one fixed point in Δ, which belongs to S∞;
• a hyperbolic transformation; this transformation preserves orientation and

has exactly two fixed points in Δ, which belong to S∞; one fixed point is
attracting (sink) while another fixed point is repelling (source);
• a glide reflection; this transformation reverses orientation and has exactly

two fixed points in Δ, which belong to S∞; the square of a glide reflection
is a hyperbolic transformation with same fixed points;
• a reflection with respect to a geodesic; this transformation reverses orien-

tation and has a continuum of fixed points in Δ, which form the indicated
geodesic and its ideal endpoints on S∞.

For fixed hyperbolic transformation and glide reflection there is a unique
geodesic that is invariant and joins fixed points on S∞. This geodesic is called
an axis.

The following statement (the proof can be found in [46], Theorem 5.1.2)
gives a sufficient condition of a group Γ ⊂ I(Δ) being not properly discontin-
uous.

Lemma 3.5 Let g1 be a hyperbolic map. Suppose maps g1, g2 ∈ I(Δ) have
only one common fixed point. Then the group (g1, g2) generated by g1 and g2
is not discrete (as a consequence, is not properly discontinuous).
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Hyperbolic surfaces

A surface M2 = M is called hyperbolic if it is locally isometric to
the hyperbolic plane. Such a closed surface can be obtained as the quotient
space M = Δ/Γ for a properly discontinuous Γ ⊂ I(Δ). In general case, M is
the quotient space M/Γ, where M is a convex subset of Δ. The natural projec-
tion π : M →M = Δ/Γ is a universal covering map that induces a geometric
structure on M such that π is a local isometry. Following [220], we call a prop-
erly discontinuous group Γ ⊂ I(M) crystallographic. Obviously, that the limit
set of a crystallographic group belongs to the circle at infinity.

Clearly, that a crystallographic group, in general, consists of glide reflec-
tions, and hyperbolic, and parabolic maps. A crystallographic group consisting
of orientation preserving maps is called Fuchsian.

A particular case of the proposition known as the Killing –Hopf theo-
rem states that any connected complete hyperbolic surface M is a quotient
space Δ/Γ, where Γ is a some crystallographic group. Later on, we consider
only such surfaces, mainly restricted ourself by closed ones. Since Γ ⊂ I(Δ)
does not contain elliptic elements and reflections, the hyperbolic surface has
no boundary. A hyperbolic surface M = Δ/Γ is closed if and only if Γ has no
parabolic elements. A hyperbolic surface M = Δ/Γ is orientable if and only
if Γ has no glide reflections i. e., Fuchsian. The famous Uniformization Theo-
rem (see [130,191]) asserts that given any closed orientable surface M of nega-
tive Euler characteristic, there is a finitely generated Fuchsian group Γ ⊂ I(Δ)
such that M = Δ/Γ.

Example 3.11 Polar Morse – Smale flow on a hyperbolic surface.

Take a hyperbolic surface M = Δ/Γ to be a closed orientable surface of
genus p � 2. One can construct a fundamental domain Φ of Γ to a 4p-polygon,
see Fig. 3.11, (a), where p = 2. If f(z) is an automorphic function with respect
to Γ i. e., f(γ(z)) = f(z) for all γ ∈ Γ, then the vector field �V = gradf

is invariant under Γ, and hence to projected to the vector field π(�V ) on M .
One can choose f(z) to get a polar Morse-Smale vector field π(grad f) that
has a unique sink, unique source, and 2p saddles, see Fig. 3.11, (b), where the
vertices of 4p-gon are identified under Γ and project to the source on M . ♦

Lemma 3.6 Let M = Δ/Γ be a hyperbolic surface (possibly, noncompact and
non-orientable). Suppose that for some element γ ∈ Γ there is a point z ∈ Δ
such that γn(z) → σ ∈ S∞ as n → ±∞. If z is not a fixed point of γ
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Figure 3.11. The fundamental 8-gon Φ of M2
2 (a); the phase diagram of polar-flow (b).

then γ is parabolic (and, hence, the surface is noncompact). Moreover, if
a curve C ⊂ Δ is invariant under γ, has ideal endpoints that coincide with σ
(so that C ∪ σ is homeomorphic to a circle), and is projected onto a simple
closed curve π(C), then π(C) bounds a disk on M punctured at one point.

Proof. Since γn(z) → σ, γ(σ) = σ. Because of γn(z) → σ both
as n→ +∞ and as n→ −∞, γ is parabolic. Denote by D the domain bounded
by the curve C∪σ. The point σ cannot be a fixed point of a hyperbolic element
or of a glide reflection from Γ because the group Γ is properly disconnected
(proposition 3.5). Since γ preserves orientation, γ(D) = D. This, combined
with the fact that the curve π(C) is simple, implies that there are no congruent
points in D with respect to elements of the group Γ that are different from the
transformations of the form γk, k ∈ Z. Then, π(D) = D/{γn : k ∈ Z}. It is
easily seen that the quotient space D/{γn : k ∈ Z} is a disk punctured at one
point. �

One of the methods for constructing Riemannian and hyperbolic surfaces
consists in the formation of the quotient space with respect to a free action of
a (totally) disconnected group. Recall that a surface is called hyperbolic if it is
locally isometric to the hyperbolic plane [211]. A group G of transformations
of the plane Δ is said to be disconnected if the orbit of any point under the
action of the group G has no accumulation points in Δ. The group G is said
to be freely acting if any transformation γ from G has no fixed points.

A particular case of the proposition known as the Killing –Hopf theorem
states that any connected complete hyperbolic surface is a quotient space of the
form Δ/Γ, where Γ is a certain disconnected group of isometries that freely acts
on Δ. The natural projection π : Δ→ Δ/Γ is a local isometry and a universal
covering of the hyperbolic surface M = Δ/Γ. Since the group Γ ⊂ I(Δ)
of deck transformations acts freely, it does not contain elliptic elements or
reflections. In particular, a hyperbolic surface has no boundary. We will need
the following proposition.
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Lemma 3.7 Let M = Δ/Γ be a hyperbolic surface (possibly, noncompact and
non-orientable). Suppose that for a certain element γ ∈ Γ and a point z ∈ Δ,
we have γn(z) → σ ∈ S∞ as n → ±∞. Then the element γ is parabolic
(and, hence, the surface is noncompact). Moreover, if a curve C ⊂ Δ is
invariant under γ, has ideal endpoints that coincide with σ (so that C ∪ σ is
homeomorphic to a circle), and is projected onto a simple closed curve π(C),
then π(C) bounds a disk on M punctured at one point.

Proof. Since γn(z) → σ, we have γ(σ) = σ. Since γn(z) → σ both
as n → +∞ and as n → −∞, the element γ is parabolic. Denote by D the
domain bounded by the curve C ∪ σ. The point σ cannot be a fixed point of
a hyperbolic element or of a glide reflection from Γ because the group Γ is
disconnected [46, Theorem 5.1.2]. Since γ preserves orientation, γ(D) = D.
This combined with the fact that the curve π(C) is simple, implies that there
are no congruent points in D with respect to elements of the group Γ that
are different from the transformations of the form γk, k ∈ Z. Then, π(D) =
= D/{γn : k ∈ Z}. It is easily seen that the quotient space D/{γn : k ∈ Z} is
a disk punctured at one point. �

Let Γ be the group of deck transformations of a hyperbolic surface M =
= Δ/Γ. According to [46], any cyclic subgroup of the group Γ is discrete
(Theorem 8.4.1), and there are no parabolic and hyperbolic transformations with
a common fixed point (Theorem 5.1.2). Moreover, the stabilizer of any point
in a Fuchsian group (i. e., a group consisting of orientation-preserving transfor-
mations) is a cyclic subgroup generated by either a hyperbolic or a parabolic
element (Theorem 8.1.2). The following lemma shows that one more situation
is possible for a non-orientable hyperbolic surface.

Lemma 3.8 Let Γσ ⊂ Γ be a nontrivial stabilizer of a point σ ∈ S∞. Then,
the following cases are possible:

1) Γσ is a cyclic group generated by one hyperbolic element;
2) Γσ is a cyclic group generated by one parabolic element;
3) Γσ is a cyclic group generated by one glide reflection.

Proof. If Γσ consists only of orientation-preserving transformations, then
the first two cases are realized [46, Theorem 8.1.2]. Suppose that Γσ contains
a glide reflection η. Then, η2 is a hyperbolic transformation, and according
to [46], Γσ is a cyclic group generated by a glide reflection. �

For points a, b, c ∈ S∞, denote by (a, b, c) the open interval with end-
points a and c that lies on the absolute S∞ and contains b.
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Corollary 3.2 Suppose that the hypotheses of Lemma 3.8 hold, and let ω ∈ S∞
be a point such that Γω∩Γσ = ∅. Then there exist transformations ε1, ε2 ∈ Γσ

such that
γ(ω) /∈ (ε1(ω), ω, ε2(ω))

for any nonidentity transformation γ ∈ Γσ .

A Cr surface in Euclidean space R
3

The specification of a local lamination on a surface depends on and is
closely connected with the representation of the surface. For example, the
surface can be represented as a set of points in R

3, or it can be represented
as a two-dimensional manifold by means of local charts with compatible co-
ordinates. A surface can also be represented as a quotient space of universal
covering space with respect to some group of transformation. These and other
representations enable one to define local laminations in various ways.

Here, we assume that R3 is endowed with Cartesian coordinates (x, y, z)
that define an orthnormal chart relative to the inner product 〈·, ·〉. Sometimes
the inner product of �a and �b, we denote as the scalar product �a ·�b.

A surface M2 is locally defined by an equation ψ(x, y, z) = 0, where ψ is
a real function of class Cr, r � 1, whose gradient ∇ψ = (ψx, ψy, ψz) does
not vanish on M2. The surfaces in this book, with the exception of rare
occasions, will be of class C∞, and will be referred as smooth. For a such
smooth surface M2, at each point p ∈ M2, can be defined the unit normal
vector �np = ∇ψ(p)

|∇ψ(p)| . The tangent bundle

T (M2) = {(p, �v) | p ∈ S ⊂ R
3, �v ∈ R

3, 〈�np, �v〉 = 0}

will be endowed with the inner (scalar) product induced from 〈·, ·〉.

Example 3.12 The projection method.

Suppose that the equation φp(x, y) = 0 defines p+1 disjoint ovals on R
2,

where p of them have disjoint interiors and lie inside the biggest one. For
example,

φp(x, y) = (x2 + y2 − 16)[(x− 2)2 + y2 − 1][(x+ 2)2 + y2 − 1] = 0

defines p + 1 = 3 such ovals, see Fig. 3.12 (a), when p = 2. Then the
equation ψ(x, y, z)φp(x, y)+z2 = 0 determines a closed orientable surface M2

p

of genus p � 0, Fig. 3.12 (b).
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Figure 3.12. 3 ovals (a), and the corresponding surface of genus 2, the pretzel (b).

Given any smooth vector field �V on R
3, one can get the vector field

�vtan = �V − (�n · �V )�n,

where �n = ∇ψ
|∇ψ| is a unit vector that is orthogonal to M2

p . Since �n · �vtan =

= (�n · �V )�n2 = 0, �vtan is a vector field on M2
p . Actually, �vtan is a projection

of �V on the tangent space of M2
p .

If �V is given by the system of differential equations

ẋ = P (x, y, z), ẏ = Q(x, y, z), ż = R(x, y, z),

then �vtan is given by the system

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ = P (x, y, z)− |∇ψ|−1〈�V , ∇ψ〉

ẏ = Q(x, y, z)− |∇ψ|−1〈�V , ∇ψ〉

ż = R(x, y, z)− |∇ψ|−1〈�V , ∇ψ〉.

1) If we project the vector field �V = (0; 0; −1) on the sphere S2 : x2+y2+
+ z2 = 1, then the vector field �vtan induces a so-called “north-south” flow f t

ns

on S2 with two fixed points, at the “north pole” (0; 0; +1) and “south
pole” (0; 0; −1). All one-dimensional trajectories flow down from the north
pole to the south pole along meridians, see Fig. 3.13, (a).

2) Let �V is given by the system of differential equations ẋ = −y, ẏ = x,
ż = 0. Easy to see that every point (0; 0; z) ∈ R

3 is a fixed point, and the
remaining trajectories are closed. The sphere S2 and the torus T 2 defined by
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the equations

x2 + y2 + z2 = 1, (x2 + y2 − 1)

(
x2 + y2 − 1

4

)
+ z2 = 0

respectively are integral surfaces of the field �V . Therefore, �vtan = �V . The
corresponding flows are represented in Fig. 3.13, (b), (c). ♦

Figure 3.13. Flows on the sphere (a), (b), and torus (c).

Example 3.13 “North – South” flow on the sphere S2 revised.

For S2 here, we give a structure of 2-manifolds via charts. For this let
us take the sphere of radius 1 in R

3, x2 + y2 + z2 = 1. Thus the north
pole is the point N(0, 0, 1) and the south pole is S(0, 0, −1). We map S2 −
− (0, 0, 1) to the plane z = 0 ∼= R

2 by “stereographic” projection as follows.
Take the line from (0, 0, 1) to another point of S2 and produce it until it
intersects the (x, y)-plane R

2. The map taking that point on the sphere to
that intersection point gives the coordinate system on the chart UN = S2 −
− (0, 0, 1), (x, y) : UN → R

2. For the second chart US = S2 − (0, 0, −1),
we similarly take the stereographic projection from the point (0, 0, −1) to R

2.
The coordinate transition R

2 − {0} → R
2 − {0} of these charts is given by

(x, y)→ 1
√
x2 + y2

(x, y) (3.8)

as the Reader can calculate. In the charts UN and US , one considers the
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systems of differential equations

⎧
⎪⎨

⎪⎩

ẋ =
x

1 + x2 + y2

ẏ =
y

1 + x2 + y2
,

⎧
⎪⎪⎨

⎪⎪⎩

ẋ =
x(x2 + y2)

1 + x2 + y2

ẏ =
y(x2 + y2)

1 + x2 + y2

It is not hard to verify that these systems define the “north – south” flow in
Fig. 3.13, (a). ♦

Branched covering projections

There are the following generalizations of the definitions of covering space,
covering projection etc. Denote by δk the mapping z → zk of C, where k ∈ N.
A map π̃ : M̃2 → M2 is called a branched covering projection or branched
covering map and M̃2 is called the branched covering surface if any point m ∈
∈M2 has a neighborhood U such that π̃−1(U) is a nonempty union of disjoint
sets {Vi}i�1 on which the restriction π̃|Vi

: Vi → U is conjugate to δk, k ∈ N.
The number k is called the branched index of the point zi ∈ Vi denoted
by k(zi). The number k(zi) − 1 is called the multiplicity of zi. A point zi
with positive multiplicity is a critical point, and a point m ∈ M2 with at least
one preimage a critical point is a branched point. Denote the set of branched
points by Σπ̃ called the branched set. If Σπ̃ = ∅, π̃ is a non-branched covering
projection.

If all points from π̃−1(m), m ∈ Σπ̃, have the same branched index,
this branched index is said to be a branched order of m. We shall consider
only regular branched covers i. e., all points from π̃−1(m) have the same
branched index for all m ∈ Σπ̃. If m1, m2 ∈ M2 are not branched points,
then |π̃−1(m1)|, the cardinality of π̃−1(m1), equals |π̃−1(m2)| provided M2 is
connected. If |π̃−1(m)| is finite, we say that π̃ is a |π̃−1(m)|-sheeted covering
projection.

Example 3.14 The simplest branched 2-sheeted covering projection is

R
2 → R

2/((x, y) � (−x, −y)) ∼= R
2,

where R
2/((x, y) � (−x, −y)) is the quotient space of R

2 under the group
generated by the central symmetry C : (x, y) �→ (−x, −y). Indeed, one can
prove that the restrictions of C and δ2 : z �→ z2 on the upper half-plane R

2
+ are

conjugated. ♦
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Example 3.15 2-sheeted branched covering map.

In R
3, let us consider a closed orientable surface Mpq of genus p � 0 that

is symmetric with respect to the axis Oz and the plane y = 0. Suppose that the
intersection of Mpq with this plane consists of q � 1 circles, see Fig. 3.14 (a),
where p = 4, q = 3. Note that because of symmetry under the plane y = 0,
p− q is odd.

Figure 3.14. The surfaces Mpq , (a), and Fpq , (b), where p = 4, q = 3.

Denote by Sz the symmetry (x, y, z) �→ (−x, −y, z). Since Mpq is

invariant under Sz , the factor-space Mpq/Sz
def
= Mpq is a closed orientable

surface of genus
[
p−q
2

]
+ 1. The surface Mpq can be obtained as follows.

Take the part of Mpq lying in the half-space y � 0. This part is the surface,
say Fpq , with

[
p−q
2

]
+1 handles and nonempty boundary, and it is a fundamental

domain for Sz , Fig. 3.14 (b). Therefore, Mpq = Fpq/Sz . The action of Sz

on the boundary of Fpq implies the identification of boundary points and looks
like a pasting of the holes of Fpq . As a result, we get the closed orientable
surface Mpq of genus

[
p−q
2

]
+1. Taking in mind example 3.14, we see that the

natural projection Mpq → Mpq/Sz = Mpq is a 2-sheeted branched covering
map with the branched set Fpq ∩ Oz = Fix(Sz), consisting of 2q branched
points each of branched order 2. ♦

Example 3.15 gives us the constructive proof of the following statement
(for references, it is convenient to replace M with M , and vice versa).

Lemma 3.9 Given any closed orientable surface M2 and a finite set ℵ ⊂M2

consisting of 2q points (q � 1), there is the 2-sheeted branched covering
map τ : M 2 → M2 with the branched set ℵ = Στ each point of whose has
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the branched order 2. The covering surface M 2 is a closed orientable surface
of genus p = 2p0+ q− 1, where p0 is the genus of M2. Moreover, there is the
involution θ : M 2 →M 2 such that Fix θ = τ−1(Στ ), M 2/θ = M2.

Proof. Obviously, one can divide ℵ into q pairs and connect the points in
each pair by disjoint arcs. Cutting M2 by these arcs, we get the surface F of
genus p0 with q holes. Now, embed F into R

3 similarly Fpq of example 3.15
such that F belongs to the half-space y � 0 and the intersection ∂F ∩ {y = 0}
is invariant under Sz . Then one can easily to check that the union F ∪Sz(F )
is M 2, θ = Sz . �

Covering and projecting local laminations

Let π : M →M be a covering (branched or non-branched) map and D be
a local lamination on M . The local lamination D on M is called covering for D
if π maps every leaf onto a leaf and π(SingD) = SingD . As a consequence
of this definition, one gets that if N is a saturated (i. e., invariant) set of D
then π−1(N) is a saturated set of D , and vice versa, if N is a saturated set
of D then π(N) is a saturated set of D .

Lemma 3.10 Let D be a local lamination on a (possibly, non-oriented or
noncompact) surface N2 and π̂ : M̂2 → N2 be a (possibly, universal or
finitely-sheeted) non-branched covering map. Then for D , there is the covering
local lamination D̂ on M̂2. Moreover, if D is oriented then D̂ is also oriented.

Proof. Put by definition, any point of π̂−1(SingD) is a singularity. The
existence of the structure of a (linear) local lamination in neighborhood of every
other point is a consequence of the fact that every (non-branched) cover map
is a local homeomorphism. Suppose that D̂ is not oriented while D is ori-
ented. Then there exist an arbitrarily small transversal segment Σ and Σ-arc âb

of D̂ that intersects Σ non-orientably. Without loss of generality, one can
assume that Σ belongs to a neighborhood U such that the restriction π|U is
a homeomorphism. Hence, π(Σ) is a transversal segment of D , and π(âb)
intersects π(Σ) non-orientably. This contradicts the orientability of D . �

Lemma 3.11 Let D̂ be a local lamination on a (possibly, non-oriented or
noncompact) surface M̂2 and π̂ : M̂2 → N2 be a (possibly, universal or
finitely-sheeted) non-branched covering map. If D̂ is invariant under the
covering group, then there exists the local lamination D on N2 such that D̂
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is a covering local lamination for D . Moreover, if D̂ is orientable and every
covering map preserves orientation of leaves then D is also orientable.

Proof. The result follows directly from the fact that N2 is the factor-
space M̂2/Γ, where Γ is the covering group of π̂. �

The local lamination D denoted by π(D̂) is called the projection of D̂ .
A covering surface M̂2 can be endowed with the structure of smooth

manifold such that the corresponding cover map π̂ : M̂2 → N2 preserves this
structure (in particular, if N2 and M̂2 are analytic manifolds, π̂ is an analytic
map) provided the covering group keeps this structure. Therefore, a cover local
lamination has the same smoothness with the covering local lamination.

Lemma 3.12 Let D be a local lamination on a non-oriented surface N2

and D̂ be the covering local lamination under two-sheeted (non-branched)
cover π̂ : M̂2 → N2, where M̂2 is an oriented surface. Suppose that l is
a nonclosed semileaf of D , and l̂ is a nonclosed semileaf of D̂ . Then

1) π̂−1(l) consists of two nonclosed leaves.
2) If m ∈ N2 belongs to the limit set of l, then each point of π̂−1(m)

belongs to the limit set of some leaf from π̂−1(l).
3) If l belongs to the limit set of l∗, then each semileaf of π̂−1(l) belongs to

the limit set of some semileaf from π̂−1(l∗).

4) If l̂ is a nontrivially recurrent semileaf of D̂ , then π̂(l̂) is a nontrivially
recurrent semileaf of D .

5) If l is nontrivially recurrent semileaf of D , then π̂−1(l) consists of two
nontrivially recurrent semileaves of D̂ .

Proof of items 1)–4) follows from the fact that a covering map is a lo-
cal homeomorphism. Let’s prove the last item. To be definite, assume
that l+ is a positive semileaf, l+ endowed with the injective parametriza-
tion t : [0; +∞] → l+. We already know that π̂−1(l+) consists of two non-
closed semileaves l̂+1 , l̂+2 endowed with the parametrizations t̂ : [0; +∞]→ l̂+i ,
i = 1, 2, induced by t. If one of the semileaves, say l̂+1 , does not belong to
the limit set of other semileaf, l̂+2 , then l̂+1 is nontrivially recurrent because of
item 2). Assume that l̂+1 ⊂ lim(l̂+2 ). Then there is a sequence of points l̂+2 (tj)

tending to some point of l̂+1 . Since π̂ : M̂2 → N2 is two-sheeted, the covering
group is isomorphic to Z2. Hence, the unique non-identity cover transforma-
tion is an involution. Therefore there is the involution θ : M̂2 → M̂2 that is
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a cover transformation such that θ(l̂+1 ) = l̂+2 and θ(l̂+2 ) = l̂+2 . It implies that
the sequence l̂+1 (tj) tends to some point of l̂+2 . It follows that l̂+2 ⊂ lim(l̂+1 ).

Hence, the both l̂+1 , l̂+2 are nontrivially recurrent. �
The following example shows that in general an oriented foliation can be

a covering foliation for non-oriented one.

Example 3.16 A non-oriented foliation that has the oriented covering one
under non-branched 2-sheeted covering map.

On the torus T2, consider the foliation F consisting of two Reeb foliations
on a closed ring, see example 3.2. One can construct F as shown in fig. 3.15 so
that it is invariant under the covering group of some 2-sheeted (non-branched)
cover T2 → T

2.

Figure 3.15. A non-oriented foliation can have oriented covering foliation.

One can check that the foliation F is oriented while its projecting on T 2

is not oriented. ♦
Now we consider a lifting and projecting of local laminations under

branched covering maps.

Lemma 3.13 Let τ : M̂2 → M2 be a branched covering map with the
branched set Στ . Let D be a local lamination on M2 such that Στ ⊂ SingD .
Then for D , there is the covering local lamination D̂ on M̂2. Moreover, if D is
oriented then D̂ is also oriented.

Proof. The restriction τ |
M̂2−τ−1(Στ )

of τ on M̂2 − τ−1(Στ ) = M 2
0 is

a (non-branched) covering map. Since Στ ⊂ SingD , the restriction of D
on M2 − Στ is a local lamination. Hence, by Lemma 3.10, there is the
covering local lamination D̂ on M 2

0 . But M 2
0 is a union of finitely many

points. Therefore, one can extend D̂ to M̂2 by declaring any point of the
set τ−1(Στ ) to be a singularity. Word for word with the proof of Lemma 3.10,
one can prove the orientability of D̂ . �
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Lemma 3.14 Let D̂ be a local lamination on a (possibly, non-oriented or
noncompact) surface M̂2 and π̂ : M̂2 → N2 be a (possibly, universal or
finitely-sheeted) branched covering map. Suppose that D̂ is invariant under
the covering group and π̂−1(Σπ̂) ⊂ Sing D̂ . Then there exists the local
lamination D on N2 such that D̂ is a covering local lamination for D .
Moreover, if D̂ is orientable and every covering map preserves orientation of
leaves then D is also orientable.

Proof. The result follows directly from the fact that N2 is the factor-
space M̂2/Γ, where Γ is the covering group of π̂. �

Example 3.17 Projecting and lifting of simplest foliations on R
2.

The system of differential equations ẋ = x, ẏ = −y defines the orientable
foliation S0 on R

2 with unique saddle singularity at (0; 0). It is easy to
check that S is invariant under the central symmetry C : (x, y) �→ (−x, −y).
Denote by Γ(C) the group generated by C. Due to Example 3.14, the quotient
space R

2/Γ(C) is R
2 and the natural projection δ : R2 → R

2/Γ(C) ∼= R
2 is

a branched 2-sheeted projection. Since C keeps the orientation on the leaves
of S0, δ(S0) = S1 is an orientable foliation that is defined by the system of
differential equations ẋ = x2 + y2, ẏ = 0. The foliation S1 has a fake saddle
at (0; 0). One can check that S1 is invariant under C, but C does not keep
the orientation on the leaves of S1. Therefore δ(S1) = S2 is a non-orientable
foliation, see Fig. 3.16. ♦

Figure 3.16. A non-oriented foliation can have oriented covering foliation.

Lemma 3.15 Let D be a local lamination on an oriented surface M2 and D̂

be the cover local lamination under two-sheeted branched cover π̂ : M̂2 →M2,
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where M̂2 is an oriented surface. Let l be a nonclosed semileaf of D , and l̂

be a nonclosed semileaf of D̂ . Then

1) π̂−1(l) consists of two nonclosed leaves.
2) If m ∈ N2 belongs to the limit set of l, then each point of π̂−1(m)

belongs to the limit set of some leaf from π̂−1(l).
3) If l belongs to the limit set of l∗, then each semileaf of π̂−1(l) belongs to

the limit set of some semileaf from π̂−1(l∗).

4) If l̂ is a nontrivially recurrent semileaf of D̂ , then π̂(l̂) is a nontrivially
recurrent semileaf of D .

5) If l is nontrivially recurrent semileaf of D , then π̂−1(l) consists of two
nontrivially recurrent semileaves of D̂ .

Proof is similar to the proof of Lemma 3.12. We leave details to the
reader. Note that a (one-dimensional) leaf of D does not pass through the
branched set Σπ̂. �
Example 3.18 Irrational flows on hyperbolic surfaces.

The simplest way to construct an irrational flow on a closed orientable
hyperbolic surface M2 is a lifting of minimal flow on the torus T 2 under
some branched 2-sheeted covering map M2 → T 2. Take a minimal flow f t

μ

on T 2. If M2 = M2
p , a closed orientable surface of genus p � 2, choose

a set Σ ⊂ T 2 consisting of 2q points such that any point of Σ belongs to
exactly one trajectory of f t

μ, where q = p−1 (recall that any hyperbolic surface
is homeomorphic to some M2

p , see Example 3.2). Put at each point of Σ a fake
saddle (see Example 3.10) and denote by f t

0,μ the flow which is obtained. By
Lemma 3.9, there is a 2-sheeted branched covering map π̃ : M2

p → T 2 with
the branched set Σ = Σπ̃. Lemma 3.13 implies that there is the covering

flow f
t

0,μ on M2
p . One can prove that if f t

0,μ is transitive then f
t

0,μ is also
transitive. Moreover, since the branched points belong to pairwise disjoint

trajectories, f
t

0,μ is irrational. Note that every fixed point of f
t

0,μ is an ordinary
saddle because of example 3.17. ♦

Example 3.19 Irrational foliations on a sphere revised.

There is another way to construct simplest irrational foliations on
a sphere S2, see example 3.9. It is not hard to verify that the quotient
space R

2/Γ, where Γ is a group of homeomorphisms of the form

x �→ (−1)kx+ r, y �→ (−1)ky + s, k, r, s ∈ Z,
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Figure 3.17. The simplest irrational foliation on the sphere.

is homeomorphic to the sphere S2. Indeed, one can take as a fundamental do-
main of Γ the rectangle 0 � x � 1

2 , 0 � y � 1 whose sides are identified under
the action of Γ as shown in Fig. 3.17, (a). Denote by π̃ : R2 → R

2/Γ � S2

the natural projection which is infinitely-sheeted branched covering map with
critical points

(
r
2 ,

s
2

)
, r, s ∈ Z, each of multiplicity 1. The set Σπ̃ consists of

four branched points π̃
(
r
2 ,

s
2

)
, r, s ∈ Z.

Take the linear flow f
t

μ on R
2. Put a fake saddle at each critical point

and denote by f
t

0,μ the flow thus obtained. One can check that this flow is

invariant under Γ. By Lemma 3.11, π̃(f
t

0,μ) is a foliation Fμ(S
2), a linear

foliation on the sphere. Obviously, SingFμ(S
2) = Σπ̃, and every singularity is

a thorn. Note that Fμ(S
2) is non-oriented foliation. If μ is irrational, Fμ(S

2) is
an irrational foliation. If μ is rational, every leaf is closed except two separatrix
connections that coincide with thorns. ♦

Blow up and blow down operations

To construct more exotic examples of local laminations, we describe the
operation of blowing up a nonclosed leaf or semileaf, and its inverse blow-
ing down operation. First, these operations were used by Poincaré [192]
for the construction of a circle nontransitive homeomorphism without periodic
points. Poincaré took a transitive circle homeomorphism (for example, a ro-
tation through an angle incommensurable with π) and “stretched” each point
of some orbit into an interval so that the total length of all “inserted” inter-
vals was finite. Thus, instead of the orbit of a point, he obtained an orbit of
closed intervals. This operation can be described in more formal terms using
a special Cantor function that maps each “inserted” interval to a point. Actu-
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ally, this Cantor mapping is a blowing down operation, and the inverse one is
a blowing up operation. On the part of the circle beyond blowing up, Poincaré
retained the “old” transitive homeomorphism and then extended the mapping to
the homeomorphism of the whole “blown-up” circle. As a result, he obtained
a nontransitive circle homeomorphism without periodic points. In this case, the
blowing down operation realizes the semiconjugacy between nontransitive and
transitive homeomorphisms.

Figure 3.18. Blowing up a leaf.

This idea of Poincaré can be applied to foliations. On a surface M ,
consider a foliation F and choose a leaf l of F . Let S be a strip of finite area,
for example,

S =

{
(x, y) ∈ R

2 : 0 � y � 1

x2 + 1

}
.

There exists an obvious homeomorphism ϕ : l → axisOx = {(x, 0): x ∈
∈ R} ⊂ S (in the intrinsic topology of l). Let us identify the points (x, 0)

and
(
x, 1

x2+1

)
of S and attach the cylinder C thus obtained to l by ϕ.

Roughly speaking, we lay a “pipeline” along l on M . Now, we cut M ∪ϕ C
along the leaf l so that, instead of a point m ∈ l, we obtain the seg-

ment
{
(ϕ(m), y) : 0 � y � 1

x2+1

}
. Since S has finite area and is simply

connected, we obtain a surface M(l) that is homeomorphic to the original
surface M , Fig. 3.18. There is a family of curves and singularities on the sur-
face M(l) − S, which is extended to a foliation on M(l) by the curves α

x2+1 ,
0 � α � 1, on S. Denote the obtained foliation by F (l). The above operation
is called a blowing up the leaf l.

Example 3.20 Topological Denjoy flows on the torus T
2 revised.

Take a minimal flow f t on T 2, and choose some finite or countable
family F of trajectories of f t. After the operation of blowing up the every
trajectory of F , one gets a topological Denjoy flow on T

2. ♦
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Let us return to the blowing up a leaf l defined above. By construc-
tion, Sing(F ) = Sing(F (l)). The interior of the strip S is a simply connected
domain C◦(l), which is called an open cell of the foliation F (l). The boundary
of the cell C◦(l) that is accessible from C◦(l) consists of two leaves l1 and l2.
The strip C(l) = C◦(l) ∪ l1 ∪ l2 is called a closed cell of the foliation F (l).
Obviously, there exists a continuous map h : M(l) → M that takes the leaves
of F (l) to the leaves of F . The mapping h sends the closed cell C(l) to
the leaf l; on the complement M(l) − C(l) to C(l), h is one-to-one. This
mapping h is called the blowing down operation.

Figure 3.19. Operations of blowing up a separatrix of a thorn, a separatrix of a saddle,
and a saddle with separatrices.

One can define similarly a blowing up a separatrix of thorn (Fig. 3.19a),
a separatrix of saddle (Fig. 3.19b), and even a saddle with all of its separatrices
(Fig. 3.19c). However, when extending a foliation, one should sometimes add
one singularity, a thorn, in order that the obtained family of curves forms
a foliation. Finally, the blowing up a leaf or a semileaf that is transversal to
the boundary of surface is also defined similarly. Note that when blowing up
a separatrix of thorn, one formally obtains a thorn and a fake saddle. However,
it is clear that the fake saddle can be removed, and no extra singularity arises
under blowing up.

When blowing up a complex singularity and separatrices, the singularity
may vanish. For example, this case when blowing up a saddle–node and
its separatrices, as is shown in Fig. 3.20. It is clear that the operation of
blowing up can be defined for a finite, and even a countable, family of leaves.
Note that a foliation can be extended into the arising cells in different ways.
Therefore, in specific cases, one needs additional information for the operations
of blowing up.
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Figure 3.20. Vanishing of a complex singularity.

Example 3.21 Topological Cherry type foliations and flows on the torus T
2.

Take a transitive flow f t
0 on T 2, that is obtained from a minimal flow by

putting a finitely many fake saddles O1, . . . , Ok on disjoint trajectories, see
example 1.3. Choose one of two separatrices of Oi for each i = 1, . . . , k.
Denote by F0 the union of all Oi and separatrices which we choose. After
the blowing up operation of F0, one gets a topological Cherry type foliation
denoted by FCh on T 2. ♦

Black holes and flows on S2 with Cantor type limit sets

Consider an irrational flow Fα on a disk D, where α is an irrational num-
ber. First, we extend the foliation Fα to a larger disk D1 ⊃ D so as to obtain
a foliation F ′

α that is transversal to the boundary ∂D1 and has an additional
singularity, a tripod t0. At the point α, the foliation F ′

α has a saddle–node.
Now, we blow up this saddle–node and its separatrix so that the saddle–node
vanishes (Fig. 3.21). Denote the obtained foliation by Hα. This foliation has
no compact leaves and separatrix connections. Note that Hα, just as Fα,
has three singularities: two thorns and one tripod. Entering the disk D1 and
moving along a leaf, we never leave D1 (one either reaches the singularity t0
or is doomed to “perpetual wandering between needles” on a nowhere dense
subset of D1). Due to this property, Hα is called a black hole on a disk or
a black-hole type foliation on a disk.

Similarly, black-hole type foliations H (α1, . . . , αp, β1, . . . , βq) can be
constructed from the transitive foliations F (α1, . . . , αp, β1, . . . , βq).

Let us glue together two copies of the disk D1 by a certain homeomor-
phism of the circle S1 = ∂D1 so that no separatrix connection arises be-
tween the tripods. Gluing together two disks along the boundary, we obtain
a sphere S2. The foliations Hα form a foliation on the sphere, which we
denote by Hhole(S

2). The set of singularities of this foliation consists of six
thorns and two tripods. Any leaf different from a separatrix has a Cantor-type
limit set both in the positive and negative directions.
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Figure 3.21. Formation of a black hole.

Let us declare that any point of any separatrix is a singularity. Denote the
obtained foliation by H ∗

hole(S
2). One can show that the foliation H ∗

hole(S
2)

is orientable [25]; i. e., it can be embedded into a flow f t
h. This flow has

two Cantor-type limit sets: one repeller and one attractor. In a sense, f t
h has

a strange attractor and a strange repeller.

Rosenberg labyrinths

Take the simplest foliation F0 on the half-disk

D+ =
{
(x, y) ∈ R

2 : x2 + y2 � 1, y � 0
}
.

Let us place a singularity s0, a fake saddle, on some semicircle l0 = {x2 +
+ y2 = c0}, 0 < c0 � 1. This singularity divides the leaf l0 into two leaves
(which were formerly semileaves). Apply the operation of blowing up to one
of these leaves so that exactly one singularity, a thorn, arises in the open cell
of the obtained foliation F ′

0. Following [200], we will call such blowing up
the leaf l0 the spreading of l0. Accordingly, we will say that the foliation F ′

0

is obtained from F0 by spreading the leaf l0, Fig. 3.22.
A foliation is called a standard foliation on a half-disk D+ if it is obtained

from the simplest foliation by successive spreadings of a finite number of
leaves.

Now, for numbers α1, . . . , αp, β1, . . . , βq , 0 < αi < 1, 0 < βi < 1, we
construct a foliation

F ′(α1, . . . , αp, β1, . . . , βq)
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Figure 3.22. Standard foliation on a half-disk D+.

analogous to F (α1, . . . , αp, β1, . . . , βq) from example 3.8, see Fig. 3.10. In-
stead of half-disks with simplest foliations, we glue half-disks with standard
foliations (p + 1 half-disks from above and q + 1 from below) to the in-
terval I = [0; 1]. Let us extend the foliation F ′(α1, . . . , αp, β1, . . . , βq)
to some neighborhood so that saddle–node-type singularities arise at the
points α1, . . . , αp, β1, . . . , βq. Applying the blowing up for all saddle–nodes
and their separatrices one gets the foliation Fl(α1, . . . , αp, β1, . . . , βq). This
foliation is called a Rosenberg labyrinth on the segment I . The folia-
tions H (α1, . . . , αp, β1, . . . , βq) from the preceding subsection are particular
cases of the Rosenberg labyrinths. See also [135] about labyrinths.

Denjoy and Cherry foliations

A Denjoy foliation is a nontransitive foliation that is topologically equiva-
lent to a foliation obtained from Fμ by the operation of blowing up a finite or
countable set of leaves. In this case, a standard foliation without singularities
is defined in each strip that is obtained in place of the blown up leaf. Note
that one can not define a Reeb foliation in these strips because, as a result, one
obtains a family of curves on the torus that do not form a foliation. A Denjoy
foliation has a unique minimal set, which is nowhere dense and is locally home-
omorphic to the product of a segment and a Cantor set. A Denjoy foliation is
orientable and is embedded into a flow, called a Denjoy flow.

A Denjoy flow (just as a Denjoy foliation) can be defined as a nontransi-
tive flow on the torus without fixed points or periodic orbits (for foliations —
without singularities or compact leaves). Although such a flow was known to
Poincaré [192], it is named in honor of Denjoy, who constructed such a flow of
smoothness class C1 and proved that there do not exist such flows of smooth-
ness class Cr for r � 2 [66]. Note that Poincaré assumed that there even exists
an analytic nontransitive flow without fixed points or periodic orbits on the
torus. Denjoy actually refuted this conjecture of Poincaré.

Take a finite family of pairwise different leaves {lν} of an irrational fo-
liation Fμ. If we apply the operation of spreading to the semileaves of the
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leaves {lν}, we obtain a nontransitive foliation, which we denote by FCh,μ.
A foliation that is topologically equivalent to the foliation FCh,μ is called
a Cherry-type foliation on the torus.

If we place exactly one node-type singularity into each cell obtained upon
spreading the semileaves of the leaves {lν} and make the starting point of each
of the above semileaves of the leaves lν into a saddle with four separatrices, then
the obtained foliation Fμ,Ch (and any foliation that is topologically equivalent
to Fμ,Ch) is called a Cherry foliation on the torus. Note that each saddle has
exactly one separatrix that necessarily goes to the corresponding node.

A Cherry foliation Fμ,Ch is orientable and is embedded into a flow, which
is called a Cherry flow on the torus. Such a flow of analytic class of smooth-
ness with one cell was constructed by Cherry [65]. Thus, Cherry proved the
(weakened) conjecture of Poincaré on the existence of an analytic nontransitive
flow on the torus without periodic trajectories.

3.3. Limit sets of a curve and leaf

By a semi-infinite curve l+, we mean the image of the positive half-
line R

+ = [0; +∞) with respect to a locally homeomorphic mapping
(parametrization) m : R+ → M , l+ = {m(t) : t � 0}. Since the parame-
ter t takes values in [0; +∞), l+ is also called an infinite curve in the positive
direction and is denoted by l+(m(0)), where m(0) is the starting point of l+.

Definition 3.5 A limit set lim(l+) of a semi-infinite curve l+ is the set of
points of M such that any neighborhood of each of these points contains
points of l+ with indefinitely large parameters.

In other words,

lim l+ =
{
x ∈M : ∃ ti ∈ R

+ such that ti → +∞
and m(ti)→ x as i→∞}.

There is an equivalent definition of the limit set that can be extended
to multidimensional leaves. For an arbitrary monotonically increasing se-
quence tk ∈ R

+, we set

lim l+ =
⋂

k�0

clos
(
l+ −m([0; tk])

)
.
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One can show that this definition of the limit set is independent of a sequence tk
and coincides with the original Definition 3.5.

Lemma 3.16 lim l+ is a closed set. If M is compact, lim l+ is connected and
nonempty.

Proof. The closedness of lim l+ follows immediately from its definition.
If we assume that lim l+ is not connected in the case of a compact M , then
there exist open (or closed) disjoint sets A and B such that lim(l+) ⊂ A ∪ B.
Since the semi-infinite curve passes from A to B and vice versa, l+ must have
limit points outside A ∪ B, which contradicts the inclusion lim l+ ⊂ A ∪ B.
Since M is compact, any sequence contains a converging subsequence. This
implies lim l+ �= ∅. �

One can easily construct an example of a disconnected limit set for a semi-
trajectory of a smooth flow in the case of a noncompact M . For example, one
can take a smooth vector field in the strip −∞ < x < +∞, 0 � y � 1 with
one focus-type singularity, such that the ω-limit set of a trajectory inside the
strip consists of two straight lines y = 0 and y = 1, Fig. 3.23.

Figure 3.23. The example of disconnected limit set.

For a semi-infinite curve l− endowed with a negative parametriza-
tion m : (−∞; 0] → M , l− = {m(t) : t � 0}, the concept of a limit set is
similar (with ti → +∞ being replaced by ti → −∞).

Let l be an infinite curve with a parametrization m : R → M . Recall that
a point m(0) divides l into two semi-infinite curves l+ and l−. The sets

lim(l+)
def
= ω(l+) and lim(l−)

def
= α(l−)

are called ω- and α-limit sets of l+ and l− respectively. Since the parameters ti
in the definition of limit sets go to ±∞, the sets ω(l+) and α(l−) are inde-
pendent of the choice of the starting point m(0) and a specific parametrization.
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Therefore, one can call them ω- and α-limit sets of the curve l, denoting ω(l) =
= ω(l+) and α(l) = α(l−).

Let l be a nonclosed (one-dimensional) leaf of local lamination. Then l is
homeomorphic to R. An arbitrary point m0 ∈ l divides l into the components l1
and l2; each of these, augmented with the point m0, is called a semileaf
with the starting point m0. On any semileaf, one can introduce an injec-
tive parametrization. Usually, one of the semileaves, say l1, is endowed with
a parametrization [0; +∞) → l1, l1 = l+(m0), and such a semileaf is called
positive, while the second semileaf l2 = l−(m0) is endowed with a parametriza-
tion (−∞; 0] → l2 and is called negative. If l is a one-dimensional trajectory
of a certain flow, then the parametrization of the semileaves coincides with
the natural “time” parametrization, and a positive (negative) semileaf represents
a positive (respectively, negative) semitrajectory.

The proof of the following lemma we leave to the reader as exercise (see
Corollary 3.1 and Lemma 3.16).

Lemma 3.17 Let l be a leaf of local lamination D , and l+, l− be the positive
and negative semileaves of l respectively. Then the both ω(l+) and α(l−) are
closed and saturated. If D has a compact support, the both ω(l+) and α(l−)
are nonempty and connected. Moreover, in any case

ω(l+) ⊂ ω(l+) ∪ l+ = clos l+, α(l−) ⊂ α(l−) ∪ l− = clos l−. (3.9)

For a closed curve l, we suppose that l is endowed with a periodic
parametrization. In this case, any point m ∈ l corresponds a two-sided se-
quence of parameters {ti}∞i=−∞ such that lim

i→±∞
ti = ±∞. Therefore,

ω(l) = α(l) = l

provided l is a closed curve. Between various types of limit sets, periodic
trajectories and closed leaves occupy a special place.

Example 3.22 A periodic trajectory as a limit set.

Let l0 be a periodic trajectory of a flow f t. Suppose that the ω-limit set of
a trajectory l contains l0. Then ω(l) = l0. Indeed, take a transversal segment Σ
through a point m0 ∈ l0. Then m0 belongs to a domain DomP+

Σ of Poincaré
forward mapping P+

Σ induced by f t. To simplify matters, we shall assume
that l0 has a cylinder neighborhood U divided by l0 into two annuluses, say A1
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and A2 (in the case when l0 has a neighborhood homeomorphic to a Möbius
band, the proof is similar or can be reduced to our case by passing to a double
cover). The point m0 divides Σ into two segments Σ1 and Σ2. Without
loss of generality, one can assume that l ∩ A1 �= ∅, Σ ⊂ U , and Σ1 ⊂ A1.
Since l0 ⊂ ω(l), there is a sequence mk ∈ l ∩ Σ1 such that mk → m0

as k →∞ and the points mk correspond to the increasing parameters tk →∞,
mk = l(tk).

Take a Σ-arc mkP
+(mk) of l. By Theorem 3.2 on a continuous depending

of leaves on the initial conditions, the corresponding Σ-loop lk is homotopy
to l0 for sufficiently large k. We shall assume that this is a case for all k � 1.
Then lk and l0 bound the annulus Ak. There are two possibilities: 1) P+(mk)
is between mk and m0, Fig. 3.24 (a); 2) mk is between m0 and P+(mk),
Fig. 3.24 (b).

Figure 3.24

In case 2), the vector field induced by f t does not allow to enter in Ak

for l after P+(mk). This contradicts to the tending mk → m0 as k → ∞.
Therefore, case 1) holds. The positive semitrajectory l+(P+(mk)) can not in-
tersect Σ between mk and P+(mk). Hence, the points P+(m1), P

+(P+(m1)),
P+(P+(P+(m1))), . . . form a monotone sequence tending to m0. It follows
that l tends spirally to l0, and ω(l) = l0. ♦

Obviously, one can prove by a similar way that if a periodic trajectory l0
belongs to the α-limit set α(l) of a trajectory l, then α(l) = l0.

The notion of limit set allows us to give the definition of recurrentness for
leaves of local laminations. We give this definition in maximally general form
for a curve.

Definition 3.6 A semi-infinite curve l+ (respectively, l−) is said to be nontriv-
ially ω(α)-recurrent if it belongs to its own ω-limit set (respectively, α-limit
set),

l+ ⊂ ω(l+) (respectively, l− ⊂ α(l−)).
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An infinite curve l is said to be nontrivially recurrent if both of its semi-infinite
curves l+ and l− are nontrivially ω- and α-recurrent.

It is easy to check that if a some positive (negative) leaf of l is nontrivially
ω(α)-recurrent, then any positive (negative) semileaf of l is also nontrivially
ω(α)-recurrent. Thus, we can say that the leaf itself is nontrivially ω(α)-recur-
rent. Sometimes one says about nontrivial P+ and P− recurrentness [168].

For a simple semi-infinite curve l, the nontrivial recurrentness is equivalent
to the fact that the topology induced on l ⊂ M2 as a subset of M2 and the
interior topology on l do not coincide. Clearly that a positive leaf could be
nontrivially recurrent only in the positive direction, i. e. nontrivially ω-recurrent.
The similar proposition holds for a negative semileaf. So, we’ll often omit the
indication on a direction, i. e. ω- or α-. Note that a nontrivially ω-recurrent leaf
could be not α-recurrent, and vice versa. For example, a separatrix of a saddle
type singularity of irrational foliation.

As a consequence of definitions 3.6 and 3.9, we have

Corollary 3.3 Let l be a leaf of local lamination D , and l+, l− be the
positive and negative semileaves of l respectively. Then l+ (l−) is nontrivially
ω(α)-recurrent if and only if

clos l+ = ω(l+) (respectively, clos l− = α(l−)).

Obviously, any leaf of highly transitive foliation is nontrivially recurrent
in at least one direction, i. e. given any leaf, at least one of its semileaves is
nontrivially recurrent.

3.4. Orientable and non-orientable local laminations

In Section 3.1, we’ve defined an orientability for a foliation. Here we
extend this concept to a local lamination. By an arc, we mean an embedded
interval (a homeomorphic image of an interval). Depending on whether this
interval is an open or a closed segment, we obtain the definitions of open or
closed arcs, respectively.

Definition 3.7 Curves (or arcs) A1 and A2 on M2 intersect transversally at
a point a ∈ A1∩A2, or, which is the same, a is a point of single intersection,
if A1 ∩ A2 at the point a is locally homeomorphic to the intersection of the
coordinate axes of the Euclidean plane at the origin.
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Let A be an open arc on a (possibly non-orientable) surface M2. It is well
known that A has a neighborhood that is homeomorphic to an open disk which
divided by A into two components. Therefore, A is naturally equipped with
a normal orientation. The components adjoining A define the two-sidedness of
the arc A: one component defines a positive side and the other a negative one.
For a closed arc, the normal orientation is introduced by means of a slightly
larger open arc.

Let l be an infinite curve that intersects the arc A transversally at some
point a ∈ l ∩ A. Introduce an orientation on l defined by the parametrization:
the positive direction is defined as the direction corresponding to the increasing
parameter.

Definition 3.8 The intersection index inda(l ∩ A) equals to +1 if the orien-
tation of l at the point a is consistent with the normal orientation of A, i. e.,
if l passes from the negative side of A to its positive side at the point a.
Otherwise, we set inda(l ∩ A) = −1. We say that l intersects A orientably if
the intersection index is the same (either +1 or −1) at all points of l ∩ A.1

Let now C be a simple closed curve on M2. Suppose that C has a tubular
neighborhood U(C) homeomorphic to a ring. Then C divides U(C) into two
components. Similar to the previous case with an arc, C is equipped with
a some normal orientation: one component defines a positive side and the
other, negative one. In the case of a smooth C, its normal orientation can
be defined by choosing (and fixing) a continuous field of normals. Now, by
analogy with the previous case, we can introduce the index of intersection of
the curves C and l at any point of their transversal intersection. We say that l
intersects C orientably if the intersection index is the same (either +1 or −1)
at any point of l ∩ C, Fig. 3.25, (b).

Figure 3.25. (a) a leaf intersects an arc orientably; (b) a leaf intersects an arc non-ori-
entably.

1Thus, we assume that l intersects A transversally at any point.
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Let D be a local lamination on M2. Introduce some orientation on the
leaves of D . This orientation is called consistent if, for any leaf l and any
point m ∈ l, there exists a transversal segment Σ such that m belongs to the
interior of Σ and all leaves intersecting Σ intersect it with the same intersection
index.

Definition 3.9 A local lamination is called orientable if one can introduce
a consistent orientation on its leaves. Otherwise, a local lamination is called
non-orientable.

A non-orientable lamination has a leaf that intersects Σ with different
intersection indices, Fig. 3.25, (a).

If a local lamination is an oriented foliation by Definition 3.2 i. e., a flow,
then the time-parameter induces naturally the consistent orientation on the
leaves. Therefore, an oriented foliation is an oriented local lamination by Defi-
nition 3.9. According to [218], if a foliation is orientable by Definition 3.9, then
the foliation can be embedded in a flow and, as a consequence, is orientable by
Definition 3.2.

Now we consider the particular case of local lamination, a minimal lami-
nation.

Definition 3.10 A lamination is called minimal if it contains no proper non-
empty sub-laminations.

A unique closed leaf gives us an example of a trivial minimal lamination.
Other minimal laminations are nontrivial. Since a closed leaf forms a sub-
lamination, a nontrivial minimal lamination consists of non-closed leaves.

Lemma 3.18 Let L be a minimal lamination. Then every leaf of L is dense
in L .

Proof. Take a leaf l of L . Since a support of lamination is a closed
set, clos(l) ⊂ suppL . It follows from corollary 3.1 that the closure clos(l)
consists of leaves of L . Hence, clos(l) is a lamination. By definition of
minimality, L = clos(l). �

Now we consider a property of non-orientable minimal laminations we
need below. As we saw, an orientability of a lamination means that each
leaf can be equipped with an orientation so that, for any point of an arbitrary
leaf, there exists a transversal segment that passes through this point and is
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intersected by the leaves in the same direction. Therefore, the non-orientability
of a lamination implies that, irrespective of the orientation of the leaves, there
always exists a point (which lies in a certain leaf since the support of the
lamination is closed) such that an arbitrary transversal segment passing through
this point is intersected by certain leaves in opposite directions. Note that
non-orientable minimal lamination is always nontrivial.

Lemma 3.19 Let L be a non-orientable minimal lamination and Σ be
a transversal segment such that intΣ ∩ suppL �= ∅. Then, any leaf l ∈ L
that is endowed with some orientation intersects Σ in opposite directions.

Proof. Since, by Lemma 3.18, any leaf is dense in L , it suffices to show
that there exists at least one leaf that intersects Σ in opposite directions. Sup-
pose that all leaves that intersect Σ intersect it in the same direction. Introduce
an orientation on these leaves assuming that the positive direction corresponds
to the positive direction of the transversal orientation of Σ. This orientation
introduces the orientation on each leaf from L because, due to Lemma 3.18,
all leaves intersect Σ. Since the lamination L is non-orientable, there exists
the leaf l∗ ∈ L through a point x∗ ∈ l∗ such that any transversal segment Σ0

through x∗ is intersected by some leaf in opposite directions. The leaf l∗ in-
tersects Σ, Fig. 3.26. Theorem 3.2 on the continuous dependence of leaves on
the initial conditions implies that Σ should also be intersected by certain leaf
from L in opposite directions. The obtained contradiction proves the lemma. �

Figure 3.26. Some leaf must intersect Σ in opposite directions.

The following lemma says that a nontrivially recurrent leaf intersects
a transversal segment infinitely many times with the same intersection index.
Note that a local lamination as well as a surface could be orientable or non-
orientable.

Lemma 3.20 Let D be a local lamination on a surface M2 and Σ be
a transversal segment. Suppose that a nontrivially recurrent leaf l = {l(t):
t ∈ (−∞; +∞)} intersects Σ at an internal point l(t0). Suppose that Σ is
equipped with a normal orientation and the intersection index of Σ with l
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at l(t0) is equal to +1. Then, for any T > 0, there exist parameters t−1 < −T
and t1 > T such that the intersection index of Σ with l at the points l(t−1)
and l(t1) also equals +1.

Proof. Denote by l+(t) (respectively, by l−(t)) the positive (respectively,
negative) semileaf of the leaf l with the starting point l(t) that corresponds to
the parameter t. It is necessary to prove that each of the semileaves l+(T )
and l−(−T ) intersects Σ at least at one point with the intersection index +1.
Naturally, we may assume that −T < t0 < T . First, we prove the re-
quired assertion for one of the semileaves. Suppose the contrary; i. e., let
both semileaves l+(T ) and l−(−T ) intersect Σ with the intersection index −1.
Then, l−(t0) intersects Σ at least at one point, say, at x0, with the intersection
index −1. There exists a foliated box B around the arc [x0; l(t0)] ⊂ l with
two opposite sides S1 and S2 lying on Σ. Since l+(T ) contains the whole
leaf l in its limit set, l+(T ) intersects S1 and S2. The fact that the leaf l
intersects Σ at the points l(t0) and x0 with opposite intersection indices im-
plies that the box B adjoins Σ from the negative side, Fig. 3.27. Therefore,
by assumption, the semileaf l+(T ) enters B as the parameter increases. But
then it must leave B and intersect Σ with a positive intersection index. The
obtained contradiction proves that one of the semileaves intersects Σ with the
intersection index +1 at least at one point.

Figure 3.27. The foliated box B.

Note that the following fact can be proved similarly: if there is a finite
arc of the leaf l that intersects Σ at its endpoints with opposite intersection
indices and adjoins Σ at the endpoints from the negative side, then l+(T )
intersects Σ with the intersection index +1 at least at one point. Similarly,
if there is a finite arc of the leaf l that intersects Σ at its endpoints with
opposite intersection indices and adjoins Σ at the endpoints from the positive
side, then l−(−T ) intersects Σ with the intersection index +1 at least at one
point.

Consider the case when the semileaf l+(T ) intersects Σ with the intersec-
tion index +1 at least at one point. If l+(T ) intersects Σ with the intersection
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index −1 at least at one point, then there exists a finite arc of l that intersects Σ
at its endpoints with opposite intersection indices and adjoins Σ at the end-
points from the positive side. Then, l−(−T ) intersects Σ with the intersection
index +1 at least at one point, and the lemma is proved. Suppose that l+(T ) in-
tersects Σ only with the intersection index +1. If l−(−T ) intersects Σ only
with the intersection index −1, then there exists a finite arc [x0; l(t0)] ⊂ l of
the type considered above; hence, there exists an intersection of l−(−T ) with Σ
with the index +1. But this result contradicts the assumption.

It remains to consider the case when the semileaf l−(−T ) intersects Σ
with the intersection index +1 at least at one point. If l−(−T ) intersects Σ
at least at one point with the intersection index −1, then there exists a finite
arc of the leaf l that intersects Σ at its endpoints with opposite intersection
indices and adjoins Σ at the endpoints from the negative side. Then, l+(T ) in-
tersects Σ with the intersection index +1 at least at one point, and the lemma is
proved. Suppose that l−(−T ) intersects Σ only with the intersection index +1
and l+(T ) intersects Σ only with the intersection index −1. Then there ex-
ists a finite arc [l(t0); l(t∗)] ⊂ l, t∗ > t0, that intersects Σ at its endpoints
with opposite intersection indices and adjoins Σ at its endpoints from the pos-
itive side. Let us take, around this arc, a foliated box B∗ so small that the
point l(−T ) does not lie in B∗. Since l−(−T ) contains the whole leaf l in
its limit set, l−(−T ) intersects B∗. Since l(−T ) /∈ B∗, the arc containing the
intersection point of l−(−T ) and B∗ belongs to l−(−T ). However, at one of
the endpoints of this arc, the semileaf l−(−T ) must intersect Σ with the inter-
section index −1, which contradicts the assumption that l−(−T ) intersects Σ
only with the intersection index +1. The lemma is proved. �

3.5. Closed transversals

It follows immediately from Definition 3.1, that through every point of
a leaf of a local lamination, one can draw a transversal segment i. e., an arc
that transversally intersects the leaves of the local lamination. However, one
can not always draw a closed transversal through every point.

Example 3.23 There are leaves that are not intersected by closed transversals.

The closed leaf of Reeb foliation on the two-dimensional torus T 2 has no
intersections with any closed transversal. ♦

Here we consider some sufficient conditions of existence of closed
transversals. A simple closed curve is said to be two-sided (one-sided) if it
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has a neighborhood homeomorphic to a cylinder (respectively, to a Möbius
band). At first, one can show that if there is a one-sided closed transversal,
then there is a two-sided one.

Lemma 3.21 If a local lamination D has a one-sided simple closed transver-
sal, say C, then in any neighborhood of C there is a two-sided simple closed
transversal for D .

Proof. Let C be a simple closed transversal with the neighborhood U
homeomorphic to a Möbius band. The curve C is a middle closed curve of the
Möbius band. Take a simple closed curve that is sufficiently close to C and
twice passes around C, Fig. 3.28. Then, one gets a closed transversal for the
local lamination D with a cylindrical neighborhood. Clearly that this two-sided
transversal can be constructed in arbitrary neighborhood of C. �

Figure 3.28. One can get a closed transversal with a cylindrical neighborhood.

Recall that an arc âb of the curve l with endpoints a and b is called
a Σ-arc if Σ ∩ âb = a ∪ b. Let ab ⊂ Σ be the sub-arc of Σ between the
points a and b. It is easily seen that the Σ-arc together with ab forms a simple
closed curve âb ∪ ab called Σ-loop of l, see Fig. 3.25. A Σ-arc and a Σ-loop
in the case when Σ is a closed curve are defined similarly; however, one has
to specify how to choose a segment ab from the two segments into which Σ is
divided by the points a and b. Recall that if we introduce a positive direction
on l and endow Σ with a normal orientation, one can speak of orientable or
non-orientable intersections of l with Σ.

Theorem 3.3 Let l be a nonclosed semileaf of a local lamination D on M ,
and let there exist a Σ-arc âb ⊂ l of l, where a, b ∈ l ∩ Σ. Suppose that one
of the following cases takes place:

1) the Σ-loop âb∪ ab is two-sided, and the Σ-arc âb intersects Σ orientably;

2) the Σ-loop âb ∪ ab is one-sided, and the Σ-arc âb intersects Σ non-
orientably.
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Then, there exists a simple closed transversal that intersects l. In the second
case, there is such a transversal that has a neighborhood homeomorphic to
a Möbius band. In the both cases, there is such a transversal that has
a cylindrical neighborhood.

Proof. (1) There is a standard method for constructing a simple closed
transversal (see [3, 24, 26]) when a two-sided Σ-arc âb ⊂ l intersects Σ ori-
entably, Fig. 3.29.

Figure 3.29. Two-sided Σ-arc ̂ab intersects Σ orientably.

According to Theorem 3.1, Σ-arc âb belongs to some open trivially foliated
box. Since Σ-arc âb is two-sided, the Σ-loop âb∪ab has a neighborhood, say U ,
homeomorphic to a cylinder. Taking a smaller U , if it is necessary, one can
represent U as a union of two trivially foliated boxes U1 and U2 that cover
the Σ-arc âb and the arc ab respectively. Therefore, starting with the point a,
one can draw a transversal line, say λ, along âb to the opposite side of the
trivially foliated box U1 such that the transversal line is tangent to Σ at the
endpoints. Since the Σ-arc âb intersects Σ orientably, it is possible to draw λ
so that the tangent vectors at the endpoints of λ induce the same orientation of
the segment Σ. Therefore, one can carefully modify the transversal line λ to
a simple closed transversal. By construction, in this case, the closed transversal
has a cylindrical neighborhood U .

(2) Again, applying Theorem 3.1, one can cover the Σ-loop âb ∪ ab by
two trivially foliated boxes U1 and U2 that cover the Σ-arc âb and the arc ab
respectively. In this case, the neighborhood U = U1 ∪ U2 is homeomorphic to
a Möbius band, since Σ-arc âb is one-sided, Fig. 3.30. Going by a similar way
to first case (1), one can construct a transversal line λ described above. Since
the Σ-arc âb intersects Σ non-orientably, it is again possible to draw a transver-
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sal line λ so that the tangent vectors at the endpoints of λ induce the same
orientation of the segment Σ. Hence, λ produces a simple closed transversal.
By construction, in this case, the closed transversal has the neighborhood U
homeomorphic to a Möbius band. It follows from Lemma 3.21 that there is
a closed transversal with a cylindrical neighborhood in this case also. �

Figure 3.30. One-sided Σ-arc ̂ab intersects Σ non-orientably.

Corollary 3.4 Let l be a semileaf of an orientable foliation on an orientable
surface M , and suppose that l intersects a some transversal segment infinitely
many times. Then, there exists a simple closed transversal that intersects l.

Theorem 3.4 Let l be a nontrivially recurrent semileaf of a local lamination D
on M . Then, there exists a simple closed transversal for D that intersects l.

Proof. There exists a transversal segment Σ that intersects l infinitely many
times. Therefore, there exists a Σ-arc âb ⊂ l of the semileaf l, where a, b ∈
∈ l ∩Σ. If either the Σ-loop âb∪ ab is two-sided and the Σ-arc âb intersects Σ
orientably or the Σ-loop âb ∪ ab is one-sided and the Σ-arc âb intersects Σ
nonorientably, then the required assertion follows from Theorem 3.3. Consider
the remaining possibilities:

1) the Σ-loop âb ∪ ab is one-sided and the Σ-arc âb intersects Σ orientably;

2) the Σ-loop âb∪ab is two-sided and the Σ-arc âb intersects Σ nonorientably.

Case (1) is reduced to the previous cases if we consider the next intersection
of the leaf l with the segment ab ⊂ Σ (for a flow, a similar construction is
described in [101]; see also [104]).

In case (2), since l is a nontrivially recurrent semileaf, there exists
a Σ-arc b̂c ⊂ l, where c ∈ ab ⊂ Σ. Then, one of the Σ1-arcs (where Σ1 ⊂ Σ is
the corresponding part of Σ) âb or b̂c is one of the types considered above. �

Corollary 3.5 Let l be a nontrivially recurrent semitrajectory of a flow f t

on M . Then, there exists a simple closed transversal of f t that intersects l.
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3.6. Index of closed curve and singularity

Let F be a foliation and C be a simple closed oriented curve that does not
intersect Sing(F ). Suppose that C has a cylindrical neighborhood U(C) that
is divided by C into two cylindrical components Uext, Uint. A component Uext

(respectively, Uint) is said to be external (respectively, internal) if Uext (Uint)
lies to the right (left) of C when we are moving in the positive direction
along C, Fig. 3.31 (a).

Figure 3.31. The components Uext, Uint (a); the internal tangency point (b); the external
tangency point (c).

Suppose that there exist points where F does not tangent to C and take
any such point A0 ∈ C. Let �n0 be the unit vector at A0 tangent to F and
oriented from Uint to Uext, Fig. 3.31 (b), (c). Given any point A ∈ C, there
is a unique unit vector �n(A) that is tangent to F and is a continuation of �n0

when we move along C from A0 to A in the positive direction. Denote by Θ
the total change of the angle that the vector �n(A) makes with respect to the
vector �n0 when A runs from A0 to A0 along C in the positive direction.
The number ind(C, F ) = 1

2πΘ is called the index of C with respect to F .
Obviously that the vector �n(A0) that is the continuation of �n0 after coming
back at A0 is either �n0 or −�n0. Hence, ind(C, F ) is either an integer or half-
integer respectively. Clearly that the definition of ind(C, F ) does not depend
on the choice of the point A0 and depends continuously on slight deformations
of C provided the deformation does not pass through singularities. Since an
index is an integer or half-integer, ind(C, F ) does not change at all under such
deformations. Therefore, ind(C, F ) is invariant under a deformation (not
necessary small) of C unless this deformation passes through singularities.
This observation allows to introduce ind(C, F ) for C tangent to F at all points
because slight deformations of C produce points of transversal intersections F
with C.
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If a foliation is orientable and is defined by trajectories of vector field �v,
then ind(C, F ) is called the index of C with respect to �v or relative to �v and
is denoted as ind(C, �v). By orientability, ind(C, F ) is an integer.

Example 3.24 Index of a curve relative to a vector field on R
2.

Suppose that a closed simple curve C ⊂ R
2 does not pass through singu-

larities of C1 vector field �v defined by the system of differential equations ẋ =
= P (x, y), ẏ = Q(x, y) on R

2. The routine calculation gives

ind(C, �v) =
1

2π

∮

C

d arctan
dy

dx
=

=
1

2π

∮

C

d arctan
Q(x, y)

P (x, y)
=

1

2π

∮

C

P dQ−QdP

P 2 +Q2
,

see details [3], ch. 4. Note that if C bounds a disk with no fixed points, one
can deform C to a curve that bounds a disk where the vector field is constant
i. e., defined by the system ẋ = 0, ẏ = 1. Thus, ind(C, �v) = 0. ♦

Poincaré [192] suggested another way to calculate an index that often is
more convenient. One can slightly deform the curve C to get C in a general
position with respect to F i. e., C has only finitely many points of tangency
(in the topological sense) with the leaves of F . Then, the points of tangency
of F with the curve C are naturally divided into internal and external tangency
points, Fig. 3.31 (b), (c). We see that when a current point A ∈ C passes an
internal (external) tangency point, �n(A) rotates anti-clock-wisely (clock-wisely)
by angle π. Then

ind(C, F ) =
1

2
(2− kext + kint) (3.10)

where kext (kint) is the number of points of external (internal) tangency of C
with F . As a consequence, one gets the following statement.

Lemma 3.22 Let F be a foliation and C be a curve that does not inter-
sect Sing(F ). Then

• if C bounds a disk without singularities, then ind(C, F ) = 0,
Fig. 3.32 (a);
• if C is two-sided and is formed by a transversal segment and an arc of

leaf, that intersects the segment with different indices, then ind(C, F ) =
= 1

2 , Fig. 3.32 (b);
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Figure 3.32. The index ind(C, F ) = 0 for (a); ind(C, F ) = 1
2

for (b); ind(C, F ) =
= 1 for (c).

• if C is a closed transversal, then ind(C, F ) = 1, Fig. 3.32 (c);
• if C is two-sided and is formed by a transversal segment and an arc of

leaf, that intersects the segment with the same indices, then ind(C, F ) =
= 1.

Proof follows from (3.10). We leave details to the Reader. �
Let us point out from [24] omitting a proof a criterion on the orientability

(non-orientability) of a foliation on a surface.

Theorem 3.5 A foliation F is orientable if and only if ind(C, F ) is an
integer number for any simple two-sided closed curve C on M2 that does not
pass through singularities.

The next statement, we distinguish separately from Lemma 3.22 for its
importance.

Lemma 3.23 Let C be a closed leaf of a foliation F . Suppose that C has
a cylindrical neighborhood. Then ind(C, F ) = 1.

Proof. Because of every point of C has a neighborhood that is a triv-
ially foliated box, kext = kint for a slightly deformed curve, Fig. 3.33.
Hence, ind(C, F ) = 1. �

Figure 3.33. kext = kint.

Later on in this section, a curve C is assumed to be simple and two-sided
i. e., C has a cylindrical neighborhood, and does not pass through singularities
of a foliation.
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Lemma 3.24 If C is decomposed into two two-sided simple curves as in
Fig. 3.34 (a), then ind(C, F ) = ind(C1, F ) + ind(C2, F ) provided C1

and C2 do not pass through singularities of F .

Figure 3.34. A decomposition of C into C1 +C2 (a); singularities s1, . . . , sk of C (b).

Proof. Keeping the notation above, let us take the starting point A0 to
be p1. Let �n(A) be a unit vector that is tangent to F and depends continuously
on a point A ∈ C when A moves along C in the positive direction from P1.
Obviously that the continuation of the vector �n(P2) along the arc P2P1 (that
not necessary produces �n0 at P1) and then back continuation along the arc P1P2

give the original vector �n(P2). Hence the total change of the angle that the
vector �n(A) makes with respect to F when A runs the path P2P1 + P1P2

equals to zero. This follows the result. �
Now consider a closed simple curve that bounds a disk (as a consequence,

the curve has a cylindrical neighborhood). Such a curve is always equipped
with an orientation such that, when moving along C in the positive direction,
the disk lies locally to the left. This convention is to define the index of an
isolated singularity. For a curve on the 2-sphere, one must indicate to what disk
the singularity belongs to.

Let s be an isolated singularity of a foliation F . Then s has a neighbor-
hood homeomorphic to a disk with no singularities different from s.

Definition 3.11 An index ind s of singularity s is the index of any closed curve
that encircles only one singularity s and does not contain singularities other
than s inside it.

It follows from (3.10) and Definition 3.11 that the index of a saddle type
singularity can be calculated by the number of separatrices ν as follows

indO = 1− ν

2
. (3.11)
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Thus, among the saddle type singularities, only a thorn has a positive index
that equals to 1

2 . A fake saddle has the index 0, and all the other saddles have
negative indices.

Note that an irrational foliation can have thorns, singularities with positive
index. Such irrational foliation is obviously non-orientable one. We distinguish
irrational foliations with only singularities of negative index.

Definition 3.12 An irrational foliation with no singularities of positive index
is called strongly irrational.

Below, we’ll see that singularities of irrational foliation are all of saddle
type. Therefore, strongly irrational foliation can have singularities being saddles
with negative indices. So, one can define a strongly irrational foliation as
irrational one with no thorns.

Theorem 3.6 Let a simple closed curve C bound a domain D ⊂ M2

homeomorphic to a disk inside of those there are finitely many singulari-
ties s1, . . . , sk of a foliation F . Then,

ind(C, F ) =

k∑

i=1

ind si.

Sketches of the proof in Fig. 3.34 (b) show that the moving along C can be
replaced by movings around each singularity. We omit details to the Reader. �
Corollary 3.6 Let l be a closed leaf of a foliation F that bounds a domain D
on M2 that is homeomorphic to a disk. Then D contains at least one singu-
larity of positive index in its interior.

Corollary 3.7 Let C be a simple closed curve formed by a transversal segment
and an arc of some leaf of a foliation F . If C bounds a domain D on M2

that is homeomorphic to a disk, then D contains at least one singularity of
positive index.

The following lemma generalizes the statement of Example 3.22.

Lemma 3.25 Let l0 be a closed leaf of a foliation F . Suppose that the ω-limit
set ω(l) of a positive semileaf l contains l0. Then ω(l) = l0.

Proof. We keep the notation of Example 3.22, where one proved the
lemma for an orientable foliation. For a non-orientable foliation, the proof is
similar except the possibility of intersection of Σ by l(P+(mk)) between mk

and P+(mk). First of all, we take a neighborhood U so small that there are
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no singularities in U . This is possible because the set of singularities is closed.
If we now assume that l(P+(mk)) intersects Σ between mk and P+(mk)
after P+(mk), then it follows that in the cylinder Ak there is a disk D bounded
by an arc of l(P+(mk)) and Σ. By Corollary 3.7, D contains a singularity.
This is impossible because U ⊃ D does not contain singularities. �

Obviously, Lemma 3.25 holds for an α-limit set being a closed leaf: if
a closed leaf l0 belongs to the α-limit set α(l) of a leaf l, then α(l) = l0.

The following remarkable Poincaré –Hopf theorem says that the sum of
indices of all singularities does not depend on a foliation but on the topological
characteristic of a surface, Euler characteristic. Recall that the Euler charac-
teristic χ(M2) of a closed surface M2 of genus p equals to 2 − 2p if M2 is
orientable and 2− p if M2 is non-orientable.

Theorem 3.7 Let F be a foliation with finitely many singularities s1, . . . , sk
on a closed surface M2. Then

k∑

i=1

ind si = χ(M2).

The proof can be found in numerous books, exm., [183].

Index of fixed points for homeomorphisms

Let us introduce an index for an isolated fixed point of a homeomor-
phism. One can consider a homeomorphism h : R2 → R

2 with an isolated
fixed point x0, h(x0) = x0. The mapping h generates the vector field �vh each
vector of whose begins at x and finishes at h(x), x ∈ R

2. Since x0 is an iso-
lated fixed point, x0 is an isolated singularity of �vh. One can define an index
of fixed point x0 being the index of the singularity x0 of the vector field �vh.

3.7. Minimal and quasiminimal sets

Let D be a local lamination on M2. Recall that a set N ⊂ M2 is
called invariant (or saturated) if N is a union of singularities and leaves of D .
A nonempty invariant set is called minimal if it is closed and does not contain
nonempty proper invariant closed subsets.

A trivial example of a minimal set is a singularity or a compact leaf (in
particular, a closed leaf). Such minimal sets are called trivial. The following
result follows immediately from the definition of minimal set and Corollary 3.1.
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Lemma 3.26 Let N be a minimal set of a local lamination D . Then ei-
ther ∂N = N , intN = ∅ or ∂N = ∅, intN = N .

Hence, either N is nowhere dense or N is the whole surface M , respec-
tively (in the latter case, one can prove that M is the torus).

It is clear that if a minimal set N contains at least one (one-dimensional)
leaf, then N does not contain singularities. If a minimal set N contains at least
one noncompact leaf, then every leaf of N is noncompact.

Lemma 3.27 Let N be a minimal set of a local lamination D . If N contains
a noncompact leaf, then every leaf of N is dense in N . If, moreover, D has
a compact support, then every leaf of D is nontrivially recurrent.

Proof. Take a leaf l of D . Obviously, clos(l) is a closed set. Due to
Corollary 3.1, clos(l) is invariant. By definition of minimality, N = clos(l).
Hence, l is dense in N . It remains to prove that l is nontrivially recurrent
when D has a compact support. Take any semileaf l± ⊂ l. To be definite,
suppose l± = l+. Because of compactness of suppD , ω(l+) ⊂ clos(l+)
is a saturated, closed, and nonempty set, see Lemma 3.17. Again, due to
minimality of N = clos(l), we get N = ω(l+). It follows from Corollary 3.3,
that l+ is nontrivially recurrent. �

Note that if D has a noncompact support then, in general, l is not non-
trivially recurrent: any straight line of a simplest local lamination on R

2 is
a minimal set but, obviously, a straight line is not nontrivially recurrent.

Minimal sets described in Lemma 3.27 are called nontrivial, except for one
case: the torus T 2 is a minimal set of a linear irrational foliation on T 2 that is
traditionally referred to trivial minimal sets. Sometimes nontrivial minimal set
is called exceptional.

Now we give a description by George Birkhoff [47] of trajectories of
minimal sets for flows on any compact manifolds. A trajectory l is called B-re-
current or recurrent in the Birkhoff sense if for any ε > 0 there exists T (ε) > 0
such that any arc of l of time length T (ε) approximates the entire trajectory l
with an accuracy ε. Obviously, a fixed point and periodic trajectory are B-re-
current.

Lemma 3.28 Let l be a nonclosed B-recurrent trajectory of a flow on a com-
pact manifold. Then l is nontrivially recurrent.

Proof. Take any positive semitrajectory l+ = {l(t) : t � 0} of l and
arbitrary point p ∈ l+. By definition, for any ε > 0, there is T (ε) > 0 such
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that any arc of l of time length T (ε) approximates the entire trajectory l with
an accuracy ε. Given any T0 > 0, take such arc A ⊂ l+ with endpoints l(t1),
l(t2), where T0 � t1 � t2 = t1 + T (ε). Since A approximates l, there is
a point l(t) ∈ A with t1 � t � t2 ε-close to p. It follows that p ∈ ω(l+).
Hence, l+ is nontrivially recurrent. By the similar way, one can prove that any
negative semitrajectory of l is also nontrivially recurrent. �

Theorem 3.8 Let f t be a flow on a compact manifold. Then any minimal set
of f t consists of B-recurrent trajectories. Moreover, the topological closure of
a B-recurrent trajectory is a minimal set.

Thus, in a compact space, a trajectory l is B-recurrent if and only if its
closure clos(l) is a minimal set. The proof of Theorem 3.8 can be found
in [47, 168].

Definition 3.13 The topological closure of a nontrivially recurrent semileaf l,
clos(l), is called a quasiminimal set.

According to Lemma 3.27, a nontrivial minimal set of a local lamination
with compact support is a quasiminimal set. A support surface of a highly
transitive foliation with nonempty set of singularities gives us the Example of
a quasiminimal set which is not a nontrivial minimal set (see Examples 3.7, 3.9).

As a consequence of Definition 3.13 and Corollary 3.1, one gets that
a quasiminimal set is closed and saturated (invariant ).

Separatrices

Let l+(m0) = l+ = {m(t) : t � 0} be a positive semileaf. Suppose
that the ω-limit set ω(l+) of l+ consists of exactly one isolated singularity,
say s. The semileaf l+(m0) is called an ω-separatrix if there exist a neighbor-
hood U(s) of the point s and a sequence of points mk such that

1) m0 /∈ U(s), mk /∈ U(s), mk → m0 as k→∞;
2) through any point mk, there passes a positive (or negative) semileaf l+k (mk)

that first enters U(s) and then necessarily leaves it as the parameter in-
creases (respectively, decreases), Fig. 3.35.

The Theorem 3.2 on the continuous dependence of leaves on the initial
conditions implies that if a certain positive semileaf l+ of a leaf l is an ω-sepa-
ratrix, then any positive semileaf of l is also an ω-separatrix. Therefore, we can
say that l itself is an ω-separatrix if some its positive semileaf is an ω-separatrix.
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Figure 3.35. An ω-separatrix l+.

The concept of an α-separatrix for a negative semileaf is introduced sim-
ilarly. Sometimes, we will speak simply of a separatrix, without explicitly
indicating which of the separatrices, ω- or α-, is meant. Usually, this is either
clear from the context or inessential.

Take a neighborhood U(m0) of m0 homeomorphic to a disk, and assume
that the component of U(m0) ∩ l+ through m0 divides U(m0) into two parts
each of which is homeomorphic to a half-disk. When we move along l+ in the
positive direction, one part is left (right). So, it is natural to call it a left (right)
part. If the above-mentioned sequence mk may locally tend to m0 from the
both left and right parts, the separatrix l+ is called two-sided. If mk may locally
tend to m0 from the left (resp. right) part, l+ is called locally left-sided (resp.
locally right-sided). Sometimes, we say that l+ is one-sided. For orientable
surface, left-sided and right-sided separatrices can be naturally defined. For
convenience, we will not contrast these concepts; i. e., a left-sided separatrix
may be right-sided (hence, two-sided).

Recall that if a leaf is both an ω-separatrix and α-separatrix, it is called
a separatrix connection, Fig. 3.8, (a). A particular case of a separatrix connec-
tion is given by a separatrix loop, Fig. 3.8, (b), when the connecting singulari-
ties coincide.

Recall that given any transversal segments or closed transversals Σ1, Σ2

of an orientable foliation F , P+
Σ1Σ2

denotes the forward Poincaré map-

ping DomP+
Σ1Σ2

∩ Σ1 → Σ2 induced by F . The following lemma adjusts
Lemma 3.2.

Lemma 3.29 Let C1, C2, C3 be transversal segments of an orientable folia-
tion F on a compact M . Suppose that there are points m12 ∈ C1, m13 ∈ C1

such that the positive semileaves l+(m12), l
+(m13) intersect C2, C3 respec-

tively as shown in Fig. 3.7, (a): the C1C2-arc m12P
+
C1C2

(m12) does not

intersect C3, and the C1C3-arc m13P
+
C1C3

(m13) does not intersect C2. Then
given any j = 2, 3, there is a point m ∈ C1 between m12 and m13 such
that either the semileaf l+(m) passes through an endpoint of Cj or l+(m)
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is an ω-separatrix that does not intersect C2 ∪ C3. If C2 or C3 is a closed
transversal, l+(m) is an ω-separatrix that does not intersect C2 ∪ C3.

Proof. Consider only j = 2 because for j = 3, the proof is similar. If C2

is a transversal segment and there is m ∈ C1 such that l+(m) passes through
an endpoint of C2, then there is nothing to prove. Suppose that such a point
does not exist. Then by Lemma 3.2, l+(m) does not intersect C2∪C3. Without
loss of generality, one can assume that any positive semileaf through a point
between m and m12 intersects C2, so m is a first point where this property
fails when a current point moves from m12 to m13 on C1.

We have to prove that ω(l+(m)) is a singularity. Suppose the contrary.
Then ω(l+(m)) contains a regular point, say a. Let Σ be a transversal segment
through a. Without loss of generality, we can assume that Σ does not inter-
sect C2 ∪ C3. Since a ∈ ω(l+(m)), l+(m) intersects Σ. Consider two cases:
1) l+(m) is a closed leaf; 2) l+(m) is a nonclosed leaf. In case 1), a is a unique
point of the intersection of l+(m) with Σ. Since l+(m) does not intersect C2,
there is an interval (m, m∗) ⊂ C1 such that given any point m̃ ∈ (m, m∗),
the positive semileaf l+(m̃) first intersects Σ and after C2, Fig. 3.36 (a).
So, (m, m∗) belongs to the domain of forward Poincaré mapping P+

C1Σ
. Be-

cause of m is a first point such that l+(m) does not intersect C2 ∪ C3, any
positive semileaf through P+

C1Σ
(m, m∗) intersects C2 with no passing the end-

points of C2. Applying Lemma 3.2 for C1 = Σ = C3, one gets that there is
a positive semileaf through a point from the interval P+

C1Σ
(m, m∗) with no in-

tersections with Σ∪C2. We get the contradiction because l+(m̃) intersects C2.

Figure 3.36. l+(m) is a closed leaf (a); l+(m) is a nonclosed leaf (b).

In case 2), l+(m) intersects Σ infinitely many times. By Corollary 3.4,
there is a closed transversal C∗ through a intersected by l+(m). Again applying
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Lemma 3.2 for C3 = C∗, one gets that there is a positive semileaf through
a point from the interval (m, m12) with no intersections with C2, Fig. 3.36 (b).
This is impossible.

Thus, ω(l+(m)) is a singularity, say s. Take a neighborhood U(s) of s
such that U(s) does not intersect C2∪C3. By Theorem 3.2, any semileaf l+(m̃)
enters U(s) for m̃ sufficiently close to m before meets C2 ∪ C3. But later
on, l+(m̃) intersects C2 ∪ C3, and hence, l+(m̃) must leave U(s). There-
fore, l+(m) is an ω-separatrix. �

Recall that if C is a transversal of a non-orientable foliation, we mod-
ify the notion of Poincaré mapping extending a domain of this mapping to
two copies C+, C− of C. Lemma 3.29 has the following extension to non-
orientable foliations.

Lemma 3.30 Let C1, C2, C3 be transversal segments of a foliation F on
a compact M . Suppose that there are points m12 ∈ C1, m13 ∈ C1 such
that the semileaves l(m12), l(m13) intersect C2, C3 respectively as shown
in Fig. 3.7, (b): the both starting points m12 and m13 of l(m12), l(m13)
belong to the same side of C1 (either C+

1 or C−
1 ). Then given any j =

= 2, 3, there is a point m ∈ C±
1 between m12 and m13 such that either

the semileaf l(m) passes through an endpoint of Cj or l(m) is a separatrix
that does not intersect C2 ∪ C3. If C2 or C3 is a closed transversal, l(m) is
a separatrix that does not intersect C2 ∪ C3.

Proof is similar to the proof of Lemma 3.30, and we omit it. �
Let C be a closed transversal of a foliation F . We stress that we think

of C+ and C− as a disjoint copies of C. So, two intervals I+ ⊂ C+, I− ⊂ C−

geometrically could be the same, but we consider that they are disjoint.

Lemma 3.31 Let C be a closed transversal of a foliation F such that the
Poincaré mapping PC : Dom(PC) ⊂ C+ ∪ C− → C+ ∪ C− has a nonempty
domain Dom(PC). If F has a finitely many singularities and separatrices,
then Dom(PC) is a union of finitely many pairwise disjoint intervals.

Proof. Theorem 3.1 implies that Dom(PC) is a union of open disjoint in-
tervals. Due to Lemma 3.30, each endpoint of a maximal interval of Dom(PC)
is a starting point of a separatrix that after this point does not intersect C. This
follows the result because F has a finitely many singularities and separatri-
ces. �
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Lemma 3.32 Let l be a semileaf that tends to exactly one isolated singularity,
say O, and suppose that l belongs to the limit let of a semileaf l1. If the
limit set of l1 contains a point different from O, then l is a separatrix of the
singularity O.

Proof. Take a neighborhood U(O) of O such that outside of U(O) there
are some points m ∈ l and m1 ∈ lim(l1). Since m ∈ lim(l1), l1 passes
arbitrarily close to m, so enters to U(O), due to Theorem 3.2. On the other
hand, after an entering to U(O), l1 must leave U(O) because m1 /∈ U(O).
This completes the proof. �

Maier quasiminimal set

By definition, a quasiminimal set contains an everywhere dense nontriv-
ially recurrent semileaf. However, it is not necessarily required that any non-
trivially recurrent leaf from a quasiminimal set is everywhere dense in this
set. Maier [142] proved that the latter property holds for orientable foliations
(flows) on surfaces of finite genus. Moreover, Maier showed that any semileaf
of a quasiminimal set that does not tend to exactly one fixed point is ev-
erywhere dense in the quasiminimal set and, hence, is nontrivially recurrent
(the both these Maier’s results are formulated and proved below). Taking into
account this remarkable result, we give the following definition.

Definition 3.14 A quasiminimal set Q of a local lamination D with a closed
support suppD is called a Maier quasiminimal set if any semileaf from Q
that does not tend to exactly one singularity is everywhere dense in Q.

Clearly that a semileaf of Maier quasiminimal set that does not tend to
exactly one singularity is nontrivially recurrent. As a consequence of Defini-
tion 3.14 and Lemma 3.32, we get the following corollaries.

Corollary 3.8 Let Q be a Maier quasiminimal set with isolated singularities.
Then a semileaf l ⊂ Q is either nontrivially recurrent or a separatrix (so, tends
to exactly one singularity).

Corollary 3.9 Let Q be a Maier quasiminimal set of a local lamination D
with isolated singularities. Except of singularities, Q can contain only the
following (one-dimensional) leaves:

• nontrivially recurrent (in both directions);
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• nontrivially recurrent in one direction and a separatrix in the another
direction;
• a separatrix connection.

Moreover, if the local lamination D has only Maier quasiminimal sets, then
any nontrivially recurrent semileaf belongs to unique quasiminimal set.

Thus, any leaf of Maier quasiminimal set that is different from a sep-
aratrix connection is nontrivially recurrent in at least one direction.

Corollary 3.10 Let Q1, Q2 be Maier quasiminimal sets. Then

• either Q1 = Q2, or Q1 ∩ Q2 = ∅, or Q1 ∩ Q2 consists of separatrix
connections and singularities;
• if Q1, Q2 are different quasiminimal sets, there are simple closed transver-

sals C1, C2 such that Ci ∩Qi �= ∅, i = 1, 2, and Ci ∩Qj = ∅ for i �= j,
and C1 ∩ C2 = ∅.

Proof. The first statement follows immediately from Corollary 3.9. Let us
prove the second statement. Take a semileaf l1 ⊂ Q1 that is dense in Q1, and
consider a transversal segment Σ through a point m ∈ Σ. Since Q1, Q2 are dif-
ferent, l1 does not belong to Q2. Therefore, there exists an open interval J ⊂ Σ
such that m ∈ J and J ∩Q2 = ∅. As a consequence, there is a J-arc of l1 that
does not intersect Q2. Following the proof of Theorem 3.4, one can construct
from the J-arc the transversal C1 such that C1 ∩ Q1 �= ∅ and C1 ∩ Q2 =
= ∅. The similar method gives us a transversal C2 such that C2 ∩ Q2 �= ∅

and C2 ∩Q1 = ∅. By construction, C1 ∩ C2 = ∅. �

3.8. Geodesic laminations

A lamination whose leaves are geodesics is called a geodesic lamination.
One can reformulate this definition in the traditional way: a geodesic lamination
is a family of pairwise disjoint simple geodesics such that their union is a closed
set2. Recall that a geodesic is said to be simple if it has no transversal self-
intersections. When there is a nontransversal self-intersection (which is admitted
by this definition of simplicity), a geodesic is a closed curve. Thus, a simple
geodesic is either an infinite curve without self-intersections or a simple closed
curve. Denote by L (M) = L the set of geodesic laminations on M .

2Remark that the equivalence of these definitions is not obvious as it possibly seems at first
glance.
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The simplest geodesic lamination is any union of simple pairwise disjoint
closed geodesics, Fig. 3.37, (a). Only such geodesic laminations exist on the
Klein bottle K2. For the torus T 2, one can add to such simplest laminations
a linear irrational foliation. Later on, in this section, we’ll consider geodesic
laminations on closed hyperbolic surfaces M .

After simplest geodesic laminations, a few complicated example of
a geodesic lamination on a hyperbolic surface, one gets by adding to a simplest
geodesic lamination a finite collection of non-closed geodesics that spirally tend
(in both directions) to closed geodesics, Fig. 3.37, (b). Note that the non-closed
geodesics are isolated i. e., any point on such a geodesic has a neighborhood
that intersects with the geodesic lamination only along a unique arc of the
geodesic containing this point. A geodesic lamination is trivial if it consists of
closed geodesics and isolated non-closed geodesics. Denote the set of trivial
geodesic laminations by Λtriv(M) = Λtriv.

Figure 3.37. Simplest (a) and trivial (b) geodesic laminations.

To construct more complicated geodesic laminations, it is useful the fol-
lowing Lemma from the book [63], Lemma 3.2.

Lemma 3.33 The topological closure of a nonempty union of simple pairwise
disjoint geodesics is a geodesic lamination.

This result allows us to construct geodesic laminations starting with a fam-
ily of pairwise disjoint simple geodesics. In particular, this lemma implies that
a finite family of geodesics pictured on Fig. 3.37, (b) forms really a (trivial)
geodesic lamination.

Geodesic flow

There is a remarkable connection between behavior of geodesics and dy-
namics of geodesic flow. Recall that T (M) means a tangent space of M ,
a smooth 4-dimensional manifold. Denote by T1(M) the space of unit
tangent vectors, a smooth 3-dimensional manifold which is a tangent bun-
dle ξ : T1(M) → M over M with the fiber S1. Take a vector �e0 ∈ T1(M)
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with ξ(�e0) = p ∈M . Then there is a unique geodesic g through p with tangent
vector �e0 at p, Fig. 3.38. Let us endow g with the natural parametrization such
that p corresponds the parameter 0. Then at the point with the parameter t the
geodesic g has the tangent vector �et. Define the geodesic flow Geot on T1(M)
putting Geot(�e0) = �et.

Figure 3.38. The geodesic flow Geot.

By the definition of geodesic flow, the projection ξ : T1(M) → M maps
every trajectory of Geot onto a geodesic endowed with some orientation, an ori-
ented geodesic. Given any oriented geodesic g, one corresponds a unique trajec-
tory of Geot, denoted by T (g). If g is a geodesic that is not endowed with an
orientation, a non-oriented geodesic, then g corresponds two oriented geodesics
denoted by g+, g− which are the same curve but endowed with two opposite
orientations. In this case, T (g) is a union of two trajectories T (g+), T (g−)
of geodesic flow. Thus, if g is an oriented geodesic, then T (g) is a unique
trajectory, and the map

ξ|T (g) : T (g)→ g (3.12)

is one-to-one. If g is a non-oriented geodesic, then T (g) is a union of two
trajectories T (g+), T (g−), and each of the maps

ξ|T (g+) : T (g+)→ g+, ξ|T (g−) : T (g−)→ g− (3.13)

is one-to-one.

Geodesic lamination and invariant sets of geodesic flow

Usually, geodesics of geodesic lamination are considered as curves with no
orientations. For careful analysis of connection between geodesic laminations
and invariant sets of geodesic flow, we need take into account orientations of
geodesics. If a geodesic lamination L is orientable, it accepts two consistent
orientations of its geodesics. So, L corresponds two oriented geodesic lamina-
tions L + and L − (to be precise, two geodesic laminations each geodesic of
whose is endowed with the corresponding consistent orientation).
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For an oriented geodesic lamination L , T (L ) is the union T (L +) ∪
∪ T (L −), where

T (L +) =
⋃

g+∈L +

T (g+), T (L −) =
⋃

g−∈L −

T (g−).

For a geodesic lamination L whose geodesics are not endowed with orientation
(in particular, a non-oriented geodesic lamination),

T (L ) =
⋃

g+, g−∈L

T (g±).

Lemma 3.34 Let L be a geodesic lamination (consisting of non-oriented
geodesics). Then T (L ) is an invariant closed set of Geot. Moreover, if L is
an oriented geodesic lamination, the both T (L +) and T (L −) are invariant
closed pairwise disjoint sets of Geot.

Proof. Since L is a union of geodesics, T (L ) is an invariant set of Geot.
Take an accumulation point �e of the set T (L ). There is a sequence �ei ∈
∈ T (L ) that tends to �e. Since suppL is a closed set, ξ(�ei) tends to some
point, say p ∈ M , of suppL . Therefore, there is the geodesic g ∈ L
through p. It follows from [59] that �e is a tangent vector to g. Hence, �e ∈
∈ T (L ) and T (L ) is closed. Similar proofs of the closedness are for the
sets T (L +) and T (L −).

If one assumes that T (L +) and T (L −) are intersected, then there is
a geodesic g ∈ L such that g+, g− ∈ L +. This contradicts to the orientability
of L +. �

Lemma 3.35 Let N be an invariant closed set of Geot. Suppose that ξ(N) is
a union of pairwise disjoint geodesics. Then ξ(N) is a geodesic lamination.

Proof. To show that ξ(N) is a geodesic lamination it is enough to prove
that the set ξ(N) is compact. Since T1(M) is a compact manifold, N is
compact. Obviously that ξ is a continuous map. Hence, ξ(N) is a compact set
as an image of a compact set under a continuous map [53], thm. 7.6. �

Theorem 3.9 1) Let N be a minimal set of Geot such that ξ(N ) is a union
of pairwise disjoint geodesics (considered as curves with no orientations).
Then ξ(N ) is a minimal geodesic lamination.
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2) If L is a minimal oriented geodesic lamination, then the both T (L +)
and T (L −) are minimal sets of Geot.

3) If L is a minimal non-oriented geodesic lamination, then T (L ) is
a minimal set of Geot.

Proof. 1) By lemma 3.35, ξ(N ) is a geodesic lamination. Suppose ξ(N )
contains a proper nonempty sub-lamination L . So, there is a geodesic g∗ ∈
∈ ξ(N ) such that g∗ /∈ L . Due to Lemma 3.34, T (L ) is an invariant closed
set of Geot. Obviously, N ∩ T (L ) �= ∅. Hence, N ∩ T (L ) is a closed
nonempty set of N . Since T (g∗±) /∈ T (L ), N ∩ T (L ) is a proper subset
of N . This contradicts the minimality of N .

2) By Lemma 3.34, the both T (L +) and T (L −) are invariant closed
disjoint sets of Geot. Suppose that T (L +) contains a proper nonempty closed
invariant set N∗ that is minimal set of Geot. By previous statement 1), ξ(N∗)
is a minimal geodesic lamination. Taking in mind (3.12) and the orienta-
tion induced by trajectories of Geot on geodesics, we get that ξ(N∗) ⊂ L +.
Since T (L +) �= ξ(N∗), ξ(N∗) �= L +. This contradicts to the minimality
of L . Hence T (L +) is a minimal set of Geot. The similar proof holds for
the minimality of T (L −).

3) Suppose T (L ) contains a proper nonempty closed invariant set N .
Without loss of generality, one can assume that N is a minimal set. By
previous statement 1), ξ(N ) is a minimal geodesic lamination whose geodesics
are endowed with some orientations. Take any g ∈ ξ(N ), and assume for
definiteness that g = g+. It follows from Lemma 3.19 that any point on g+
belongs to the limit set of the geodesic g− (the same geodesic g but endowed
with the opposite orientation) because g belongs to minimal non-orientable
geodesic lamination. Hence, g− ∈ ξ(N ). Therefore, ξ(N ) is a sub-lamination
of L . Due to the minimality of L , L = ξ(N ). It follows from (3.13)
that T (L ) = N . Thus, T (L ) is a minimal set of Geot. �

Nontrivial geodesic laminations

Before we saw that a trivial geodesic laminations consist of closed
geodesics and isolated non-closed geodesics. So, it is natural to call a geodesic
lamination nontrivial if it contains a non-closed geodesic that is non-isolated in
the geodesic lamination. The example of a nontrivial geodesic lamination can
be obtained as follows. Take a simple nontrivially recurrent geodesic (below,
we’ll see that such geodesics exist) g. Then, due to Lemma 3.33, the topological
closure clos(g) is a nontrivial geodesic lamination, because g is non-isolated.
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By definition, a nontrivial geodesic lamination can contain, in general,
closed and, as well as, isolated geodesics.

Definition 3.15 A nontrivial lamination is said to be strongly nontrivial if it
consists of non-closed and non-isolated geodesics. A minimal strongly nontriv-
ial geodesic lamination is called weakly irrational.

As a consequence of Theorem 3.9, we get the following statement.

Corollary 3.11 If N is a nontrivial minimal set of Geot such that ξ(N )
is a union of pairwise disjoint geodesics, then ξ(N ) is a weakly irrational
lamination. Moreover, if L is an oriented weakly irrational geodesic lamina-
tion, then the both T (L +) and T (L −) are nontrivial minimal sets of Geot.
If L is a non-oriented weakly irrational geodesic lamination, then T (L ) is
a nontrivial minimal set of Geot.

Thus, there is a clear in sense correspondence between weakly irrational
geodesic laminations and special nontrivial minimal sets of geodesic flow.

Denote by Λ the set of weakly irrational geodesic laminations. The fol-
lowing Corollary 4.7.2 from [63] gives an excellent criterium for a density of
each geodesic in a geodesic lamination, i. e. for a minimality (we formulate this
statement as a lemma).

Lemma 3.36 Each geodesic in a geodesic lamination L is dense if and only
if L is connected and has no isolated geodesics.

In fact, Lemmas 3.33 and 3.36 imply the following assertion.

Lemma 3.37 The topological closure of a nontrivially recurrent simple
geodesic is a minimal nontrivial geodesic lamination.

Proof. Let g be a nontrivially recurrent simple geodesic. By Lemma 3.33,
its topological closure clos g is a geodesic lamination. As a topological closure
of an arcwise connected set, the topological closure clos g is connected. Ob-
viously, clos g has no isolated geodesics. By Lemma 3.36, each geodesic in
the geodesic lamination clos g is dense. Hence, clos g is minimal and does not
contain closed geodesics. �

The following Lemma 4.5 from [63] shows that a nontrivial geodesic
lamination can not contain an infinite set of geodesics with the same asymptotic
direction.
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Lemma 3.38 Let L be a geodesic lamination without closed geodesics on
a closed orientable hyperbolic surface M , and let L be its lift to Δ. Then
there is no point on the circle at infinity S∞ that is an ideal endpoint for an
infinite set of geodesics of the covering lamination L .

In fact, we obtain the following result as a corollary to Lemma 3.38.

Lemma 3.39 Let L be a minimal nontrivial geodesic lamination on a closed
orientable hyperbolic surface M , and let L be its lift to Δ. Then any geodesic
in L has irrational ideal endpoints.

Proof. Suppose the contrary. Then there exists a geodesic g ∈ L at least
one ideal endpoint of which, say σ ∈ S∞, is rational. Hence, there exists
a hyperbolic deck transformation γ with an axis A such that one ideal endpoint
of A is σ.

Figure 3.39. Geodesics g and A.

Since A is projected to a closed geodesic on the surface and g is projected
to a nonclosed geodesic, these geodesics do not coincide on Δ (Fig. 3.39).
Therefore, the geodesics γn(g), n ∈ Z, are different but have the common
endpoint σ. It is clear that γn(g) ∈ L . Thus, σ is an ideal endpoint for an
infinite set of geodesics of the covering lamination L . This result contradicts
Lemma 3.38. �
Corollary 3.12 The ideal endpoints of a geodesic that is projected to a non-
trivially recurrent simple geodesic on a closed orientable hyperbolic surface M
are irrational.

After Lemma 3.36, one can describe a structure of strongly nontrivial
geodesic laminations.

Lemma 3.40 Let L be a strongly nontrivial geodesic lamination. Then

• every geodesic of L is nontrivially recurrent;
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• L is a union of connected pairwise disjoint weakly irrational geodesic
laminations;
• every geodesic of a weakly irrational geodesic lamination is dense in this

lamination.

Proof. Obviously, L is a union of pairwise disjoint connected components.
Let N be a connected component of L . Since a geodesic lamination has
always a closed support, N has a closed support. Clearly, N is a union of
pairwise disjoint simple geodesics. Therefore, N is a geodesic lamination. This
lamination has no isolated geodesics because it belongs to a strongly nontrivial
geodesic lamination. Due to Lemma 3.36, every geodesic of N is dense in N .
Hence, N is a minimal geodesic lamination. It follows from Lemma 3.27 that
every geodesic of N is nontrivially recurrent. �

The following assertion says that a weakly irrational geodesic lamination
looks like a quasiminimal set: the topological closure of a nontrivially recurrent
leaf.

Lemma 3.41 The topological closure of a nontrivially recurrent simple
geodesic is a weakly irrational geodesic lamination, and vice versa, a weakly
irrational geodesic lamination is a topological closure of every geodesic that
belongs to.

Proof. Let g be a nontrivially recurrent geodesic. By Lemma 3.33, its
topological closure clos(g) is a geodesic lamination. As the closure of an
arcwise connected set, clos(g) is connected. Obviously, clos(g) has no iso-
lated geodesics because g is dense in clos(g). By Lemma 3.36, each geodesic
in clos(g) is dense. Hence, clos(g) is minimal and does not contain closed
geodesics. The last part of the statement follows from Lemma 3.40. �

By analogy with trajectories, let us introduce the concept of B-recurrent-
ness for geodesics. Let g be a geodesic equipped with a natural parameter
(= length). Then g is said to be B-recurrent or recurrent in Birkhoff sense if,
given any ε > 0, there exists a number T (ε) > 0 such that any arc of g of
length T (ε) approximates the whole g with accuracy ε. Note that the definition
does not depend on parametrization of g.

Clearly that a closed geodesic is B-recurrent. The following assertion is
similar to the statement that a nonclosed B-recurrent trajectory is nontrivially
recurrent (see Lemma 3.28).

Lemma 3.42 A nonclosed B-recurrent simple geodesic is nontrivially recur-
rent (both in the positive and negative directions).
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Proof is similar to the proof of Lemma 3.28. Let g be a nonclosed
B-recurrent geodesic. Fix some natural parametrization on g that induces the
corresponding orientation. Take any positive ray g+ = {g(t) : t � 0} of g
and arbitrary point p ∈ g+. By definition of B-recurrentness, for any ε > 0,
there is T (ε) > 0 such that any arc of g of the length T (ε) approximates g
with an accuracy ε. Given any T0 > 0, take such arc A ⊂ g+ with end-
points g(t1), g(t2), where T0 � t1 � t2 = t1 + T (ε). Since A approxi-
mates g, there is a point g(t) ∈ A with t1 � t � t2 ε-close to p. It follows
that p ∈ ω(g+). Hence, g+ is nontrivially recurrent. By the similar way, one
can prove that any negative ray of g is also nontrivially recurrent. �

Lemma 3.43 Let g be a simple nonclosed B-recurrent geodesic. Then the
both T (g+) and T (g−) are B-recurrent trajectories of Geot. Vice versa,
if T (g+) or T (g−) is a B-recurrent trajectory of Geot, then g is a B-recur-
rent geodesic provided g is simple.

Proof. According to Lemmas 3.41 and 3.42, each g+ and g− belongs to
weakly irrational geodesic laminations (possibly, the same) provided g is a sim-
ple nonclosed B-recurrent geodesic. By Theorem 3.9 (see also Corollary 3.11),
T (g+) and T (g−) belong to minimal sets of Geot. It follows from Theo-
rem 3.8 that the both T (g+) and T (g−) are B-recurrent trajectories of Geot.
The second part of the statement we leave to the Reader as exercise. �

The following result strengthens Lemma 3.41.

Lemma 3.44 A weakly irrational geodesic lamination consists of nonclosed
B-recurrent geodesics each being dense in it.

Proof. Let L be a weakly irrational geodesic lamination and g ∈ L
be an arbitrary geodesic. Since L is minimal, g is dense in L . By Corol-
lary 3.11, T (g+) and T (g−) belong to minimal sets of Geot. It follows from
Lemma 3.43 and Theorem 3.8 that g is a B-recurrent geodesic. �

In general, a trajectory (or a leaf) that is nontrivially recurrent in one direc-
tion should not necessarily be the same in the opposite direction. For example,
a separatrix of an irrational flow is nontrivially recurrent only in a unique
direction. As well as a nontrivially recurrent trajectory is not necessarily B-re-
current (for example, any nontrivially recurrent trajectory of irrational flow with
non-empty set of fixed points). The following lemma says that it is true for
geodesics of weakly irrational geodesic laminations (it can be very roughly
explained by the fact that a geodesic flow has no fixed points).
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Lemma 3.45 A simple geodesic that is nontrivially recurrent in the positive
direction is nontrivially recurrent in the negative direction. A simple geodesic
that is nontrivially recurrent (in both directions) is B-recurrent.

Proof. Let g be a simple geodesic that is nontrivially recurrent in the
positive direction. According to Lemma 3.33, the topological closure clos g is
a geodesic lamination. It is easily seen that clos g is connected as the closure
of an arcwise connected set.

Let us show that clos g has no isolated geodesics. Indeed, a geodesic that
is different from g and belongs to clos g is a limit geodesic for g and, hence, is
not isolated. The g itself is not isolated because it is nontrivially recurrent in
the positive direction and, therefore, the positive ray of g is indefinitely close
to any point of g.

By Lemma 3.36, each geodesic in clos g is dense. Hence, clos g does
not contain closed geodesics, because a closed geodesic lies at a nonzero dis-
tance from any fixed point of the geodesic g and can not be dense in clos g.
Thus, clos g is a weakly irrational (i. e., minimal and strongly nontrivial)
geodesic lamination. Now, the required assertions follow from Lemma 3.44. �

Geodesic garlands

An account of the general theory of laminations can be found in [165]. In
particular, this paper contains a theorem on the decomposition of a measurable
lamination of codimension one, see Theorem 3.2 [165]. Here, we formulate nec-
essary results concerning geodesic laminations on hyperbolic surfaces. Mainly,
the proofs can be found in [63]. Sometimes, we endow the statements with
sketches of proofs.

Following [63], we will call a connected component of the set M \ L
a principal domain for a geodesic lamination L .

Lemma 3.46 Let L be a geodesic lamination on a closed orientable hyper-
bolic surface M , and let D be a principal domain for L . Then the closure
of any lift D of the domain D to Δ is a contractible noncompact hyperbolic
surface whose boundary is the union of geodesics.

Corollary 3.13 Let L be a geodesic lamination on a closed orientable hy-
perbolic surface M . If D is a principal domain for L , then the homomor-
phism π1(D) → π1(M) induced by the embedding D ⊂ M is a monomor-
phism.
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Let {gi} be a family of pairwise disjoint geodesics on Δ. We will say that
this family forms a garland if any two neighboring geodesics have a common
ideal endpoint (in hyperbolic geometry, such geodesics are said to be parallel),
Fig. 3.40. For a finite garland {gi}, a situation is possible in which the first and
the last geodesics also have common ideal endpoints. In this case, a garland
forms a geodesic polygon with ideal vertices on the absolute. Lemma 3.46
implies the following corollary.

Figure 3.40. Finite garlands.

Corollary 3.14 Suppose that the hypotheses of Lemma 3.46 hold and D is
a lift of a principal domain of the geodesic lamination L . Then, the boundary
of the domain D is a union of pairwise disjoint garlands that consist of
boundary geodesics.

Lemma 3.47 Let L be a geodesic lamination on a closed orientable hyper-
bolic surface M . Then L has only a finite set of principal domains, and each
principal domain has only a finite set of boundary geodesics.

Let {gi} be an infinite garland, and let σi ∈ S∞ be a monotonic (in an ob-
vious sense) sequence of ideal endpoints of the geodesics from the garland {gi}
that converges to σ∗ ∈ S∞ (in the usual metric of the circle on S∞). We will
call the point σ∗ an accumulation point of the garland {gi}. The compactness
of S∞ implies that any infinite garland has at least one accumulation point.

Lemma 3.48 Let L be a nontrivial minimal geodesic lamination on a closed
orientable hyperbolic surface M , and let the covering lamination L have an
infinite garland {gi}. Then, any accumulation point of the garland {gi} is
rational.
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Proof. Let σi ∈ S∞ be a monotonic sequence of ideal endpoints of the
geodesics from the garland {gi} that converges, as i→∞, to an accumulation
point σ∗ ∈ S∞. It follows from Lemma 3.47 that there are congruent geodesics,
say gi1 and gi2 , among {gi}. We can assume that i2 > i1. Denote by γ a deck
transformation such that γ(gi1) = gi2 .

According to Lemma 3.44, L consists of nonclosed Birkhoff recurrent
geodesics. It follows from Lemma 5.6 and the definition of a garland that
every point σi is reached by exactly two geodesics from the garland {gi}.
Therefore, if two garlands from {gi} are congruent (in particular, gi1 and gi2 ),
then geodesics from the garland {gi} that are parallel to them are also con-
gruent. Hence, the sequence of geodesics gi is invariant under γ. Hence, the
sequence of ideal endpoints σi of these geodesics is also invariant under γ. The
monotonicity of σi implies that γ(σ∗) = σ∗. Since i2 �= i1, we have γ �= id.
Therefore, σ∗ is a rational point. �
Corollary 3.15 Suppose that the hypotheses of Lemma 3.48 hold. Then,

1) the infinite garland {gi} has exactly two different accumulation points,
say σ1∗, σ2∗ ∈ S∞;

2) both points are fixed with respect to one deck transformation, which we
denote by γ12;

3) a geodesic g12 that connects the points σ1∗ and σ2∗ is projected to
a simple closed geodesic on the surface that does not intersect L .

Proof. By virtue of Lemma 3.39, all geodesics from {gi} have irrational
ideal endpoints on the absolute. This and Lemma 3.48 imply that the accumu-
lation points of the garland {gi} do not belong to any garland of the covering
lamination L . Therefore, the ideal endpoints of the geodesics from {gi} form
a bilateral sequence σi that tends to a certain point σ1∗ ∈ S∞ as i→ +∞, while
as i → −∞, it tends to a certain point σ2∗ ∈ S∞. According to Lemma 3.39,
both points σ1∗ and σ2∗ are rational; i. e., there exists a deck transformation γj
such that γj(σj∗) = σj∗ for j = 1, 2. It follows from the proof of Lemma 3.39
that the sequence σi is invariant under both transformations γ1 and γ2. There-
fore, γ1 = γ2 = γ12. Both points σ1∗ and σ2∗ are fixed with respect to γ12.
Since γ12 is a hyperbolic transformation, we have σ1∗ �= σ2∗. Hence, g12 is
an axis of γ12 and is projected to a closed geodesic on the surface. Since
the geodesics of the lamination L have no transversal self-intersections, g12 is
projected to a simple closed geodesic. Obviously, the latter geodesic does not
intersect L . �

Note that Corollary 3.15 can also be derived from Lemma 4.4 in [63].
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CHAPTER 4

Poincaré–Bendixson Theory for Local
Laminations

In the study of dynamical systems of physical or any other origin it is
important to specify stationary (stabilized) motions. A mathematical model of
such motions are limit sets, i. e. sets where all motions go as the time t→ ±∞.
It is of prior interest therefore, to understand what kind of limit sets an indi-
vidual motion may have. This investigation is traditionally called “Poincaré –
Bendixson Theory” to honor two scientists who pioneered the study in the
simplest case of flows on the plane and 2-sphere.

The central role in Poincaré –Bendixson Theory for surface flows (ori-
entable foliations) plays the theorem on the absence of nontrivially recurrent
semitrajectories for sphere and plane. We reformulate this result in a little
general manner in Section 4.1.

On surfaces of higher genus, there are orientable foliations with nontriv-
ially recurrent semileaves and leaves. As a consequence, the list of limit sets
is extended by a quasiminimal set. For non-orientable foliations, nontrivially
recurrent leaves exist even on a disk and sphere, see Examples 3.7, 3.9. To get
the list of all limit sets we need deep results of T. Cherry, A. G. Maier and their
generalizations on a structure of quasiminimal sets.

A quasiminimal set, in general, contains singularities. By the definition
of quasiminimal set, at least one nontrivially recurrent positive (or negative)
semileaf, say l, is dense in the quasiminimal set Q. Therefore, any singular-
ity of Q belongs to ω(α)-limit set of l but l does not tend to this singularity
(i. e., the ω(α)-limit set ω(α)(l) does not coincide with any singularity). Such
situation was studied by I. Bendixson [45] for an isolated singularity. Roughly
speaking, he proved that in this case there are specific leaves, called separa-
trices, that tend to the singularity and form saddle sectors, see Section 4.2. In
Section 4.3, one proves Cherry’s theorem on the existence of continual sets
of nontrivially recurrent leaves in a quasiminimal set each being dense in this
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quasiminimal set. Although original Cherry’s theorem concerns flows, it can
be easily extended to local laminations. In Section 4.4, we present the se-
ries of remarkable Maier’s theorems that clarify the structure of quasiminimal
sets for surface local laminations. Taking in mind the methodological advan-
tage, we begin with oriented foliations (flows) first historically considered by
A. Maier.

4.1. Poincaré–Bendixson Theorems for Local Laminations

Theorem 4.1 Let F be an orientable foliation on a surface (possibly, non-
compact and non-orientable) M with the property that every simple two-
sided closed curve separates M . Then F has no nontrivially recurrent
semileaves.

Proof. Suppose the contrary. Let l+ be a nontrivially recurrent positive
semileaf with the starting point l+(0). Due to Lemma 3.21 and Theorem 3.4,
there exists a simple two-sided closed transversal, say C, for F that inter-
sects l+. Without loss of generality, one can assume that l+ intersects C at
a point after l+(0). By condition, C separates M into two parts M1, M2. To
be definite, let l+ enter in M1. Then l+(0) ∈ M2. Since l+ is nontrivially
recurrent, l+ must leave M1. Leaving M1 and entering in M2, l+ must in-
tersect C with the opposite index of intersection to that when l+ leaves M2

and enters to M1 because C is two-sided and separates M . This is impossible,
since F is an orientable foliation, so all leaves intersect C with the same index
of intersection. �

This theorem can be naturally extended to orientable local laminations as
follows.

Theorem 4.2 Let D be an orientable local lamination on an orientable surface
(possibly, noncompact) M with the property that every simple closed curve
separates M . Then D has no nontrivially recurrent semileaves.

Proof. Suppose the contrary. Let l+ be a nontrivially recurrent positive
semileaf with the starting point l+(0). Because of l+ is nontrivially recurrent,
there exists a Σ-loop, say C, formed by a transversal segment Σ and some
Σ-arc of l+. Without loss of generality, one can assume Σ so small that l+

intersects Σ with the same index of intersection. Since M is orientable, C is
two-sided and separates M into two parts M1, M2. To be definite, let l+ enter
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in M1. Then l+(0) ∈M2. Since l+ is nontrivially recurrent, l+ must leave M1

intersecting Σ with the opposite index of intersection. This is impossible,
since D is an orientable local lamination. �

Corollary 4.1 Let D be an orientable local lamination on a surface M which
is either the 2-sphere with without k, k � 0, disks or the projective plane with
without m, m � 0, disks. Then D has no nontrivially recurrent semileaves.

Proof. It remains to consider the case when M is the projective plane P 2

without m, m � 0, disks. Take a double cover for M that is the 2-sphere
without 2m disks. By Lemma 3.10, there is the covering local lamination D
for D . Since D is orientable, D is also orientable. By Theorem 4.2, D has no
nontrivially recurrent semileaves. Due to Lemma 3.12, the local lamination D
has no nontrivially recurrent semileaves as well. �

Often, Poincaré –Bendixson theorem is formulated as follows (again, we
formulate in a little general manner).

Theorem 4.3 Let D be an orientable local lamination on an orientable surface
(possibly, noncompact) M with the property that every simple closed curve
separates M . Suppose that positive semileaf l+0 belongs to the ω-limit set of
positive semileaf l+. Then if the ω-limit set ω(l+0 ) contains regular points, l+0 is
a closed leaf.

Proof. Take a regular point m0 ∈ ω(l+0 ) and a transversal segment Σ
through m0. Suppose l+0 is not a closed leaf. Then there is a Σ-loop, say S0,
that divides M into two parts in each of whose there are points of l+0 . By
orientability, l+ can intersect Σ in only one direction. This contradicts to the
inclusion l+0 ⊂ ω(l+). �

Note that the condition on the existence of regular points is essential: one
can easily construct a loop of separatrix that belongs to ω-limit set of positive
semileaf.

Corollary 4.2 Let D be an orientable local lamination on an orientable sur-
face (possibly, noncompact) M with the property that every simple closed
curve separates M . Suppose that the ω-limit set of positive semileaf l+ does
not contain singularities. Then ω(l+) is a closed leaf.

Theorems 4.1, 4.3 allow to get the list of all possible limit sets for an
individual semileaf of orientable foliation with finitely many singularities on
a sphere, projective plane, plane domain, etc.
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4.2. Bendixson theorems

We develop here results by Bendixson [45] for flows on a plane R
2. We

consider similar concepts and results for foliations, including non-oriented ones.
Mainly, they are formulated and proved virtually without changes. Note that
for greater generality, all the concepts can be introduced for so-called Sing-
extendible local laminations: these are local laminations that can be extended,
in a neighborhood of the set of singularities, to foliations with the same set of
singularities. Since the considered concepts actually belong to the local theory,
this restriction does not influence the proofs. Nevertheless, such a generalization
proves usefulness, for example, when studying partial foliations [72].

Separatrix extensions

Let l+(m0) = l+ = {m(t) : t � 0} be a positive semileaf of leaf l of
some foliation. Suppose that the ω-limit set ω(l+) consists of exactly one
isolated singularity, say s. Let us draw a transversal segment Σ through some
point m0 ∈ l+. At m0, l

+ defines naturally the normal orientation of Σ, and
therefore, the right ΣR and left ΣL segments into which Σ is divided by m0:

ΣR ∩ ΣL = ∅, closΣR ∪ closΣL = m0.

Let U(s) be a neighborhood of s that does not contain m0. Later on, by a neigh-
borhood of a point we mean, for simplicity, a domain homeomorphic to an open
disk with the boundary homeomorphic to a topological circle. Since ω(l+) =
= s, l+ enters in U(s) as the parameter increases. Hence, by Theorem 3.2 on
continuous dependence of leaves on the initial conditions, every semileaf start-
ing with Σ near m0 and moving along l+ enters in U(s). The semileaf l+ is
called extendible to the right or right extendible with respect to the neighbor-
hood U(s) if all semileaves starting with ΣR near m0 and moving along l+

enter U(s) and after go out of U(s), Fig 4.1 (a). The left extendibility is de-
fined similarly (by replacing ΣR with ΣL). Sometimes, right extendible or left
extendible semileaf, we simply call extendible.

Note that in the general case, the semileaf under consideration may belong
to a nonorientable foliation. Therefore, the parametrization of leaves that lie
close to l+ and intersect Σ is not necessarily consistent with the parametrization
of l+. This may occur if, for example, l+ is a separatrix of a thorn. However,
if a foliation is orientable, then we will always assume that the parametrizations
on close-lying semileaves are consistent.
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Figure 4.1. (a) Right extendible semileaf l+; (b) Right Bendixson extension of the
separatrix l+0 .

It follows immediately from the definitions that a left or right extendible
semileaf is a separatrix.

Lemma 4.1 Let s be a singularity and U(s) be a neighborhood of s such
that the closure closU(s) = ∂U(s) ∪ U(s) does not contain singularities ex-
cept s. Then there are finitely many semileaves that are extendible with respect
to U(s).

Proof. Suppose that there are infinitely many semileaves l(mk), k ∈ N,
that are extendible with respect to U(s), mk /∈ U(s). Without loss of gener-
ality, we can assume that all l(mk) are positive semileaves with ω(lk) = s.
Therefore, there is a last (with increasing parameter) point Ak where l(mk) in-
tersects ∂U(s). Thus, l+(Ak) belongs to U(s), see Fig 4.2, (a). Let A be an
accumulation point of Ak . Since ∂U(s) does not contain singularities, A be-
longs to a leaf. By Theorem 3.2 on continuous dependence of leaves on the
initial conditions, the semileaf l+(A) entering in U(s) can not leave U(s).

Figure 4.2. The semileaf l(A′
k2
) is not extendible with respect to U(s).
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Take a point A′ ∈ U(s) on l+(A), and draw a transversal segment Σ
through A′. Again by Theorem 3.2, l(mk) must intersect Σ at point A′

k for
all sufficiently large k. One can assume that l(mk) after A′

k goes to s with
no intersecting Σ. Take any points A′

k1
, A′

k2
, A′

k3
, and suppose that A′

k2
is

between A′
k1

and A′
k3

on Σ.
Then the semileaves l(A′

k1
), l(A′

k3
) that go to s together with the seg-

ment Σ and the point s form the closed curve C that bounds an open domain,
say D (so-called, Bendixson sack), in U(s). By conditions, there are no sin-
gularities in D. Therefore, l(A′

k2
) can not leave D, see Fig 4.2, (b). This

contradicts the extendibility of l(mk2
). �

Now, we introduce the concept of the Bendixson extension with respect to
a fixed neighborhood. For simplicity, we shall speak on the right Bendixson
extension of an ω-separatrix in the positive direction. The left Bendixson
extension and extensions in the negative direction (for an α-separatrix) are
defined similarly.

Let l+0 and l−1 be the ω- and α-separatrices respectively of the isolated
singularity s, ω(l+0 ) = α(l−1 ) = s, and U(s) be a neighborhood of s that does
not contain other singularities. Then, l−1 is called the right Bendixson extension
of l+0 with respect to U(s) if

• l−1 goes out of U(s);
• for any m0 ∈ l+0 ∩ U(s) and m1 ∈ l−1 ∩ U(s), there are segments without

contacts with Σ(m0), Σ(m1) ⊂ U(s) that pass through the points m0

and m1, respectively, such that

– any positive leaf l+(m) that passes through a point m ∈ ΣR(m0) inter-
sects ΣR(m1) for the first time at a point m̃ without going out of U(s);

– m̃→ m1 as m→ m0, Fig. 4.1 (b).

Figures 4.3 (a), (b) show that Bendixson extensions depend on a neighbor-
hood U(s). Note that l−1 could geometrically coincide with l+0 if, for exam-
ple, s is a thorn.

If we fix a neighborhood of a singularity, then, according to the following
lemma, the Bendixson extension always exists.

Lemma 4.2 Suppose that a positive semileaf l+ is right extendible with respect
to a neighborhood U(s) of a singularity s, ω(l+) = s. If closU(s) contains
no other singularities except s, then there exists a unique negative semileaf l−1
with α(l−1 ) = s such that l−1 is the right Bendixson extension of l+ with respect
to U(s).
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Figure 4.3. Right Bendixson extension of l+0 depends on neighborhoods.

Proof. Take a transversal (open) segment Σ through some point m ∈
∈ l+ ∩ U(s). Assume that mi → m, mi ∈ ΣR, and let Ai be the first point
where l+(mi) intersects ∂U(s). Here we suppose that semileaves through mi

that satisfy the definition of extendibility are positive. Denote by A an ac-
cumulation point of points Ai, i ∈ N, and by l−(A) the semileaf that enters
in U(s). Without loss of generality, one can assume that l−(A) is negative
semileaf which enters in U(s) when the parameter decreases. Without loss of
generality, we can assume that the arc of every semileaf l+(mi) between the
points mi, Ai intersects Σ only at mi, i ∈ N, see Fig. 4.4.

Figure 4.4. Semileaves l−(A).

Suppose that l−(A) leaves closU(s) when the parameter decreases. Then
there are two possibilities: 1) l−(A) does not intersect Σ; 2) l−(A) intersects Σ.
In the case 1), by Theorem 3.2 on continuous dependence of leaves on the
initial conditions, l−(Ai) must also leave closU(s) with no intersecting Σ what
is absurd. In the case 2), denote by m∗ the first point of intersection l−(A)
with Σ. Again by Theorem 3.2, one gets that mi → m∗, and hence m =
= m∗, which is impossible. Therefore, l−(A) does not leave closU(s) when
the parameter decreases. Hence, α(l−(A)) ⊂ closU(s), and α(l−(A)) �= ∅.
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If α(l−(A)) = s, then there is nothing to prove, and l−(A) = l−1 is the right
Bendixson extension of the semileaf l+ with respect to the neighborhood U(s).

Suppose α(l−(A)) �= s. Then α(l−(A)) consists of regular points. Cer-
tainly, l+ /∈ α(l−(A)), otherwise l−(A) leaves closU(s). Hence, α(l−(A)) ⊂
⊂ closU(s) − l+(m∗), where m∗ is a point after whose l+ does not
leave closU(s), i. e. l+(m∗) ⊂ closU(s). As a consequence, α(l−(A))
belongs to the simply connected set closU(s) − l+(m∗). Take a regular
point p ∈ α(l−(A)). Without loss of generality, one can assume that p ∈ U(s)−
− l+(m∗), because if not, we can take a neighborhood U ′(s) ⊃ closU(s) that
does not contain any singularities except s. Let Σp be a transversal segment
through p such that Σp ⊂ closU(s)− l+(m∗). Since p is a regular point, l−(A)
intersects Σp infinitely many times. Consider any Σp-loop, say C, of l−(A).
Then C bounds a disc D that belongs to closU(s)−l+(m∗). Obviously, s /∈ D.
On the other hand, D contains a singularity by Corollary 3.7. The contradiction
proves lemma. �

The similar statement takes place for a left Bendixson extension. In the
both cases, l−1 is an α-separatrix, ω(l+) = α(l−1 ).

Lemma 4.3 Any separatrix of an isolated singularity s is extendible with
respect to a neighborhood U(s) in whose there are no singularities except s.

Proof. Let l+(m0) = l+ be an ω-separatrix of s, ω(l+) = s. Let us take
a transversal segment Σ ⊂ U(s) through some point m0 ∈ l+. One can assume
that l+(m0) ⊂ U(s). The point m0 divides naturally Σ into the right ΣR and
left ΣL segments. For definiteness, suppose that l+ is locally right-sided. Then
by the definition of separatrix (see Section 3.7), there is a sequence mi ∈ ΣR,
mi → m0, i ∈ N, such that l+(mi) leaves U(s). We have to prove that given
any point m̃ ∈ ΣR sufficiently close to m0, l

+(m̃) leaves U(s). If we suppose
the contrary, one can construct a Bendixson sack, Fig. 4.2 (b), that prevents l+

to be a locally right-sided separatrix. �
Let l+ be a separatrix tending to the singularity s. Then l+ is (right or

left) extendible with respect to a neighborhood U(s). By Lemma 4.2, l+ has
a Bendixson extension, say l−, which is an α-separatrix. Actually, it is possible
that if we take a smaller neighborhood U ′(s) ⊂ U(s), one can get a Bendixson
extension different from l−, see Figures 4.3 (a), (b). So it is natural to give
the following definition. The separatrix l− is called a (right or left) Bendixson
extension of l+ if l− is a (right or left) Bendixson extension of l+ with respect
to any neighborhood U ′(s) ⊂ U(s).
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In general, a separatrix does not always have a Bendixson extension. How-
ever, if a singularity has a finite number of separatrices, then a separatrix always
has a Bendixson extension.

Lemma 4.4 Let l+ be an ω-separatrix that tends to an isolated singularity s,
ω(l+) = s. If s has only a finite number of separatrices, l+ has a unique right
Bendixson extension l−1 that is an α-separatrix of the singularity s = α(l−1 ).

Proof. Take a sequence of neighborhoods U1 ⊃ · · · ⊃ Un ⊃ · · · such
that

⋂

n�1

Un = s and U1 has no singularities except s. By Lemma 4.2, there

is the right Bendixson extension l−n (which is a separatrix) of l+ with respect
to Un(s) for every n � 1. Since s has only a finite number of separatrices, l+

has the same right Bendixson extension beginning with some n � n1. �
Thus, if an isolated singularity s has a finitely many separatrices, every left

or right sided separatrix l1 of s has a uniquely defined left or right Bendixson
extension l2 respectively that is also a separatrix of s. Sometimes, l1 and l2 are
called adjacent.

The next statement is a useful generalization of Lemma 3.32 that gives
a sufficient condition of a semileaf to be a separatrix.

Lemma 4.5 Let s be an isolated singularity and U(s) be a neighborhood of s
that has no other singularities. Then the following statements hold.

1) If there is a positive semileaf l+ that tends to s, ω(l+) = s, and l+ lies in
the limit set of a semileaf l∗, then l+ is an ω-separatrix of s. Moreover,
the limit set of l∗ contains s and the Bendixson extension (right or left
that depends on which side l∗ indefinitely approaches l+) with respect
to U(s);

2) If s lies in the ω-limit set of a positive semileaf l∗ but s �= ω(l∗), then s has
an ω-separatrix that lies in ω(l∗).

Proof. The first statement directly follows from Lemma 3.32 and the defi-
nition of Bendixson extension. To prove the second statement, take a neighbor-
hood U(s) with points of ω(l∗) outside of it and without singularities except s.
Since s ∈ ω(l∗), there is a sequence mk ∈ l∗ ∩U(s) that tends to s as k →∞.
The semileaves l+(mk) leave U(s) because there are points of ω(l∗) outside
of U(s). Denote by Ak the first point where l+(mk) intersects ∂U(s), and
let A+ be an accumulation point of the sequence Ak, k ∈ N. Similar to the
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proof of Lemma 4.2, one can prove that l−(A+) is an α-separatrix of s. Now
the second statement follows from the first one. �

This lemma holds if the positive semileaf l∗ and its ω-limit set are replaced
by a negative semileaf and its α-limit set respectively.

Generalized leaves

Let F be a foliation with isolated singularities each of whose has only
finitely many separatrices. A generalized leaf is, roughly speaking, a se-
quence of consecutive adjacent separatrices. To be precise, a sequence of
leaves l1, l2, . . . , lk and singularities s1, . . . , sk−1, k � 2, is called a fi-
nite nonclosed generalized leaf if one can introduce parametrizations on li,
1 � i � k, such that

1) l1, l2, . . . , lk−1 are ω-separatrices, and l2, . . . , lk are α-separatrices
(hence, l2, . . . , lk−1 are separatrix connections), where ω(li) = si for
any 1 � i � k − 1 and α(li) = si−1 for any 2 � i � k.

2) l1, l2, . . . , lk are either left-sided or right-sided separatrices. Accordingly,
li is a left (right) Bendixson extension of the leaf li−1 for any 2 � i � k;

3) the leaf l1 is not an α-separatrix, and lk is not an ω-separatrix, Fig. 4.5 (a).

Figure 4.5. Generalized leaves.

If we replace the last condition by the equality l1 = lk, then we obtain
the definition of a closed generalized leaf, or a closed generalized contour,
Fig. 4.5 (b).

Lemma 4.6 Let L be a closed generalized leaf of a foliation F with finitely
many singularities and separatrices. Suppose that the ω-limit set ω(l) of
a positive semileaf l contains L. Then ω(l) = L.

Proof is quite similar to the proof of Lemma 3.25. We omit it. �
In the theory of dynamical systems on surfaces, a closed generalized con-

tour is often called a one-sided separatrix contour. It is clear how one should
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modify the definition of a finite generalized leaf in order to obtain the defini-
tion of an infinite generalized leaf. It is easy to see that if a closed one-sided
generalized leaf represents a non-null-homotopic curve on a surface, then its
lift on a universal covering plane is an infinite generalized leaf.

Lemma 4.7 Let Q be a quasiminimal set of a foliation F with finitely many
singularities and separatrices. Then any separatrix connection l ⊂ Q belongs
to a finite generalized leaf L ⊂ Q such that the first and the last semileaves
of L are not separatrix connections.

Proof. Suppose for definiteness that l is approached locally from the right
side by some nontrivially recurrent leaf l∗ ⊂ Q, i. e. l is right improper.
Since Q contains a finitely many singularities and separatrices, right Bendixson
extensions of l form a finite generalized leaf L ⊂ Q. If we assume that L is
a closed curve, then by Lemma 4.6, L is a limit set of l∗, that is impossible
since the limit set of l∗ is Q. �

Note that a separatrix connection can belong to different generalized leaves
one of them could be finite, see Fig. 4.5 (c), but this finite generalized leaf does
not belong to a quasiminimal set.

Lemma 4.5, combined with the Theorem 3.2 on the continuous dependence
on the initial conditions, implies the following statement.

Lemma 4.8 Let F be a foliation with a finitely many singularities and sepa-
ratrices on an orientable surface and l be a nontrivially recurrent leaf in the
positive direction that is not so in the negative direction. Suppose that l is left
improper. Then,

1) the α-limit set α(l) consists of exactly one singularity, say s0;
2) l belongs to a generalized leaf that consists of a finite number of

(one-dimensional) leaves lk, lk−1, . . . , l0
def
= l, k � 1, and singulari-

ties sk−1, . . . , s0, where

a) the leaves lk, lk−1, . . . , l1 are left-sided ω-separatrices, and the
leaves lk−1, . . . , l0 are left-sided α-separatrices (hence, lk−1, . . . , l1
are separatrix connections);

b) the leaf li−1 is a left Bendixson extension of li for any 1 � i � k;
c) ω(li) = α(li−1) = si−1 for any 1 � i � k;
d) the α-limit set α(lk) of the leaf lk does not consist of a single singu-

larity.
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Structure of isolated singularity

The following theorem is the first step to describe the topological structure
of isolated fixed point. Remark that the both possibilities stated in this theorem
are realized, Fig. 4.6.

Figure 4.6. Structure of isolated singularity.

Theorem 4.4 Let s0 be an isolated singularity of a foliation F . Then either
any neighborhood of s0 contains a closed leaf surrounding s0, or there exists
a semileaf tending to s0.

Proof. Let U(s0) be a neighborhood diffeomorphic to an open disk with
no singularities in closU(s0) except s0. First, we show that there is a semileaf
lying entirely in U(s0). Take a sequence of points mk → s0 as k → ∞.
Assume that the both semileaves l+(mk), l

−(mk) leave U(s0). Such situation
appeared in the proof of the second statement of Lemma 4.5 when s0 belongs
to limit set of a semileaf that leaves U(s0). Word for word, one can show that
there is a separatrix of s0 (see also Lemma 4.2).

Let l. be a semileaf lying entirely in U(s0). For the definiteness, we take l.

to be a positive semileaf, l. = l+. Then ω(l+) ⊂ U(s0). If ω(l+) = s0 then
there is nothing to prove. Let m ∈ ω(l+) be a regular point. Then the leaf
l(m) belongs to U(s0). If l(m) is closed, it must surround s0, and the theorem
is proved since U(s0) is an arbitrary neighborhood.

Suppose l(m) is not a closed leaf, and the ω- or α-limit set of l(m) does
not coincide with s0. Then there is a transversal segment Σ ⊂ U(s0) intersected
by l(m) at least two times. Hence, there is a Σ-loop of l(m), say Σ0, that
divides U(s0) into two parts d1, d2. Assume s0 ∈ d1. Since l(m) ⊂ ω(l+),
l+ must intersect Σ infinitely many times. As a consequence, there is a Σ-arc
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of l+ belonging to d2. The corresponding Σ-loop bounds a disk d that lays
in d2. By Corollary 3.7, d contains a singularity, which is impossible since s0
is a unique singularity in U(s0). This contradiction shows that ω- or α-limit
set of l(m) coincides with s0. �

Figure 4.7. The domains d1 and d2.

The first possibility of Theorem 4.4 could be realized by the system of
differential equations on R

2:

ẋ = −y, ẏ = x. (4.1)

Here, any one-dimensional trajectory is periodic. The fixed point (0; 0) is
called a center or center-type fixed point, Fig. 4.8 (a). One can construct an
isolated singularity with arbitrarily small neighborhood containing periodic and
non-periodic trajectories, Fig. 4.6 (a).

Figure 4.8. Center-type fixed point (a); attractive node (b); the curve C.

Now we represent the description by Bendixson [45] of the second possi-
bility of Theorem 4.4. Let s0 be an isolated singularity and U(s0) be a neigh-
borhood diffeomorphic to an open disk with no singularities in closU(s0) ex-
cept s0. Take a leaf l(m) through a current point m ∈ U(s0). There are three
cases: 1) one semileaf of l(m) tends to s0 while another semileaf of l(m)
leaves U(s0); 2) the both semileaves of l(m) go out of U(s0); 3) the both
semileaves of l(m) tend to s0.
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If case 1) holds for every m ∈ U(s0), s0 is called a node, Fig. 4.8 (b).
For oriented foliation, s0 is attractive or stable provided all positive
semileaves l+(m) tend to s0, i. e. ω(l(m)) = s0, otherwise s0 is repelling
or unstable. An attractive node can be defined by the following system of
differential equations:

ẋ = −x, ẏ = −y. (4.2)

In general, the leaves of the types 1), 2), and 3) form parabolic (node),
hyperbolic, and elliptic sectors respectively, see Fig. 4.6 (b). Suppose that s0
has a finitely many sectors, namely h hyperbolic sectors, e elliptic sectors,
and n node sectors. Take a closed curve C being in general position with
respect to leaves and surrounding s0. One can choose C so that it has h external
and e internal tangency points, Fig. 4.8 (c). By (3.10), we get

ind(s0) =
1

2
(2− h+ e). (4.3)

If all sectors of s0 are hyperbolic, s0 is called a saddle-type singularity or
simply saddle.

Lemma 4.9 Suppose a foliation F has only isolated singularities each with
finitely many separatrices. If F is transitive, every singularity is a saddle.

Proof. By condition, F has a dense leaf. Lemma 4.5 implies that every
singularity has separatrices that divide a small neighborhood of singularity into
sectors. Because of transitivity, there are no elliptic and parabolic sectors. �

4.3. Cherry theorem

In this section, we present the Cherry theorem for local laminations (in-
cluding foliations) on surfaces. In 1937, T. Cherry [64] proved that a quasi-
minimal set N of a flow (recall that a quasiminimal set is a closure of some
nontrivially recurrent semitrajectory) contains nondenumerable (noncountable)
set of nontrivially recurrent trajectories, each being dense in N . The idea was
to construct a family of flow boxes which generates an “infinite tree”, see
Fig. 4.11. An infinite path in the tree corresponds to a point that belongs to
a nontrivially recurrent trajectory which is everywhere dense in N . Since there
is a nondenumerable set of paths in the tree, one gets the nondenumerable
family of nontrivially recurrent trajectories. We follow this idea of Cherry.
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Theorem 4.5 Let l+ be a nontrivially recurrent semileaf of a local lamina-
tion D on a surface M2. Suppose that the intersection of the support suppD
with any compact transversal segment is a closed set. Then the quasiminimal

set clos l+
def
= Q contains a nondenumerable family of nontrivially recurrent

leaves each of which is dense in Q.

Proof. Due to Lemma 3.12, one can assume that M2 is orientable. We also
can assume that l+ is endowed with the injective parametrization t : l+ → R

+

with a starting point m0, t(m0) = 0.
Let P be a closed trivially foliated box. We say that P has a parametric

length at least T > 0, if P contains the arc p̂q of l+ such that p, q ∈ ∂P
and |t(p) − t(q)| � T . Recall that P does not contain singularities, and the
boundary ∂P of P consists of two transversal segments and two arcs of some
leaves. Here, the points p, q belong to the different transversal segments that
belong to ∂P .

Note that since l+ is nontrivially recurrent, l+ intersects any transversal
segment Σ infinitely many times provided l+ intersects Σ in an interior point
of Σ. In particular, if Σ is an open segment and l+∩Σ �= ∅, then l+ intersects Σ
infinitely many times. It is now convenient to divide the proof into three steps.

Step 4.1 Given any numbers ε > 0, T > 0 and transversal segments Σ, Σ∗
such that Σ∩Σ∗ = ∅, Σ∩ l+ �= ∅, Σ∗ ∩ l+ �= ∅, and the length of Σ∗

def
= Σε

is less than ε, there are a compact segment Φ(Σ, ε, T ) ⊂ Σ and two foliated
boxes P1(Σ, ε, T ) = P1, P2(Σ, ε, T ) = P2 such that

1) intΦ(Σ, ε, T ) ∩ l+ �= ∅;
2) the foliated boxes P1, P2 have disjoint interiors, intP1 ∩ intP2 = ∅,

and Φ(Σ, ε, T ) is a unique common part of its boundaries, closP1∩closP2 =
= Φ(Σ, ε, T );

3) the boundary of P1 and P2 contains two disjoint segments of Σε;
4) the both P1 and P2 are of parametric length at least T . To be precise,

given any compact subset K ⊂ l+, there are arcs m̂1m2 ⊂ P1, m̂2m3 ⊂ P2

of l+ such that

t(m1) < t(m2) < t(m3), t(m2)− t(m1) � T, t(m3)− t(m2) � T, (4.4)

where m2 ∈ Φ(Σ, ε, T ), m1, m3 ∈ Σε, and the arc m̂1m3 ⊂ l+ has no
intersection with K;

5) the length of Φ(Σ, ε, T ) is less than ε, Fig. 4.9.
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Figure 4.9. The segment Φ(Σ, ε, T ).

Proof of step 4.1. It follows from Σε ∩ l+ �= ∅ and Σ ∩ l+ �= ∅

that l+ intersects the both Σε and Σ infinitely many times at points with
arbitrary large parameters. Therefore, there is the arc m̂1m3 ⊂ l+ that satis-
fies (4.4). Note that one can take m1 = m0. By Theorem 3.1, there is the
closed foliated box P̃1 containing m̂1m2 whose transversal boundary consists
of two segments Σ1 ⊂ Σε and Σ2 ⊂ Σ. Similarly, there is the foliated box P̃2

whose transversal boundary consists of two segments Σ′
2 ⊂ Σ and Σ3 ⊂ Σε.

Since l+ is nonclosed, m1 �= m3. Therefore we can assume that Σ1 ∩Σ3 = ∅.
Since m̂1m2 ∩ m̂2m3 = m2, there are segment

Φ(Σ, ε, T ) ⊂ Σ′
2 ∩ Σ2, m2 ∈ intΦ(Σ, ε, T ),

and foliated boxes

P1(Σ, ε, T ) ⊂ P̃1, P1(Σ, ε, T ) ⊂ P̃1,

that satisfy items 2), 3), 4). Since m2 ∈ intΦ(Σ, ε, T ), intΦ(Σ, ε, T ) ∩ l+ �=
�= ∅ which gives item 1). Clearly, the length of Φ(Σ, ε, T ) can be taken
arbitrary small. ♦

The segment Φ(Σ, ε, T ) satisfying the conditions of step 4.1 is said to be
fitting segment for Σ with neighbor foliated boxes P1(Σ, ε, T ), P2(Σ, ε, T ).
In sense, the second step is a double first one.

Step 4.2 Suppose that the condition of step 4.1 holds. Then there are dis-
joint segments Σ0, Σ1 ⊂ Σ and fitting segments Φ(Σ0, ε, T ), Φ(Σ1, ε, T )
for Σ0, Σ1 with neighbor foliated boxes P1(Σ0, ε, T ), P2(Σ0, ε, T )
and P1(Σ1, ε, T ), P2(Σ1, ε, T ) respectively such that

1) intΣi ∩ l+ �= ∅, i = 0, 1;
2) (P1(Σ0, ε, T ) ∪ P2(Σ0, ε, T )) ∩ (P1(Σ0, ε, T ) ∪ P2(Σ0, ε, T )) = ∅;
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3) all neighbor foliated boxes satisfy the conditions of item 4) of step 4.1;
4) the length of each Φ(Σ0, ε, T ) and Φ(Σ1, ε, T ) is less than ε.

Proof of step 4.2. It obviously follows from the fact that the seg-
ment Σ is intersected by l+ infinitely many times the existence of disjoint
segments Σ0, Σ1 ⊂ Σ with intΣi ∩ l+ �= ∅, i = 0, 1. Now given ε > 0,
T > 0 and transversal segments Σ0, Σ∗, there is a fitting segment Φ(Σ0, ε, T )
with neighbor foliated boxes P1(Σ0, ε, T ), P2(Σ0, ε, T ) by step 4.1. In par-
ticular, the length of Φ(Σ0, ε, T ) is less than ε. Taking all of them and the
segment Σ1 thinner, if necessary, one can assume that Σ1 has no intersections
with the both P1(Σ0, ε, T ) and P2(Σ0, ε, T ) keeping the property that Σ1 is
intersected by l+ infinitely many times. Let us choose and fix some arc A of l+

in Σ0, ε, T ) ∪ P2(Σ0, ε, T ) with endpoints at the transversal segment Σ∗. By
step 4.1, where we take K = A, there is a fitting segment Φ(Σ1, ε, T ) with
neighbor foliated boxes P1(Σ1, ε, T ), P2(Σ1, ε, T ) that satisfy items 1), 3)
and 4). Again, taking all fitting segments and corresponding neighbor foliated
boxes thinner, if necessary, one gets that all neighbor foliated boxes satisfy
item 2). ♦

Take decreasing sequence εj tending to 0 and increasing sequence Tj

tending to +∞ as j →∞. Then

Σε1
⊃ Σε2

⊃ . . .Σεj
⊃ . . .

are nested sequence of segments with the middle point m0. Denote Σ
by Σ1. Applying step 4.1 for ε = ε1 and T = T1, we get the fitting seg-
ment Φ(Σ1, ε1, T1) ⊂ Σ and corresponding foliated boxes P1(Σ1, ε1, T ) =
= P1, P2(Σ1, ε1, T1) = P2 (the union of these foliated boxes looks like the
largest horseshoe in Fig. 4.10).

Due to step 4.2, there are segments Σ10, Σ11 ⊂ Φ(Σ1, ε1, T1) such
that Σ10 ∩ Σ11 = ∅ and intΣ1i ∩ l+ �= ∅, i = 0, 1. Moreover, for each
of segments Σ10, Σ11 and numbers ε = ε2, T = T2, we get the fitting seg-
ments Φ(Σ1i, ε2, T2) ⊂ Σ1i, (i = 0, 1) and corresponding foliated boxes
satisfying the statements of step 4.1. Again by step 4.2, one can choose in
every segment Φ(Σ1i, ε2, T2) two segments Σ1i0, Σ1i1 ⊂ Φ(Σ1i, ε2, T2) such
that Σ1i0 ∩ Σ1i1 = ∅ and intΣ1ik ∩ l+ �= ∅, k = 0, 1, Fig. 4.10.

Continuing this procedure, one gets the family of closed segments Σ1, Σ10,
Σ11, . . . , Σi1i2...in

, . . . , where i1 = 1, in ∈ {0; 1} for n � 2, with the
following properties:
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Figure 4.10. Construction of foliated boxes.

1) Σi1i2...in−1in
⊂ Σi1i2...in−1

for the both in = 0 and in = 1.

2) The length of Σi1i2...in
is less than εn.

3) Σi1i2...in
∩Σj1j2...jn

= ∅, if there is at least one index k with ik �= jk.

4) intΣi1i2...in
∩ l+ �= ∅.

5) For any segment Σi1i2...in
, there are two foliated boxes Pk(Σi1i2...in

, εn+1,
Tn+1), k = 0, 1, satisfying step 4.1, see Fig. 4.11.

Figure 4.11. The family of segments Σi1i2...in....

Since all segments Σi1i2...in... are closed and εn → 0, the intersection

⋂

i1=1, in∈{0; 1}, n�2

Σi1i2...in

def
= Qi1i2...in...
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is a point for every concrete sequence i2, . . . , in, . . .. It follows
from intΣi1i2...in

∩ l+ �= ∅ that any point Qi1i2...in...
belongs to clos(l+).

Since the intersection of the support suppD with any compact transver-
sal segment is a closed set, there is a (one-dimensional) leaf l(Qi1i2...in...

)
through Qi1i2...in...

. Since the cardinality of set of sequences i1 = 1, i2, . . . ,
in, . . . is nondenumerable, the set Q =

⋃

in∈{0; 1}
Qi1i2...in...

is nondenumerable

also.

Step 4.3 Any leaf l(Qi1i2...in...
) is nontrivially recurrent and dense in clos(l+).

Proof of step 4.3. Take the semileaves l±(Qi1i2...in...), positive and neg-

ative, of the leaf l(Qi1i2...in...
). Since Qi1i2...in...

def
= Q ∈ clos(l+), the both

semileaves l±(Q) and its limit set belong to clos(l+). It follows from εj → 0
and Tj →∞ that m0 belongs to the limit set of each of the semileaves l+(Q)
and l−(Q). Hence, l+ belongs to the limit set of each of the semileaves l+(Q)
and l−(Q) as well. Therefore, l±(Q) are nontrivially recurrent and dense
in clos(l+). ♦

Since every leaf l(Qi1i2...in...
) intersects Σ at countable set of points and

the set Q is noncountable, the set of disjoint leaves l(Qi1i2...in...
) is noncount-

able as well. This concludes the proof. �

4.4. Maier theorems

Recall that in the late 1930s and early 1940s, Cherry [64] and Maier [142]
obtained classical results concerning the structure of quasiminimal sets of flows.
Although A. Maier considered smooth flows with finitely many fixed points,
his theorems hold for topological flows with arbitrary set of fixed points (the
conditions on smoothness and cardinality of fixed point set, one needs for
Maier’s descriptions of so-called essential trajectories and the topological type
of domains on what M is divided by essential trajectories). Below, we’ll show
that Maier’s theorems hold even for noncompact surfaces but of finite genus.
We begin with the original Maier’s theorems for flows (orientable foliations).

The main topological feature used in the proof of Poincaré –Bendixson
theorem (see Theorems 4.1, 4.3) is that any simple closed curve divides a plane
domain. For surfaces we need the following separation property. Let M2

p be
a closed orientable surface of genus p � 0. It is well-known (see exm., [154])
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that any family of simple closed curves C1, . . . , Cn that have intersection only
at some point x0 ∈M2

p bounds an open disk provided n � 2p+1. This means

that there is a component of the complement M2
p −

n⋃

i=1

Ci to these curves that

is homeomorphic to an open disk. The similar statement holds for surfaces with
holes and punctures.

Lemma 4.10 Let M be an orientable surface of finite genus and x0 ∈ M be
an arbitrary point. Let l1, . . . , ln, . . . be a sequence of simple (i. e. without
self-intersections) closed curves with the only one common point x0. Then
there is a number n0 which does not depend on a sequence li such that

M −
(
l1 ∪ . . . ∪ ln0

)

contains a component homeomorphic to a planar domain (a sphere without
some family of open disks, and closed disks, and points).

Proof. The surface M is homeomorphic to a closed orientable surface M0

after deleting some family of open disks, and closed disks, and points [197].
Every of these open disks, and closed disks, and points can be surrounded by
a closed simple curve that bounds a planar domain. Therefore the statement
reduces to the case of closed surface for which the result is true. �

Oriented local laminations

Following a historical canvas, we begin with the Maier’s results for flows,
which compose important part of theory of oriented local laminations. Consider
a nontrivially ω(α)-recurrent trajectory l. It is obvious that the ω(α)-limit set
of l contains regular points (any point of l) and l belongs to a limit set of some
trajectory, for example l ∈ ω(α)(l). Maier [141, 142] proved that these condi-
tions are sufficient for a non-periodic trajectory to be nontrivially recurrent.

Theorem 4.6 Let f t be a flow on a surface M (possibly, noncompact or non-
orientable) of finite genus. Suppose f t has a positive semitrajectory l+ which
intersects some compact transversal segment infinitely many times. If l+ be-
longs to the limit set of some semitrajectory l+1 then l+ is a nontrivially
ω-recurrent semitrajectory.

Proof. Due to Lemma 3.12, it is enough to prove the theorem for ori-
entable M because we can take an orientable two-sheeted covering surface
with a covering flow.
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Let Σ be a compact transversal segment intersected by l+ infinitely many
times. Then there is an accumulating point m∗ ∈ Σ of l+ ∩ Σ. So there exists
a sequence of points mi ∈ l+∩Σ such that mi → m∗ and points mi correspond
to increasing time parameters as i → ∞. Taking a subsequence, if necessary,
we can assume that all points mi belong to the same component of Σ − m∗
and form monotone sequence on Σ.

Assume that the theorem is false. Then there is an interval J ⊂ Σ such that
the point m1 is a unique point of intersection l+ with J , m1 = J ∩ l+. Denote
by Σ0 ⊂ Σ the open segment between m∗ and m1. By construction, mi ∈ Σ0

for i � 2.
Since all points mi, i ∈ N, belong to the limit set of l+1 , there are in-

finitely many J-arcs1 of the semitrajectory l+1 that intersect Σ0. Take any such
J-arc p̂1q1 ⊂ l+1 . Let j1 be the maximal index such that p̂1q1 intersects Σ0 be-
tween points mj1

, mj1+1, and denote p̂1q1 by lj1 . Clearly, we can assume that
the time-parameter of q1 is more than the time-parameter of p1. The positive
semitrajectory l+1 (q1) contains in its limit set all points mi with i � j1 + 1.
Therefore there is the J-arc of l+1 (q1), denoted by l+j2 , intersecting Σ0 between

the points mj2
, mj2+1, where j2 > j1, and l+j2 does not intersect Σ0 between

the points m∗, mj2+1. Continuing this procedure, we get the sequence of

points mjk
and the sequence of pairwise disjoint J-arcs ljk of l+1 (k ∈ N) such

that

• the arc ljk intersects Σ between the points mjk
, mjk+1 and does not

intersect Σ between the points mjk+1, m∗;
• jk + 1 � jk+1, k ∈ N, Fig. 4.12.

Figure 4.12. J-arcs lj
k
.

1Recall that the arc p̂q of l+1 with endpoints p, q ∈ l+1 is a J-arc if J ∩ p̂q = p ∪ q.
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By Lemma 4.10, there is the index n0 such that some component of M −
−
(
J ∪ lj1 ∪ . . . ∪ ljn

0

)
, say G, is a planar domain. Without loss of gener-

ality we can assume that ljn0

belongs to the boundary of G. By properties

quoted above, ljn0

intersects Σ between the points mjn0

and mjn
0
+1, but other

curves ljk
, 1 � k < n0, do not intersect Σ between the points mjn

0

, mjn0
+1.

Let us prove that exactly one of the points mjn0

, mjn
0
+1 belongs to G, while

the another point belongs to M −G. Indeed, when we are moving along ljn0

,

the domain G lies only from one side that is either left or right. Since ljn
0

inter-

sects Σ0 with the same index of intersection at every point, mjn0

and mjn
0
+1

lie in different sides from ljn0

. Taking in the mind that ljk for 1 � k < n0 do

not intersect Σ between the points mjn
0

, mjn0
+1, one gets the result.

To simplify matters, one replaces the index jn0
by n0. Let us consider the

both possibilities.
1) mn0

∈ G, mn0+1 /∈ G. The positive semitrajectory l+(mn0
) has to

leave G because mn0+1 /∈ G. However, the boundary of G consists of arcs

of l+1 and J . Hence, l+(mn0
) must intersect J at a point different from m1

because l+ is (obviously) nonclosed. This contradicts to the equality m1 =
= J ∩ l+, Fig. 4.13.

Figure 4.13. The semitrajectory l+(mn0
) must intersect J .

2) mn0
/∈ G, mn0+1 ∈ G. In this case, the positive semitrajectory l+(mn0

)
must enter to G because points mi correspond to increasing time parameters
as i→∞. Again, since the boundary of G consists of arcs of l+1 and J ,
l+(mn0

) has to intersect J at a point different from m1. We get the same
contradiction. �

Corollary 4.3 Let f t be a flow on M of finite genus (possibly, noncompact or
non-orientable). Suppose f t has a positive semitrajectory l+ which contains
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in its ω-limit set ω(l+) a regular point. If l+ belongs to the limit set of some
semitrajectory l+1 then l+ is a nontrivially ω-recurrent semitrajectory.

Clearly that the similar statements hold for negative semitrajectories and its
α-limit sets. Theorem 4.6 has an obvious generalization for local laminations.

Theorem 4.7 Let D be an orientable local lamination on a surface M (possi-
bly, noncompact or non-orientable) of finite genus. Suppose D has a positive
semileaf l+ which intersects some compact transversal segment infinitely many
times. If l+ belongs to the limit set of some semileaf l+1 then l+ is a nontrivially
ω-recurrent semileaf.

Proof repeats, word for word, the proof of Theorem 4.6. The only place
modified is the following: due to orientability, there is a subsegment Σ∗ ⊂ Σ
containing the accumulation point m∗ which is intersected by leaves of D
with the same index of intersection. Next we continue with a sequence of
points mi ∈ l+ ∩Σ∗. �

Mutual limiting of nontrivially recurrent trajectories

By a similar way, A. Maier proved the theorem which says that if a non-
trivially recurrent semitrajectory belongs to the limit set of another nontrivially
recurrent semitrajectory then vice versa, i. e. the second nontrivially recurrent
semitrajectory belongs to the limit set of the first one. This theorem has an
obvious generalization for local laminations.

Theorem 4.8 Let l+1 , l+2 be positive nontrivially recurrent semileaves of ori-
entable local lamination D on a surface M of finite genus. If l+2 belongs to
the limit set of l+1 , then l+1 belongs to the limit set of l+2 .

Proof. Again, due to Lemma 3.12, it is enough to prove the theorem for
orientable M . Take a transversal segment Σ intersected by l+2 at some interior
point of Σ. Since l+2 is nontrivially ω-recurrent, Σ is intersected by l+2 infinitely
many times. Then there is an accumulating point m∗ ∈ Σ of l+2 ∩ Σ such that
there exists a sequence mi ∈ l+2 ∩ Σ, i ∈ N, tending to m∗ and corresponding
to increasing time parameters as i → ∞. Taking a subsequence, if necessary,
we can assume that all points mi belong to the same component of Σ−m∗ and
form monotone sequence on Σ. Since l+2 ⊂ ω(l1), l

+
1 intersects Σ infinitely

many times as well. Take any point m0 ∈ l1 ∩ intΣ. Suppose the theorem is
false. Then there is the arc J ⊂ Σ around m0 such that l+2 ∩ J = ∅. Since l1
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is nontrivially ω-recurrent, l+1 intersects J infinitely many times. Hence, there
are infinitely many J-arcs of l+1 . Next, similarly to the proof of Theorem 4.6,
we construct a special sequence of J-arcs of l+1 that separates the surface, and
show that either l+2 intersects J or l+2 belongs to a planar domain, which is
impossible. �

Non-orientable local laminations

Here we consider Maier theorems for non-orientable local laminations in-
cluding foliations. First of all, we introduce a basic notation, a wide disposition,
and prove Maier theorems for widely disposed local laminations.

Widely disposed local laminations

Suppose that a simple curve l intersects an arc Σ at two points a and b.
Recall that the arc âb of l between points a and b is called a Σ-arc if Σ∩ âb =
= a ∪ b. Together with the subsegment of Σ between the points a and b, the
Σ-arc âb forms a simple closed curve that is called a Σ-loop. When Σ is
a closed curve, a Σ-arc and Σ-loop are defined similarly (actually, there are
two Σ-loops, one of them is chosen).

Definition 4.1 Denote by T an arc or a closed curve that intersects a simple
curve l transversally. Then l is said to be widely disposed with respect to T
if there are no T -loops that bound a disk.

On the torus T 2, the wide disposition with respect to a non-null-homotopic
simple closed curve means the orientability of intersections with this curve. In-
deed, cutting T 2 along a simple non-null-homotopic closed curve C, we obtain
an annulus. Therefore, if a simple curve l+ is widely disposed with respect
to C, it intersects C orientably. It can easily be shown that the orientability of
the intersection implies the wide disposition on any surface. We formulate this
assertion as a lemma for references.

Lemma 4.11 Let a simple curve l+ orientably intersect a simple closed
curve C. Then, l+ is widely disposed with respect to C.

Proof. If there exists a C-loop that bounds a disk, then, obviously, at the
endpoints of the corresponding C-arc, the curve l+ intersects C with different
intersection indices. �
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On a hyperbolic surface, one can easily construct a simple curve that is
widely disposed with respect to a simple closed curve C and intersects C non-
orientably. The following lemma follows immediately from definition 4.1 and
Theorem 3.2 on the continuous dependence of leaves on the initial conditions
on compact arcs.

Lemma 4.12 Let D be a local lamination and let l+ be a nontrivially recurrent
semileaf of D that is widely disposed with respect to a transversal C. Then,
any semileaf that lies in the closure of l+ is widely disposed with respect to C.

Before continuing, we give the statement showing that there are numerous
local laminations with widely disposed leaves.

Lemma 4.13 Let F be a foliation with finitely many singularities each of
whose is of negative index. Then every leaf is widely disposed with respect to
any transversal to F .

Proof. Suppose the contrary. Let l be a leaf that is not widely disposed
with respect to some transversal Σ, i. e. there exists a Σ-loop, say C, of l
bounding the disk D. By Corollary 3.7, D contains at least one singular point
of positive index. This contradicts to the condition. �

Nontrivial recurrentness of leaves for local laminations

The heart of Maier theorems is the following criterion of a positive
semileaf being nontrivially recurrent (clearly, the statement holds for negative
semileaf).

Theorem 4.9 Let D be a local lamination on a surface M (possibly, noncom-
pact or non-orientable) of finite genus with finitely many boundary components
(including ideal boundary). Suppose D has a positive semileaf l+ which inter-
sects some compact transversal segment Σ infinitely many times. If l+ belongs
to the limit set of some semileaf l+1 that is widely disposed with respect to Σ,
then l+ is a nontrivially ω-recurrent semileaf.

Proof. We begin in a similar way with the proof of Theorem 4.6. Due
to Lemma 3.12, it is enough to prove the theorem for orientable M because
we can take an orientable two-sheeted covering surface with covering local
lamination. We can assume that the both l+ and l+1 are endowed with some
injective parametrizations.
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Since Σ is intersected by l+ infinitely many times, there is an accumulat-
ing point m∗ ∈ Σ of l+ ∩Σ, and there exists a sequence of points mi ∈ l+ ∩Σ
such that mi → m∗, and the points mi correspond to increasing parameters
as i→∞. One of the way to construct such sequence with additional prop-
erties is the following. Obviously that one of the components of Σ − m∗ is
intersected by l+ infinitely many times. Denote this component by Σ (if the
both components of Σ−m∗ are intersected by l+ infinitely many times, choose
one of them). So, now Σ is a segment with m∗ being an endpoint. Take some
point m1 ∈ l+ ∪ Σ. Without loss of generality, one can assume that m1 is an
initial point of l+ corresponding to the parameter t1 = 0. Denote by Σ0 ⊂ Σ
the open segment between m∗ and m1. Since m∗ is an accumulating point
of l+(m1) ∩ Σ, there is the first intersection m2 ∈ Σ0 of l+(m1) with Σ0,
which corresponds to the parameter t2 > t1. Certainly, m∗ is an accumulation
point for the semileaf l+(m2). Hence there is the (not necessary first) intersec-
tion m3 ∈ Σ0 of l+(m2) with Σ0, which corresponds to the parameter t3 > t2
such that m3 lies between m∗ and m2 on Σ0. Continuing, we get a sequence of
points mi ∈ Σ that form monotone sequence on Σ0. Taking mi+1 much more
closer to m∗ than mi, one gets a sequence converging to m∗.

Assume that the theorem is false. Then there is an interval J ⊂ Σ such
that the point m1 is a unique point of intersection l+ with J , m1 = J ∩ l+. By
construction, mi ∈ Σ0 for i � 2.

Since all points mi, i ∈ N, belong to the limit set of l+1 , there are infinitely
many J-arcs of l+1 that intersect Σ0. Take any such J-arc p̂1q1 ⊂ l+1 . Let j1 be
the maximal index such that p̂1q1 intersects Σ0 between the points mj1

, mj1+1,
and denote p̂1q1 by lj1 . Clearly, we can assume that the parameter of q1 is

more than the parameter of p1. The positive semileaf l+1 (q1) contains in its
limit set all points mi with i � j1 + 1. Therefore there is the J-arc of l+1 (q1),
denoted by l+j2 , intersecting Σ0 between the points mj2

, mj2+1, where j2 > j1,

and l+j2 does not intersect Σ0 between the points m∗, mj2+1. Continuing this
procedure, we get the sequence of points mj

k
and the sequence of pairwise

disjoint J-arcs ljk
of l+1 (k ∈ N) such that

• the J-arc ljk intersects Σ between the points mjk
, mjk+1 and does not

intersect Σ between mjk+1, m∗;

• jk + 1 � jk+1, k ∈ N, Fig. 4.12.

Denote by Ljk
the J-loop formed by the J-arc ljk

and corresponding
subsegment of J . Recall that Ljk

is a closed simple curve.
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First, we consider a surface M being a planar domain. By condition of
the theorem, this means that M is a sphere after deleting finitely many disks
(closed or open) and points. Every such a disk and point is called a hole. The
main property of a planar domain is that any closed simple curve splits M into
two planar domains.

Any Lj
k

divides M into two planar domains, say M+
k and M−

k . Suppose
that for some k ∈ N the points mjk

, mjk+1 belong to the different domains

of M − Ljk
, say mjk

∈ M−
k and mjk+1 ∈ M+

k . The semileaf l+(mjk
) must

leave M−
k because mjk+1 ∈ l+(mjk

). Since the boundary of M−
k consists of J

and Ljk
, l+(mjk

) must intersect J at a point different from m1 because l+ is

not closed. This contradicts to m1 = J ∩ l+.
Thus, given any k, the points mjk

, mjk+1 belong to the same do-

main of M − Ljk
, say M−

k . Denote by Jk the segment of Σ between the

points mjk
, mjk+1. Since M+

k is a planar domain, ljk intersects Jk at even
number of points. Moreover, there is Jk-arc, say J ′

k, belonging to ljk
such that

the corresponding Jk-loop bounds some planar domain M ′
k ⊂ M+

k , Fig. 4.14.
Because of l+1 is widely disposed with respect to Σ, the domain M ′

k must
contain nonzero number of handles and/or holes. Since the segments Jk are
pairwise disjoint, M ′

k are also pairwise disjoint. Hence, the set of handles
and/or holes must be infinite what contradicts to the condition of theorem. This
proves the theorem for M being a planar domain.

Figure 4.14. The domain M ′
k ⊂ M+

k .

Let M now not be a planar domain. If the family of the loops Lj1
, . . . , Ljk

for some k ∈ N divides M into several surfaces M1, M2, . . . such that the
points mjk

, mjk+1 belong to different surfaces, we get the quite similar con-

tradiction with m1 = J ∩ l+ because the boundary of the surface Mν contain-
ing mjk

consists of J and Lj1
, . . . , Ljk

.
Suppose that given any k ∈ N, the family of the loops Lj1

, . . ., Ljk
does

not separate the points mjk
, mjk+1. By Lemma 4.10, there is n0 such that



4.4. MAIER THEOREMS 215

some component, say G, of M −
(
J ∪ lj1 ∪ . . . ∪ ljn

0

)
is a planar domain.

Without loss of generality we can assume that ljn0

belongs to the boundary

of G. By properties quoted above, ljn0

intersects Σ between the points mjn0

and mjn
0
+1, but other J-arcs ljk

, 1 � k < n0, do not intersect Σ between

the points mjn0

, mjn
0
+1. Due to our assumption, there are two possibilities:

1) all points mjk
, k ∈ N, belong to G; 2) all points mjk

, k ∈ N, belong
to M −G.

Let us consider the both possibilities. In the first case, all J-arcs ljn
beginning with n � n0 + 1 belong to G because the boundary of G is formed
by J and some arcs of semileaves (recall that every J-arc intersects J only
at its endpoints). Thus this possibility reduces to the case M = G being
a planar domain considered above. In the second case, all J-arcs ljn beginning
with n � n0 + 1 belong to M − G by the similar reason. If M − G is
a planar domain, we have actually the case 1). Suppose that M − G is not
a planar domain. To simplify matters, one replaces the index jn0

by n0. Note
that since G is a planar domain and the points mn0

, mn0+1 do not belong
to G, ln0

intersects Jn0
at even number of points (where Jn0

is the segment
of Σ between the points mn0

, mn0+1). Furthermore, there is Jn0
-arc, say J ′

n0
,

belonging to ln0
such that the corresponding Jn0

-loop bounds some planar

domain G′ ⊂ G. Because of l+1 is widely disposed with respect to Σ, the
domain G′ must contain nonzero number of handles and/or holes. Recall that
all J-arcs ljn beginning with n � n0 + 1 belong to M − G. Therefore, one
can repeat the procedure for M −G after renumbering j1 = n0 + 1 and so on.
Since G contains nonzero number of handles and/or holes while the surface M
has finitely many handles and holes, the above procedure must finish up with
a finding a planar domain with infinitely many points mjk

inside this planar
domain. This gives us again the case 1). This proves the theorem. �

Mutual limiting of nontrivially recurrent semileaves

By a proof that is similar to one of Theorem 4.9 (see also the proof of
Theorem 4.8), one can get the statement on the mutual limiting of nontrivially
recurrent semileaves for local laminations.

Theorem 4.10 Let D be a local lamination on a surface M of finite genus with
finitely many boundary components (including ideal boundary). Let l1, l2 be
nontrivially ω(α)-recurrent leaves of D such that l2 intersects some transversal
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segment Σ infinitely many times. If l1 is widely disposed with respect to Σ
and ω(α)(l1) ⊃ l2, then ω(α)(l2) ⊃ l1.

There are no convenient definition of wide disposition, in general, for
a local lamination. Often, one says about wide disposition of some saturated
(invariant) set with respect to some special family of transversals (here, by
transversal, we mean a transversal segment or closed transversal).

Definition 4.2 Let D be a local lamination and N be a saturated set of D .
Given transversal Σ, N is said to be widely disposed with respect to Σ if 1) at
least one leaf of N intersects Σ; 2) every nontrivially recurrent leaf of N , if
exists, intersects Σ; 3) each semileaf of N is widely disposed with respect to Σ.

A saturated set N is called widely weak disposed, if there is a transver-
sal Σ such that N is widely disposed with respect to Σ.

At last, N is called widely strong disposed or simply widely disposed,
if N is widely disposed with respect to any transversal that has a nonempty
intersection with leaves of N .

In particular, a foliation is widely disposed if each leaf is widely disposed
with respect to any transversal of this foliation. Lemma 4.13 can be reformu-
lated now as follows: a foliation F is widely disposed provided F has
finitely many singularities each of whose is of negative index.

Definition 4.2 and Theorem 4.10 imply the following

Corollary 4.4 Let D be a local lamination on a surface M of finite genus
with finitely many boundary components (including ideal boundary). Then any
weak widely disposed quasiminimal set of D is a Maier one.

For references, we resume Theorems 4.9 and 4.10 for widely disposed
foliations as the following theorem.

Theorem 4.11 Let F be a widely disposed foliation on a surface M of finite
genus with finitely many boundary components (including ideal boundary).
Then

1) if F has a positive semileaf l+ that intersects some transversal in-
finitely many times (in particular, the ω-limit set ω(l+) contains a regular
point) and l+ belongs to a limit set of a semileaf, then l+ is nontrivially
ω-recurrent;

2) if l1, l2 are nontrivially ω(α)-recurrent leaves, and ω(α)(l1) ⊃ l2,
then ω(α)(l2) ⊃ l1.
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Maier theorems for foliations with finitely many singularities

Now we consider Maier theorems for foliations with finitely many singu-
larities. Let F be a foliation on a surface M and C be a transversal segment or
closed transversal for F . Suppose that some leaf l intersects C at least at two
points and is not widely disposed with respect to C. As a consequence, there
are C-loops of l that bound disks. Denote by ε(C, l) the set of disks bounded
by C-loops of l, Fig. 4.15, (a). Note that ε(C, l) = ∅ provided l is widely
disposed with respect to C. The lemma below means that roughly speaking
one can mark a finite family of disks that are responsible for a foliation which
is not widely disposed.

Figure 4.15. The set ε(C, l), (a), and disk Di, (b).

Lemma 4.14 Let F be a foliation with finitely many singularities on
a surface M and C be a transversal segment or closed transversal
for F . If ε(C, l) �= ∅, then there is a family T (F ) of pairwise disjoint
disks D1, . . . , Dk ∈ ε(C, l) such that

1) Given any D ∈ ε(C, l), either there is (not necessary unique) Di ∈
∈ T (F ) such that Di ⊂ D or there is Di ∈ T (F ) such that D ⊂ Di

and D contains the same singularities with Di.
2) Given any Di ∈ T (F ), every D ∈ ε(C, l) contains the same singularities

with Di (i. e. all singularities contained in Di) provided D ⊂ Di.
3) If l intersects C infinitely many times, then there is a point m ∈ l ∩ C

such that m /∈
k⋃

i=1

Di.

4) If M = S2, then k � 4.

Proof. Take any D′
1 ∈ ε(C, l). There are two possibilities: 1) there

is a disk D′′
1 ⊂ D′

1 that does not contain all singularities from the disk D′
1;

2) any disk D ∈ ε(C, l) that belongs to D′
1 contains all singularities from the
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disk D′
1, Fig. 4.15, (b). In case 1), we pass from D′

1 to D′′
1

def
= D′

1 and after
one considers the possibilities 1), 2) above for new D′

1. Since there are finitely
many singularities, this procedure is finished by the possibility 2). In case 2),
we take D′

1 to the family T (F ), D′
1 = D1.

If any disk D ∈ ε(C, l) that is not in D1 contains D1, then the construction
of the family T (F ) is finished. Suppose that there is D′

2 ∈ ε(C, l) that does not
contain D1 and is not in D1. For D′

2, we again consider the possibilities 1), 2)
above and repeat the procedure that is ended by choosing D2 ∈ T (F ). By
construction, D1 ∩ D2 = ∅. If any disk D ∈ ε(C, l) that is not in D1 ∪ D2

contains D1 or D2, the construction of T (F ) is finished. Otherwise, we
continue in the similar way. Since there are finitely many singularities and any
disk Di contains at least one singularity, one gets the finite family T (F ) of
disks satisfying the first two items.

Suppose that there is a disk Di ∈ T (F ) such that inside Di there exists
a disk D ∈ ε(C, l). Then one changes Di by D in the family T (F ). Due
to the properties of the disks D1, . . . , Dk ∈ ε(C, l), the new family T (F )
satisfies the first two items of the lemma. Any point of the intersection of C

and C-arc that belongs to the boundary of the old Di is not in the union
k⋃

i=1

Di.

This proves the item three. If we assume that given any Di ∈ T (F ), there are
no D ∈ ε(C, l) inside Di, we get the contradiction with the condition that l
intersects C infinitely many times.

The proof of the last item, we leave to the reader like an exercise. �
Remark. The family T (F ) is in general not uniquely determined for

fixed C and l. However, one can prove that the cardinality (number of disks)
of this family does not depend on the concrete makeup of T (F ).

Theorem 4.12 Let F be a foliation with finitely many singularities on a sur-
face M of finite genus with finitely many boundary components (including
ideal boundary). Suppose F has a positive semileaf l+ which contains in its
ω-limit set a regular point. If l+ belongs to the limit set of some semileaf l+1 ,
then l+ is nontrivially ω-recurrent.

Proof. There are two ways to reduce the proof to Theorem 4.9. Take
a regular point m0 ∈ ω(l+) and a transversal segment Σ through m0. Obvi-
ously, l+1 intersects Σ infinitely many times. If ε(Σ, l+1 ) = ∅, the result follows
from Theorem 4.9. Suppose ε(Σ, l+1 ) �= ∅. By Lemma 4.14, there is the fam-
ily D1, . . . , Dk ∈ ε(Σ, l+1 ) of disks satisfying the conditions of this lemma.
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Remove any singularity from each disk D1, . . . , Dk. Due to Lemma 4.14, we
get the foliation F ′ on a surface M ′ such that the corresponding semileaves l+

and l+1 (we keep the old notations) satisfy the conditions of Theorem 4.9,
since ε(Σ, l+1 ) = ∅ for F ′. It follows that l+ is a nontrivially ω-recurrent
semileaf of the foliation F ′ and hence, of the foliation F .

The second way is to choose carefully two points at each disk Di, and one
declares the set of these points a branched set. By Lemma 3.15, the foliation
under the corresponding 2-sheeted covering map satisfies Theorem 4.9. We
omit the details to the reader. �

Let us sketch the example showing that the condition on finitely many
singularities is essential in Theorem 4.12. Take a curve L similar to an im-
pulse type signal that approaches to the segment AB like the curve y = sin 1

x
approaches to the segment [−1; +1] as x → 0, Fig. 4.16. The curve l tends
spirally to L. The both curves can be embedded in a foliation with infinitely
many singularities, thorn and tripods, “half” of them approaches to A and other
tends to B.

Figure 4.16. The curve L is in the limit set of the curve l.

The proof of the following theorem is similar to one of Theorem 4.12 (see
the proof of Theorem 4.8). We omit it.

Theorem 4.13 Let F be a foliation with finitely many singularities on a sur-
face M of finite genus with finitely many boundary components (including
ideal boundary). Let l1, l2 be nontrivially ω(α)-recurrent leaves of F . If

ω(α)(l1) ⊃ l2, then ω(α)(l2) ⊃ l1.

Description of quasiminimal sets

Actually, as a consequence of Maier theorems, one gets the following
description of leaves of quasiminimal sets for foliations with finitely many
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singularities and separatrices. We assume that every leaf is endowed with some
orientation even for non-orientable foliations.

Theorem 4.14 Let F be a foliation with finitely many singularities and sepa-
ratrices on a surface M of finite genus with finitely many boundary components
(including ideal boundary). Then any quasiminimal set Q of F is a Maier
quasiminimal set (i. e. every nontrivially recurrent semileaf of Q is dense in Q)
and contains only the following leaves and singularities:

• nontrivially recurrent leaves;
• ω(α)-separatrices that are nontrivially α(ω)-recurrent;
• separatrix connections;
• singularities each being ω- and α-limit set of at least one ω-separatrix

and α-separatrix respectively.

Moreover, any nontrivially recurrent semileaf of F belongs to a unique quasi-
minimal set.

Proof. Let l+ be a positive semileaf of Q. By definition, Q = clos(l0) for
some nontrivially recurrent leaf l0. There are two possibilities: 1) ω(l+) con-
tains only singularities; 2) ω(l+) contains at least one regular point. In case 1),
ω(l+) is a unique singularity because an ω-limit set is connected. Lemma 3.32
implies that l+ is ω-separatrix. In case 2), l+ is nontrivially ω-recurrent by
Theorem 4.12. The last item follows from Lemma 4.5. Theorem 4.13 implies
that every nontrivially recurrent semileaf of Q is dense in Q. �

Bibliographic Notes and Panoramas

Chapter 4. At the beginning of the XX century, the Poincaré –Bendixson
theory was developed for flows on compact flat domains and on the sphere.
This theory provided the description of all possible limit sets of an individual
semitrajectory for flows with a finite set of fixed points.

(4.1). The central result is the Poincaré –Bendixson theorem that says that
there are no nontrivially recurrent semitrajectories and trajectories on a compact
flat domain or sphere (this theorem is valid for flows with any sets of fixed
points). Therefore, the list of limit sets is exhausted by a fixed point, a periodic
trajectory, and a one-sided separatrix contour. [45, 192].

(4.2). The definitions and results for flows on a plane stated in this
section were introduced and obtained by Bendixson [45]. This material is also
expounded in the books [3, 26].



BIBLIOGRAPHIC NOTES AND PANORAMAS 221

Note that an isolated singularity may have a countable set of separatrices.
Moreover, in [3, pp. 557–558 of the Russian edition], Maier provided an ex-
ample of an isolated singularity such that the intersection of the boundary of
a certain neighborhood of this singularity with the separatrices of this singu-
larity is everywhere dense (on the boundary). All concentric circles of greater
radius with the center at the singularity also intersect the separatrices in an
everywhere dense set. This singularity has a countable set of elliptic sectors
whose diameters tend to zero. Outside the elliptic sectors, one has a domain
in which the separatrices of one singularity are everywhere dense. However
(according to theorems formulated later on), there is only a finite number of
extendible semileaves with respect to a fixed neighborhood of a singularity.

(4.3). In 1937, T. Cherry [64] proved that if N is a quasiminimal set of
a flow on arbitrary paracompact space, then N contains continuum of nontriv-
ially recurrent trajectories, each being dense in N . Note that applying some
results of General Topology Theory, the Cherry’s proof can be simplified. Take
a transversal segment Σ which is intersected by a nontrivially recurrent trajec-
tory l lying in the quasiminimal set Ω. Then clos(l ∩ Ω) = Ω0 is a perfect
closed subset of Σ. Therefore Ω0 consists of a continuum of points. Since any
trajectory intersects Σ in at most countable set of points, there is a continuum
of trajectories lα ⊂ Ω through Ω0. By the Baire’s second countability axiom,
and since the intersection l ∩ Σ is dense in Ω0, there is a continuum of the
trajectories such that their ω- and α-limit sets contain the trajectory l.2

(4.4). In 1943, in remarkable series of theorems, A. Maier [142] clarified
the structure of quasiminimal sets (see also [141], where the main results was
announced) for flows on compact surfaces. Recall that Cherry proved the
existence in a quasiminimal set of a flow (on a paracompact manifold of any
dimension) a continuum of nontrivially recurrent trajectories each of which is
everywhere dense in the quasiminimal set. For a two-dimensional manifold
of finite genus, Maier obtained a more accurate result by proving that any
nontrivial recurrent semitrajectory of a quasiminimal set is everywhere dense
in this set. For this purpose, Maier derived a criterion for the nontrivially
recurrence of a nonclosed semitrajectory and proved a remarkable theorem on
the mutual limit property of two nontrivially recurrent semitrajectories. Note
that the above-mentioned theorems by Cherry and Maier are valid for flows
with any set of fixed points, although Maier formally required that the number

2We would like to thank prof. G. Hector who communicated us this proof. Prof. K. Yano
indicated us a similar proof of Cherry’s theorem for foliations of any codimension on a manifold M
satisfying the second countability axiom.
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of fixed points be finite, which he needed to prove other assertions. Note
also that these theorems laid the foundation for the Poincaré –Bendixson theory
for flows on closed orientable surfaces of genera greater than 1. Namely,
it became possible to prove that the list of limit sets of an individual one-
dimensional semitrajectory for flows with a finite number of fixed points is
exhausted by a fixed point, a closed trajectory, a one-sided separatrix loop, and
a quasiminimal set (see [172] for details).

In contrast to flows (orientable foliations), non-orientable foliations and
laminations with nontrivially recurrent semileaves may exist even on a disk
and, hence, on any surface. Such foliations may have a finite number of
singularities (see Chapter 3), which means that the Maier theorems are not
immediately extended to foliations and laminations. Nevertheless, introducing
certain constraints, one can obtain analogues of these theorems.

Aranson and Zhuzhoma [38, 39] extended Maier theorems for non-
orientable foliations with finitely many singularities. Note that the condition
on the set of singularities is essential for this case.



CHAPTER 5

Introduction to Anosov–Weil Theory

Andre Weil and Dmitrii Anosov were the first who patently suggested
to apply an universal covering space and circle at infinity to study surface
dynamical systems using nonlocal asymptotic properties of trajectories and
leaves of special local laminations arising in the dynamical systems. Anosov –
Weil method was effectively applied by S. Kh. Aranson, V. Z. Grines, G. Levitt,
N. Markley, E. Zhuzhoma and others to study important classes of surface
dynamical systems and foliations. The generalization to infinite curves of
Anosov –Weil approach sometimes now is called Anosov –Weil Theory that,
roughly speaking, includes the following two parts:

• a study of nonlocal asymptotic properties of simple curves on a sur-
face by lifting these curves to an universal covering, and making
a “comparison” with lines of constant geodesic curvature ;
• an application of nonlocal asymptotic properties for constructions of

topological invariants for surface dynamical systems and foliations.

Naturally, one regards surfaces endowed with a metric of constant curva-
ture and with universal covering space homeomorphic to a disk. These objects
and first basic notions are involved in Section 5.1. In Sections 5.2, 5.3, we con-
sider statements by Weil and Anosov that are fundamental. In Sections 5.4, 5.5,
we pay attention to special curves arising in surface dynamical systems. These
sections are crucial for constructions of topological invariants of surface dy-
namical systems with chaotic behavior. The Reader who is interested in these
aspects can go these sections strictly after Section 5.1. In Section 5.6, one
considers the deviation of the cover curves that have asymptotic directions
from co-asymptotic geodesics. The relation between smoothness of flows and
asymptotic properties of their trajectories one regards in Section 5.7. At last, in
Section 5.8, we study asymptotic properties of the image of a geodesic under
a cover homeomorphism.
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5.1. Introductory concepts and notions

It is well-known [223] that a complete simply connected Riemannian
2-manifold of constant nonpositive curvature is homeomorphic to an open
disk. For an observer standing on the such disk, there is a horizon. Con-
sidering the horizon as an ideal boundary of the disk, this horizon becomes
a so-called circle at infinity or absolute. Each point of this horizon is naturally
identified with an asymptotic direction. Actually, the asymptotic direction is
a central notion of the Anosov –Weil Theory.

Universal covering and the circle at infinity

Here, we consider surfaces being complete Riemannian manifolds M2 of

constant nonpositive curvature. The universal covering space M
2

for M2 is iso-
metric either to the Euclidean plane R

2 (in the case of zero curvature and Euler
characteristic χ(M2) = 0) or to the hyperbolic plane Δ (in the case of neg-
ative curvature and Euler characteristic χ(M2) < 0), [223], Corollary 2.4.10.
Accordingly, M2 is isometric either to R

2/Γ or to Δ/Γ, where Γ is a properly

discontinuous group of isometries. Denote by π : M
2 → M2 the universal

covering map, which is a local isometry. Denote by d the metric on M
2
,

Fig. 5.1.

Figure 5.1. Universal coverings.

Given a curve C ⊂ M2, a lift of C is an arcwise connected component
of the pull-back π−1(C). Often the choice of this component is clear from the
context.

For simplicity, we restrict ourself by closed surfaces. A closed surface of
constant nonpositive curvature is either orientable surface M2

p of genus p � 1
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or non-orientable surface N2
p of genus p � 2. On the other hand, such surfaces

are divided into the two flat surfaces (the torus T 2 = M2
1 and the Klein

bottle K2 = N2
2 ) with zero curvature, and hyperbolic surfaces with negative

curvature. Consider them separately.
Flat surfaces. The Euclidean plane R

2 endowed with the standard
quadratic form ds2 = dx2 + dy2 is the simplest flat surface. As we said
before, there exist only two closed flat surfaces: T 2 and K2. For T 2, one
can take Γ to be the group Z

2 of integer translations Snk of the form (1.2).
For K2, Γ consists of transformations (1.3).

It is convenient to use the unit disk D2 with coordinates ξ, η as a universal
covering space: D2 = {(ξ, η) : ξ2 + η2 < 1}. One can check that the map

x =
ξ

√
1− ξ2 − η2

, y =
η

√
1− ξ2 − η2

(5.1)

is a homeomorphism denoted by τ : D2 → R
2. Then π ◦ τ is also a universal

covering map, see Fig. 5.2. The boundary S∞ = ∂D2 is called the circle at
infinity or absolute.

Figure 5.2. Coverings of the torus

Under τ−1, the family of parallel lines y = kx + c, c ∈ R, on R
2 is

mapped into a family of curves on D2 with common diametrically opposite
endpoints Ak, Bk ∈ S∞. The points Ak and Bk are called rational (irrational)
if k ∈ R is rational (respectively, irrational). For the sake of generality, assume
that ∞ is a rational “number”.

Below, we will need a two-dimensional noncompact cylinder C2, which
we consider to be the quotient space R

2/Γ, where Γ = Z
1 consists of integer

translations Sn0:
(x, y)→ (x + n, y), n ∈ Z. (5.2)
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Hyperbolic surfaces. Δ/Γ ∼= M2 was introduced in Section 3.2.
Here Δ is the Poincaré model of the hyperbolic plane. Sometimes we con-
sider Δ as the unit disk on R

2 with the topology and metric induced by R
2.

Denote by dE(·, ·) (respectively, dNE(·, ·)) the Euclidean (respectively, non-
Euclidean) metric on Δ. Let us quote some properties of Δ and Γ we need
below.

If âb is the arc of Euclidean circle Cr centered at the origin and of radius r,
then its non-Euclidean length l(âb) equals

l(âb) = Θ sinh r (5.3)

provided âb is opposite angle Θ, see Fig. 5.3 (a).

Figure 5.3. The arc ̂ab is opposite angle Θ (a); DR is outside of Cr (b).

Let DR be a circle of radius R lying outside of Cr, and Θ be formed
by tangent rays to DR. Then Θsinh r = l(âb) � 2R. Hence, Θ � 2R

sinh r .
For r � 2, sinh r � 2 exp( r8 ). Thus,

Θ � R exp
(
− r

8

)
for r � 2. (5.4)

Recall that the elements of Γ are fractional linear transformations that take
the circle at infinity S∞ onto itself. A point σ ∈ S∞ is called rational if it is
a fixed point of some γ ∈ Γ, γ �= id. Otherwise, σ is irrational.

The following definition holds for both flat and hyperbolic surfaces. Two

subsets of M
2 ∪ S∞ are said to be congruent if one of them can be mapped to

the other by a transformation from Γ.
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Limit set of a curve at infinity

Let l+ ⊂ M2 be a semi-infinite continuous curve endowed with an injec-

tive parametrization t→ l+(t), t ∈ R
+, and l

+
be a lift of l+ under a universal

covering map π : M
2 → M2. The universal covering surface M

2
can be

thought as the open unit disk D2 ⊂ R
2 provided M2 is a flat or hyperbolic

surface. Let dE(·, ·) be the metric on S∞ ∪D2 induced by the standard metric

of R2. The parametrization of l+ induces the parametrization of t→ l
+
(t) such

that π(l
+
(t)) = l+(t). A point σ ∈ S∞ is called the remote limit point of l

+
if

there is a sequence tk, lim
k→∞

→∞, such that dE(σ, l
+
(tk))→ 0 as k →∞.

Definition 5.1 The limit set at infinity lim
∞

(l
+
) of l

+
is the union of all remote

limit points of l
+

.

The union of ordinary limit set and the limit set at infinity is called the
complete limit set,

Lim(l
+
) = lim(l

+
) ∪ lim

∞
(l
+
).

Lemma 5.1 A complete limit set is connected, closed, and nonempty. The limit
set at infinity is closed (if nonempty).

Proof follows from Lemma 3.16 because the set S∞ ∪D2 is compact. �
The following example shows that the limit set at infinity may be discon-

nected even for trajectories of smooth flows.

Example 5.1 A disconnected limit set at infinity.

In a sufficiently small strip 0 < |y| � ε of the axis Ox, consider the flow
that is defined by the system of differential equations:

ẋ = −ϕ(y)
[
1

y2
sin

1

y
− 1

y3
cos

1

y

]
, ẏ = ϕ(y),

where ϕ(y) = −y exp
(
− 1

y2

)
.

All points on the line y = 0 are fixed points. Obviously, this flow can be
extended to the plane R

2 to a C∞ flow f
t

that covers some flow f t on the

torus. In the strip 0 < |y| � ε, the integral curves of f
t

are graphics of x =
= 1

y sin 1
y + const; one can check that the limit set at infinity consists of two

points, Fig. 5.5 (a).
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Asymptotic directions and accessible points

There is a general introduction of the circle at infinity when a point at
infinity (remote point) is considered as a family of parallel directed geodesics
or geodesic rays, Fig. 5.4 (a), (b), see for example [69]. Any geodesic from
this family is called a representative of the point at infinity. Our representation
of S∞ is in the agreement with the general one.

Figure 5.4. Parallel oriented geodesics on R
2 (a) and Δ (b).

Now we quote some possible types of asymptotic behavior of semi-infinite
curves. Let l+ = {m(t) : t � 0} ⊂ M2 be a semi-infinite simple curve

and l
+

= {m(t) : t � 0} be its lift to the universal covering M
2

that is

either R
2 or Δ. One says that l

+
leaves any compact subset of M

2
, or is

unbounded, if
lim sup
t→+∞

d(a0, m(t)) = +∞, (5.5)

where a0 ∈M
2

is an arbitrary point, Fig. 5.5 (a). It is clear that this definition
does not depend on the choice of a0. A curve that belongs to some compact

subset of M
2

is called bounded.
We say that l

+
goes to infinity if

lim
t→+∞

d(a0, m(t)) = +∞. (5.6)

In general, (5.5) does not imply 5.6, see example 5.1. Obviously, the converse
is true: a curve that goes to infinity sooner or later leaves any compact subset

of M
2

and never returns to it, Fig. 5.5 (b).
One of basic definitions of the Anosov –Weil Theory is the following one.

Definition 5.2 Let l+ = {m(t) : t � 0} ⊂ M2 be a semi-infinite simple curve

and l
+

= {m(t) : t � 0} ⊂ M
2

be its lift. If l
+

tends exactly to one

point σ ∈ S∞, Lim(l
+
) = lim

∞
(l

+
) = σ, then we say that l

+
has an asymptotic

direction σ.
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Roughly speaking, for an observer situated on M
2
, the curve l

+
goes

exactly to one point of the horizon, Fig. 5.5 (c). Actually, the asymptotic direc-

tion is the ω-limit set ω(l
+
) that coincides with the complete limit set, Fig. 5.5.

σ = ω(l
+
) is called a point accessible (or reached) by the curve l

+
. One

also says that ω(l
+
) is attained by l

+
. Clearly, if some lift has an asymp-

totic direction, then any lift also has an asymptotic direction. For a curve l
−

that is semi-infinite in the negative direction, the asymptotic direction and its

accessible point α(l
−
) are defined similarly.

Figure 5.5. Unbounded curve (a); a curve goes to infinity (b); the point ω(l
+
) is reached

by l
+

(c).

An asymptotic direction is called rational (irrational) if the point σ ∈ S∞
is rational (respectively, irrational).

Co-asymptotic geodesics

Let l = {m(t) ∈ M2 : −∞ < t < +∞} ⊂ M2 be a simple infinite con-
tinuous curve. The point m(0) divides l into two semi-infinite curves: a pos-
itive l+ = {m(t) ∈ M2: t � 0} and a negative l− = {m(t) ∈ M2: t � 0}
ones. Let l = {m(t): −∞ < t < +∞} ⊂M

2
be a lift of l. Then l

+
= {m(t):

t � 0} and l
−

= {m(t): t � 0} are the lifts of l+ and l−, respectively. Sup-

pose that l
+

and l
−

have asymptotic directions ω(l) ∈ S∞ and α(l) ∈ S∞,
respectively, and α(l) �= ω(l). Then, there exists a geodesic g(l) with the same
ideal endpoints α(l) and ω(l) oriented from α(l) to ω(l). The geodesic g(l) is
called co-asymptotic or corresponding to l, Fig. 5.6. Thus, the geodesic that is

co-asymptotic for l is co-asymptotic for l
+

and l
−

in the positive and negative

directions, respectively. It is easy to see that the geodesic π(g(l))
def
= g(l)

on M2 does not depend on the choice of l ∈ π−1(l) and is called co-asymptotic
or corresponding to l.
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Figure 5.6. Co-asymptotic geodesic.

Similarly, one can introduce co-asymptotic or corresponding geodesic to
a simple closed curve that is non-null-homotopic on the surface. This is ac-
tually a closed geodesic that is freely homotopic to the closed curve. For the
hyperbolic surface, the co-asymptotic geodesic is unique, due to properties of
Hyperbolic Geometry. For the torus, the co-asymptotic geodesic is not unique
and must be specified. For the Klein bottle, a uniqueness of co-asymptotic
geodesic depends on a homotopy class of simple closed curve. Anyway the
following statement holds.

Lemma 5.2 Let C ⊂ M2 be a simple closed curve such that C does not
bound neither a disk nor a punctured disk (in particular, C is a non-null-
homotopic curve) on a surface M2 of constant non-positive curvature. Given

any lift C ⊂ M
2
, there is a co-asymptotic geodesic g(C) that is projected to

the closed geodesic π(g(C)) ⊂M2 freely homotopy to C. If M2 is hyperbolic,
then g(C) is unique.

Proof. Take points m0 ∈ C and m0 ∈ π−1(m0). According to the Cov-
ering Homotopy Theorem, there exists an arc C01 with the starting point m0

that covers C. Since C is non-null-homotopic, C01 is nonclosed and homeo-
morphic to an interval. Since C01 covers a closed curve, m0 is congruent to
the other endpoint of C01 denoted by m1. Hence there exists a γ ∈ Γ such
that γ(m0) = m1, where Γ is a deck group such that M2 = Δ/Γ. Since the
limit set of Γ belongs to S∞, the both γn(m0) and γ−n(m0) tend to some
points σ+, σ− ∈ S∞, respectively as n → +∞ in the Euclidean metric dE
on M

2 ∪ S∞. Hence, ⋃

n∈Z

γn(C01) = C
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is a nonclosed curve with ideal endpoints on S∞. It is clear that C is a lift
of C through m0.

If M2 is flat, γ is an integer shift. Hence, σ+ �= σ−, and there is
a co-asymptotic to C geodesic, a straight line, that is invariant under γ. There-
fore, π(g(C)) is a closed geodesic.

Consider the case of hyperbolic M2. Note that γ is unique because Γ
does not contain elliptic transformations. Let us show that σ+ �= σ−. Suppose
the contrary. Then, the union C ∪ σ+ is a closed curve that is invariant
under γ. According to Lemma 3.7, the transformation γ is parabolic, and the
curve C bounds a punctured disk on M2, which is impossible. Therefore, there
is g(C). It follows that γ is a hyperbolic isometry, and g(C) an axis of γ.
Hence, π(g(C)) is a closed geodesic.

Since the both C and g(C) are invariant under the same isometry γ, C is
freely homotopy to π(g(C)). �

We say that a pair of points a, b ∈ S∞ is separated by a pair of
points c, d ∈ S∞ (or the pairs are separated) if each arc S∞− (a∪ b) contains
exactly one point from the pair c, d, Fig. 5.7. Clearly that paths joining sepa-
rated pairs must be intersected. This simple observation is used in the following
lemma.

Lemma 5.3 A geodesic that is co-asymptotic to a simple curve is simple (i. e.
has no transversal self-intersections).

Proof. First, consider the surfaces covered by R
2: the cylinder, torus,

and Klein bottle. Since the group of deck transformations for the cylinder and
torus consists of integer translations (1.2) and (5.2), there are no geodesics with
transversal self-intersections at all. The group of deck transformations (1.3) for
the Klein bottle K2 contains glide reflections, and geodesics with transversal
self-intersections on K2 exist. Such a geodesic has the lifts

y = kx, y = −kx− k, k �= 0,

that are congruent under the deck transformation P : (x, y) → (x + 1, −y).
Consider closed cones K1 and K2 that are bounded by the straight lines y =
= (k− ε)x, y = (k + ε)x and contain the line y = kx in their union K1 ∪K2;
the parameter ε > 0 is defined below. Obviously, P (K1∪K2) contains the line
y = −kx − k. Since k �= 0, there exists an arbitrarily small ε > 0 such that
the intersection of K1 ∪ K2 with P (K1 ∪ K2) is compact. Suppose that the
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line y = kx is a co-asymptotic geodesic for some lift l of a simple curve l =
= π(l) ⊂ K2. Then, P (l) is a lift of the same curve with the co-asymptotic
geodesic y = −kx − k. It follows from the definition of the co-asymptotic
direction that, except for a finite number of compact arcs, the curve l lies
in K1 ∪K2 and the curve P (l) lies in P (K1 ∪K2). Hence, l intersects P (l),
which contradicts the simplicity of l.

Now, consider the surface M2 covered by Δ. Suppose that the co-
asymptotic geodesic g(l) to simple infinite curve l ⊂ M2 has transversal self-
intersections. Then g(l) has two transversally intersecting lifts g1 and g2 on Δ
that are co-asymptotic geodesics for the lifts l1 and l2 of l, respectively, g1 =
= g(l1) and g2 = g(l2), see Fig. 5.7.

Figure 5.7. Co-asymptotic geodesics must intersect.

Since any geodesics on Δ intersect at most at one point, the ideal endpoints
of g(l1) and g(l2) are separated on S∞. The same for the ideal endpoints of l1
and l2. Therefore, l1 intersects l2, which contradicts the simplicity of l. �

Take two simple disjoint arcs K1, K2 ⊂ Δ such that each divides Δ,
Fig. 5.8 (a). Denote by D+(K1) the component of Δ −K1 that contains K2,
K2 ⊂ D+(K1). Denote the component of Δ − K2 that belongs to D+(K1)
by D+(K2), D

+(K2) ⊂ D+(K1). Such notions are called compatible.
Let {Ci}∞i=1 be a sequence of pairwise disjoint simple arcs each of which

divides Δ. This sequence is called monotone, if it is possible to introduce the
compatible notion for every consecutive pair Ci, Ci+1, Fig. 5.8 (b). In this
case, the sets D+(Ci) form a nested sequence,

D+(C1) ⊃ D+(C2) ⊃ · · · ⊃ D+(Ci) ⊃ · · · .
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Figure 5.8. Compatible arcs K1, K2 (a); monotone sequence {Ci}∞i=1.

Note that if C ⊂ M2 is a simple homotopy nontrivial closed curve on
a hyperbolic surface M2, the set π−1(C) consists of disjoint arcs each of
which divides Δ.

Lemma 5.4 Let C ⊂ M2 be a simple homotopy nontrivial closed curve on
a hyperbolic surface M2, and {Ci}∞i=1 ∈ π−1(C) be a monotone sequence,
where Cj �= Ci if j �= i. Then the topological limit of {Ci}∞i=1 is a unique
point of S∞.

Proof. By lemmas 5.2, 5.3, C is freely homotopy to the co-asymptotic
geodesic g(C) = π(g(C)) that is simple. Lifting a homotopy of M2 which
carries C to g(C), we see that there is a uniform bound to the non-Euclidean

distance dNE between Ci and g(Ci)
def
= gi for all i. Hence, it is enough to

prove the result for the sequence {gi}∞i=1 which is obviously monotone.
Since gi are arcs of Euclidean circles which are transversal to S∞, one

should prove that the sequences e1i , e
2
i ∈ S∞ of the endpoints of gi converge

to the same point. Suppose the converse. The monotonicity of {gi}∞i=1 im-
plies that the both sequences e1i , e2i are monotone on S∞ and hence, have
limits, say E1 = lim

i→∞
e1i , E2 = lim

i→∞
e2i , where E1 �= E2. This means that

the geodesics gi converge to the geodesic g12 with the ideal endpoints E1, E2.
Since g(C) = π(gi) is a closed geodesic, any point of M2 has a neigh-
borhood U such that the intersection U ∩ g(C) is a unique arc of g(C),
if U ∩ g(C) �= ∅. Therefore, every point of g12 is a limit of a sequence
of congruent points. This is impossible, since the limit set of the group of deck
transformations (recall that this group is crystallographic) belongs to S∞, see
Section 3.2. �

Remark that Lemma 5.4 is not true for flat surfaces, the torus and Klein
bottle. For these surfaces, the topological limit of {Ci}∞i=1 is a “half” of S∞.
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Description of points of the circle at infinity

Here, we present some ways for specifying points of S∞. For the torus and

Klein bottle, the universal covering M
2

is R2. Every point σ ∈ S∞ corresponds
to oriented parallel rays with the same angular coefficient (including∞), say k.
Rationality (irrationality) of k corresponds to rationality (irrationality) of σ.
Any ray with k ∈ Q (respectively, k /∈ Q) projects to a closed (respectively,
unclosed) geodesic, and vice versa, rational points of S∞ are exactly ideal
endpoints of lifts of closed geodesics.

Note that a family of parallel lines on R
2 corresponds to two diametrically

opposite points of S∞. Hence, one angular coefficient corresponds to a pair
of diametrically opposite points of S∞. Thus, pairs of diametrically opposite
points are parameterized by angular coefficients k ∈ R∪{∞}. This specification
of points of S∞ is often quite sufficient for the case of flat surfaces.

Further, we consider the description of points of S∞ for the hyperbolic
(Lobachevsky) plane Δ, which is a universal covering for hyperbolic surfaces.
Recall that for a fixed group Γ of deck transformations that acts on Δ, rational
points R are exactly ideal endpoints of lifts of all closed geodesics. The
remaining points I = S∞−R are called irrational points. When it is necessary
to stress that the above sets depend on the group Γ, we will denote them
by R(Γ) and I (Γ), respectively.

Every point of the circle at infinity corresponds to a family of oriented
collinear parallel geodesics. However, there does not exist a convenient gen-
erally accepted method for assigning a certain number to such a family of
geodesics. There are different types of coding that depend on the choice of
the generators of the fundamental group of a surface (see [131, 166, 173, 206]).
To specify points of S∞, we consider ideal endpoints of the geodesics that
belong to lifts of special geodesic laminations. We’ll see that the description of
irrational points is much more rich than in the case of flat surfaces.

Let G be a geodesic lamination on a hyperbolic surface M2. It is clear

that the preimage π−1(G)
def
= G is a geodesic lamination on the universal

covering Δ. If G has a geodesic with an ideal endpoint σ ∈ S∞, we say that σ
is accessible (or, reached, or attained) by the lamination G. Taking a certain
liberty, we will also say that σ is accessible by the lamination G, although
this lamination lies on the surface. Denote by G∞ ⊂ S∞ the set of points
on S∞ that are accessible by the lamination G. Again, taking a certain liberty,
we will use the notation G∞. Sometimes, when the subscript is in use, we
will denote the set of accessible points by G(∞) or G(∞). Everywhere below
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in this section, we will consider geodesic laminations on a closed orientable
hyperbolic surface M2.

Recall that Λ is the set of weakly irrational (i. e., minimal strongly non-
trivial) geodesic laminations. According to Lemma 3.44, each lamination in Λ
consists of nonclosed B-recurrent (and, hence, nontrivially recurrent) geodesics.
Moreover, each geodesic in such lamination is everywhere dense in it. Denote
by Λor (respectively, Λnon) the set of orientable (respectively, non-orientable)
weakly irrational geodesic laminations on M2,

Λ = Λor ∪ Λnon.

Denote by Λor (respectively, Λnon) the set of lifts of Λor (respectively, Λnon)
to Δ. Set

Λ = Λor ∪ Λnon.

By Lemma 3.39, every geodesic of any lamination in Λ has irrational ideal
endpoints on S∞. To consider the family Λ in greater detail, we must consider
the properties of nontrivially recurrent geodesics.

Lemma 5.5 Let g1 and g2 be nontrivially recurrent simple geodesics on M2,
and let there exist their lifts g1 and g2 to Δ that have a common ideal
endpoint σ ∈ S∞. If g1 �= g2, then g1 and g2 do not intersect.

Proof. Suppose the contrary. Without loss of generality, we can assume
that g1 and g2 are oriented toward σ and induce an orientation on g1 and g2. It
is well-known (see, for example, [46]) that geodesics on Δ with a common ideal
endpoint exponentially approach each other and the angle between the tangent
vectors to these geodesics at appropriate points tends to zero. Hence, g1 and g2
also exponentially approach each other, and the angle between the tangent
vectors at appropriate points tends to zero. Since g1 �= g2 by the assump-
tion, g1 and g2 intersect transversally. Let us fix a certain intersection point m
of these geodesics. Since g2 is a nontrivially recurrent geodesic, it intersects g1
infinitely many times near the point m at angles that are bounded away from
zero by a positive constant (Fig. 5.9).

Since g1 and g2 exponentially approach each other and the angle between
the tangent vectors to these geodesics at appropriate points tends to zero, g1
must self-intersect, which contradicts the assumption. �

Lemma 5.6 No point of S∞ can be an ideal endpoint for three or more
geodesics that are projected onto a surface as nontrivially recurrent simple
geodesics.
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Figure 5.9. Geodesics g1 and g2 near the point m.

Figure 5.10. Geodesics g1, g2 and g3.

Proof. Suppose the contrary. Let σ ∈ S∞ be an ideal endpoint for
geodesics g1, g2, and g3 that are projected to nontrivially recurrent simple
geodesics. Then, one of them, say g2, lies in a domain bounded on Δ by the
geodesics g1 and g3. Since g2 is a lift of a nontrivially recurrent geodesic
and the point σ is irrational (see Corollary 3.12), there exists a geodesic γ(g2),
congruent to g2, that intersects either g1 or g3 (see Fig. 5.10). But this result
contradicts Lemma 5.5. �

Recall that any directed geodesic g on Δ with an endpoint σ ∈ S∞ that
is oriented toward σ is called a geodesic representative of the point σ. If g
is projected to a nontrivially recurrent simple geodesic on the surface, then we
call g a nontrivially recurrent geodesic representative.

According to Lemma 5.6, each point belonging to Λ∞ has at most two
nontrivially recurrent geodesic representatives. We will call σ ∈ Λ∞ a point
of the first (respectively, second) kind if σ has one (respectively, two) non-
trivially recurrent geodesic representative(s). Denote by Λ1,∞(M2) (respec-
tively, Λ2,∞(M2)) the set of points of the first (respectively, second) kind.
Obviously,

Λ∞ = Λ1,∞(M2) ∪ Λ2,∞(M2).



5.1. INTRODUCTORY CONCEPTS AND NOTIONS 237

We will also use the following notation for the subsets of Λ∞:

Λi,or(∞)
def
= Λor(∞) ∩ Λi,∞, i = 1, 2,

Λi,non(∞)
def
= Λnon(∞) ∩ Λi,∞, i = 1, 2.

There is a close relation between nontrivially recurrent geodesic represen-
tatives of the same point from Λ2,∞(M2).

Lemma 5.7 Let g1 and g2 be nontrivial recurrent simple geodesics on M2,
and let there exist their lifts g1 and g2 to Δ that have a common ideal
endpoint σ ∈ Λ2,∞(M2). Then, the geodesics g1 and g2 belong to the same
minimal nontrivial geodesic lamination clos g1 = clos g2.

Proof. If the point belongs to clos g1, then it also belongs to clos g2 because
the geodesics g1 and g2 exponentially approach each other. Therefore, clos g1 ⊂
⊂ clos g2. The converse inclusion can BE proved in a similar way. �

Corollary 5.1 An arbitrary point σ ∈ Λ∞ defines a unique weakly irrational
(minimal strongly nontrivial) geodesic lamination on the surface M2 by the fol-
lowing rule: take an arbitrary nontrivially recurrent geodesic representative g
of the point σ and set

σ �→ closπ(g)
def
= G(σ).

Proof. The geodesic g is projected to a nontrivially recurrent simple
geodesic π(g) on M2. Therefore, closπ(g) is a minimal strongly nontrivial
geodesic lamination. By Lemma 5.7, this lamination does not depend on the
choice of the nontrivially recurrent geodesic representative of the point σ. �

Thus, there is the correspondence

Λ∞ =⇒ {weakly irrational geodesic laminations}.

Corollary 5.1 can be reformulated as follows. We say that two geodesic
laminations G1 and G2 intersect at infinity if there exist geodesics g1 ∈ G1

and g2 ∈ G2 such that some of their coverings have the same ideal endpoints.

Corollary 5.2 If two weakly irrational geodesic laminations intersect at infin-
ity, then they coincide.

An important class of geodesic laminations is given by irreducible lamina-
tions.
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Definition 5.3 A geodesic lamination G is called irreducible if any closed
geodesic on M2 intersects G.

Note that if M2 is a closed orientable hyperbolic surface, this condition is
equivalent to the fact that any component of the set M2\G is simply connected
(see Corollary 3.13).

Definition 5.4 A geodesic lamination G is called strongly irrational if G is
weakly irrational and irreducible.

Denote by Λirr ⊂ Λ the set of strongly irrational (that is weakly irra-
tional and irreducible) geodesic laminations. We’ll say a geodesic lamination
from Λirr.

Set
Λor ∩ Λirr def

= Λirr
or , Λnon ∩ Λirr def

= Λirr
non.

By Corollary 5.2, any point σ ∈ Λirr(∞) is reached by exactly one
irrational geodesic lamination.

Recall that a nontrivially recurrent geodesic is called internal if it is im-
proper on both sides. Otherwise, such a geodesic is said to be a boundary
one. Taking a certain liberty, we can say that an internal nontrivially recur-
rent geodesic approaches itself from both sides, while a boundary nontrivially
recurrent geodesic approaches itself from only one side.

Lemma 5.8 Let g be a geodesic of a weakly irrational geodesic lamination G
on M2. Then,

1) g is an internal geodesic if and only if the ideal endpoints of an arbitrary
lift g of g belong to the set Λ1,∞(M2);

2) g is a boundary geodesic if and only if the ideal endpoints of an arbitrary
lift g of g belong to the set Λ2,∞(M2).

Proof. It suffices to prove only one of these assertions, say the first.
Let g be internal and suppose that g reaches a point σ from the set Λ2,∞(M2).
Then, there exists a lift g∗ of an another geodesic g∗ ∈ G with the ideal
endpoint σ. Since g is internal, there exists a geodesic congruent to g that
intersects g∗. Hence, g intersects g∗, which is impossible because the geodesics
in a lamination are pairwise disjoint.

Suppose that the lift g has ideal endpoints from the set Λ1,∞(M2) and
let g be a boundary geodesic. Then, g belongs to the boundary of the lift D
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of a certain component of the set M2 − G. By Corollary 3.14, the point σ
is an ideal endpoint of a geodesic that is different from g and belongs to the
boundary of the domain D. This means that σ lies in the set Λ2,∞(M2). The
contradiction obtained proves the lemma. �

The Fréchet distance and the F-equivalence

Let l be an infinite curve endowed with two parametrizations m′ : R→ l,
m′′ : R→ l. These parametrizations are called equivalent if there exist contin-
uous nondecreasing functions

t′, t′′ : R→ R such that m′ ◦ t′(t) = m′′ ◦ t′′(t) for any t ∈ R.

In other words, parametrizations m1 and m2 are equivalent if the points m′(t)
and m′′(t), where t ∈ R, run through the same set in the same order. The class
of equivalent parameterizations defines an oriented infinite curve. We denote
this curve either by the same symbol l or (when this is important) by [l].

Let [l1] and [l2] be two oriented infinite curves on a manifold M2 equipped
with a metric d(·, ·). In the following definition, M2 may be a noncompact
surface (in particular, a universal covering). The Fréchet distance between the
curves [l1] and [l2] is defined as follows:

ρF ([l1], [l2]) = inf
l1∈[l1], l2∈[l2]

sup
t

d(m1(t), m2(t)),

where mi : R→M2 is a parametrization of the curve li, i = 1, 2. The Fréchet
distance between semi-infinite curves is defined similarly. This distance is not
a metric in the sense of metric spaces because it may be infinite. One can
easily verify that

ρF ([l1], [l2]) = ρF ([l2], [l1]), ρF ([l], [l]) = 0,

ρF ([l1], [l3]) � ρF ([l1], [l2]) + ρF ([l2], [l3]).

Note that the first and the third relations make sense even for infinite Fréchet
distances.

For semi-infinite nonsimple curves and for infinite simple curves, the
distance ρF ([l1], [l2]) may generally vanish, while [l1] �= [l2]. Neverthe-
less, one can prove that if [l1] and [l2] are simple semi-infinite curves such
that ρF ([l1], [l2]) = 0, then [l1] = [l2], see details in [19, 20]. Thus, the dis-
tance ρF is a regular metric for simple semi-infinite and infinite curves (with
the only reservation that this distance may be infinite).
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Definition 5.5 We say that curves [l1] and [l2] on M2 are F-equivalent or
Fréchet equivalent if they lie at a finite Fréchet distance from each other,
ρF ([l1], [l2]) <∞.

The F-equivalence of curves [l1] and [l2] is equivalent to the fact that

sup
t�0

d(m1(t), m2(t)) <∞ (5.7)

for certain parameterizations m1(t) and m2(t) of these curves. It is clear that
the F-equivalence of curves is indeed an equivalence relation.

All main properties studied in this chapter are identical for F-equivalent
curves. For example, if a certain lift [l] of the curve [l] is a bounded (or un-
bounded) curve, then any lift of [l] is also a bounded (respectively, unbounded)
curve. If [l]′ is F-equivalent to [l], then [l]′ is bounded or unbounded simulta-
neously with [l].

5.2. The theorem and conjecture of Weil

Let us formulate here the theorem and conjecture of Weil.

Theorem 5.1 Let l = {m(t) : t � 0} be a semi-infinite (continuous) curve
without self-intersections on the torus T 2, and let l = {m(t) : t � 0} be its lift
to D2. If the curve l goes to infinity, it has an asymptotic direction.

The conjecture is analogous to the theorem, but it refers to a hyperbolic
surface.

Conjecture 5.1 Let l = {m(t) : t � 0} be a semi-infinite (continuous) curve
without self-intersections on a closed hyperbolic surface M , and let l =
= {m(t) : t � 0} be its lift to Δ. If the curve l goes to infinity, it has
an asymptotic direction.

To prove the theorem and conjecture, we’ll need a condition for the non-
simplicity of an arc (or a curve); this condition will also be used in other
sections. Since the Weil theorem and the Weil conjecture represent the same
assertion but for surfaces of zero and negative curvature, respectively, we for-
mulate the nonsimplicity condition as two theorems, for the torus and a hyper-
bolic surface, respectively. First, we consider the case of the torus, which is
covered by the Euclidean plane R

2 with Cartesian coordinates x, y.
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Theorem 5.2 Let A = {m(t) : t1 � t � t2} be an arc on the torus, and let

A = {m(t) = (x(t), y(t)) : t1 � t � t2}

be its covering arc on the Euclidean plane. Suppose that y(t1) = y(t2)
and y(t) �= y(t1) for t1 < t < t2. If |x(t2) − x(t1)| � 1, then the arc A has
self-intersections; i. e., there exist tα, tβ ∈ [t1; t2], tα �= tβ , such that m(tα) =
= m(tβ).

Proof. Assume, for definiteness, that

y(t) > y(t1) for t1 < t < t2 and x2
def
= x(t2) > x(t1)

def
= x1.

In other cases, the proof is analogous. Suppose the contrary. Then, x(t2) >
> x(t1) + 1. Denote by

I = {(x, y) : x1 � x � x2, y = y(t2)}

the segment with endpoints E1 = (x1, y(t1)) and E2 = (x2, y(t2)), and by D
the domain bounded by I and the arc A, see Fig. 5.11. Recall that Snk denotes
the translation

(x, y)→ (x+ n, y + k), n, k ∈ Z.

According to the assumption of the contrary, the point S10(x1) lies on I be-
tween x1 and x2. Since y(t) > y(t1) for t1 < t < t2, the arc S10(A) enters
the domain D near the point S10(E1); i. e., the point S10(m(t1 + ε)) ∈ S10(A)
lies inside D for a sufficiently small ε > 0. Since the straight line y(t) = y(t1)
intersects the domain D only along the segment I and all other points of D lie
above the straight line y(t) = y(t1), S10(E2) /∈ D. Hence, S10(A) intersects
the boundary of D, i. e., either A or I . If S10(A) ∩ A �= ∅, then the arc A is
nonsimple and the theorem is proved. If S10(A) ∩ I �= ∅, then S10(m(t)) ∈ I
for a certain t1 + ε � t � t2. Then, t = t2 by the hypothesis of the theorem.
But the point S10(E2) lies outside I . �

Remark. The analysis of the proof of Theorem 5.2 shows that of all proper-
ties of the torus, we have used only the congruence of the arcs A and S10(A).
Therefore, Theorem 5.2 is also valid for a cylinder C2 ∼= R

2/Γ, where the
group Γ = Z

1 consists of integer translations Sn0. The only closed geodesics
on C2 are the curves of the form π(y = const), each of which divides C2 into
two cylinders. The theorem implies that if the arc A intersects a certain closed
geodesic on C2 only at its endpoints and makes at least one “turn” along this
geodesic, then A should have self-intersections.
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Figure 5.11. Domain D.

A similar theorem holds for an arc on a hyperbolic surface Δ/Γ ∼= M2.
First, we introduce a certain notation. Let g be a geodesic or an equidistant
curve of a certain geodesic on Δ. Suppose that g is projected onto a closed
curve π(g) = g. Therefore, g is invariant under a certain transformation (and
hence under all its iterations) of the group Γ. Denote by γ(g) ∈ Γ a nonidentity
transformation that maps g into itself and translates the points on g by the
least possible non-Euclidean distance. Since the group Γ is disconnected, such
a transformation exists.

Theorem 5.3 Let A = {m(t) : t1 � t � t2} be an arc on the hyperbolic sur-
face Δ/Γ ∼= M2, and let A = {m(t) : t1 � t � t2} be its covering arc on the
hyperbolic plane Δ whose endpoints m(t1) and m(t2) lie on a geodesic g or
on the equidistant curve of a certain geodesic (denoted by the same symbol g).
Suppose that g is projected onto a closed curve and intersects the arc A only at
its endpoints m(t1) and m(t2). Let γ(g) ∈ Γ be a nonidentity transformation
that maps g into itself and translates the points on g by the least possible non-
Euclidean distance. If one of the points γ(g)(m(t1)) or γ(g)(m(t2)) lies on g
between the points m(t1) and m(t2), then the arc A has self-intersections.

The proof is analogous to the proof of Theorem 5.2, and we omit it.
Note that this theorem holds if one takes a cylindrical neighborhood of the
curve π(g) = g containing the arc A and appropriately maps this neighborhood
onto the cylinder C2. Then, one should apply the remark to Theorem 5.2.

Proof of the Weil theorem

First, we formulate the Weil theorem in a form that is more convenient
for us.



5.2. THE THEOREM AND CONJECTURE OF WEIL 243

Theorem 5.4 Let l = {m(t) : t � 0} be a semi-infinite continuous curve
without self-intersections on the torus T

2, and let l = {m(t) : t � 0} be its lift
to the Euclidean plane R

2. If l goes to infinity, then there exists a limit

lim
t→+∞

�Om(t)

|Om(t)| ,

where |Om(t)| denotes the length of the radius vector �Om(t) of the point m(t).

A key role in the proof of this result is Theorem 5.5 that is proved latter.
Before, we need several technical lemmas.

Lemma 5.9 Let l = {m(t) : t � 0} be a semi-infinite continuous curve without
self-intersections on the cylinder C2 ∼= R

2/Γ, where the group Γ = Z
1 consists

of the integer translations Sn0, and let l = {m(t) = (x(t), y(t)) : t � 0} be
a lift of this curve to the Euclidean plane R

2. Suppose that there is an open
unit interval I on the axis Ox that does not intersect l. Then, the intersection
of l with the axis Ox lies either to the right or to the left of the interval I .

Proof. The idea of the proof is simple. If l intersects Ox both to the
right and left of the interval I , then there should exist an arc that intersects Ox
only at its endpoints lying on different sides of I . But this fact contradicts
Theorem 5.2. Now, we give a formal proof under the assumption that l∩Ox �=
�= ∅ (otherwise, there is nothing to prove).

Without loss of generality, we may assume that m(0) ∈ Ox since the
position of the arc of the curve before the first intersection with Ox is not
essential. Let us divide the values of the parameter t � 0 into two disjoint
sets Pl and Pr as follows: t belongs to Pl (respectively, Pr) if

1) either the point m = m(t) ∈ Ox lies to the left (respectively, to the right)
of I ,

2) or the point m lies on a compact arc

{m(t) : α � t � β} def
= Aαβ

of the curve l both endpoints of which m(α), m(β) ∈ Ox lie to the left
(respectively, to the right) of I ,

3) or the point m lies on a semi-infinite subcurve

{m(t) : t � t0}
def
= At0,+∞

whose endpoint m(t0) ∈ Ox lies to the left (respectively, to the right) of I .
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According to Theorem 5.2, the set of parameters is given by the union Pl ∪ Pr.
Let us show that Pl is closed. Let tn ∈ Pl and tn → t∗ as n → ∞. De-
note by x0 and x0 + 1 the endpoints of the interval I . If m(tn) ∈ Ox for
an infinite number of n, then, by virtue of the continuity of the curve, we
have x(t∗) � x0. Hence, t∗ ∈ Pl. If an infinite set of points m(tn) belongs
to the same arc Aαβ , then m(t∗) ∈ Aαβ because Aαβ is a closed subset of the
plane. If m(tn) ∈ At0,+∞, then m(t∗) ∈ At0,+∞. In both cases, t∗ ∈ Pl. Fi-
nally, let the points m(tn) be situated on an infinite number of arcs Aαnβn

(we
may leave out the semi-infinite curve At0,+∞ because it contains only a finite
number of points m(tn) in the remaining case). Passing to a certain subse-
quence and changing the numbering, we can assume that αn � tn � βn and
that the subsequence tn monotonically converges to t∗. Then, αn, βn → t∗.
Since y(αn) = y(βn) = 0 and x(αn) � x0, we have y(t∗) = 0, x(t∗) � x0.
Therefore, t∗ ∈ Pl.

The closedness of Pr is proved similarly. The connectedness of the set
of parameters [0; ∞) and the equality [0; ∞) = Pl ∪ Pr imply that either Pl

or Pr is empty. �
The following lemma constitutes the main part of the proof of Theorem 5.5.

Lemma 5.10 Let l = {m(t) : t � 0} be a semi-infinite continuous curve with-
out self-intersections on the cylinder C2 ∼= R

2/Γ, where the group Γ = Z
1 con-

sists of the integer translations Sn0, and let l = {m(t) = (x(t), y(t)) : t � 0}
be a lift of this curve to the Euclidean plane R

2. Suppose that m(0) = (0, 0)
and l does not intersect the axis Ox for x < 0. Let t = a (where 0 � a,
and the equality a = 0 is possible) be the last time when l intersects the unit
interval 0 � x � 1 on the axis Ox; in particular, y(t) has a definite constant
sign for t > a sufficiently close to a. If this sign is positive (negative), then

y(t) � min
0�s�a

y(s) for any t � 0

(respectively, y(t) � max
0�s�a

y(s) for any t � 0).

Proof. We can assume that y(t) > 0 when t > a is sufficiently close
to a because we can reduce the case of the opposite sign to the present case
by changing y to −y. If the curve l does not intersect the open unit inter-
val 0 < x < 1 on the axis Ox, then, by Lemma 5.9, the curve l does not inter-
sect the axis Ox after t = 0, and the lemma is proved because min

0�s�a
y(s) = 0.

Therefore, we will assume that l intersects the interval 0 < x < 1 on the
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axis Ox. Suppose that the lemma does not hold. Then, there exists t = c such
that y(c) < min

0�s�a
y(s). Set

m
def
= min

0�s�c
y(s), b = min{t : y(t) = m}.

Then, b > a and y(t) > y(b) for 0 � t < b (see Fig. 5.12).

Figure 5.12. The arcs A, S10(A), and A′.

Denote by A the arc {m(t) : 0 � t � b}. A further proof consists in obtain-
ing a contradiction to the simplicity of the curve l. We will show that A should
intersect the arc S10(A) by proving that S10(A) should intersect the sub-arc

A′ def
= {m(t) : a � t � b}.

First, we extend the arc A′ to an infinite continuous curve C by adding two
rays to A′ in the following way. Set

w(t) =

⎧
⎪⎨

⎪⎩

(x(a) + (t− a); 0) if t � a,

m(t) if a � t � b,

(x(b); y(b)− (t− b)) if b � t.

The infinite curve C = {w(t) : −∞ < t < +∞} consists of the ray

(−∞; x(a))× 0, (5.8)

the arc A′, and the ray
x(b)× (−∞; y(b)). (5.9)
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Since y(t) > y(b) for 0 � t < b and A′ does not intersect the axis Ox to the
left of the point x(a), C is a simple infinite curve on the Euclidean plane R

2.
Moreover, it is clear that C divides R2. Now, we will prove that the endpoints
of the arc S10(A) lie in different components of the set R2 − C.

Indeed, the arc S10(A) does not intersect the ray (5.8) because S10(A)
does not intersect Ox even to the left of the point x = 1 (recall that l does
not intersect Ox for x < 0). Next, S10(A) ∩ A′ = ∅ because l is a simple
curve. Finally, S10(A) does not intersect the ray (5.9) because y(t) > y(b)
for 0 � t < b. Therefore, S10(A) ∩ C = ∅.

Figure 5.13. The curve C and the vector e(s, t).

For 0 � s � b and −∞ < t < +∞, we denote by e(s, t) a unit vector
directed from the point S = S10(m(s)) to the point w(t) (see Fig. 5.13).
Formally,

e(s, t) =
w(t)− S10(m(s))

|w(t)− S10(m(s))| .

Since S10(A) ∩ C = ∅, the vector e(s, t) is well defined and continuously
depends on (s, t). By continuity (see Fig. 5.13), we can set

e(s, −∞) = (−1, 0), e(s, +∞) = (0, −1) for any 0 � s � b.

Denote by ϕ(s, t) the angle measured counterclockwise from the positive
direction of the axis Ox toward e(s, t). In fact, our definition specifies a family
of “branches” (single-valued continuous functions) of a multivalued function
that differ from each other by 2πk. Choose ϕ(s, t) by setting ϕ(0, t) =
= π for t � a. By continuity, we can define ϕ(s, t) at t = −∞ by the
equality ϕ(s, −∞) = π for any 0 � s � b.

Since the curve C for t � b is the ray (5.9), there exists a finite limit

lim
t→+∞

ϕ(s, t)
def
= ϕ(s, +∞),
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ϕ(s, +∞) = 3π
2 + 2πk(s), where k(s) ∈ Z. This and the continuity of ϕ(s, t)

imply that the function ϕ(s, +∞) is continuous in s and, hence, does not
depend on s,

ϕ(s, +∞) =
3π

2
+ 2πk0,

where the integer k0 ∈ Z is fixed.
To determine k0, we consider ϕ(0, t). For t � a, we have ϕ(0, t) = π.

When t > a is sufficiently close to a, the y-component of the difference w(t)−
− S10(m(0)) is positive. Therefore, ϕ(0, t) < π. However, for any t > a, we
have

w(t) /∈ (−∞; 1)× 0,

so ϕ(0, t) /∈ π + 2πn, n ∈ Z. Hence, −π < ϕ(0, t) < π. The only num-
ber of the form 3π

2 + 2πk that satisfies the last inequality, −π
2 , is obtained

when k0 = −1.
Now, consider ϕ(b, t). Since the points m(t) for 0 � t < b satisfy the

inequality y(t) > y(b), the y-component of the difference w(t)− S10(m(b)) is
positive. The equality ϕ(b, −∞) = π and the fact that the point w(t) runs over
the ray (5.8) for −∞ < t � 0 imply that ϕ(b, t) < π for −∞ < t < b. This
and the equality

w(b)− S10(m(b)) = m(b)− S10(m(b)) = (−1, 0)

imply that ϕ(b, b) = π. Next, as t increases for t � b, the point w(t) descends
along the ray (5.9) and

w(t)− S10(m(b)) = (−1, b− t).

Hence, taking into account ϕ(b, b) = π, we obtain the equality ϕ(b, +∞) =
= 3π

2 ; i. e., k0 = 0. However, the integer k0 does not depend on s. The
contradiction obtained proves the lemma. �

Corollary 5.3 Let l = {m(t) : t � 0} be a semi-infinite continuous curve with-
out self-intersections on the cylinder C2 ∼= R

2/Γ, where the group Γ = Z
1 con-

sists of the integer translations Sn0, and let l = {m(t) = (x(t), y(t)) : t � 0}
be a lift of this curve to the Euclidean plane R

2. Suppose that m(0) = (0, 0)
and l does not intersect the axis Ox for x < 0. Let there exist a finite pa-
rameter t after which l does not intersect the unit interval 0 � x � 1 on the
axis Ox. Then,

sup
t�0

y(t) < +∞ or inf
t�0

y(t) > −∞.
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The following theorem, which is of independent interest, plays a key role
in the proof of the Weil theorem.

Theorem 5.5 Let l = {m(t) : t � 0} be a semi-infinite continuous curve with-
out self-intersections on the torus T 2, and let l = {m(t) = (x(t), y(t)) : t � 0}
be a lift of this curve to the Euclidean plane R

2. Suppose that l goes to in-
finity and intersects a certain ray r0 with a rational asymptotic direction for
arbitrarily large values of the parameter. Then, l can not unboundedly deviate
from this ray to both sides simultaneously.

Proof. The ray r0 is projected to a simple closed geodesic on T 2 that can
be mapped to a “meridian” or a “parallel” by a certain affine transformation of
the torus. Therefore, without loss of generality, we may assume that r0 is the
positive half-line of the axis Ox.

Let us show that l does not intersect the negative half-line of Ox at
infinity. Suppose the contrary. Since l goes to infinity, l does not intersect the
unit interval I = {(x, y) : 0 � x � 1, y = 0} starting from a certain value
of the parameter. It follows from the assumption that there exists an arc that
intersects Ox only at its endpoints that lie on the opposite sides of I . This fact
contradicts Lemma 5.9 because we may “shorten” l and assume that one of the
endpoints of the arc is the starting point of l.

The fact that l goes to infinity implies that there exists a parameter after
which l does not intersect the negative half-line of Ox. It suffices to prove
the theorem for any subcurve {m(t) : t � t0}; hence, we may assume that the
starting point m(0) coincides with the origin and that l does not intersect Ox
for x < 0.

Again, the fact that l goes to infinity implies that there exists an ultimate
value of the parameter after which l does not intersect the interval I . Now, the
required assertion follows from Corollary 5.3. �

Proof of Theorem 5.4. Without loss of generality, we may assume
that l emanates from the origin of the Cartesian system of coordinates. A further
proof is divided into two parts:

1) l does not intersect at infinity any ray that emanates from the origin and
has a rational asymptotic direction;

2) there exists at least one ray with a rational asymptotic direction that is
intersected by l at infinity.

Consider case (1). Let us draw two arbitrary rational rays r1 and r2 from
the origin. Then, starting from a certain point, l lies completely within the
angle r1Or2 (one of the two complementary angles). Let us draw a rational
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ray r3 in r1Or2. Then, starting from a certain point, l lies completely in one of
the two angles obtained. Continuing this procedure, we construct a sequence of
rays r1, . . . , rn, . . . that emanate from the origin, have a rational asymptotic
direction, and are such that the least angle (of the two complementary angles)
between rn and rn+1 tends to zero and contains the curve l starting from
a certain moment. We may assume that the sequence of rays has a limit ray r.
Then, the curve l has an asymptotic direction that corresponds to the ray r.

Consider case (2). It follows from Theorem 5.5 that l does not intersect any
ray at infinity except for r0. Indeed, if this was not the case and l intersected
some other ray r1 at infinity, then l should intersect at infinity any ray with
a rational asymptotic direction that lies between the rays r0 and r1. The curve l
should unboundedly deviate from this ray to both sides, which contradicts
Theorem 5.5. Hence, the curve l has an asymptotic direction corresponding to
the ray r0. This proves the Weil theorem.

Proof of the Weil conjecture

Curiously enough, the proof of the Weil conjecture proved to be simpler
than the proof of the Weil theorem.

Proof of Conjecture 5.1. Suppose that l does not have an asymptotic
direction. Since the curve l goes to infinity, its limit set at infinity contains at
least two points and coincides with the complete limit set, Lim(l) = lim

∞
(l).

By Lemma 5.1, the complete limit set of the lift of a semi-infinite curve is
closed and connected. Therefore, Lim(l) contains a nontrivial interval, which
we denote by I ⊂ S∞.

Since the group Γ of deck transformations is a Fuchsian group of the first
kind, there exists a hyperbolic isometry γ ∈ Γ such that the ideal endpoints of
its axis O(γ) belong to the interval I . Note that O(γ) is projected to a closed
geodesic on the surface.

Take a sufficiently long interval A ⊂ O(γ) such that one of its endpoints
is mapped by γ into A. The interval A divides the axis O(γ) into two subin-
tervals A1 and A2. Each of these subintervals has one ideal endpoint in I .
Since the curve l goes to infinity, it does not intersect A starting from a certain
moment. The fact that I belongs to the limit set of the curve l implies that
there exists an arc S of the curve l that intersects O(γ) only at the endpoints,
such that one of the endpoints is in A1 and the other in A2, Fig. 5.14. But
then, according to Theorem 5.3, the curve l has self-intersections because S
and γ(S) intersect. This contradicts the assumption. �
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Figure 5.14. The arcs S and γ(S) intersect.

Taking in mind that the group of deck transformations for the torus con-
sists of integer translations of R

2, and using Theorem 5.2, we can prove the
following lemma.

Lemma 5.11 Let l = {m(t) : t � 0} and l1 = {m1(t) : t � 0} be disjoint semi-
infinite continuous curves each without self-intersections on the torus T

2 =
= R

2/Z2 and let l = {m(t) : t � 0} and l1 = {m1(t) : t � 0} be its lifts to
the Euclidean plane R

2 respectively. If the both l and l1 go to infinity, then
their asymptotic directions are either coincident or diametrically opposite.

We leave the proof to the Reader (see details in [11]).

5.3. Anosov theorems on asymptotic directions and
approximations of curves

In this section, we consider the following Anosov’s Theorems 5.6, 5.7,
and 5.8 on the existence of asymptotic directions of semitrajectories for flows
on flat and hyperbolic surfaces.

Theorem 5.6 If the set of fixed points of a topological flow f t on a closed
surface M of nonpositive Euler characteristic is finite, then any semitrajectory

of the covering flow f
t

on M is either bounded or has an asymptotic direction.
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To formulate Theorem 5.7, we need the following definition. A sub-
set F ⊂ M is called contractible to a point if there exists a continuous map-
ping ϕ : F × [0; 1] → M such that ϕ(m, 0) = m and ϕ(m, 1) = m0 for
any m ∈M , where m0 ∈M is a certain point.

Theorem 5.7 If the set of fixed points of a topological flow f t on a closed
surface M of nonpositive Euler characteristic is contractible to a point, then

any semitrajectory of the covering flow f
t

on M is either bounded or has an
asymptotic direction.

Theorem 5.8 If a flow f t on a closed surface M of nonpositive Euler char-

acteristic is analytic, then any semitrajectory of the covering flow f
t

on M is
either bounded or has an asymptotic direction.

Theorem 5.8 does not follow from Theorem 5.7 because the set of fixed
points of an analytic flow may contain, for instance, homotopically nontrivial
closed curves and, hence, may not be contractible to a point. Naturally, The-
orem 5.6 follows from Theorem 5.7. However, to demonstrate the idea of the
proof in a simpler situation, we prove carefully only Theorem 5.6. Then we
show what changes should be made in order to prove Theorem 5.8.

Presently, Theorem 5.7 gives the most general sufficient conditions for an
unbounded semitrajectory of a topological flow to have an asymptotic direction.

Note that the problem of whether a closed curve (or a semi-infinite pe-
riodic curve) has an asymptotic direction is solved without difficulty, due to
Lemma 5.2.

Theorem 5.9 Let C be a closed curve (or a semi-infinite periodic curve) on
a surface M . Then,

1) if C is null-homotopic, then any of its lifts C to M is a closed (and,
hence, bounded) curve;

2) if C is non-null-homotopic, then any of its lifts C to M is a nonclosed
infinite curve both of whose semi-infinite curves have a rational asymptotic
direction.

This assertion can be reformulated for periodic curve (recall that a semi-
infinite curve l+ is called periodic if there exist a parametrization m : R+ →M
of l+ and a number T > 0 such that m(t) = m(t + nT ) for any n ∈ Z and
any t � 0) as follows.
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Theorem 5.10 Let l+ be a semi-infinite periodic curve on a closed surface M

of nonpositive Euler characteristic, and let l
+

be its lift to M . If l+ is

non-null-homotopic, then l
+

goes to infinity and has a rational asymptotic
direction.

It is clear that l+ can be represented as the image of the circle S1 in M
under a continuous mapping (i. e., l+ is a closed curve in the topological sense),
and we can speak of the null-homotopy or non-null-homotopy of such curve.

By Theorem 5.10, in all three Theorems 5.6, 5.7, and 5.8, it suffices to
consider nonperiodic trajectories.

Recall that Uε(N) is the ε-neighborhood of a subset N of M or M .

Proof of Theorem 5.6

Taking into account the Weil theorem and conjecture, it suffices to prove
that under the hypotheses of Theorem 5.6, any unbounded semitrajectory of
the covering flow goes to infinity. Suppose the contrary. Then, the covering

flow f
t

on M has a semitrajectory (for definiteness, we will assume that it is

positive) l
+

that is unbounded and returns to a certain compact domain K ⊂M
at arbitrarily large values of time. According to Theorem 5.10, we can assume

that l
+

is not a lift of a periodic trajectory that is non-null-homotopic on M .

Let Fix f t def
= F be the set of fixed points of f t. Since the set F is finite,

there exists ε > 0 such that the ε-neighborhood Uε(F ) is a finite set of pairwise
disjoint ε-disks. Therefore, π−1(Uε(F )) is a disjoint union of a countable set
of ε-disks on M . For a sufficiently small ε > 0, the disks from π−1(Uε(F ))

do not cover K. Moreover, since l
+

is unbounded, the limit set of the semitra-
jectory l+ can not consist of a single fixed point. Therefore, l

+
has an infinite

number of points with arbitrarily large values of time outside π−1(Uε(F )), and

one may assume that these points lie in K. Hence, the semitrajectory l
+

has at
least one limit point (denote it by m∗) in K that is different from a fixed point.
Let us draw a transversal segment Σ through m∗, Fig. 5.15. Then, the semitra-

jectory l
+

intersects Σ at a countable set of points. Denote by m(ti) ∈ l
+ ∩ Σ

successive (in time) intersections of l
+

with Σ, 0 � t1 < . . . < ti < . . .. The

arc of the semitrajectory l
+

between the points m(ti) and m(ti+1) (the so-called
Σ-arc) and a part of the segment Σ between these points form a simple closed
curve, which we denote by C(ti). Since M is simply connected, C(ti) bounds
a domain D(ti) on M .
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Figure 5.15. The transversal segment Σ.

If we assume that l
+

enters D(ti) after the point m(ti+1), then l
+

must

remain in D(ti), which contradicts the unboundedness of l
+

. Hence, the semi-

trajectory l
+

goes out of D(ti) after m(ti+1) and then it can not intersect Σ
between the points m(ti) and m(ti+1). This implies the monotonicity of the

sequence of points m(ti) ∈ l
+ ∩ Σ and the inclusion D(ti) ⊂ D(ti+1). Mak-

ing some changes in the notations, we find that there exists a sequence of

points mi ∈ l
+ ∩Σ that satisfy the following conditions:

1) the arc li of the semitrajectory l
+

with the endpoints mi and mi+1 and
the segment Ii = [mi; mi+1] ⊂ Σ form a simple closed curve that bounds
an open domain Di on M ;

2) D0 ⊂ . . . ⊂ Di ⊂ Di+1 ⊂ . . ..

Let us prove that for a certain index i, the domain Di contains congruent
points strictly inside it. To this end, it suffices to find Di whose area is
greater than the area of the fundamental domain of the group Γ (by the area of
a domain Di that is bounded by a continuous non-self-intersecting curve, we
mean its two-dimensional measure induced by the metric on M ; the area of the
fundamental domain of the group Γ is equal to the area of the surface M ). The
idea of the proof of this assertion is simple: every point of the one-dimensional
trajectory lies in a certain neighborhood of a constant field, and the arcs li
can not form “tongues” of arbitrarily small “width”. Therefore, the increasing
sequence of domains Di contains the required sufficiently large domain.

Since the group Γ of deck transformations of the covering π : M →M is
disconnected, there exists a number ρ > 0 such that any disk of radius ρ on M
does not contain congruent points. Then, any set on M whose diameter is less
than ρ is projected onto its own image on the surface M homeomorphically,
and even isometrically.
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It is well-known [218] that each nonsingular point (i. e., a point different
from a fixed point) z ∈M of a topological flow has a neighborhood U2δ(z) =
= ψz(S2δ), where ψz is a rectifying homeomorphism of the square

S2δ = (−2δ; 2δ)× (−2δ; 2δ) ⊂ R
2, δ = δ(z) > 0,

that maps segments of the form y = const to the components of the intersection
of trajectories with U2δ(z). The neighborhood U(z) is a flow box with the
structure of a constant field. One may assume that the diameters of all the
neighborhoods U2δ(z) are less than ρ. Slightly smaller neighborhoods Uδ(z) =
= ψz(Sδ) form a covering of the compact set M − Uε(F ). Therefore, there
exists a finite subcovering Uδ(z1), . . . , Uδ(zk). Obviously, there exists μ > 0
such that the areas of all the subdomains

V +
i = ψzi

((−δ; δ)× (δ; 2δ)),

V −
i = ψzi

((−δ; δ)× (−2δ; −δ)) ⊂ U2δ(zi), i = 1, . . . , k,

are no less than μ.
Since diamU2δ(zi) < ρ for any fixed i = 1, . . . , k, π−1(U2δ(zi)) is

a countable family {U2δ(zij)}j�1 of pairwise disjoint sets U2δ(zij) each of
which is a neighborhood with the product structure for the covering flow. The
subfamily ⋃

j�1

U δ(zij) = π−1(Uδ(zi))

forms a covering of the set M − π−1(Uε(F )). Similarly, for any fixed i =

= 1, . . . , k, the preimage π−1(V ±
i ) is also a countable set {V ±

ij}j�1 of pair-

wise disjoint sets V
±
ij each of which is isometrically projected into V ±

i and,
hence, has the area at least μ.

Let us show that if a fixed neighborhood U2δ(zij) does not intersect the
segment Σ, then any arc ln intersects U2δ(zij) along at most one compo-
nent. Indeed, if a certain ln intersects U2δ(zij) along more than one com-
ponent, then ln at least twice intersects a certain segment without contact
that lies in U2δ(zij). This segment without contact and the corresponding

sub-arc l
′
n ⊂ ln form a closed curve, which we denote by c. Note that l

′
n �= ln

and, moreover, the endpoints of l
′
n are internal points of ln. Exactly one end-

point of the arc ln must lie inside c and, hence, c must contain the segment Σ
because Σ intersects ln only at the endpoints of ln. On the other hand, the
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other endpoint of the arc ln lies outside c; therefore, the segment Σ must lie
outside c. The contradiction obtained proves the required assertion.

Without loss of generality, we may assume that Σ and all the points mi ∈
∈ l

+ ∩ Σ lie in the ρ-neighborhood of the point m∗. Denote by �i the largest

distance from the points of the arc li to m∗. Since l
+

is unbounded by the
assumption, �i tends to infinity. We may assume that �i > 4. To simplify the
expressions, we will assume below that ρ = 1

4 , changing, if necessary, the scale
of the metric.

Let us fix an index i. The arc li leaves the circle U�i
(m∗) of radius �i

centered at m∗. This arc intersects at least [�i] − 2
def
= si (the square brackets

denote the integer part) concentric rings A1, . . . , Asi
, where Aj = Uj+1(m∗)−

−Uj(m∗), 1 � j � si (Fig. 5.16). Therefore, on the medial line of the ring Aj

(i. e., on the boundary of the circle Uj+1/2(m∗)), there exists a point (denote

it by mij) that lies on the arc li. Note that by the construction, the open
disk U2ρ(mij) with the center at mij and with radius 2ρ lies in the ring Aj .

Figure 5.16. The rings Aj .

The point mij belongs to a certain neighborhood with the structure of
a constant field of the form U δ(zpq). Denote this neighborhood by Uδ(zij).
Recall that Uδ(zij) lies inside a neighborhood with the structure of a constant
field U2δ(zij). Since diamU2δ(zi) < ρ = 1

4 , U2δ(zij) lies in the ring Aj .
Obviously, the neighborhoods U2δ(zij) (and certainly Uδ(zij)) are pairwise
disjoint (1 � j � si, and the index i is fixed). Note that Σ and all the

points mi ∈ l
+ ∩ Σ lie in U1(m∗). Therefore, each neighborhood Uδ(zij),

1 � j � si, does not intersect Σ; hence, as shown above, the arc li intersects
each U δ(zij) along exactly one component. This component divides U δ(zij)

into two parts; one part, say dij , lies in the domain Di. However, we showed
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above that li intersects not only U δ(zij) but also U2δ(zij) along exactly one

component. Hence, the domain Di contains a domain of the form V
±
ij that

adjoins dij .

Thus, Di contains [�i]− 2 disjoint subsets of the form V
±
ij of area greater

than μ each. It follows from lim sup
i→∞

�i = ∞, that there exists an i such that

the area of Di is greater than the area of the surface M . Hence, the projec-
tion π(Di) covers twice a certain point on M together with some neighborhood,
so there are two congruent points strictly inside Di.

Fix this i and the domain Di = D. There exists an isometry γ ∈ Γ,
γ �= id, such that

γ(D) ∩D �= ∅. (5.10)

Figure 5.17

Let us show that this is impossible. We can take Ii = I so small that γ(I)∩
∩I = ∅. For short, we denote li = l. Since the semitrajectory l

+
is unbounded,

the trajectories of the flow f
t

should leave D through a segment without
contact I as time increases. Let a be an endpoint of the segment I such that its
negative semitrajectory lies in D (see Fig. 5.17). From 5.10, we obtain

γ(l ∪ I) ∩ (l ∪ I) �= ∅.

The arc l of the semitrajectory l
+

that belongs to the boundary D can not have
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congruent points, because otherwise the semitrajectory l
+

would be a covering
for a periodic non-null-homotopic trajectory (and would go to infinity). There-
fore, either l ∩ γ(I) �= ∅, or γ(l) ∩ I �= ∅, or both these inequalities hold.
Replacing, if necessary, γ by γ−1, we can assume that γ(l) ∩ I �= ∅; this
intersection consists of a single point, which we denote by m.

After intersecting the boundary of the domain D at m ∈ I , the arc γ(l)
can not intersect I once again and return to D because I is a segment without
contact. Therefore, one endpoint of the arc γ(l) lies inside D (obviously, this
is the point γ(a)), while the other endpoint γ(b) lies outside the domain D.
Hence, γ(I) ∩ l �= ∅, and this intersection consists of a single point, which we
denote by m1. Then, the negative semitrajectory of the point m1 contains the
negative semitrajectory of the point a. Therefore, the negative semitrajectory
of the point γ−1(m1) contains the negative semitrajectory of the point γ−1(a).

The inclusion γ(a) ∈ D and the fact that I is a segment without contact
imply that the negative semitrajectory of the point γ(a) lies in D. On the other
hand, since γ−1(m1) ∈ I , the negative semitrajectory of the point γ−1(m1) lies
in D. Hence, the negative semitrajectory of the point γ−1(a) also lies in D.
Hence, the negative semitrajectory of the point γ(a) lies in γ2(D). Since the
negative semitrajectory of the point γ(a) lies in D, we have

D ∩ γ2(D) �= ∅.

Repeating this line of reasoning with the element γ replaced by γ2, we ob-
tain D ∩ γ4(D) �= ∅. Hence, D ∩ γ2n(D) �= ∅ for any n ∈ N. However,
since the domain D is bounded and the group Γ is disconnected, only a finite
number of intersections D∩γi(D) may be nonempty. The contradiction proves
the theorem. �

Previous results on analytic flows

The proof of Theorem 5.8 is based on the description of the set Fix f t of
fixed points of an analytic flow f t and on the analysis of the structure of f t in
the neighborhood of the set Fix f t. The results we need one formulates in the
following lemma.

Lemma 5.12 Let Fix f t be the set of fixed points of an analytic flow f t on M .
Then, Fix f t contains a finite number of isolated points and a finite number of
isolated simple closed curves. The remaining subset of the set Fix f t contains
a finite number of points S1 that divide this subset into a finite number of
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pairwise disjoint simple arcs with the endpoints in S1. Outside S1, all curves
from Fix f t are analytic.

The proof is omitted. We note only that it is based on the Weierstrass
preparation theorem and on the simple original fact that locally, the set Fix f t

is defined by the equations f(x, y) = 0 and g(x, y) = 0, where f and g are
analytic functions in a certain domain of the plane R

2.
Note that Theorem 5.8 gives a final solution to the problem of the existence

of asymptotic directions for the covering semitrajectories of analytic flows.
The idea of the proof of Theorem 5.8 follows the idea of the proof of

Theorem 5.7. Despite the fact that the set Fix f t def
= F may be continual

and even noncontractible, its local topological structure without a finite set of
singular points S1 is known (an open interval). By virtue of the analyticity, the
behavior of the trajectories of the flow near Fix f t − S1 is also obvious: all
points that are sufficiently close to Fix f t − S1 and that lie locally on the same
side of the arc of the set Fix f t − S1 move along the trajectories in the same
direction (i. e., they do not behave like in Example 5.1). This fact allows us to
prove the theorem by analogy with the proof of Theorem 5.7.

Proof of theorem 5.8

Let ε1 > 0 be so small that the set U2ε1
(π−1(S1)) consists of disjoint

disks of radius 2ε1. The set F − Uε1
(S1) is covered by a finite number of real

analytic charts (V, ψ) such that

ψ(V ) = (−2δ; 2δ)× (−2δ; 2δ), ψ(F ∩ V ) = (−2δ; 2δ)× 0; (5.11)

moreover, we may assume that even reduced charts with |r|, |s| < δ cover F −
− Uε1

(S1). Denote by (f, g) the components of the vector field that defines
the flow f t. These functions vanish for s = 0, so that

f = smf1(r, s), g = sng1(r, s), f1(r, 0) �= 0, g1(r, 0) �= 0,

except for the case when f ≡ 0 or g ≡ 0. Let us refer a point z ∈ F −Uε1
(S1)

to the set S2 if, for some of our charts that contain z, one of the following
equations holds for the corresponding r:

f1(r, 0) = 0 for m < n or for g ≡ 0,

g1(r, 0) = 0 for n < m or for f ≡ 0,

f1(r, 0) = 0 or g1(r, 0) = 0 for m = n.
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It is clear that S2 is finite. Slightly reducing ε1 if necessary, we may assume
that F − Uε1

(S1) is covered, as before, by the charts with |r|, |s| < δ and that
the boundary of the disks that form Uε1

(S1) does not have any points from S2.
Now, let ε2 > 0 be so small that the set π−1(U) with

U = Uε1
(S1) ∪ Uε2

(S2)

consists of disjoint disks of radius ε1 with centers at the points of S1 and of
radius ε2 with centers at the points of S2.

Near the points of the set F − U , we have a sufficiently informative
description of the flow. Namely, F − U can be covered by charts (V, ψ)
such that (5.11) holds as before, the reduced charts with |r|, |s| < δ also
cover F − U ,

f = smf1(r, s) or f ≡ 0 and g = sng1(r, s) or g ≡ 0

in terms of the coordinates (r, s), the functions f and g are not identically zero
simultaneously, and f1 and g1 are different from zero everywhere in (−2δ; 2δ)2.
We will distinguish three types of charts.

1) m < n or g ≡ 0, and m is even.
2) m < n or g ≡ 0, and m is odd.
3) m � n or f ≡ 0.

A point z ∈ F that lies in a chart of type C can not be an ω-limit point for
a semitrajectory L = π(L). Indeed, within a chart of type C, the points move
along the integral curves of the differential equation

dr

ds
= sm−n f1(r, s)

g1(r, s)

(
or

dr

ds
≡ 0 if f ≡ 0

)
.

These curves intersect the axis r; however, while moving along such a curve γ
with the phase velocity (f, g), a point can not intersect the axis r but only
indefinitely approaches the point γ ∩ (R× 0) as t→ +∞ or t→ −∞. Hence,
either a point of the axial line ψ−1((−2δ; 2δ) × 0) of our chart can not be an
ω-limit point, or it is not only an ω-limit point but also a unique limit of the
corresponding motion as t → ∞. If L tended to z, then L would be bounded,
in contrast to the assumption.

Thus, the set ω(L)∩ (F − U) lies in charts of types A or B. It is a closed
set. Let us show that at the same time, it is open in F −U , so that the set F −
− (ω(L) ∪ U) is also closed. Let z ∈ ω(L) and z ∈ F − U . Then, z lies
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in a certain chart (V, ψ) in which either m < n or g ≡ 0. Near the axial
line ψ−1((−2δ; 2δ)× 0), or near the segment (−2δ; 2δ) of the axis r in terms
of the coordinates (r, s), the points move along the integral curves of the
differential equation

ds

dr
= sn−m g1(r, s)

f1(r, s)
= O(sn−m)

(
or

ds

dr
≡ 0 if g ≡ 0

)
(5.12)

uniformly with respect to r on any segment [a; b] ⊂ (−2δ; 2δ). Therefore, the
connected arc of L ∩ V that is close to z is also close to all points of the axial
line located in a certain neighborhood of the point z. Together with z, all these
points should be ω-limit points for L.

Let us modify the charts of types A and B so that they look like rectifying
charts. Namely, keeping the coordinate r fixed, we replace s by a new coordi-
nate (denoted again by s), so that equation (5.12) takes the form s = const in
the new coordinates. The relevant construction is similar to the construction of
current tubes, but it is based on the differential equation (5.12). Naturally, the
charts may become smaller in this case; however, we may add new charts. In
the modified chart A or B, we distinguish parts W and V ± as in the proof of
Theorem 5.6. Let

d0 = min

{
1

4
, d(L, F − (ω(L) ∪ U))

}
. (5.13)

Let us cover M − U by rectifying charts of types A, B, and C, all of which
have diameter < d0. Choose a finite system of charts such that, even when
reduced to W , they still cover M − U . Let us lift this system of charts to M
and schematically reproduce the proof of Theorem 5.6.

We construct “Bendixson bags” Bi. The curve L has an ω-limit point w
that lies outside π−1(U). If w /∈ F or if w ∈ F and w lies in a chart of type A,
then we repeat verbatim the construction from the proof of Theorem 5.6 (it is
essential that in a chart of type A, the points move in the same direction on
both sides of the axial line). If w ∈ F and w lies in a chart of type B, then the
construction is slightly modified. Let

ψ(w) = (r, 0), J
def
= ψ−1(r × (−2δ; 2δ)).

At least one of the two parts into which w divides J contains an infinite set
of points an such that an ∈ L and an → w. Denote this part of J by I . Let
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us enumerate the points an in increasing time. By analogy with the proof of
Theorem 5.6, take points zij ∈ Li that are located sufficiently far from w, from
each other, and from the points π−1(S1). Consider the charts Wij that contain
the points zij , and the larger charts (Vij , ψij). There are no charts of type C
among the latter charts. If Vij is a rectifying chart or a chart of type A, we can
repeat word for word the reasoning of the proof of Theorem 5.6, according to
which either V +

ij ⊂ Bi or V −
ij ⊂ Bi. If Vij is a chart of type B, then the line

of reasoning should be different.
Let ψij(zij) = (rij , sij) and let, for definiteness, sij > 0 (which

can be achieved by changing the sign of s). Then, Bi contains either all
points ψ−1

ij (r, s) such that |s − sij | is sufficiently small and s > sij or all

points ψ−1
ij (r, s) such that |s − sij | is sufficiently small and s < sij . In the

first case, we find that Bi contains all points ψ−1
ij (r, s) with s � sij ; moreover,

since zij ∈ Wij , we have Bi ⊃ V +
ij . In the second case, we can only conclude

that Bi contains all points ψ−1
ij (r, s) with 0 < s < sij . Hence, the axial line

l0ij
def
= ψ−1

ij ((−2δ; 2δ)× 0)

also lies in Bi because the boundary of Bi has no fixed points; in particular, it
has no points of l0ij . However, on the other side of l0ij , the direction of motion
is changed, so that Li may again pass through Vij very close to l0ij ; but then
the area of Bi ∩ Vij may be very small, and we can not associate with zij
a guaranteed increment of the area of Bi by at least μ.

Let us show that, in fact, l0ij /∈ Bi, so the second case is impossible.
Take v ∈ l0ij . It follows from 5.12 and the inequality diamVij < d0 that π(v) ∈
∈ ω(L). If v ∈ ω(L), then it is clear that v /∈ Bi because Li can not again
enter Bi. Assume that v /∈ ω(L). There exist tn → ∞ such that f tnπ(a1) →
→ π(v). Hence, there exist integer translations T−1

n such that

d(f
tn(a1), T

−1
n (v))→ 0, d(Tnf

tn(a1), v)→ 0. (5.14)

Note that since v /∈ ω(L), we have Tn �= id. By virtue of (5.14), Tnf
tn(a1) ∈

∈ Bi for sufficiently large n. Since the semitrajectories can not enter Bi, the

part of the semitrajectory Tn(L) preceding the point Tnf
tn(a1) lies in Bi. Take

a sequence of integers in →∞ such that

ain+1 = f
τn(a1) with τn < tn.
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Then, Tn(Lin
) ⊂ Bi. Next, the segment Tn(Iin ) that “completes” Tn(Lin

) to
the Bendixson bag Tn(Bin

) also lies in Bi: the endpoints of Tn(Iin) lie in Bi,

and this segment intersects neither Li nor Ii. Hence, Tn(Bin
) ⊂ Bi. But this

is impossible: the area of Tn(Bin
) is equal to the area of Bin , which is greater

than the area of Bi for in > i because Bi ⊂ Bi+1 and Bi+1 − Bi contains
internal points. The contradiction obtained proves the theorem. �

Now, we formulate with no proving one of the fundamental results in
the field of inquiry, the Anosov theorem [8] on the approximation, from the
viewpoint of the Fréchet distance, of a semi-infinite continuous curve by a semi-
trajectory of a smooth flow.

Theorem 5.11 Let l = {m(t) : t � 0} be a semi-infinite continuous curve
without self-intersections on a surface M . Then, for any r > 0, there exists
a C∞ flow f t on M such that one of its semitrajectories T = {f t(m0):
m0 ∈M , t � 0} lies at the Fréchet distance � r from l; i. e.,

ρF ([l], [T ]) � r.

Recall that the inequality ρF ([l], [T ]) � r means the following: there
exists a homeomorphism s : [0; +∞)→ [0; +∞) such that

sup
t�0

d(m ◦ s(t), f t(m0)) � r,

where d(·, ·) is a metric on the manifold M .
The main idea of the proof of Theorem 5.11 is to approximate the curve l

by a C∞-embedded curve l∞ that is r-close to l in the sense of the Fréchet
metric and is obtained by a successive construction of arcs of increasing length.
Since l∞ is smoothly embedded, it is embedded into M together with a cer-
tain strip. Next, we declare all boundary points of this strip fixed points and
construct a C∞ flow with a semitrajectory l∞.

In order to obtain the approximation by a smooth embedded curve, we
apply approximations by topologically embedded arcs followed at each step by
smoothing that does not spoil the smoothing made at preceding steps. Note
that the initial curve l may contain points of its own limit set or may even
completely belong to its own limit set. Therefore, the construction of l∞ must
be accompanied by “extruding the tails” of intermediate semi-infinite curves
from a certain neighborhood of their initial arcs. This operation is described
below, when we construct the curve l∞.
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In 1995, Anosov [13] generalized Theorem 5.11 and obtained its metric
(in the sense of measure theory) version.

Theorem 5.12 Let l = {m(t) : t � 0} be a semi-infinite continuous curve
without self-intersections on a surface M and μ be a smooth measure on M
with everywhere positive C∞ density. Then, for any r > 0, there exists
a C∞ flow f t that preserves the measure μ and is such that one of its
semitrajectories T = {f t(m0): m0 ∈M , t � 0} lies at a Fréchet distance � r
from l; i. e.,

ρF ([l], [T ]) � r.

5.4. Nonlocal asymptotic behavior of special curves

Here, we consider the question on the existing of an asymptotic direc-
tion for special curves (nontrivial recurrent semitrajectories, semitrajectories of
analytic flows, semileaves of foliations, one-dimensional stable and unstable
manifolds of the points of surface diffeomorphisms, etc.), which play an impor-
tant role in the theory of dynamical systems and foliations. Often, the presence
of asymptotic directions allows one to construct an effective topological invari-
ant for a wide class of dynamical systems and foliations that have invariant sets
with nontrivially recurrent behavior.

First of all, recall (see Theorem 5.9) that if C is a closed curve (or a semi-
infinite periodic curve) on a surface M , then,

• if C is null-homotopic, then any of its lifts C to M is a closed (and, hence,
bounded) curve;
• if C is non-null-homotopic, then any of its lifts C to M is a nonclosed

infinite curve both of whose semi-infinite curves have a rational asymptotic
direction.

A similar assertion is valid for semileaves of a local lamination that tend
to a closed leaf.

Theorem 5.13 Let l+ be a semileaf of a local lamination D on M such that
its limit set lim(l+) consists of a closed leaf C. Then,

1) if C is null-homotopic, then any lift l
+

of l+ to M is a bounded curve;

2) if C is non-null-homotopic, then any lift l
+

of l+ to M has a rational
asymptotic direction.
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Proof. It follows from the definition of a local lamination and the com-
pactness of C that C is covered by a finite family of neighborhoods in each of
which D has a structure of a linear local lamination. This and the hypothesis
of the theorem imply that l+ approaches C in a spiral-like fashion. Now, the
required result follows from Theorem 5.9. �

The question on the existing of asymptotic directions is harder to solve
in the case of nonclosed semi-infinite curves, such as nontrivially recurrent
semileaves of local laminations, which are of great interest from the standpoint
of applications. One can construct a foliation (and, hence, a lamination) in
a disk with a nontrivially recurrent semileaf (see Exm. 3.7 in Section 3.1).
Obviously, such a semileaf and any of its lifts on a universal covering have
no asymptotic direction. Therefore, to guarantee that a nontrivially recurrent
semileaf (and, moreover, an arbitrary curve) has an asymptotic direction, we
have to impose certain constraints on this semileaf.

We begin with sufficient conditions for so-called widely disposed sim-
ple semi-infinite continuous curve; these conditions is then applied to special
curves. We’ll consider the cases of flat and hyperbolic surfaces separately be-
cause, for hyperbolic surfaces, we prove certain additional results that will be
needed subsequently.

Widely disposed curves on flat surfaces

Among flat surfaces, we restrict our consideration to the torus. The defi-
nition of the orientability of the intersection of curves is given in Section 3.4.

Theorem 5.14 Let C be a simple closed curve on the torus T
2 = R

2/Z2 and
suppose that a simple semi-infinite curve l+ orientably intersects C infinitely
many times. Then, any lift of l+ to the universal covering R

2 has an asymptotic
direction.

Proof. Since l+ orientably intersects C infinitely many times, the curve C
does not divide the torus and, hence, is non-null-homotopic. This, combined
with Theorem 5.9, implies that the preimage π−1(C) consists of pairwise dis-
joint nonclosed curves each of whose semi-infinite curves has a rational asymp-
totic direction. Moreover, since the group of deck transformations for the torus
consists of integer translations of R2, these semi-infinite curves have diametri-
cally opposite directions (see Lemma 5.11).

Let us show that a lift l
+

of l+ can intersect any fixed lift C at most once.
Suppose the contrary. According to what was proved above, C is a nonclosed
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curve that has diametrically opposite rational asymptotic directions in the pos-
itive and negative directions. Therefore, C divides the universal covering R

2

into two domains that are homeomorphic to an open disk. If l
+ ∩ C consists

of more than one point, then there exists an arc of the curve l
+

that, together
with a certain arc of the curve C , bounds a disk on R

2. Therefore, the inter-
section l+ ∩ C must contain points with different intersection indices; but this
contradicts the conditions.

Since l+ orientably intersects C infinitely many times, l
+

intersects a se-
quence of pairwise disjoint lifts Cn ∈ π−1(C) of the curve C. Due to the
discontinuity of the group of deck transformations, any compact set on the
plane is intersected only by a finite number of curves from π−1(C). Therefore,

starting from a certain moment, l
+

leaves any compact set of the plane and

never returns to it. Hence, l
+

goes to infinity. According to Theorem 5.4,
l
+

has an asymptotic direction. �

Theorem 5.15 Let C be a simple closed curve on the torus T
2, and suppose

that a simple infinite curve l orientably intersects C infinitely many times in
such a way that the positive and negative semi-infinite curves l+ and l− of l
also intersect C infinitely many times. Then any lift l of l to the universal

covering is an infinite curve whose positive and negative semi-infinite curves l
+

and l
−

have diametrically opposite asymptotic directions.

Proof. It follows from Theorem 5.14 and the definition of the orientability

of the intersection of an infinite curve with C that l
+

and l
−

have asymp-
totic directions. Lemma 5.11 implies that these directions are diametrically
opposite. �

Denote by T an arc or a closed curve that intersects a semi-infinite
curve l+ transversally. Recall that the curve l+ is said to be widely disposed
with respect to T if there do not exist any T -loops that bound a disk. On
the torus, the concept of wide disposition with respect to a non-null-homotopic
simple closed curve coincides with the concept of orientability of the intersec-
tion with this curve. Indeed, cutting the torus T 2 along a simple non-null-
homotopic closed curve C ⊂ T 2, we obtain a ring. Therefore, if a semi-infinite
curve l+ is widely disposed with respect to C, it intersects C orientably. It
can easily be shown that the orientability of the intersection implies the wide
disposition on any surface. We formulate this assertion as a lemma for refer-
ences.



266 CHAPTER 5

Lemma 5.13 Let a simple semi-infinite curve l+ orientably intersect a simple
closed curve C. Then l+ is widely disposed with respect to C.

Proof. If there exists a C-loop that bounds a disk, then, obviously, at the
endpoints of the corresponding C-arc, the curve l+ intersects C with different
intersection indices. �

Widely disposed curves on hyperbolic surfaces

On a hyperbolic surface, one can easily construct an example of a semi-
infinite curve that is widely disposed with respect to C and intersects the
curve C non-orientably. Let us formulate a sufficient condition for the exis-
tence of an asymptotic direction of a widely disposed semi-infinite curve on
a hyperbolic surface that may be noncompact and non-orientable.

Theorem 5.16 Let C be a simple closed curve on a hyperbolic surface M2,
and suppose that a simple semi-infinite curve l+ is widely disposed with re-
spect to C and transversally intersects C infinitely many times. Then any

lift l
+ ⊂ Δ of l+ has an asymptotic direction. Moreover, the point of S∞

that is accessible by l
+

is the topological limit of the lifts Ci of C that are

successively intersected by l
+

as the parameter increases.

Proof. Since l+ is widely disposed with respect to C, C is non-null-
homotopic on M2 and does not bound a disk with a puncture (or a hole)
on M2. Due to Lemma 5.2 (see Theorem 5.9 as well), the set π−1(C) consists
of pairwise disjoint nonclosed curves such that the ideal endpoints of each of
them lie on the circle at infinity S∞. Thus, any lift C ∈ π−1(C) of C has two
different ideal endpoints that coincide with the endpoints of the co-asymptotic
geodesic g(C).

Let us show that a lift l
+

of l+ may intersect any lift C at most once.
Suppose the contrary. The curve C divides Δ into two domains that are

homeomorphic to an open disk. If l
+ ∩ C consists of more than one point,

then there exists a C-loop of l
+

that bounds a disk on Δ. This disk projects
to a disk on M2 that contradicts to a widely disposition of l+ with respect
to C.

Taking into account that l+ intersects C infinitely many times, we get

that l
+

successively intersects pairwise disjoint lifts Cn ∈ π−1(C) of C as
the parameter indefinitely increases, Fig. 5.18. Note that applying the Weil
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Figure 5.18. Asymptotic direction of a curve l
+

.

conjecture (see section 5.2), we already get that l
+

has an asymptotic direction.
However, we must prove a more informative result.

Since l
+

intersects successively Cn, the sequence {Cn} is monotone.
By Lemma 5.4, the topological limit of the curves Cn ∈ π−1(C) consists of

a unique point of S∞, which we denote by ω(l
+
). Clearly, that ω(l

+
) defines

the asymptotic direction of l
+

. �

Theorem 5.17 Let C be a simple closed curve that has a cylindrical tubular
neighborhood on a hyperbolic surface M2, and suppose that a simple semi-

infinite curve l+ orientably intersects C infinitely many times. Then any lift l
+

of l+ to the universal covering has an asymptotic direction. Moreover, the

point on S∞ that is accessible by the curve l
+

is the topological limit of the

lifts of C that are successively intersected by l
+

as the parameter increases.

Proof. By Lemma 5.13, the curve l+ is widely disposed with respect to C.
Then, the required assertion follows from Theorem 5.16. �

Now, we study the existence of asymptotic directions for semi-infinite
curves belonging to a simple curve that is infinite in both directions.

Theorem 5.18 Let C be a simple closed curve on a hyperbolic surface M2,
and suppose that a simple infinite curve l is widely disposed with respect
to C; moreover, the positive and negative semi-infinite curves l+ and l− of l
transversally intersect C infinitely many times. Then any lift l of the curve l
on the universal covering is an infinite curve whose positive and negative

semi-infinite curves l
+

and l
−

have asymptotic directions. Moreover,

ω(l
+
) = ω(l) �= α(l) = α(l

−
).
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Proof. Choose a starting point m0 on l, thus fixing the positive and
negative semi-infinite curves

l
+
, l

− ⊂ l, l
+ ∪ l

−
= l, l

+ ∩ l
−
= m0.

By Theorem 5.16, l
+

and l
−

have asymptotic directions. Since l is widely
disposed with respect to C, l may intersect any fixed lift C at most once.

Therefore, l
+

and l
−

intersect disjoint sequences C
+

n , C
−
n ∈ π−1(C) of the

lifts of C. It follows from the proof of Theorem 5.16 that any two lifts of the
curve C have pairwise different ideal endpoints on the absolute. This implies
the inequality ω(l) �= α(l). �

Theorem 5.19 Let C be a simple closed curve on a hyperbolic surface M2,
and suppose that a simple infinite curve l orientably intersects C infinitely
many times; moreover, the positive and negative semi-infinite curves l+ and l−

of the curve l also intersect C infinitely many times. Then, any lift l of l on the
universal covering is an infinite curve whose positive and negative semi-infinite

curves l
+

and l
−

have asymptotic directions. Moreover,

ω(l
+
) = ω(l) �= α(l) = α(l

−
).

Proof. The proof follows from Lemma 5.13 and Theorem 5.18. �

Semileaves of orientable foliations

It is convenient to consider orientable foliations as flows using the corre-
sponding terminology. The question of whether periodic trajectories and semi-
trajectories that tend to a periodic trajectory have an asymptotic direction is
actually solved in Theorems 5.9 and 5.13.

• If a periodic trajectory is null-homotopic (as a curve), then it has no
asymptotic direction. If a periodic trajectory is non-null-homotopic, then
its lift is an infinite curve both of whose semi-infinite curves have rational
asymptotic directions.
• If a semitrajectory tends to a null-homotopic periodic trajectory, then it has

no asymptotic direction. If a semitrajectory tends to a non-null-homotopic
periodic trajectory, then it has a rational asymptotic direction.

A similar situation occurs for a semitrajectory that tends to a loop com-
posed of separatrix connections and saddles. Obviously, a semitrajectory that
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tends to a single fixed point has no asymptotic direction. It remains to consider
the question of whether semitrajectories that tend to trajectories whose limit
set contains one-dimensional trajectories (or, which is the same, regular points)
have an asymptotic direction. According to Corollary 4.3 for flows on compact
surfaces, such semitrajectories tend to nontrivially recurrent trajectories. There-
fore, it is natural to consider first the question of whether nontrivially recurrent
semitrajectories have an asymptotic direction.

Nontrivially recurrent semitrajectories

Recall that a nontrivially recurrent semitrajectory is a nonclosed semitrajec-
tory that belongs to its own limit set (i. e., a “self-limit”). Such semitrajectories
may exist only on orientable surfaces of genus g � 1 and on non-orientable
surfaces of genus g � 3 [21, 45, 142, 192]. The Euler characteristic of these
surfaces is nonpositive, and their universal covering is homeomorphic to a disk.
Therefore, we can speak of the nonlocal asymptotic behavior of nontrivially
recurrent semitrajectories. The following theorem shows that a nontrivially re-
current semitrajectory of a flow with any set of fixed points has an asymptotic
direction, and this asymptotic direction is irrational.

Theorem 5.20 Let l be a nontrivially recurrent semitrajectory of a flow f t

on a closed surface M of nonpositive Euler characteristic, and let l be its
lift to the universal covering M (i. e., l is a semitrajectory of the covering

flow f
t

on M that is projected onto l). Then l has an irrational asymptotic
direction.

Proof. By virtue of Lemma 3.12, the surface M can be assumed orientable.
Since l is a nontrivially recurrent semitrajectory, there exists a closed transver-
sal C that is intersected by l at a countable set of points (see Corollary 3.5).
Since M is orientable, the transversal C has a tubular cylindrical neighborhood.
As a semitrajectory of a flow, l intersects C orientably. This result, combined
with Theorems 5.14 and 5.17, implies that l has an asymptotic direction, which
we denote by ω(l).

Let us prove that the point ω(l) is irrational. For flows on the torus,
it is well-known (see, for example, [26, 168, 180]) that if a flow has nontriv-
ially recurrent trajectories, then the rotation number of this flow is irrational.
Moreover, the rotation number is calculated with the use of an arbitrary semi-
trajectory that has an asymptotic direction, and is independent of the choice of
the semitrajectory. This and the definition of the irrationality of the asymptotic
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direction for semi-infinite curves on the torus imply that the point ω(l) is irra-
tional in the case of the torus (recall that the torus is the only closed flat surface
that admits nontrivially recurrent semitrajectories).

Now, let us show that the point ω(l) is irrational in the case of a hyperbolic
surface M . First, we assume that l belongs to a nontrivially recurrent trajectory,
which we denote by the same symbol l. According to Theorem 5.19, the
α-limit set α(l) of the trajectory l is a point that lies on the absolute and
does not coincide with ω(l). Suppose that ω(l) is a rational point. Then,
its stabilizer Γ

ω(l)
in the group Γ is nonempty. According to Theorem 8.1.2

from [46], Γ
ω(l)

is an infinite cyclic group generated by a certain element η.

Since η is an orientation-preserving non-Euclidean translation of Δ and the
trajectory l divides Δ, the trajectories η(l) and η−1(l) bound a domain on Δ,
say D, that contains the trajectory l. Since η is an element that generates
the infinite cyclic group Γ

ω(l)
, D contains no trajectories ηj(l) for |j| � 2,

Fig. 5.19.

Figure 5.19

By Theorem 5.17, the point ω(η(l)) = ω(η−1(l)) = ω(l) is the topological
limit of the lifts of the transversal C that are successively intersected by the tra-
jectory l as time increases. Therefore, there exists a lift C of the transversal C
that intersects all three trajectories η(l), η−1(l), and l. It follows from geomet-
rical considerations that the point of intersection l ∩ C lies on C between the
points η−1(l) ∩C and η(l) ∩C. Since l is a nontrivially recurrent trajectory, it
follows that for any point z0 ∈ l in the domain D, there exists a trajectory γ(l),
γ ∈ Γ, that is congruent to l and is arbitrarily close to z0 and, in particular, to
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the point l ∩ C. Set l ∩ C = z0 and assume that γ(l) intersects C between the
points

η(l) ∩ C = z1, η−1(l) ∩ C = z2.

Denote the arc of C enclosed between the points z1 and z2 by A. Together with
the arc A, the positive semitrajectories of the trajectories η(l) and η−1(l) that
emanate from the points z1 and z2, respectively, bound a domain (a curvilinear
triangle) on Δ, which we denote by T . The trajectory γ(l) enters T and can not
leave T , because C is a transversal of the covering flow. Since, according to
what was proved above, γ(l) has an asymptotic direction, its ω-limit set must
coincide with the point ω(l). Hence, γ ∈ Γ

ω(l)
. This contradicts the assumption

that η generates the stabilizer Γ
ω(l)

.

If l is a nontrivially recurrent trajectory only in the positive direction but
is not so in the negative direction (i. e., if it does not belong to a trajectory that
is nontrivially recurrent in both directions), then we should apply the Cherry
Theorem [64], according to which the topological closure clos l of the trajec-
tory l contains a trajectory l1 that is nontrivially recurrent in both directions and
is such that l ⊂ clos l1. By analogy with the previous case, we construct for l
a curvilinear triangle T that is bounded by the arc A and the trajectories η(l)
and η−1(l). By virtue of the inclusion l ⊂ clos l1, there exists a lift l1 that in-
tersects A and enters T . The fact that l1 intersects A and enters the curvilinear
triangle T implies that ω(l) = ω(l1). The irrationality, proved above, of the
asymptotic direction for a nontrivially recurrent (in both directions) trajectory
implies that ω(l) = ω(l1) is an irrational point. �

Corollary 5.4 Let l be a nontrivially recurrent trajectory of a flow f t on
a closed surface M of nonpositive Euler characteristic, and let l be its lift to the
universal covering M . Then l has irrational asymptotic directions ω(l), α(l) ∈
∈ S∞; moreover, ω(l) �= α(l).

Corollary 5.5 Let l be a generalized trajectory of an irrational flow f t on
a closed surface M of nonpositive Euler characteristic, and let l be its lift to the
universal covering M . Then, l has irrational asymptotic directions ω(l), α(l) ∈
∈ S∞; moreover, ω(l) �= α(l).

The following theorem is proved by analogy with the part of the proof of
Theorem 5.20 concerning the existence of an asymptotic direction.

Theorem 5.21 Let l be a positive (negative) semitrajectory of a flow f t on
a closed surface M of nonpositive Euler characteristic, and let l be its lift
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to the universal covering M . If l contains a positive (negative) nontrivially
recurrent semitrajectory in its ω-limit (respectively, α-limit) set, then l has an
asymptotic direction.

Proof. By Lemma 3.12, the surface M can be assumed orientable. It
follows from the hypothesis that l infinitely many times intersects a certain
closed transversal that is non-null-homotopic (and even not homologous to
zero) on M . Further proof repeats, with some unessential modifications, the
initial part of the proof of Theorem 5.20. �

Analytic and topological flows with finitely many of fixed points

It follows from Anosov’s Theorems 5.6 and 5.8 that for an analytic flow
or for a flow that has a finite number of fixed points, any semitrajectory of
the covering flow on M either is bounded or has an asymptotic direction.
Now, it is natural to consider the question concerning the relation between the
“arithmetic” (i. e., the rationality or irrationality) of the asymptotic direction of
a semitrajectory and its possible limit sets. Recall that an individual positive
semitrajectory of a flow with a finite number of fixed points on an orientable
compact surface may have an ω-limit set of exactly one of the following types
(obviously, an analogous list can be written for a negative semitrajectory and
its α-limit set):

• a single fixed point;
• a single periodic trajectory;
• a single one-sided loop formed by fixed points and separatrix connections

(some of them may be separatrix loops);
• a single quasiminimal set.

Note that this assertion does not generally hold for flows with an infinite
set of fixed points. However, Lemma 5.12 shows that for analytic flows (which
may even have a continuum of fixed points) this assertion holds true. One
should only keep in mind that a one-sided loop may contain arcs or closed
curves that consist of fixed points. Now, using this result, we can obtain a list
of limit sets for an individual semitrajectory that has an asymptotic direction
both for analytic flows and topological flows with a finite number of fixed
points.

Lemma 5.14 Let f t be an analytic flow or a topological flow with a finite
number of fixed points on a closed orientable surface M of nonpositive con-

stant curvature, and let l+ be a positive semitrajectory of the flow f t. Let l
+
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be a lift of the semitrajectory l+ to the universal covering. Then, l
+

has an
asymptotic direction if and only if the ω-limit set ω(l+) of the semitrajectory l+

falls under one of the following types:

1) ω(l+) is a periodic non-null-homotopic trajectory;
2) ω(l+) is a homotopically nontrivially one-sided loop formed by (possibly,

trivial) arcs that consist of fixed points and by separatrix connections
(some of which may be separatrix loops);

3) ω(l+) is a quasiminimal set.

Proof. Since l
+

has an asymptotic direction, ω(l+) can not be a fixed
point. This and the list of possible limit sets for an individual semitrajectory
of a flow with a finite number of fixed points imply the required assertion for
flows with a finite number of fixed points. It remains to prove the lemma for an
analytic flow f t. According to Lemma 5.12, the set Fix f t is decomposed into
three subsets (some of which may be empty), which we denote by A, B, and C,
in the following fashion: (1) the subset A consists of a finite set of isolated
points; (2) the subset B consists of a finite set of simple analytic isolated
closed curves; (3) the subset C consists of a finite set of analytic pairwise
disjoint simple arcs and a finite set N of the endpoints of these simple arcs.

Let K be a component of the set M − Fix f t that contains l+. According
to Lemma 5.12, K is an open topological surface of finite genus with a fi-
nite number of punctures and holes that correspond to the points and curves
from the above-mentioned subsets A, B, and C. Here, the punctures corre-
spond to isolated fixed points of the flow f t, i. e., to a certain subset A0 ⊂ A,
and the holes correspond to curves filled with fixed points that belong to sub-
sets B0 ⊂ B and C0 ⊂ C . Let us compactify K gluing up the punctures by
the points of the set A0 and adding the arcs from B0 and C0. As a result, we
obtain a compact surface, which we denote by K0. Let us declare that each
point of the added set A0 ∪ B0 ∪ C0 is an equilibrium state. Then, the initial
flow induces a topological flow on K0 whose isolated fixed points coincide
with A0 and the nonisolated points form the boundary of the surface K0. Let
us contract each boundary component to a point and declare it an equilibrium
state. Then, we obtain a topological flow with a finite number of fixed points
on the closed surface. Now, the required result follows from the list of limit
points for the flows with a finite number of fixed points. �

Lemma 5.15 Suppose that the hypotheses of Lemma 5.14 are fulfilled, and
let l+ be a nonperiodic trajectory. Then,
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1) l
+

has a rational asymptotic direction if and only if ω(l+) is either a pe-
riodic non-null-homotopic trajectory or a homotopically nontrivially one-
sided loop that consists of separatrix connections and (possibly, trivial)
arcs formed by fixed points;

2) l
+

has an irrational asymptotic direction if and only if ω(l+) is a quasi-
minimal set.

Proof. If ω(l+) is either a periodic trajectory or a one-sided loop, then,

obviously, l
+

has a rational asymptotic direction (see Theorem 5.13). There-

fore, by virtue of Lemma 5.14, if l
+

has an irrational asymptotic direction,
then ω(l+) is a quasiminimal set. Let us prove the converse. If l+ is a nontriv-
ially recurrent semitrajectory, then the irrationality of the asymptotic direction

of the semitrajectory l
+

follows from Theorem 5.20. When l+ is not a non-
trivially recurrent semitrajectory, we note that nontrivially recurrent trajecto-
ries and semitrajectories are everywhere dense in the quasiminimal set ω(l+).
Lemma 5.12 and the results obtained by Gutierrez [103] concerning the struc-
ture of a quasiminimal set (see also [26,172]) imply that starting from a certain
moment, l+ enters an open strip the part of whose boundary that is accessible
on the inside consists of two nontrivially recurrent positive semitrajectories l+1
and l+2 that approach l+ (this strip can be interpreted as a cell in the Denjoy

flow on the torus). In this case, there exist lifts l
+

, l
+

1 , and l
+

2 of the semitra-
jectories l+, l+1 , and l+2 , respectively, that have the same asymptotic direction.

Since the lifts l
+

1 and l
+

2 have an irrational asymptotic direction, l
+

also has an
irrational asymptotic direction. �

Semileaves of non-orientable foliations

Let M be a surface (possibly, with boundary ∂M ). Recall that a foli-
ation F on M with a set of singularities Sing(F ) is a partition of M −
− (Sing(F ) ∪ ∂M) into disjoint curves (called leaves) that are locally home-
omorphic to a family of parallel straight lines. As for the set of singulari-
ties Sing(F ), this set should be described separately for each class of folia-
tions. Each point of the set Sing(F ) is called a singularity of the foliation F .
The behavior of leaves near the boundary ∂M is also described separately, if
necessary. It is usually assumed that either the leaves are transversal to ∂M or
each component of the boundary ∂M is a leaf.

An important class of foliations on surfaces is given by foliations whose
singularities are topological saddles (or saddle type singularities). Recall that
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the index of a topological saddle O with ν separatrices is calculated by the
formula indO = 1 − ν

2 . Thus, among the topological saddles, only a thorn
has a positive index equal to 1

2 . A fake saddle has the index 0, and all the
other topological saddles have negative indices. In the general case, when an
isolated singularity has elliptic, parabolic, and hyperbolic sectors, the index of
singularity O is calculated by the formula

indO = 1 +
e− h

2
,

where e is the number of elliptic sectors and h is the number of hyperbolic
sectors of O. For the index of an arbitrary isolated singularity and the index
of a simple closed curve in a general position with respect to a foliation, see
Section 3.6.

Consider a class of foliations with isolated singularities of nonpositive
index (i. e., a singularity may have elliptic sectors, but the number of these
sectors must be less by two than the number of hyperbolic sectors).

Theorem 5.22 Let F be a foliation on a closed surface M of negative Euler
characteristic. Suppose that the singularities of the foliation F are isolated and
have nonpositive indices. Then, any semileaf that does not tend to a singularity
has an asymptotic direction.

Proof. Passing, if necessary, to a two-sheeted covering, we may assume
that the surface M is orientable. Let l be a semileaf that does not tend to
a singularity. Without loss of generality, we may assume that l is a positive
semileaf. Then, the ω(l)-limit set of this semileaf contains a one-dimensional
leaf l0. If l0 is a closed leaf, then it is non-null-homotopic on the surface. In-
deed, otherwise, by virtue of Corollary 3.6, l0 would bound a disk that contains
singularities of positive index (since the index of l0, as the index of a curve, is
equal to +1). The fact that l0 is non-null-homotopic and Theorem 5.13 imply
that l has an asymptotic direction.

Consider the case when l0 is not a closed leaf. If the ω-limit set of the
leaf l0 does not consist only of singularities, then, by virtue of Theorem 4.12,
l0 is a nontrivially recurrent semileaf. According to Theorem 3.4, there exists
a closed transversal C that is intersected by the leaf l0 infinitely many times.
Since l0 ⊂ ω(l), l also intersects C infinitely many times.

Let us show that l is widely disposed with respect to C. Suppose the
contrary. Then, there exists a disk D bounded by an arc of the leaf l and
a segment of the transversal C. The index of the curve that bounds D is pos-
itive. Hence, D must contain singularities of positive index, which contradicts
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the assumption (see Corollary 3.7). This proves that l is widely disposed with
respect to C. By Theorem 5.16, l has an asymptotic direction.

It remains to consider the case when l0 is not a closed leaf and the ω-limit
set of the leaf l0 consists only of singularities. Since the singularities are iso-
lated, ω(l0) consists of exactly one singularity. Then, the Bendixson extensions
of the leaf l0 form a closed one-sided loop K that coincides with ω(l). The
index of this loop, as the index of a curve, is equal to +1. Therefore, K is
non-null-homotopic. This and Theorem 5.13 imply that l has an asymptotic
direction. �

For references, we formulate the following theorem, which is derived from
Theorems 5.22 and 5.18 (we omit the proof).

Theorem 5.23 Suppose that a foliation F with isolated singularities of nega-
tive indices is defined on a closed hyperbolic orientable surface M2. Then, the
semileaves of any leaf that is not a separatrix of any singularity have different
asymptotic directions.

On an orientable surface, consider foliations with singularities solely of
saddle type with negative indices. For such foliations, there are the curves
“generated” by separatrices and saddle type singularities. These additional
curves are obtained as the union of separatrices with their one-sided Bendixson
extensions (see Fig. 4.5), which are called generalized leaves. For flows, which
can be interpreted as orientable foliations, generalized leaves are referred to
as generalized trajectories. Note that a generalized trajectory of a covering

flow f
t

may consist of a countable family of separatrices and fixed points. In
this case, the generalized trajectory covers a one-sided non-null-homotopic loop
of the flow f t.

Recall that a generalized leaf endowed with a parametrization (and, hence,
with an orientation) represents an infinite curve. Fixing the starting point,
we divide a generalized leaf into two generalized semileaves, the positive and
negative ones. Note that a generalized curve on a surface is not generally
a simple semi-infinite curve. However, this is so on the universal covering in
the class of foliations under consideration.

Lemma 5.16 Let F be a foliation on a closed orientable hyperbolic sur-
face M . Suppose that the singularities of F are topological saddles of nega-
tive index. Then, any generalized semileaf of the covering foliation F on Δ
is a simple semi-infinite curve.
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Proof. Suppose the contrary. Since the leaves are pairwise disjoint, the
covering generalized semileaf has a separatrix loop. This loop bounds, on the
universal covering, a disk that must contain singularities of positive index. But
this contradicts the assumption. �

The following lemma shows that the semileaves of a generalized leaf have
asymptotic directions and that these directions are different.

Theorem 5.24 Let F be a foliation on a closed orientable surface M of
negative Euler characteristic. Suppose that the singularities of the foliation F
are topological saddles of negative index. Then, any generalized semileaf of
the covering foliation F on Δ has an asymptotic direction. Moreover, any
generalized leaf l of the covering foliation F is a simple infinite curve whose

positive and negative semi-infinite curves l
+

and l
−

have asymptotic directions
such that

ω(l
+
) = ω(l) �= α(l) = α(l

−
).

The proof is omitted.

Nontrivially recurrent leaves and semileaves

The analysis of the proof of Theorem 5.20 shows that similar assertions
are valid for local laminations on a hyperbolic surface.

Theorem 5.25 Let C be a simple closed curve on a hyperbolic surface M2,
and suppose that all leaves of a local lamination D are widely disposed with
respect to C. Suppose that a nontrivially recurrent leaf l of the local lamina-
tion D transversally intersects C infinitely many times. Then, the positive and
negative semileaves of the covering leaf l have different irrational asymptotic
directions on the universal covering.

Proof. Since l is nontrivially recurrent and transversally intersects C, it
intersects C infinitely many times both in the positive and negative directions.
This and Theorem 5.18 imply that the positive and negative semileaves of the
covering leaf l on the universal covering have different asymptotic directions.

Let us prove that these directions are irrational. We will only prove the
irrationality of the point ω(l) because the irrationality of the point α(l) can be
proved in a similar way. Note that ω(l) �= α(l) by Theorem 5.18.

Suppose the contrary; i. e., let ω(l)
def
= σ be a rational point and, hence, the

stabilizer Γσ be nontrivial. Let us show that there exist transformations ε1, ε2 ∈
∈ Γσ such that the leaves ε1(l) and ε2(l) bound an open domain D ⊂ Δ that
contains l and is such that γ(l) /∈ D for any nonidentity transformation γ ∈ Γσ .
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Indeed, if Γ
α(l)
∩ Γσ = {id}, then the required result follows from Corol-

lary 3.2. If Γ
α(l)
∩ Γσ �= {id}, then the stabilizers Γ

α(l)
and Γσ contain

a common hyperbolic transformation. Hence, each stabilizer is of type (1), (2),
or (3) from Lemma 3.8. Consider these types.

Suppose that Γσ is generated by a parabolic or a hyperbolic element η.
Since η is an orientation-preserving transformation, l belongs to a domain
bounded by the leaves η(l) and η−1(l). Thus, ε1 = η and ε2 = η−1. Suppose
that Γσ is generated by a glide reflection η. The leaf l divides Δ into two
domains L and R. Without loss of generality, we can assume that η(l) ⊂ R.
Since η is an orientation-reversing transformation, η−1(l) ⊂ R. Since η2 is
an orientation-preserving transformation, l lies in a domain bounded by the
leaves η2(l) and η−2(l). Thus, ε1 = η2 and ε2 = η−2.

Thus, there exist transformations ε1, ε2 ∈ Γσ such that the leaves ε1(l)
and ε2(l) bound an open domain D ⊂ Δ that contains l and is such that γ(l) /∈
/∈ D for any nonidentity transformation γ ∈ Γσ .

By Theorem 5.16, there exists a lift C of the curve C that intersects the
leaves ε1(l) and ε2(l). Set εi(l)∩C = xi, i = 1, 2. According to Lemma 3.20,
there exists a leaf l1 that is congruent to l and enters the curvilinear trian-
gle x1σx2 because l is a nontrivially recurrent leaf. By virtue of the wide
disposition, l1 tends to the point σ. This and the congruence of the leaves l
and l1 imply that there exists γ ∈ Γσ such that γ(l) = l1. On the other hand,
γ(l) ⊂ Δ − D for any nonidentity transformation γ ∈ Γσ. The contradiction
obtained proves the theorem. �

Theorem 5.26 Let C be a simple closed curve on a hyperbolic surface M2,
and suppose that all leaves of a local lamination D are widely disposed with
respect to C. Suppose that a nontrivially recurrent semileaf l+ of the local
lamination D transversally intersects C infinitely many times and belongs to
the limit set of a certain nontrivially recurrent leaf that also transversally
intersects C. Then, l+ has an irrational asymptotic direction.

Proof. By Theorem 5.16, the lift l
+

of the semileaf l+ has an asymptotic
direction, which we denote by σ. Let us prove that the point σ is irrational.
Suppose the contrary and let us avail ourselves of the notations from the proof

of Theorem 5.25. Then, there exist pairwise congruent semileaves l
+

1 , l
+

2 ,

and l
+

3 = l
+

that tend to σ and intersect the curve C at points x1, x2, and x3,
respectively. Without loss of generality, we can assume that the point x2 lies
between the points x1 and x3 on the curve C; i. e., x2 ∈ (x1; x3) ⊂ C. By
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the hypothesis, there exists a nontrivially recurrent (in both directions) leaf l0
such that l+ ⊂ clos l0. Therefore, there exists a lift l0 of the leaf l0 such that l0
intersects the interval (x1; x3). By virtue of Lemma 4.12, the leaf l0 is widely
disposed. Hence, l0 can not intersect C twice and therefore tends to the point σ
(in the “positive” direction). According to Theorem 5.25, σ is an irrational
point. The contradiction obtained proves the theorem. �

Corollary 5.6 Suppose that the hypotheses of Theorem 5.26 are fulfilled, and
let l+ be an internal semileaf. Then, any semileaf of the local lamination D
that transversally intersects C infinitely many times can not have the same
asymptotic direction as the semileaf l+.

Proof. The proof is carried out by contradiction, following the scheme of
the proof of Theorem 5.26. Using the notations from the proof of that theorem,
we find that the interval (x1; x3) must intersect a lift of the semileaf l+,
because l+ is internal. This lift tends to the point σ, which contradicts the
irrationality of σ. �

Transversal local laminations

Let D1 and D2 be two one-dimensional local laminations on a surface M .
They are transversal if any intersecting leaves l1 ∈ D1 and l2 ∈ D2 intersect
transversally at any intersection point.

Local laminations D1 and D2 are called widely disposed with respect to
each other if

• each leaf l1 ∈ D1 intersects at least one leaf from D2 and vice versa;
• any leaf l1 ∈ D1 is widely disposed with respect to the leaves of the local

lamination D2 and vice versa.

By analogy with Theorems 5.25 and 5.26, let us formulate two sufficient con-
ditions that guarantee the existence of an irrational asymptotic direction for
a nontrivially recurrent semileaf and a nontrivially recurrent leaf, respectively,
of a local lamination that has a transversal lamination widely disposed with
respect to it.

Theorem 5.27 Let D1 and D2 be transversal local laminations on a hyperbolic
surface M that are widely disposed with respect to each other. Then, any
nontrivially recurrent semileaf l+ of the local lamination D1 has an asymptotic
direction. If l+ belongs to the limit set of a certain nontrivially recurrent leaf
from D1, then l+ has an irrational asymptotic direction.
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Proof. Let l1 ∈ D1 be a nontrivially recurrent semileaf. By the definition
of the wide disposition, there exists a leaf l2 ∈ D2 that is transversally inter-
sected by l1 and with respect to which l1 is widely disposed. Therefore, there
exists an arc A of the leaf l2 that is intersected by l1 infinitely many times.
Take an A-arc âb of the semileaf l1 with endpoints a, b ∈ A ∩ l1 and denote
by ab ⊂ A the segment of the arc A between the points a and b. Since l1 is
a nontrivially recurrent semileaf of a local lamination, we can take âb in such
a way that the segment ab intersects l1 at internal points.

Denote the A-loop ab ∪ âb by C. After the A-arc âb, the semileaf l1
intersects C infinitely many times. By the hypothesis, l1 is widely disposed
with respect to C because it intersects C only on the segment ab, which belongs
to l2. Then, according to Theorem 5.16, l1 has an asymptotic direction. By
Theorem 5.26, if l+ belongs to the limit set of a certain nontrivially recurrent
leaf from D1, then l+ has an irrational asymptotic direction. �

Theorem 5.28 Let D1 and D2 be transversal local laminations on a hyperbolic
surface M that are widely disposed with respect to each other, and let l be
a nontrivially recurrent leaf of the local lamination D1. Then, the positive
and negative semileaves of the covering leaf l on the universal covering have
different irrational asymptotic directions.

Proof. The initial part of the proof almost word for word repeats the initial
part of the proof of Theorem 5.27. Further, instead of Theorem 5.26, we refer
to Theorem 5.25. �

Invariant manifolds of the points of basic sets

The main facts of this subsection concerning the nonlocal asymptotic be-
havior of invariant manifolds were proved in [82, 186, 188]. Here, we show
how they follow from our general results.

Let f be a C∞ diffeomorphism that satisfies Smale’s Axiom A [208] and
is defined on a closed surface M (an A-diffeomorphism). Axiom A implies
that the nonwandering set NW (f) of the diffeomorphism f is hyperbolic and
that periodic points are everywhere dense in NW (f). According to the Spec-
tral Decomposition Theorem [208], NW (f) is represented as a finite union
of pairwise disjoint closed invariant sets Ω1, . . . , Ωk, called basic sets, each
of which contains an orbit that is everywhere dense in this basic set. It is
well-known [208] that through any point x ∈ NW (f), there passes a stable
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manifold W s
x that is the image of an injective immersion Jq

x : R
q →M , W s

x =
= Jq

x(R
q) (for a surface, q ∈ {0, 1, 2}). A point y ∈ M belongs to W s

x if
and only if d(fn(x), fn(y)) → 0 as n → ∞ (d is the metric on M ). The
unstable manifold Wu

x is defined as the stable manifold with respect to the
diffeomorphism f−1.

If f has a two-dimensional basic set, then this set coincides with the
entire surface, and f is the Anosov diffeomorphism of the two-dimensional
torus [208]. Therefore, below, we mainly focus on the case when the diffeo-
morphism f has one-dimensional and nontrivial zero-dimensional basic sets. In
this case, stable and unstable manifolds of the points of these basic sets are
infinite curves without self-intersections (q = 1).

Let Ω be a one-dimensional basic set. According to [185] and [222], Ω is
either an attractor or a repeller and has a local structure of the direct product of
a segment and a Cantor set. As for the nontrivial zero-dimensional basic set,
due to its nontriviality, it is locally homeomorphic to the direct product of two
Cantor sets [208]. The following assertion is crucial for further consideration.

Lemma 5.17 Let Ω be either a one-dimensional or a nontrivial zero-
dimensional basic set of an A-diffeomorphism f : M → M of a closed sur-
face M . Then, the stable and unstable manifolds

{W s(m) : m ∈ Ω} def
= W s(Ω), {Wu(m) : m ∈ Ω} def

= W u(Ω)

form continuous local laminations each of which consists of a continuum
set of simple infinite curves. Moreover, if Ω is a one-dimensional attractor
(repeller), then W u(Ω) (respectively, W s(Ω)) forms a C1 lamination. Each
of the laminations W u(Ω) and W s(Ω) has a finite (possibly, zero) number of
leaves that are nontrivially recurrent only in one direction. All the other leaves
are nontrivially recurrent in both directions. The local laminations W u(Ω)
and W s(Ω) are transversal.

Proof. The proof of the first part of the lemma follows from [5, 116, 118,
222] (see also [18, 124, 180, 198, 208]). The proof of the second part can be
deduced from [6, 52, 82, 186, 188]. �

Since (stable and unstable) invariant manifolds are homeomorphic to
a straight line, they can be endowed, together with the “intrinsic” orientation,
with a transversal orientation in a way. For example, define, at a certain point
of an invariant manifold, a normal (in the topological sense) vector and extend
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it by continuity over the whole invariant manifold. Then, the index of inter-
section is defined at the point of transversal intersection of invariant manifolds.
Following [82], we call the basic set Ω orientable if, for any point x ∈ Ω, the
index of the intersection W s

x ∩Wu
x is the same at all points of the intersection.

Otherwise, the set Ω is called non-orientable. Note that since the invariant
manifolds W s

x and Wu
x intersect transversally at the point x ∈ W s

x ∩ Wu
x

(hence, the intersection index at x is nonzero), the orientability of Ω implies
the transversality of the intersection of these invariant manifolds at any point
of the intersection W s

x ∩Wu
x .

In [186], Plykin introduced the concept of wide disposition of a basic set,
which is more general than the orientability. A basic set Ω is said to be widely
disposed if there does not exist a null-homotopic loop formed by a pair of
segments of stable and unstable manifolds of a certain point from Ω.

Theorem 5.29 Let f : M →M be an A-diffeomorphism of a closed orientable
surface M of nonpositive Euler characteristic. Let Ω be a one-dimensional
widely disposed attractor (repeller) of the diffeomorphism f , and let Wu(s)(x)
be the unstable (respectively, stable) manifold of a point x ∈ Ω. Then, the
curves Wu(s)(x)− x have different irrational asymptotic directions.

Proof. It suffices to note that the wide disposition of the basic set Ω
implies the wide disposition of the local laminations W u(Ω) and W s(Ω) with
respect to each other. Now, the required assertion follows from Lemma 5.17
and Theorem 5.28. �

Theorem 5.29 does not generally hold for the stable (unstable) mani-
fold W s(u)(x) of a point from the attractor (respectively, repeller) Ω because
one of the curves W s(u)(x)− x may contain a periodic boundary point. Recall
that a point q ∈ Ω is said to be boundary if one of the connected components
of the set W s(u)(q)− q does not intersect Ω.

The proof of the theorems formulated below is analogous to the proof of
Theorem 5.29, except that the reference to Theorem 5.28 should be replaced by
a reference to Theorem 5.27.

Theorem 5.30 Let f : M →M be an A-diffeomorphism of a closed surface M
of nonpositive Euler characteristic, and let Ω be a one-dimensional widely
disposed attractor (repeller) of the diffeomorphism f . Let W s(u)(x) be the
stable (respectively, unstable) manifold of a point x ∈ Ω and Lσ be one of the
connected components of the set W s(u)(x)−x that does not contain a periodic
boundary point. Then, Lσ has an irrational asymptotic direction.
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Theorem 5.31 Let f : M →M be an A-diffeomorphism of a closed surface M
of nonpositive Euler characteristic, and let Ω be a zero-dimensional nontrivial
widely disposed basic set of the diffeomorphism f . Let W s(u)(x) be the
stable (unstable) manifold of a point x ∈ Ω and Lσ be one of the connected
components of the set W s(u)(x)−x that does not contain a periodic boundary
point. Then, Lσ has an irrational asymptotic direction.

Theorems 5.29–5.31 will be proved in Chapter 8 (Section 8.1) using dy-
namical properties of basic sets.

5.5. Geodesic frameworks of local laminations

Applying medical terminology, we can say that the geodesic framework
of a local lamination is its geodesic skeleton around which leaves that have
asymptotic directions are grouped. The geodesic framework contains full infor-
mation on the asymptotic directions of leaves of a given local lamination. The
geodesic framework of a local lamination is defined only if this lamination has
a leaf or a generalized leaf that has a co-asymptotic geodesic. Let us pass on
to the formal definition.

Let D be a local lamination on M2. Denote by A ±(D) the union of all
leaves and generalized leaves of D that have co-asymptotic geodesics.

Definition 5.6 The topological closure

G(D)
def
= clos

⋃

l∈A ±(D)

g(l)

is called the geodesic framework of the local lamination D .

Since a lamination and a foliation are local laminations, we have defined
the concepts of geodesic framework G(F ) of a foliation F and geodesic frame-
work G(L ) of a lamination L . It follows immediately from the definition and
Lemma 3.33 that a geodesic framework is a geodesic lamination.

The geodesic framework of an arbitrary invariant set of a local lamination
with closed support is defined similarly as follows. Let D be a local lamination
with closed support suppD , and let N be its invariant set. Denote by A ′(N )
the union of all leaves and generalized leaves from N that have co-asymptotic
geodesics. The topological closure

G(N )
def
= clos

⋃

l∈A ′(N )

g(l)

is called the geodesic framework of the invariant set N .
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Note that geodesic frameworks on flat surfaces, such as torus, Klein bottle,
and cylinder, have a sufficiently clear structure because geodesic laminations on
these surfaces are easily described. On the torus, a geodesic lamination either
forms an irrational linear flow (hence, this lamination fills the whole torus) or is
a family of pairwise homotopic closed geodesics. On Klein bottle and cylinder,
geodesic laminations may consist only of pairwise homotopic closed geodesics.
Therefore, below in this section, we will consider geodesic frameworks on
closed orientable hyperbolic surfaces.

Geodesic frameworks of quasiminimal sets

Let l be a nontrivially recurrent leaf that is widely disposed with respect
to a certain simple closed curve C. By Theorem 5.18, l has a co-asymptotic
geodesic g(l) on M2.

Lemma 5.18 Let l be a nontrivially recurrent leaf of a local lamination D ,
and suppose that l is widely disposed with respect to a certain simple closed
curve C and transversally intersects C. Then, the co-asymptotic geodesic g(l)
is a nonclosed B-recurrent geodesic. In particular, g(l) is nontrivially recur-
rent.

Proof. According to Lemma 3.45, it suffices to prove that the geodesic g(l)
is nontrivially recurrent only in one direction (either positive or negative). Con-
sider a covering leaf l for l and a covering curve C for C that intersects l
at a certain point m. Since the leaf l is nontrivially recurrent, it intersects C
infinitely many times. This and the wide disposition of l with respect to C
imply that C is not homologous to zero (and, hence, is non-null-homotopic).
Therefore, any lift of C is a curve with different ideal endpoints lying on the
absolute.

By Theorem 5.17, the points α(l) and ω(l) are the topological limits of
curves C−k, Ck ⊂ π−1(C), respectively, as k → +∞ (Fig. 5.20).

It follows from the nontrivial recurrence of l that there exists a sequence
of leaves ln that are congruent to l and intersect C at an indefinitely close
distance from the point m; i. e.,

γn(l) = ln for some γn ∈ Γ, ln ∩ C → m as n→∞.

According to Theorem 3.2 on the continuous dependence of leaves on the
initial conditions, for an arbitrary fixed positive integer k, the leaves ln with
sufficiently large n intersect both curves C−k and Ck. The ideal endpoints
of these curves tend, as k → +∞, to the points α(l) and ω(l), respectively,
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Figure 5.20. Congruent geodesics gn = γn(g).

in the Euclidean metric on the absolute S∞; hence, the ideal endpoints of the
leaves ln tend to the corresponding endpoints of the leaf l. Formally,

α(ln)→ α(l), ω(ln)→ ω(l) as n→∞.

Hence,
α[g(ln)]→ α[g(l)], ω[g(ln)]→ ω[g(l)] as n→∞

in the Euclidean metric on the absolute. Then, any point of the geodesic g(l) =
= π[g(l)] is a limit point for a certain sequence of points lying on g(l) =
= π[g(l)] = π(γn[g(l)]) with indefinitely large (in absolute value) values of the
parameter. This means that the geodesic g(l) is nontrivially recurrent in one
direction. �

Corollary 5.7 Suppose that the hypotheses of Lemma 5.18 are fulfilled, and
let l be an internal leaf. Then, the co-asymptotic geodesic g(l) is also an
internal nontrivially recurrent geodesic, and any of its lifts reaches points from
the set Λ1,∞(M) in either direction.

Proof. Let l be a leaf that covers l. It follows from Lemma 5.18
that l reaches some points from the set Λ∞(M) in either direction. Let us
make use of the notations from the proof of Lemma 5.18. Since the leaf l
is internal, there exists a sequence of leaves ln that are congruent to l and
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intersect C at an indefinitely close distance from the point m on both sides
of m. Hence, the co-asymptotic geodesic g(l) is also internal. By Lemma 5.8,
g(l) reaches (in either direction) some points from the set Λ1,∞(M). �

Consider a family of sets Kn on the closed unit disk Δ ∪ S∞ of the
Euclidean plane. Recall that a point z∗ ∈ Δ ∪ S∞ belongs to the topological
limit of Kn if there exists a sequence of points zn ∈ Kn that tend to z∗ in the
Euclidean topology:

dE(zn, z∗)→ 0 as n→∞.

Lemma 5.19 Let l be a simple infinite curve with a co-asymptotic geodesic g(l),
and let lk, k � 0, be an arbitrary family of lifts of l to Δ. Then the topological
limit of lk does not contain a nontrivial interval of S∞.

Proof. Denote by K the topological limit of the family lk on Δ ∪ S∞ and
show that the intersection of K with S∞ does not contain nontrivial intervals.
Suppose the contrary. Then, there exists an arc (α, β) ⊂ K ∩ S∞, α �= β.
Since the surface M = M2

g , g � 2, is orientable and closed, the group Γ of
deck transformations is a Fuchsian group of the first kind [173]. Therefore,
there exists a hyperbolic transformation γ ∈ Γ with an attracting point on the
arc (α, β) and a repelling point outside (α, β). Hence, the ideal endpoints of
the curve γs(l0) lie strictly inside (α, β) for a certain s ∈ N. Denote them
by αs and βs. Since l has a co-asymptotic geodesic, αs �= βs.

The arc (αs, βs) and the curve γs(l0) bound a domain Ds in Δ. Since any
point of the arc (αs, βs) lies in K, the curves lk intersect Ds for a sufficiently
large k. Since there are points outside (αs, βs) that belong to the topologi-
cal limit of the curves lk, lk must intersect γs(l0) (see Fig. 5.21), which is
impossible because l is a simple curve. �

Figure 5.21. The arcs (α, β) and (αs, βs).
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It follows from Theorem 4.5 that any quasiminimal set with closed support
contains a continuum set of nontrivially recurrent leaves each of which is every-
where dense in the quasiminimal set. Recall that a quasiminimal set Q is called
a Maier quasiminimal set if each semileaf from Q that does not tend exactly
to one singularity is everywhere dense in Q. In particular, a leaf from Q that
is different from a separatrix connection is everywhere dense in Q and is non-
trivially recurrent in, at least, one direction. The following theorem describes
a geodesic framework of Maier quasiminimal set.

Theorem 5.32 Let Q be a Maier quasiminimal set of a local lamination D
with closed support suppD . Suppose that every nontrivial recurrent leaf
from Q is widely disposed with respect to a certain simple closed curve C
and intersects C transversally. Let Q have a finitely many singularities and
separatrices. Then

1) for any nontrivially recurrent leaf l ∈ Q, the geodesic framework G(Q) of
the quasiminimal set Q is equal to clos g(l), where g(l) is a co-asymptotic
geodesic of l;

2) the geodesic framework G(Q) is a weakly irrational geodesic lamination
that consists of nonclosed B-recurrent geodesics;

3) any geodesic from G(Q) is the co-asymptotic geodesic of a certain leaf
or a generalized leaf that belongs to Q.

Proof. Theorem 5.18 implies that the co-asymptotic geodesic g(l) ex-
ists. By Lemma 5.18, g(l) is a nonclosed B-recurrent geodesic. In view of
Lemma 3.41, in order to prove the first two assertions, it suffices to prove
the equality G(Q) = clos g(l). The definition of the geodesic framework im-
plies clos g(l) ⊂ G(Q). Let us prove the reverse inclusion. Take an arbitrary
geodesic g∗ from G(Q). We must show that g(l) intersects any neighborhood
of an arbitrary point of the geodesic g∗. Again, from the definition of the
geodesic framework we derive that a fixed neighborhood of a fixed point on
the geodesic g∗ is intersected by a geodesic g1 from G(Q) that is either

1) a co-asymptotic geodesic for a leaf, say l1, that does not belong to any
generalized leaf or

2) a co-asymptotic geodesic for a certain generalized leaf, say L1.

In case (1), l1 is a nontrivially recurrent leaf that is everywhere dense in Q
because Q is a Maier quasiminimal set. Therefore, l belongs to the limit set
of the leaf l1. This result, combined with the fact that l intersects the curve C



288 CHAPTER 5

infinitely many times, implies that l1 also intersects C infinitely many times.
Since l1 belongs to the closure of the leaf l and l is widely disposed with
respect to the curve C, l1 is also widely disposed with respect to C.

Take one of the coverings l1 for the leaf l1. By Theorem 5.18, l1 tends
to different points of the absolute in different directions: α(l1), ω(l1) ∈ S∞,
α(l1) �= ω(l1). According to Theorem 5.16, the points α(l1) and ω(l1) are the
topological limits of the lifts of C that are successively intersected by l1 as
the parameter decreases and increases, respectively. Next, by analogy with the
proof of Lemma 5.18, we show that the geodesic g(l1) is the topological limit
of geodesics that are congruent to g(l). This means that g(l1) ⊂ clos g(l).

In case (2), by Lemma 4.7, the generalized leaf L1 is finite; i. e., its
first and last leaves are nontrivially recurrent in one direction. Each of them
is everywhere dense in Q, intersects C infinitely many times, and is widely
disposed with respect to C. Hence, by analogy with the previous case, we
obtain the required inclusion g(L1) ⊂ clos g(l). Thus, G(Q) ⊂ clos g(l).

Let us prove the last assertion of the theorem. Take an arbitrary
geodesic g0 ⊂ clos g(l). Let g0 be a lift of g0. Since g0 ⊂ clos g(l), there exist
sequences of geodesics gk ∈ π−1(g(l)), k � 1, and of points mk ∈ gk that con-
verge to a certain point of the geodesic g0 as k →∞. Since π(gk) = g(l), there
exists a sequence of lifts lk of the leaf l such that gk = g(lk). Since clos g(l)
is a geodesic lamination, we may assume that the geodesics g0 and gk, k � 1,
are pairwise disjoint and that the ideal endpoints of the geodesics gk tend,
in the Euclidean metric on S∞, to the corresponding ideal endpoints of the
geodesic g0 as k →∞. Let us orient g0 and gk so that

ω(gk)
def
= ωk → ω(g0)

def
= ω0, α(gk)

def
= αk → α(g0)

def
= α0 as k →∞.

Denote by K the topological limit of the leaves lk on Δ ∪ S∞. As a topologi-
cal limit of arcwise connected sets, K is a connected continuum containing the
points ω0 and α0. Combined with Lemma 5.19, this implies that the intersec-
tion Δ ∩K contains a continuum of points.

Since a quasiminimal set is closed, Δ ∩K is projected into a part of the
set Q, π(Δ ∩K) ⊂ Q. Since Q is a Maier quasiminimal set that contains only
a finite number of singularities, there is a point in Δ ∩ K, say m0, through
which a (one-dimensional) leaf l0 passes (Fig. 5.22). It is clear that

π(l0)
def
= l0 ⊂ Q.

According to Lemma 4.7, if l0 tends to a certain singularity in one of the
directions, then l0 belongs to a finite generalized leaf, which we denote by L0.
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Figure 5.22

If l0 does not tend to a singularity, then l0 is a nontrivially recurrent leaf. In
this case, further reasoning is simpler than in the case when l0 belongs to L0.
Therefore, we will consider only the case when l0 ⊂ L0.

The theorem on the continuous dependence on the initial conditions im-
plies that π(L0) ⊂ Q. Since L0 is a finite generalized leaf, its “marginal”
leaves lb and lf are ω- and α-separatrices, respectively (if l0 is a nontrivial
recurrent leaf, then we can set l0 = lf = lb in further reasoning). It follows
from the definition of the Maier quasiminimal set that π(lb) and π(lf ) are ev-
erywhere dense in Q and are nontrivially recurrent in the negative and positive
directions, respectively. Therefore, each of the curves π(lb) and π(lf ) intersects
the curve C and is widely disposed with respect to C. Hence, lb and lf have
asymptotic directions α(lb), ω(lf ) ∈ S∞, respectively.

It remains to show that α(lb) = α0 and ω(lf ) = ω0 because these equalities
imply the required equality g(L0) = g0. We will only prove that ω(lf ) = ω0

because the equality α(lb) = α0 is proved in a similar way. Suppose the con-
trary; i. e., let ω(lf ) �= ω0. According to Theorem 5.16, the point ω(lf ) ∈ S∞ is
the topological limit of the lifts of the curve C that are successively intersected
by the leaf lf as the parameter increases. Therefore, there exists a lift C∗ of
the curve C that intersects the leaf lf and whose ideal endpoints c∗1, c

∗
2 ∈ S∞

separate the points ω(lf ) and ω0 on S∞. In other words, if we denote by Jf
and J0 the arcs into which the absolute S∞ is divided by the points c∗1 and c∗2,
then one of these arcs, say Jf , contains ω(lf ), and the other arc, J0, contains
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the point ω0. Without loss of generality, we may assume that ω0 lies strictly
inside the arc J0. Since the topological limit of the sequence lk contains the
point m0, the theorem on the continuous dependence on the initial conditions
implies that starting from a certain number, all lk intersect C∗. The wide dis-
position of the leaf l with respect to C implies that lk intersects C∗ only once.
Hence,

ω(lk) = ωk ∈ Jf .

On the other hand, ωk → ω0 ∈ J0 as k → ∞. The contradiction obtained
proves the theorem. �
Corollary 5.8 Let Q be a Maier quasiminimal set. Then, clos g(l) does not
depend on the choice of a nontrivially recurrent leaf l from Q, and G(Q) =
= clos g(l).

Geodesic frameworks of special foliations

Consider foliations with isolated singularities of negative index, in partic-
ular, foliations with singularities solely of the saddle type of negative index.
According to Theorem 5.22, any semileaf of such foliations that does not tend
to a singularity has an asymptotic direction. It follows from Theorem 5.23 that
any leaf of such foliations that is not a separatrix has a co-asymptotic geodesic.
According to Theorem 5.24, any generalized leaf of such foliations also has
a co-asymptotic geodesic. The proof of the following lemma is analogous to
the proof of Lemma 5.18 (we omit the proof).

Lemma 5.20 Let F be a foliation with isolated singularities of negative index
on a closed orientable hyperbolic surface M2. Suppose that a generalized
leaf l of the foliation F contains a nontrivially recurrent leaf. Then, the co-
asymptotic geodesic g(l) is a nonclosed B-recurrent geodesic. In particular,
g(l) is nontrivially recurrent.

The so-called irrational foliations and flows play an especially important
role among foliations with singularities of saddle type. Recall that a foliation
on a surface is called irrational if any of its (one-dimensional) leaves is ev-
erywhere dense on the surface and all its singularities are saddles of nonzero
index. As a consequence, an irrational foliation does not have any closed leaves
or separatrix connections. Note that an irrational foliation may have saddle sin-
gularities of positive index (thorns). A generalization of the irrational foliation
is an arational foliation introduced by Rosenberg [200]. A foliation is called
arational if it has no closed leaves or separatrix connections. For a surface with
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a boundary, it is additionally required that a foliation should be transversal to
the boundary and that there should not exist any compact leaves that connect
the points on the boundary components.

Let F be a foliation (not necessarily arational) with singularities of non-
positive index on a closed orientable surface. The limit set of a semileaf that
does not tend exactly to one singularity is either a closed non-null-homotopic
leaf, a non-null-homotopic loop, or a quasiminimal set. Hence, the limit set of
any semileaf of an arational foliation that is not a separatrix of a singularity is
a quasiminimal set. According to Theorem 4.14, this quasiminimal set does not
contain proper quasiminimal subsets (since we speak about an index of singular-
ities, all of them are isolated and, hence, the number of them is finite). Thus, the
geodesic framework of an arational foliation with singularities of nonpositive
index is nonempty and is obtained as the union of the geodesic frameworks of
quasiminimal sets. It can be shown that an arational foliation with singularities
of nonpositive index has exactly one quasiminimal set. Therefore, the geodesic
framework of an arational foliation with singularities of nonpositive index is an
strongly irrational geodesic lamination that consists of nonclosed B-recurrent
geodesics. For a more detailed description of the geodesic framework, we will
need a few lemmas, which are of independent value.

Lemma 5.21 Let L be a weakly irrational geodesic lamination on a closed
orientable surface M2. Then, L is irreducible (i. e., strongly irrational) if
and only if each component of the set M2 −L is a simply connected domain
such that any of its lifts to the universal covering represents the interior of
a geodesic polygon with a finite number of sides and with vertices lying on the
absolute.

Proof. Let L be irreducible, and let K be a connected component of the
set M2 −L . According to Lemma 3.46, the lift K of this component to Δ is
a contractible noncompact hyperbolic surface with a geodesic boundary. This
result, combined with Corollary 3.14, implies that the boundary ∂K consists
of garlands (see Section 3.8). If ∂K contains an infinite garland, then, by
Corollary 3.15, there exists a closed geodesic on the surface that does not inter-
sect L . This fact contradicts the irreducibility of L . Therefore, ∂K consists
of finite garlands. This and Lemma 5.7 imply that ∂K consists of exactly one
finite closed garland; i. e., K is the interior of a geodesic polygon with a finite
number of sides and with vertices lying on the absolute. It is clear that the
component K is simply connected.

The converse follows from Corollary 3.13. �
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Lemma 5.22 Let F be an arational foliation with singularities that are sad-
dles of negative index on a closed orientable hyperbolic surface M2, and
let l+ be a nontrivially recurrent semileaf of the foliation F . Suppose that

a lift l
+

of l+ reaches a point σ ∈ Λ∞(M2) and is oriented toward the point σ.
Then,

1) if σ ∈ Λ1,∞(M2), then l+ belongs to a nontrivially recurrent (in both
directions) leaf and the co-asymptotic geodesic of this leaf is an internal
nontrivially recurrent geodesic;

2) if σ ∈ Λ2,∞(M2), then either

a) l+ is an internal nontrivially recurrent semileaf that is an α-separatrix
of a certain singularity, and the left and right Bendixson extensions
in the negative direction of the leaf that contains l+ have different
asymptotic directions; or

b) l+ is a boundary nontrivially recurrent semileaf.

Proof. Let σ ∈ Λ1,∞(M2), and suppose that l+ is an α-separatrix of

a certain singularity, say O. Then, l
+

is an α-separatrix of the saddle O that
covers O. Denote by l1 and l2, respectively, the left and right Bendixson ex-
tensions of the α-separatrix l+ in the negative direction. Since the singularities
have a negative index, l1 �= l2. The leaves l1 and l2 are ω-separatrices of the
saddle O. In view of the arationality of the foliation F , the α-limit sets of these
leaves do not consist of a single singularity. Therefore, l1 and l2 have asymp-
totic directions represented by the points α(l1), α(l2) ∈ S∞, respectively. Let

us show that α(l1) �= α(l2). Suppose the contrary; i. e., let α(l1) = α(l2)
def
= α.

Since F is arational, there exists a closed transversal C that intersects the
leaves π(l1) and π(l2). By the assumption, there exists a lift C of the transver-
sal C that intersects both leaves l1 and l2. Then, the saddle O, the segment of
the transversal C between the points of intersection of C with l1 and l2, and the
corresponding semileaves of the leaves l1 and l2 form a closed curve, which
we denote by T . Since C is a transversal, the index of the curve T is equal
to 1

2 . Therefore, there must exist singularities of positive index in T , which is
impossible. This contradiction shows that α(l1) �= α(l2).

Denote by g1 and g2 the geodesics that connect the point σ with the
points α(l1) and α(l2), respectively. According to Lemma 5.20, g1 and g2 are
projected to simple nontrivially recurrent geodesics on M2. Hence, σ ∈
∈ Λ2,∞(M2), which contradicts the assumption. The contradiction obtained



5.5. GEODESIC FRAMEWORKS OF LOCAL LAMINATIONS 293

shows that l+ belongs to a leaf, say l, that is not an α-separatrix. This and the
arationality of the foliation F imply that l is a nontrivially recurrent leaf.

By Lemma 5.18, the co-asymptotic geodesic g(l) is nontrivially recurrent.
Lemma 5.8 and the inclusion σ ∈ Λ1,∞(M2) imply that g(l) is internal.

Let, now, σ ∈ Λ2,∞(M2) and l+ be an internal nontrivially recurrent
semileaf. Let us show that l+ is an α-separatrix of a certain singularity. Sup-
pose the contrary. Then, l+ belongs to a leaf, which we denote by l, that
is nontrivially recurrent in view of the arationality of the foliation F . By
the theorem on the continuous dependence of leaves on the initial conditions,
l is an internal leaf. By Lemma 5.8 and Corollary 5.7, the lift l of l and,

hence, l
+

reach a point from the set Λ1,∞(M2). The contradiction obtained
proves the lemma. �

The following theorem provides a more detailed description for the
geodesic framework of an arational (in particular, an irrational) foliation. Re-
call that if G is a geodesic lamination on a hyperbolic surface M2 and G is its
covering lamination, then G∞ denotes the set of ideal endpoints of geodesics
from G.

Theorem 5.33 Let F be an arational foliation on a closed orientable hyper-
bolic surface M2 with singularities that are saddles of negative index. Then,

1) the geodesic framework G(F ) of F is a strongly irrational geodesic
lamination that consists of nonclosed B-recurrent geodesics;

2) any geodesic from G(F ) is a co-asymptotic geodesic for a certain leaf
or generalized leaf of F . Moreover,

a) any point σ ∈ Λ1,∞(M2) ∩ G(F )∞ is reached by a leaf projected to
a nontrivially recurrent leaf on M2 whose co-asymptotic geodesic is
internal;

b) any point σ ∈ Λ2,∞(M2)∩G(F )∞ is reached by a leaf l that is either

a boundary or an internal leaf. In the latter case, l is a separatrix of
a singularity, and the left and right Bendixson extensions of l in the
negative direction (here, the direction toward the point σ is assumed
positive) have different asymptotic directions α1 and α2. Two geodesics
that connect σ with the points α1 and α2 are sides of a geodesic
polygon with a finite number of sides that belong to G(F ), and these
geodesics are projected to boundary geodesics on M2;

3) each component of the set M2 − G(F ) is a simply connected domain
any of whose lifts to the universal covering represents the interior of
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a geodesic polygon with a finite number of sides and with vertices lying
on the absolute. In this case, the vertices are reached by the separatrices
of the saddles of the covering foliation.

Proof. We must prove only assertions (2) and (3). Assertion (2) follows
from Theorem 5.32 and Lemma 5.22. The first part of assertion (3), except for
the last statement, follows from Lemma 5.21. The last statement follows from
the arationality of the foliation. �

Note that in the general case, in the last assertion of Theorem 5.33, one can
not claim that the vertices of the geodesic polygon are reached by separatrices
of the same saddle. However, this statement can be claimed for a strongly
irrational foliation.

Theorem 5.34 Let F be an irrational foliation on a closed orientable hyper-
bolic surface M2 with singularities that are saddles of negative index. Then

1) the geodesic framework G(F ) of F is a strongly irrational geodesic
lamination that consists of nonclosed B-recurrent geodesics;

2) any geodesic from G(F ) is a co-asymptotic geodesic for a certain leaf
or generalized leaf of F . Moreover,

a) any point σ ∈ Λ1,∞(M2) ∩ G(F )∞ is reached by a leaf projected
to an internal nontrivially recurrent leaf on M2 whose co-asymptotic
geodesic is also internal;

b) any point σ ∈ Λ2,∞(M2) ∩ G(F )∞ is reached by a leaf l that is an
α-separatrix of a singularity, and the left and right Bendixson exten-
sions of the leaf l in the negative direction1 have different asymptotic
directions α1 and α2. Two geodesics that connect σ with the points α1

and α2 are sides of a geodesic polygon with a finite number of sides
that belong to G(F ), and these geodesics are projected to boundary
geodesics on M2;

3) each component of the set M2 − G(F ) is a simply connected domain
any of whose lifts to the universal covering is the interior of a geodesic
polygon with a finite number of sides and with vertices lying on the abso-
lute. In this case, the sides of the geodesic polygon belong to G(F ), and
each vertex is reached by exactly one separatrix of a certain saddle of the
covering foliation. Conversely, each saddle of the covering foliation cor-
responds to a unique geodesic polygon formed by geodesics from G(F ),

1Without loss of generality, we may assume that the leaf l is oriented toward the point σ.
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such that the separatrices of the saddle reach all vertices of the polygon
and the number of separatrices is equal to the number of vertices.

Proof. Note that all leaves of the irrational foliation are internal. Therefore,
we must only prove the assertion that the vertices of the geodesic polygon are
reached by the separatrices of the same saddle. Suppose the contrary. Then,
there exists a simply connected domain that is bounded by generalized leaves
of several (at least two) different saddles. In view of the simple connectedness,
this domain can not contain nontrivially recurrent leaves, which contradicts the
irrationality of the foliation. �

5.6. Deviations of curves from co-asymptotic geodesics

In this section, we focus our attention on the deviation of the lifts of
simple curves that have asymptotic directions (so, they have co-asymptotic
geodesics) from co-asymptotic geodesics on a universal covering. First, we
consider examples of curves with unbounded deviation; here, the cases of
irrational and rational asymptotic directions are considered separately because
there is a fundamental difference between the relevant constructions.

We begin with examples of curves with unbounded deviation. Recall that
according to Theorem 5.11, for any simple semi-infinite curve, there exists
a semitrajectory of a smooth flow with the same asymptotic direction and with
the same property of (bounded or unbounded) deviation. Therefore, all the
curves with unbounded deviation can be represented in the form of semitrajec-
tories and trajectories of smooth flows.

Here, we give relevant examples of curves with an irrational asymptotic
direction. In this case, examples for orientable flat and orientable hyperbolic
surfaces are constructed in essentially different ways. Concerning rational di-
rections, we represent an example of a curve with unbounded deviation and
with a rational asymptotic direction on the torus. This example is basic in
the sense that one can easily derive similar examples for hyperbolic surfaces
from it.

Following these examples, it is natural to consider the question concerning
the conditions under which a deviation of special curves is bounded. We prove
the property of bounded deviation for semitrajectories of flows with a finite
number of fixed points, for semileaves of foliations with a finite number of
saddle-type singularities of negative index, for semitrajectories and semileaves
of a wide class of flows and foliations on the torus, and for nontrivially recurrent
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semitrajectories on the torus without constraints on the set of fixed points, as
well as for leaves of certain special laminations that are encountered in the
theory of smooth hyperbolic dynamical systems.

At last, we consider the property of uniformly bounded deviation from
geodesic frameworks for the leaves and generalized leaves of certain local
laminations.

Examples of unbounded deviation

One can prove that there are no simple curves with an irrational asymptotic
direction on the Klein bottle [11]. Thus, among closed flat surfaces, the torus
is unique surface on which there exist simple semi-infinite curves with an
irrational asymptotic direction.

Recall that by virtue of Theorem 5.5, a covering curve for a simple semi-
infinite curve that has a rational asymptotic direction can not unboundedly
deviate from a co-asymptotic geodesic on both sides simultaneously. For an ir-
rational asymptotic direction, an unbounded deviation on both sides is possible.

Example 5.2 Curve with irrational asymptotic direction on the torus.

The construction is based on the properties of the approximation of an
irrational number by rational numbers. We will construct this curve on the
universal covering, the Euclidean plane R

2, by deforming the ray l: y = αx,
x � 0, where α ∈ R − Q is an irrational number. Let pi

qi
be the convergents

of the continued fraction for α. The convergents of even (odd) order form an
increasing (respectively, decreasing) sequence that converges to α:

p0
q0

<
p2
q2

< . . . <
p2n
q2n

< . . .→ α← . . . <
p2n−1

q2n−1

< . . . <
p1
q1

.

Denote by Si a strip bounded by the straight lines

Pi : y =
pi
qi
x+

(−1)i
qi

, Pi,0 : y =
pi
qi
x.

The ray l enters Si intersecting Pi,0 at the origin and leaves Si intersecting Pi at
a point mi with the abscissa 1/|qiα− pi| (Fig. 5.23). Denote by li the segment
of the ray l between the origin and the point mi. The idea of the construction is
to “stretch out” the segment li near the point mi along the curve Pi (Fig. 5.24).
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Figure 5.23. i is even.

Let us fix an index i and set v = qiy − pix. For a fixed value of v, the
equation v = qiy − pix defines a straight line, which we denote by Pv . When
the parameter v varies from 0 to (−1)i, the straight line Pv “sweeps out” the
strip Si from the line Pi = P0 to the line Pi,0.

Take a nonnegative continuous function (its specific form is defined be-
low) ϕ of a single variable with period 1 and consider the mapping

F : (x, y) �→ (x + ϕ(v)qi, y + ϕ(v)pi) = (x, y) + ϕ(qiy − pix)(qi, pi).

It is clear that F translates each straight line Pv by the vector ϕ(v)(qi, pi).
Therefore, F is a homeomorphism of the plane R2. Since any point (x, y) ∈ R

2

is shifted by the vector ϕ(qiy − pix)(qi, pi) under F and ϕ has period 1,
F commutes with integer translations:

F ◦ Snk = Snk ◦ F for any (n, k) ∈ Z
2. (5.15)

This implies that F is a covering homeomorphism for a certain homeomorphism
of the torus.

Denote the coordinates of the point z ∈ R
2 by x(z) and y(z). Since the

function ϕ is nonnegative, we have

x(F (z)) � x(z), y(F (z)) � y(z). (5.16)

To define the function ϕ more exactly, we need the function

ψ(x) = 1− 2

∣∣
∣
∣x−

1

2

∣∣
∣
∣ for x ∈ [0; 1] and ψ(x) = 0 for x /∈ [0; 1].
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For a certain fixed 0 < εi < 1, we set

ϕεi
(z) =

∞∑

k=−∞
ψ

(
z − k

εi
+

(−1)i + 1

2

)
,

so that
0 � ϕεi

� 1, maxϕεi
= 1,

ϕεi
= 0 outside the segments [n− εi; n] for even i,

ϕεi
= 0 outside the segments [n; n+ εi] for odd i.

Denote by θi the minimal angle between l and the straight line Pi,0. Set

F i(x, y) = (x, y) + ciϕεi
(qiy − pix)(qi, pi), (5.17)

where ci are some positive constants. In the strip Si, only the points with |v| ∈
∈ (1 − εi, 1) are shifted under the action of F i(x, y). The maximal shift is
equal to ci

√
p2i + q2i and is attained at the points with |v| = 1 − εi

2 . Denote
by zi the image of the point on li with maximal shift.

Choose ci so large that the distance di from zi to the ray l indefinitely
increases as i→∞, i. e.,

di = ci

√
p2i + q2i sin θi →∞ as i→∞, and that di+1 > 3di. (5.18)

It follows from the theory of continued fractions that

|p1 − αq1| > . . . > |pi − αqi| > . . . , lim
i→∞

(pi − αqi) = 0; (5.19)

therefore,
l1 ⊂ l2 ⊂ . . . ⊂ li ⊂ . . . .

The numbers εi > 0 are chosen so that in the strip Si, F i(x, y) does not shift
the points of the segment li−1 near mi−1 and, moreover, the points of the
segment lj with j < i− 1.

Set Ln = F 1 ◦ . . . ◦ Fn(ln). As the image of a segment under a homeo-
morphism, Ln is a compact curve without self-intersections. Since

F 1 ◦ . . . ◦ Fn ◦ Fn+1 ◦ . . . ◦ Fn+k

∣
∣
ln

= F 1 ◦ . . . ◦ Fn

∣
∣
ln
, (5.20)

we have Ln ⊂ Ln+k for any k ∈ N. Hence, the union L
def
=
⋃

n
Ln is also

a curve without self-intersections.
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Figure 5.24

It follows from (5.15) that

F 1 ◦ . . . ◦ Fn ◦ Sjk(ln) = Sjk ◦ F 1 ◦ . . . ◦ Fn(ln) for any (j, k) ∈ Z
2.

Since F 1 ◦ . . . ◦ Fn is a homeomorphism and Sjk(ln) ∩ ln = ∅ for (j, k) �=
�= (0, 0), we have

Sjk(Ln) ∩ Ln = ∅ for (j, k) �= (0, 0), n ∈ N.

Hence, we find that Sjk(L) ∩ L = ∅ for any (j, k) �= (0, 0); i. e., L
def
= π(L)

is a simple semi-infinite curve. It follows from (5.18) that L unboundedly
deviates from the ray l.

The original ray l admits a natural parametrization if we assign a parame-
ter t = x to each point (x, αx) ∈ l. Let us parameterize the arc Li so that its
endpoint mi has a parameter x(mi); i. e., t(mi) = x(mi). According to (5.20),
the curve L admits a consistent parametrization z : [0; +∞)→ L if we set

z(t) = F 1 ◦ . . . ◦ Fn(t, αt) for t ∈ [0; x(mn)]. (5.21)

The curve L goes to infinity because, in view of (5.16),

x(z(t)) = x
(
F 1 ◦ . . . ◦ Fn(t, αt)

)
� x(t, αt) = t.

One can show that L has an asymptotic direction defined by the ray l. Thus,

L
def
= π(L) is the required curve on the torus (see details in [9–11, 20]). ♦
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Example 5.3 Curve with an irrational asymptotic direction on a hyperbolic
surface.

In the case of hyperbolic surfaces, we will construct a foliation that has
a nontrivially recurrent leaf with unbounded deviation from the co-asymptotic
geodesic. It will be clear from the construction that a deviation can be made
unbounded either only on one side or on both sides. A similar example can be
constructed on any closed non-orientable surface of genus p � 5 (one needs at
least two handles).

On a closed orientable surface M2
g1

of genus g1 � 2, consider an irrational
foliation F1 that has a topological saddle s1 with k � 3 separatrices (hence, the
index of the saddle is equal to ind s1 = 1− k

2

)
. Since all saddles of the folia-

tion F1 have a negative index, F1 is a widely disposed foliation with respect
to any closed transversal and a transversal segment. On another surface M2

g2
of genus g2 � 2, take a Denjoy-type foliation F2 with a minimal set Ω(F2)
such that the set M2

g2
−Ω(F2) has a component S2 of index ind s1 (Fig. 5.25).

Let us place the saddle s1 inside a disk D1 whose boundary ∂D1 is transversal
to the foliation F1 everywhere except for points a1, . . . , ak ∈ ∂D1 that are
arranged in the order corresponding to the positive (counterclockwise) orienta-
tion of ∂D1. Without loss of generality, we may assume that the leaves passing
through the points a1, . . . , ak are pairwise different and are not separatrices of
any saddles of the foliation F1. Between the points ai and ai+1, i = 1, . . . , k
(where ak+1 = a1), on ∂D1, there is a unique point of intersection of a separa-
trix of the saddle s1 with ∂D1, which we denote by ci, such that the arc (s1; ci)
of the separatrix does not intersect ∂D1 (we assume that ck+1 = c1). Then,
the foliation F1, considered in D1, induces the fiber mapping (or, what is the
same, the first-return map)

φ1 : ∂D1 −
k⋃

i=1

ci → ∂D1 −
k⋃

i=1

ci,

φ1|(ci; ai]
: (ci; ai]→ [ai; ci+1),

φ1|[ai; ci+1)
: [ai; ci+1)→ (ci; ai], i = 1, . . . , k.

By the construction, φ2
1 = id (see Fig. 5.25).

In the component S2, take an open disk D2 ⊂ S2 whose boundary ∂D2

intersects Ω(F2) only at points b1, . . . , bk ∈ ∂D2 that are arranged in the order
corresponding to the negative (clockwise) orientation of ∂D2. In addition, let
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Figure 5.25. The saddle s1 and the component S2 of index ind s1.

us require that the disk D2 divides S2 into k domains Wi, i = 1, . . . , k, that
are homeomorphic to an open strip (see Fig. 5.25). Since the index of the
component S2 is ind s1 = 1− k

2 , this can be done.
Let us declare that the points ai and ci, i = 1, . . . , k, are the singularities

of the foliation F1, and denote the foliation obtained by F ′
1. Note that since

the leaves passing through the points a1, . . . , ak are pairwise different and are
not separatrices, any one-dimensional leaf of the foliation F ′

1 different from the
leaves of the form (s1; ci) is everywhere dense on M2

g1
.

Let us modify the foliation F2 by placing a Reeb foliation in each strip Wi,
i = 1, . . . , k, as shown in Fig. 5.26, and declaring each point of the set Ω(F2)
a singularity. The points di ∈ (bi; bi+1) ⊂ ∂D2, i = 1, . . . , k, are chosen arbi-
trarily, where bk+1 = b1. The foliation is extended arbitrarily into the interior
of D2. In addition, declare the points bi and di, i = 1, . . . , k, singularities
and denote the foliation obtained by F ′

2. Below, we specify the foliation F ′
2

on every strip Wi. It follows from the construction that the restriction of F ′
2

to Wi induces a fiber homeomorphism

φ2 : ∂D2 −
k⋃

i=1

bi → ∂D2 −
k⋃

i=1

bi,

φ2|(bi; di]
: (bi; di]→ [di; bi+1),

φ2|[di; bi+1)
: [di; bi+1)→ (bi; di], i = 1, . . . , k.

Obviously, φ2
2 = id.

Let Θ: ∂D1 → ∂D2 be an orientation-reversing homeomorphism such that

• Θ: [ci; ci+1]→ [bi; bi+1] for i = 1, . . . , k;
• Θ(ai) = di for i = 1, . . . , k, where dk+1 = d1 (see Fig. 5.27).
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Figure 5.26. A Reeb foliation in the strip Wi.

Figure 5.27. The homeomorphism Θ: ∂D1 → ∂D2.

Now, let us specify the foliation F ′
2 on each strip Wi. Since

Θ

(

∂D1 −
k⋃

i=1

ci

)

= ∂D2 −
k⋃

i=1

bi,

the following mapping is defined:

Θ ◦ φ1 ◦Θ−1
∣∣
∂D2−

k⋃

i=1

bi

, where Θ ◦ φ1 ◦Θ−1(di) = di, i = 1, . . . , k.

It can easily be verified that this mapping is an involution. Finally, we impose
the last restriction on F ′

2 by requiring that, for each strip Wi, the following
relation holds:

φ2 = Θ ◦ φ1 ◦Θ−1. (5.22)

Let us glue together two surfaces M2
g1
− IntD1 and M2

g2
− IntD2

by Θ: ∂D1 → ∂D2. As a result, we obtain a closed surface M2
g1+g2

of
genus g1 + g2 � 4, which is the connected sum M2

g1
�M2

g2
of the surfaces M2

g1
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and M2
g2

. The foliations F ′
1 and F ′

2 form a foliation on M2
g1+g2

, which we
denote by F . There are natural embeddings

i1 : M
2
g1
− IntD1 ⊂M2

g1+g2
, i2 : M

2
g2
− IntD2 ⊂M2

g1+g2
,

by which objects (for example, the leaves of foliations) on the surfaces M2
g1

and M2
g2

are identified with analogous objects on M2
g1+g2

. For simplicity, we
will often omit the symbols i1 and i2 when it is clear from the context which
objects are meant.

Take a leaf l1 of the foliation F ′
1 that is not a separatrix of the singu-

larity s1 or ai, i = 1, . . . , k. Then, l1 is a nontrivially recurrent leaf that is
everywhere dense on M2

g1
. By virtue of the equality (5.22), the arcs l1− IntD1

of this leaf are continued by the arcs of the foliation F ′
2|D2

, and we obtain
a leaf l of the foliation F (actually, each arc from l1 ∩ D1 is replaced by the
corresponding arc of the foliation F ′

2|Wi
, and the endpoints of these arcs are

identified by Θ). It follows from (5.22) and the density of l1 on M2
g1

that
the leaf l is everywhere dense on M2

g1
− IntD1 ⊂ M2

g1+g2
. In particular, l is

a nontrivially recurrent leaf.
Let us show that l possesses the property of unbounded deviation.

Since g1 + g2 � 4, one can assume that M2
g1+g2

is a hyperbolic surface.
One can also assume that the curve

Θ(∂D1) = ∂D2
def
= g0 ⊂M2

g1+g2

is a geodesic (this can be done with the use of an isotopy of the foliation F ).

Fix the open strip W1
def
= W . The internally accessible boundary of this strip

consists of the separatrices S1, S2 ⊂ M2
g2
− IntD2 of the singularities b1

and b2, respectively, and the segment

Θ([c1; c2]) = [b1; b2]
def
= Σ ⊂ g0.

Take a lift W of the strip W ; it is bounded by the corresponding lifts S 1,
S 2, and Σ ⊂ g0. Since F2 is a Denjoy-type foliation, the “width” of the
strip W tends uniformly to zero. Hence, S 1 and S 2 have the same asymptotic
direction, say σ ∈ S∞.

The ideal endpoints σ+
0 , σ

−
0 ∈ S∞ of the geodesic g0 divide the abso-

lute into two arcs. Denote by Iσ the arc that contains the point σ. Note that
since W ∩ g0 = ∅, we have W ∩ g0 = ∅. Therefore, W lies in one of the
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half-planes into which g0 divides Δ. Denote by Δ− the half-plane that does
not contain the strip W . Take the lift l of the leaf l that intersects the seg-
ment Σ. It follows from the construction that there exists an arc A ⊂ l ∩W
with endpoints e1 and e2 on Σ (see Fig. 5.28). Let us show that l − A ⊂ Δ−.

In other words, the semileaves l
−
(e1) ⊂ l and l

+
(e2) ⊂ l that do not contain

the arc A do not intersect the geodesic g0.
2 Suppose the contrary. Assume,

for definiteness, that l
+
(e2) ∩ g0 �= ∅. Then, there exists a g0-arc A23 of the

semileaf l
+
(e2) with endpoints e2 and e3 belonging to l

+
(e2)∩ g0. The closed

curve C formed by the g0-arc A23 and the segment [e2; e3] of the geodesic g0
is null-homotopic. Therefore, π(C) is also a g0-arc of the leaf l that is null-ho-
motopic on the surface M2

g1+g2
. It follows from the definition of the g0-arc

that π(C) ⊂M2
g1

. Hence, the foliation F1 is not widely disposed. On the other
hand, as an irrational foliation with saddles of nonpositive index, F1 is a widely
disposed foliation. The contradiction obtained shows that l intersects g0 only
at the endpoints e2 and e3 of the arc A.

Figure 5.28. The arc A ⊂ l ∩W .

The fact that l−A ⊂ Δ− implies that the corresponding geodesic g(l) lies
in Δ−. Therefore, for any point z ∈ A, we have

dNE(z, g0) � dNE(z, g(l)).

2We assume that the leaf l is oriented from e1 to e2.
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In particular, this inequality holds for the point zmax(A) ∈ A that corresponds
to the maximal deviation of the arc A from the geodesic g0,

dNE(zmax(A), g0) � dNE(zmax(A), g(l)), zmax(A) ∈ A.

It follows from the construction and the fact that the leaf l is everywhere
dense on the surface that there exists a sequence of leaves lk that are congruent
to the leaf l and intersect the strip W along arcs Ak = W ∩ lk such that Ak

indefinitely approach the point σ in the Euclidean metric. In other words,

dNE(zmax(Ak), g0)→∞ as k →∞.

Hence,
dNE(zmax(Ak), g(lk))→∞ as k →∞.

Therefore, there exists a sequence of points mk ∈ l such that

dNE(mk, g(l))→∞ as k →∞.

Since the leaf l tends, in the Euclidean metric, to one point of the absolute
in either (the positive or negative) direction, there is a subsequence of points
among mk ∈ l whose parameters tend to infinity, while the points themselves
tend to the absolute in the Euclidean metric. This means that the leaf l possesses
the property of unbounded deviation. ♦

Example 5.4 Curve with a rational asymptotic direction.

The construction of a curve with a rational direction and with the property
of unbounded deviation is a more complicated and cumbersome problem as
compared to the construction of a curve with an irrational asymptotic direc-
tion. Therefore, we restrict ourselves only by a description of the idea of the
construction (see details in [9, 20]).

Figures 5.29 and 5.30 show the first steps in the construction of a required
simple semi-infinite curve L = {z(t) : t � 0} on the torus T 2 = R

2/Z2 that
has a covering L on R

2. The curve L has an asymptotic direction defined by
the positive half-axis Ox, y(t)

x(t) → 0 as x(t) → ∞, and unboundedly deviates

from Ox, sup y(t) = ∞. The construction is carried out on R
2. The curve L

is shown in the figures by a heavy line; it starts at (0, 0). Integer translations
of some of its arcs are shown by thin lines.
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Figure 5.29

Figure 5.30

One can construct the required curves on the torus and the Klein bottle
in such a way that they are not everywhere dense. Using these examples, one
can construct similar curves with the property of unbounded deviation on any
closed surface of negative Euler characteristic, by gluing a necessary number
of handles and Möbius bands onto “free” parts of the torus or the Klein bottle.

Example 5.5 (Markley –Vanderschoot).

Here, we give a sketch of the example from [152] with a semitrajec-
tory that has a rational asymptotic direction and possesses the property of
unbounded deviation. Although the existence of such a flow follows from
the previous examples and Theorem 5.11, it has other interesting (in our
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view) properties. Let us represent a closed ring A as a quotient space A/Γ,
where A = {(x, y) : −1 � y � +1} and the group Γ consists of integer trans-
lations (x, y) �→ (x+n, y). Define on A a vector field �X with a phase portrait
whose lift is shown in Fig. 5.31. Denote by π : A → A the natural projection.
The boundary component l+1 = π(y = +1) contains a finite number of fixed
points s1, . . . , sk, and the other boundary component l−1 = π(y = −1) is

a periodic trajectory of the field �X . The neighboring points s1, . . . , sk are
connected by separatrix connections L1, . . . , Lk (see Fig. 5.31). These sep-
aratrix connections and the points s1, . . . , sk form a closed curve, which we
denote by L∗. In the domain between l−1 and L∗, any trajectory, say l, winds
around L∗ in the positive direction and around l−1 in the negative direction;
i. e., ω(l) = L∗, α(l) = l−1.

Figure 5.31. The phase portrait of the covering vector field for �X .

Take a diffeomorphism of the half-open ring h : A − l+1 → A − l+1

whose covering diffeomorphism has the form h(x, y) = (x + λ(y), y),
where λ : [−1; +1) → R

+ is a strictly increasing C∞ function such
that λ(y) → +∞ as y → +1. The field �X is mapped by h into a smooth
vector field h∗(

�X) on A − l+1. Take a smooth function ρ : A → R
+ that is

strictly positive on A − l+1 and, together with its derivatives, tends uniformly
to zero as the argument tends to l+1. If ρ, together with its derivatives, tends

to zero sufficiently rapidly, then the field ρh∗( �X) can be extended to a smooth
vector field (which we denote by the same symbol) over the whole ring A, such
that the curve l+1 consists of fixed points. The phase portrait of the covering

vector field for ρh∗( �X) is shown in Fig. 5.32. One can easily see that the

trajectory l∗
def
= h(l) possesses the following properties:

1) the ω-limit set ω(l∗) of the trajectory l∗ consists of one-dimensional tra-
jectories h(L1), . . . , h(Lk) and the curve l+1;
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2) α(l∗) = l−1;

3) the domain bounded by the trajectories l∗ and y = −1 of the covering
flow is simply connected.

Note that each of the trajectories h(Li), 1 � i � k, bounds a domain Di in
the ring whose internally accessible boundary consists of h(Li). Let us remove
two disks from a certain domain Di and modify ρh∗(

�X) so that the boundary
of one of the disks consists of fixed points and the boundary of the other disk
is a periodic trajectory. Then, we remove these disks and glue their boundaries
with l−1 and l+1 in a natural way. We obtain a pretzel M2

2 on which ρh∗(
�X)

induces a flow f t with the following properties.

Figure 5.32. The phase portrait of the covering vector field for ρh∗( �X).

1. The flow f t has a periodic trajectory l0 and a simple closed curve lfix

that consists of fixed points; l0 and lfix are non-null-homotopic on M2
2 and are

not homotopic to each other.

2. There are one-dimensional trajectories l, l1, . . . , lk such that

• α(li) = ω(li) = lfix for i = 1, . . . , k;

• ω(l) = lfix ∪
k⋃

i=1

li;

• α(l) = l0.

3. The trajectory l winds around l0 in a spiral-like fashion in the negative
direction, and the asymptotic directions of l and l0 coincide.

4. The trajectory l does not wind around l0 in a spiral-like fashion in
the positive direction; however, l and l0 have the same (rational) asymptotic
direction.

5. The trajectory l possesses the property of unbounded deviation.

Note that the ω-limit set of the trajectory l is locally disconnected.
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Bounded deviation of special curves

First, we consider the property of bounded deviation for semitrajectories of
topological flows on the torus — an orientable closed surface of zero curvature.
In this case, the sufficient conditions for the boundedness of deviation obtained
thus far are of more general character than those in the case of semitrajectories
of topological flows on hyperbolic surfaces. Next, we consider the property of
bounded deviation for semitrajectories of analytic flows. Finally, we consider
semileaves of foliations with saddle singularities and invariant manifolds of
points of nontrivial basic sets, respectively.

Semitrajectories of topological flows on the torus

Theorem 5.35 Let f t be a topological flow on the torus T
2 and l be a lift

to R
2 of a semitrajectory l = π(l) that has an asymptotic direction. Suppose

that one of the following conditions is fulfilled:

• the set of fixed points of the flow f t is contractible to a point;
• l is a nontrivially recurrent semitrajectory.

Then, l possesses the property of bounded deviation.

Scheme of the proof. If l is a closed trajectory, then it is non-null-
homotopic since it has an asymptotic direction, and the result is obvious. It
remains to consider the case of a nonclosed l. One of the key steps in the proof
of both assertions is to prove the existence of a simple non-null-homotopic
closed transversal (in the topological sense) that is intersected by the semitra-
jectory l. For a nontrivially recurrent semitrajectory, this fact is valid without
additional assumptions concerning the set of fixed points in view of Corol-
lary 3.5. When the semitrajectory l is not nontrivially recurrent, this fact fol-
lows from the existence of an open transversal segment that is intersected by l
at least twice. The proof of this result requires delicate arguments involving
assumptions concerning the set of fixed points.

After proving the existence of a simple non-null-homotopic closed
transversal, we may assume, without loss of generality, that this transversal
is the zero meridian of the torus, C0 = π(x = 0). If l intersects C0 a finite
number of times, then, starting from a certain moment, the covering semitra-
jectory l goes to infinity, while remaining in a certain strip k � x � k + 1.
Hence, l boundedly deviates from the axis Oy, which determines the asymptotic
direction of l. If l intersects C0 infinitely many times, then l has an asymptotic
direction defined by a straight line y = ax. First, we prove that the points of
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intersection of l with the straight lines x = n boundedly deviate from the points
of intersection of the straight line y = ax with the same lines x = n and then,
using arcs congruent to arcs of the semitrajectory l, we show that the deviation
of the whole l from the straight line y = ax is bounded. (In a far-fetched
interpretation, we can regard f t as a flow obtained by blowing up a suspension
over a homeomorphism of the circle C0, i. e., as a flow that is semiconjugate
to a suspension over C0. The latter is topologically equivalent to a linear flow
via a homeomorphism homotopic to the identity.) �

Let us give without proof an elegant result by Markley that was proved
in [150].

Theorem 5.36 Let f t be a topological flow on the torus T
2 and l be a lift

to R
2 of a positive semitrajectory l = π(l) that has an asymptotic direction.

Suppose that the ω-limit set of l contains a regular point (that is not a fixed
point). Then, l possesses the property of bounded deviation.

Semitrajectories of flows on hyperbolic surfaces

Theorem 5.37 Let f t be a topological flow with a finite set of fixed points on

a closed hyperbolic surface M . Let l
+

be a positive semitrajectory of a cov-

ering flow f
t

on M = Δ that has an asymptotic direction. Then, l
+

possesses
the property of bounded deviation.

Proof. Without loss of generality, we can assume that the surface M is

orientable. Let l+ = π(l
+
), and denote by l a trajectory that contains l+,

l+ ⊂ l. If l is a periodic trajectory, then the assertion is obvious. Therefore, we
will assume in what follows that l is a nonclosed trajectory. It is well-known
(see, for example, [3,26,172]) that the ω-limit set of a nonclosed semitrajectory
of a flow with a finite number of fixed points on a compact surface falls under
one of the following types:

• a fixed point;
• a periodic trajectory;
• a one-sided loop consisting of fixed points and separatrix connections;
• a quasiminimal set.

Since l
+

has an asymptotic direction and, hence, goes to infinity, ω(l+) can not
be a fixed point. Other limit sets are realized under the stipulation that a peri-
odic trajectory and a one-sided loop are non-null-homotopic. It is obvious that
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a periodic trajectory and a one-sided loop define a homotopy class that contains
a simple closed non-null-homotopic curve. Therefore, this homotopy class con-
tains a simple closed geodesic that is a co-asymptotic geodesic for the periodic
trajectory or for the one-sided loop. If ω(l+) is a non-null-homotopic periodic

trajectory l0, then l+ approaches l0 in a spiral-like way. Hence, l
+

possesses
the property of bounded deviation because l0 possesses this property and l+

and l0 have the same co-asymptotic geodesic. Similar reasoning applies to the
case when ω(l+) is a non-null-homotopic closed loop.

Therefore, it remains to consider the case when ω(l+) is a quasiminimal
set. There are three possibilities:

1) l+ belongs to the nontrivially recurrent trajectory l;
2) l+ is a nontrivially recurrent semitrajectory (in the positive direction) but

belongs to the trajectory l, which is not nontrivially recurrent in the nega-
tive direction;

3) l+ is not a nontrivially recurrent semitrajectory.

The first possibility is essential, and the major part of the proof is devoted
to this case. The last two possibilities are reduced to the first one.

Proof in the case when l+ belongs to the nontrivially recurrent trajectory l.
Suppose that the theorem does not hold in this case. Let l be one of the lifts

of l to Δ that contains the lift l
+

. Then, the limit set of the trajectory l consists

of two different points σ+ = ω(l) = ω(l
+
) ∈ S∞ and σ− = α(l) ∈ S∞.

Let g(l) be a co-asymptotic geodesic for the trajectory l.
Denote by m(t) ∈ l a current point on the trajectory l that cor-

responds to time t. Assume that m(t) → σ+(−) as t → +∞ (−∞).
Let [m(t); m0(t)] be a perpendicular dropped from the point m(t) ∈ l to
the geodesic g(l), where m0(t) ∈ g(l). Denote by d(t) the length of the
perpendicular [m(t); m0(t)] (Fig. 5.33). Since l possesses the property of
unbounded deviation, there exists a sequence tn such that d(tn) → +∞
as tn → +∞. Passing, if necessary, to a subsequence, we may assume that the
sequence π(m0(tn)) ∈M converges to a certain point m0 ∈M .

Take an arbitrary point m0 ∈ π−1(m0). Since the sequence π(m0(tn))
converges to m0, there exists a sequence of deck transformations γk ∈ Γ such
that

γk(m0(tk))
def
= mk → m0 as tk → +∞.

By Lemma 5.18, g(l) = π(g(l)) is a nonclosed B-recurrent geodesic.
Denote by G(Q) the geodesic framework of the quasiminimal set clos g(l) =
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Figure 5.33. The sequence m(tn).

= Q. According to Lemma 3.41, G(Q) is a minimal geodesic lamination
consisting of nonclosed geodesics that are everywhere dense in G(Q).

Since the support of a geodesic lamination is a closed set, the point m0

belongs to G(Q) and a geodesic g0 ∈ G(Q) passes through this point.
Hence, a covering geodesic g0 ∈ G(Q) of g0 passes through the point m0.

Set γk(g(l))
def
= gk. All geodesics gk are covering geodesics for g(l),

and we equip them with an orientation induced by the orientation of the
geodesic g(l). Denote by σ+

k and σ−
k the ideal endpoints of the geodesic gk.

Since the geodesics in the lamination are pairwise disjoint and mk → m0, the
points σ+

k and σ−
k approach the corresponding ideal endpoints σ+

0 and σ−
0 of

the geodesic g0 in the Euclidean metric on S∞. Since the geodesic g0 ∈ G(Q)
is nonclosed, we may assume without loss of generality that the geodesics gk
are pairwise disjoint, the points mk are also pairwise different, and none of
these points coincides with the point m0.

Denote by Δ+ and Δ− the open half-planes into which g0 divides the
plane Δ. Assume, for definiteness, that mk ∈ Δ−. Denote by g⊥ the
geodesic that passes through the point m0 and is perpendicular to g0, and
denote by p+, p− ∈ S∞ the endpoints of the geodesic g⊥. The geodesic

segment γk([m(tk); m0(tk)])
def
= pk is a perpendicular to the geodesic gk

erected at the point mk. Since mk → m0 and d(tk) → +∞, the end-

point γk(m(tk))
def
= m+

k of the perpendicular pk must lie in Δ+ for suffi-

ciently large k (Fig. 5.34). Therefore, the geodesic ray [m0; p+]
def
= g+⊥ of the

geodesic g⊥ lies in the half-plane Δ+.
Denote by K the topological limit of the augmented trajectories ln ∪ σ+

n ∪
∪ σ−

n on the augmented Lobachevsky plane Δ ∪ S∞. By the definition of the
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Figure 5.34. The perpendicular g+⊥.

topological limit, a point x belongs to the set K if there exists a sequence of
points xn ∈ ln ∪ σ+

n ∪ σ−
n that converges to x as n → ∞ in the Euclidean

metric on Δ∪S∞. It is obvious that σ−
0 , σ

+
0 , p+ ∈ K. The set K is connected

as the topological limit of connected arcs. Since each trajectory ln divides
the Lobachevsky plane, K is nowhere dense and is closed in Δ ∪ S∞. By
virtue of the theorem on the continuous dependence of trajectories on the initial

conditions, the set K ∩Δ
def
= KΔ is invariant; i. e., it consists of trajectories of

the covering flow.
According to Lemma 5.19, the intersection of K with S∞ does not contain

nontrivial intervals. Hence, KΔ �= ∅. Note that the set π(KΔ) lies in the limit
set of the trajectory l. It is well-known (see, for example, [26, Ch. 2, p. 54])
that the ω-limit set of a nontrivially recurrent trajectory is equal to its α-limit
set, and both of them coincide with the topological closure of this trajectory:

π(KΔ) ⊂ clos l = ω(l) = α(l) = Q.

Let us show that π(KΔ) contains a trajectory that is nontrivially recurrent
in the positive direction. The points σ+

0 and σ−
0 divide the absolute into

two intervals. Denote by I+ ⊂ S∞ the interval that contains the point p+.
Since p+ ∈ K and K ∩ S∞ does not contain nontrivial intervals, there exists
a connected invariant subset K∗ ⊂ KΔ whose closure in the Euclidean metric
on Δ ∪ S∞ contains a point k1 ∈ I+. In particular, k1 /∈ {σ+

0 , σ−
0 }. Since
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the number of fixed points is finite, K∗ contains at least one one-dimensional
trajectory, say l0. In this case, l0 ⊂ ω(l), and l indefinitely approaches the

trajectory π(l0)
def
= l0 either from the right or from the left. It suffices to show

that K∗ contains a one-dimensional trajectory that is projected onto a non-
trivial ω-recurrent trajectory. If ω(l0) contains one-dimensional trajectories,
we apply the Maier theorem [142, Theorem 1] (see also Theorem 2.2 in [26]
or Theorem 2.4.4 in [172]), which states that if a nonclosed trajectory lies
in the limit set of a certain trajectory and contains one-dimensional trajec-
tories in its ω-limit set, then this trajectory is nontrivially recurrent in the
positive direction. By virtue of Theorem 1 from [142], l0 is a nontrivially
ω-recurrent trajectory, and there is nothing to prove. Suppose that the ω-limit
set of the trajectory l0 does not contain one-dimensional trajectories. Then,
l0 tends to a fixed point m0 in the positive direction, and ω(l0) = m0. De-
note by U0 a neighborhood of the point m0 that contains exactly one fixed
point m0. Since l0 ⊂ ω(l) and l is a nontrivially recurrent trajectory, l enters
and leaves the neighborhood U0. Assume, for definiteness, that l indefinitely
approaches l0 from the left. Then, l0 has a left Bendixson extension in the
positive direction (which we denote by l1) with respect to the neighborhood
U0. In this case, α(l1) = m0, l1 ⊂ ω(l), and l1 leaves U0. It is easily seen
that l1 belongs to π(KΔ), l1 ⊂ π(KΔ). The theorem on the continuous de-
pendence on the initial conditions implies that l indefinitely approaches l1 from
the left. If the ω-limit set of the trajectory l1 does not contain one-dimensional
trajectories, then l1 tends to a fixed point m1 in the positive direction, and
ω(l1) = m1. Note that m1 may coincide with m0. There is a neighborhood U1

of the point m1 that contains exactly one fixed point m1 (if m1 = m0, then
U1 = U0). Then, l1 has a left Bendixson extension in the positive direction
(which we denote by l2) with respect to the neighborhood U1. Continuing this
process, we obtain sequences of one-dimensional trajectories l1, l2, . . . , lk, . . .
and fixed points m0, m1, . . . , mk, . . . such that

• lk is a left Bendixson extension of the trajectory lk−1 in the positive
direction for any k = 1, . . . with respect to the neighborhood Uk−1, which
contains exactly one fixed point mk−1;
• α(lk) = mk−1 for k � 1;
• lk ⊂ ω(l) for k � 1;
• l+k leaves the neighborhood Uk at least once.

Since the asymptotic direction of l is irrational, the sequence lk can not be
periodic.
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Let us show that the sequence lk, k � 1, is finite. Suppose the contrary.
Consider a trajectory lk for which the sets α(lk) and ω(lk) coincide. For each
such lk, denote by lk ∪ [Fix f t] the loop formed by lk and α(lk) = ω(lk).
First, we show that there is a finite number of non-null-homotopic loops of the
form lk ∪ [Fix f t]. Indeed, since all lk lie in the limit set of the nontrivially
recurrent trajectory l, it follows from the Poincaré –Bendixson theorem that,
for each loop lk ∪ [Fix f t], there exists at most one loop that is homotopic
to it and is of the same form. This and the finiteness of the genus of the
surface M imply that there is a finite number of non-null-homotopic loops of
the form lk ∪ [Fix f t].

Now, consider null-homotopic loops lk ∪ [Fix f t]. Denote by N(Fix f t)
the union of all neighborhoods Uk. Note that N(Fix f t) is a finite union of
pairwise disjoint open domains each of which contains exactly one fixed point
of the flow. According to the Poincaré –Bendixson theorem, the null-homotopic
loops lk∪[Fix f t] bound disjoint disks. If there exists an infinite number of null-
homotopic loops that bound disjoint disks, then the points of the trajectories lk
that enter and leave the neighborhood N(Fix f t) are accumulated at a certain
point on the boundary ∂N(Fix f t), and this point must be a fixed point, which
is impossible.

Now, consider a trajectory lk for which the sets α(lk) and ω(lk) are
different fixed points. Suppose that lj is a trajectory for which either the ω-
or the α-limit set coincides with α(lk) and either the α- or the ω-limit set
coincides with ω(lk), respectively. Then, the union α(lk)∪ω(lk)∪ lk ∪ lj forms
a closed curve. Similar to the previous case, we can show that there may be
only a finite number of such closed curves. Since the set Fix f t is finite, this
proves that the sequence lk, k � 1, is finite.

Since the sequence lk, k � 1, is finite, it ends with a trajectory (which
we denote by l∗) that does not tend to a fixed point in the positive direction.
Hence, the ω-limit set of l∗ contains at least one one-dimensional trajectory. It
follows from [142, Theorem 1] that l∗ is nontrivially recurrent in the positive
direction. Hence, there exists a lift l∗ of a semitrajectory of l∗ that belongs
to K∗.

As a lift of a nontrivially recurrent semitrajectory, the positive semitra-
jectory of the trajectory l∗ has an asymptotic direction. Since l indefinitely
approaches l∗ from the left, this asymptotic direction is defined by the point k1.

By Corollary 3.5, there exists a simple closed transversal C that inter-
sects l∗, C ∩ l∗ �= ∅. In view of the nontrivial recurrence of l∗, C is non-null-
homotopic, and l∗ intersects C countably many times. Therefore, l∗ intersects
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a countable family of lifts C1, C2, . . . of the curve C. It follows from The-
orem 5.17 that the ideal endpoints of the curves Ci converge to the point k1
in the Euclidean metric on S∞. Therefore, there exists a curve C ∈ π−1(C)
that intersects l∗ and whose ideal endpoints belong to the interval I+ ⊂ S∞. In
particular, the ideal endpoints of C do not separate the points σ+

0 and σ−
0 on the

absolute (Fig. 5.35). Hence, for sufficiently large k, the trajectory γk(l) = lk
intersects C at least twice, which is impossible because C is a transversal of the
covering flow f

t
and no semitrajectory can intersect the transversal C at more

than two points. This contradiction proves the theorem in the case when l+ be-
longs to a trajectory l that is nontrivially recurrent in both directions.

Figure 5.35. The semitrajectory l∗ and the transversal C.

Proof in the case when l+ is a nontrivially recurrent positive semitra-
jectory that belongs to a trajectory l that is not nontrivially recurrent in the
negative direction. In this case, the α-limit set of the trajectory l is a fixed
point, say m−1. Since l+ is a nontrivially recurrent semitrajectory, it follows
from the theorem on the continuous dependence of trajectories on the initial
conditions that l+ indefinitely approaches any point of l either from the right or
from the left. Assume, for definiteness, that it approaches points of l from the
left. Then, l has a left Bendixson extension in the negative direction, which we
denote by l−1. Let us show that l, m−1, and l−1 belong to a generalized trajec-
tory that consists of a finite number of trajectories. Note that l−1 belongs to the
ω-limit set of the semitrajectory l+ by virtue of the theorem on the continuous
dependence of trajectories on the initial conditions. Hence, if the α-limit set of
the semitrajectory l−1 contains one-dimensional trajectories, then l−1 is non-
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trivially recurrent in the negative direction [142, Theorem 1] and l∪m−1 ∪ l−1

forms a generalized trajectory. Suppose that the α-limit set of the trajectory l−1

is a fixed point, say m−2. Then, l−1 has a left Bendixson extension in the
negative direction, which we denote by l−2. Continuing this process, we obtain
a sequence l−1, l−2, . . . of one-dimensional trajectories each of which, starting
from the second one, is a Bendixson extension of the preceding trajectory in
the negative direction. By analogy with the case considered above, one can
show that the sequence obtained is finite and ends with a trajectory that is an
ω-separatrix of a certain fixed point and is nontrivially recurrent in the negative
direction.

Thus, the Bendixson extensions of the trajectory l in the negative direction
constitute a finite generalized trajectory L. A further proof is analogous to
the case, considered above, when l is a nontrivially recurrent trajectory. Now,
instead of l, we consider a generalized trajectory L that is obtained by adding
a finite number of separatrix connections and fixed points to l. Since L starts
and ends with nontrivially recurrent semitrajectories, the addition of a compact
invariant arc allows us to repeat the proof with unessential changes.

Proof in the case when l+ is not a nontrivially recurrent semitrajectory. In
this case, the ω-limit set of the semitrajectory l+ is a quasiminimal set in which
nontrivially recurrent trajectories and semitrajectories are everywhere dense. It
follows from the results of Gardiner [78] and Gutierrez [103] concerning the
structure of a quasiminimal set (see also [26, 172]) that starting from a certain
moment, l+ enters an open strip whose boundary, accessible from the inside,
consists of two nontrivially recurrent positive semitrajectories l+1 and l+2 that
approach l+ (this strip can be considered as a cell in a Denjoy flow on the
torus) (Fig. 5.36). In this case, all three semitrajectories l+, l+1 , and l+2 have
the same asymptotic direction. Hence, there exist lifts of these semitrajectories
that tend to the same point of the absolute and have a common co-asymptotic
geodesic. The fact that current points on the semitrajectories l+, l+1 , and l+2
lie at a rather small distance from each other implies that the corresponding

Figure 5.36. The semitrajectories l+, l+1 , and l+2 .
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coverings for l+, l+1 , and l+2 lie at a finite Fréchet distance from each other.
Therefore, the required result follows from the already proven case for a non-
trivially recurrent semitrajectory. �

Semitrajectories of analytic flows

Theorem 5.38 Let f t be an analytic flow on a closed orientable surface of
constant nonpositive curvature, and let l be a semitrajectory of the covering
flow that has an asymptotic direction. Then, l possesses the property of
bounded deviation.

Scheme of the proof. For the torus, the proof follows the scheme of the
proof of Theorem 5.35. But now the existence of a closed transversal that
intersects l = π(l) is proved with the use of Lemma 5.12, which describes the
structure of the set of fixed points for an analytic flow.

For a hyperbolic surface, the proof follows the scheme of the proof of
Theorem 5.37. In fact, there are only two instances where the analyticity of
the flow is taken into account. Henceforth, we use the notations from the proof
of Theorem 5.37. The first instance relates to the assertion that the set K∗
contains at least one one-dimensional trajectory. Now, this assertion is obtained
with the use of Lemma 5.12. The second instance relates to the assertion that
the sequence lk, k � 1, is finite. Now, to prove this assertion, one should
consider the connected components of the set of fixed points Fix f t of the
flow f t. While in Theorem 5.37 we took into account the finiteness of the
set of fixed points, now we use the finiteness of the number of connected
components of the set Fix f t, which follows from Lemma 5.12. �

Semileaves of foliations

Theorem 5.39 Let F be a foliation with a finite number of singularities on
a closed surface M of nonpositive Euler characteristic. Suppose that all the
singularities of F are saddles of negative index. Let l be a semileaf of the
covering foliation F on M that has an asymptotic direction. Then, l possesses
the property of bounded deviation.

The proof of this theorem is analogous to the proof of Theorem 5.37 in
view of the fact that since the index of all singularities is negative, any semileaf
of the covering foliation can not intersect twice a transversal whose endpoints
lie on the absolute. See [34] for more details.
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Note that Theorem 5.39 is generally incorrect for arbitrary foliations with
a countable set of singularities. For instance, the curve from Anosov’s exam-
ple 5.4, which has an asymptotic direction and unboundedly deviates from the
co-asymptotic geodesic, can be realized as a semileaf of a certain foliation with
a countable set of singularities part of which are needles (i. e., have a positive
index which is equal to 1

2

)
.

Remote limit points

Let l+ be a positive semitrajectory of a flow f t on a surface M of constant
nonpositive curvature. Denote a current point on l+ that corresponds to a pa-

rameter (say, time) t by l+(t). Suppose that a lift l
+

of the semitrajectory l+ has

an asymptotic direction, and let g(l
+
) be a geodesic that is co-asymptotic for l

+

in the positive direction. If l+ has the property of unbounded deviation, then
there exists a sequence of points l+(tk) such that tk → +∞ as k →∞ and the

distance between the lifts l
+
(tk) ∈ l

+
of these points and the geodesic g(l

+
)

indefinitely increases; i. e., d(l
+
(tk), g(l

+
)) → ∞, where d is a metric on the

universal covering M .
Following [153], we distinguish the subsets of the so-called remote and

bounded limit points in the ω-limit set ω(l+) of the semitrajectory l+ in the
following way. A point m ∈ ω(l+) is a remote limit point if there exists

a sequence of points l+(tk) and their lifts l
+
(tk) ∈ l

+
such that

l+(tk)→ m, d(l
+
(tk), g(l

+
))→∞, tk → +∞

as k →∞. Similarly, a point m ∈ ω(l+) is a bounded limit point if there exists

a sequence of points l+(tk) and their lifts l
+
(tk) ∈ l

+
such that

l+(tk)→ m, d(l
+
(tk), g(l

+
)) is bounded, tk → +∞

as k → ∞. Denote the set of remote (respectively, bounded) limit points
by ωR(l

+) (respectively, ωB(l
+)). Note that the sets ωR(l

+) and ωB(l
+) may

intersect.
The following theorem, which is proved in [153], states a fact that is com-

mon for all examples of flows with semitrajectories that have rational asymp-
totic direction and possess the property of unbounded deviation.

Theorem 5.40 Let l+ be a positive semitrajectory of a topological flow f t

on a closed orientable hyperbolic surface M . Suppose that l+ has a rational
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asymptotic direction and possesses the property of bounded deviation. Then,
each point of the remote limit set ωR(l

+) is a fixed point of f t.

Invariant manifolds of points of basic sets

Now, we pass on to the curves that play an important role in studying dif-
feomorphisms with hyperbolic nonwandering sets, namely, to one-dimensional
stable or unstable manifolds of points that belong to hyperbolic nonwander-
ing sets of surface diffeomorphisms. Using Theorem 5.39, we can prove the
following theorem (which was first proved by other method in [87]).

Theorem 5.41 Let f : M →M be an A-diffeomorphism of a closed surface M
of nonpositive Euler characteristic. Let Ω be a one-dimensional widely dis-
posed attractor (repeller) of the diffeomorphism f , and let lu(s)x be the unstable
(respectively, stable) manifold of a point x ∈ Ω. Then both curves l

u(s)
x − x

have asymptotic direction and possess the property of bounded deviation.

Scheme of the proof. Indeed, in view of the product structure in the
neighborhood of any hyperbolic point, we can construct a foliation without
singularities in the neighborhood of the attractor (respectively, repeller) such
that the unstable (respectively, stable) manifolds of points x ∈ Ω are leaves
of this foliation. The fact that Ω is widely disposed implies that this foliation
can be extended over the whole surface so that the new foliation obtained has
a finite number of saddle singularities, all being of negative index. Now, the
required assertion follows from Theorem 5.39. �

The analysis of the aforementioned example of Robinson and Williams
in [199] shows that for stable (respectively, unstable) manifolds of points of
a one-dimensional attractor (respectively, repeller), Theorem 5.41 is generally
incorrect. The above arguments do not work because the theorem on the prod-
uct structure can not be applied to all points of stable (respectively, unstable)
manifolds of points of a one-dimensional attractor (respectively, repeller). How-
ever, if we require that the diffeomorphism f : M → M is structurally stable,
then we obtain the following result [86, 87]:

Theorem 5.42 Let f : M → M be a structurally stable A-diffeomorphism of
a closed orientable hyperbolic surface M and let Ω be a one-dimensional
widely disposed attractor (respectively, repeller) of the diffeomorphism f .
Let l

s(u)
x be the stable (respectively, unstable) manifold of a point x ∈ Ω
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and Lσ be one of the connected components of the set ls(u)x − x that does not
contain a periodic boundary point. Then Lσ has an asymptotic direction and
possesses the property of bounded deviation.

The proof of this theorem employs the dynamical properties of structurally
stable diffeomorphisms. Here, a key role is played by the fact that for struc-
turally stable diffeomorphisms, stable and unstable manifolds of points from
basic sets can not be tangent to each other but must intersect transversally.

On the torus (a closed orientable surface M = M2
p of genus p = 1),

Theorem 5.42 is valid without the requirement that the diffeomorphism should
be structurally stable [84, 87].

Theorem 5.43 Let f : M → M be an A-diffeomorphism of the torus, and
let Ω be a one-dimensional widely disposed attractor (repeller) of the dif-
feomorphism f . Let l

s(u)
x be the stable (respectively, unstable) manifold of

a point x ∈ Ω and Lσ be one of the connected components of the set ls(u)x − x
that does not contain a periodic boundary point. Then Lσ has an asymptotic
direction and possesses the property of bounded deviation.

A key moment in the proof is the fact that f is semiconjugate to an
algebraic automorphism of the torus via a continuous mapping homotopic to
the identity.

Uniformity of deviations of curves from geodesics

After establishing that certain special curves possess the property of
bounded deviation under quite general assumptions, it is natural to investigate
the uniformity of the bounded deviation. We will consider the same curves (but
in the aggregate) that we dealt with in the previous subsection (semitrajectories
of flows, semileaves of foliations, and stable or unstable manifolds of points
from nonwandering hyperbolic sets).

For generalized leaves of foliations, the concept of bounded deviation is
introduced by analogy with ordinary leaves. If the singularities of a foliation
are topological saddles of negative index, then Theorems 5.37 and 5.39 and
the fact that a generalized leaf l on a surface consists of a finite number of
ordinary leaves imply that dl = dl < ∞, where dl is the maximal deviation of
the covering generalized leaf l from the corresponding geodesic g(l).

The following two theorems show that the deviation of trajectories and
generalized trajectories, as well as of leaves and generalized leaves, from
a geodesic framework is uniformly bounded.
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Theorem 5.44 Let f t be an analytic flow on a closed surface M of nega-
tive Euler characteristic. Suppose that the fixed points of the flow f t are
topological saddles of negative index. Then

sup
{
dL
}
<∞,

where the supremum is taken over all L that are generalized trajectories or

ordinary trajectories of the covering flow f
t
.

Theorem 5.45 Let F be a foliation on a closed surface M of negative Euler
characteristic. Suppose that the singularities of the foliation F are topological
saddles of negative index. Then

sup
{
dL
}
<∞,

where the supremum is taken over all L that are generalized leaves or ordinary
leaves of the covering foliation F .

The proofs of both theorems can be performed according to the scheme of
the proof of Theorem 5.37.

Thus, the deviation of trajectories and generalized trajectories (leaves and
generalized leaves) of a flow (respectively, foliation) with saddle singularities
from their respective geodesic frameworks is finite. Figuratively speaking, if
a geodesic framework is considered as a skeleton of a flow (foliation), then, by
virtue of Theorems 5.44 and 5.45, flows (foliations) with saddle singularities
are “slender and neat”.

It is natural to call the quantity sup{dL} appearing in Theorems 5.44
and 5.45 a deviation of a flow (respectively, foliation) from its geodesic frame-
work. Since a mapping that covers a homeomorphism homotopic to the identity
shifts the points by a quantity bounded from above, the finiteness of the devi-
ation of a flow (respectively, foliation) from its geodesic framework is a topo-
logical invariant with respect to homeomorphisms that are homotopic to the
identity.

Now, consider the deviation of a one-dimensional widely disposed basic
set from its geodesic framework. If Ω is a one-dimensional widely disposed at-
tractor (repeller) of an A-diffeomorphism f , then the family of unstable (stable)
manifolds of all of its points x ∈ Ω forms a lamination (denoted by the same
character Ω) for which there exists a geodesic framework G(Ω).

By virtue of Theorem 5.41, each unstable (stable) manifold l
u(s)
x of

a point x ∈ Ω possesses the property of bounded deviation. Denote
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by dmax

(
l
u(s)
x

)
the maximal deviation of the covering l

u(s)

x for l
u(s)
x from

the corresponding geodesic g
(
l
u(s)

x

)
. It is obvious that this quantity does not

depend on the choice of the covering for l
u(s)
x . Theorem 5.45 implies the

following theorem, which was first proved in [34].

Theorem 5.46 Let f : M →M be an A-diffeomorphism of a closed orientable
hyperbolic surface M , and let Ω be a one-dimensional widely disposed attrac-
tor (repeller) of f . Then

sup
{
dmax(l

u(s)
x )

}
<∞,

where the supremum is taken over all unstable (respectively, stable) mani-
folds l

u(s)
x of the attractor (repeller) Ω.

Thus, the deviation of a one-dimensional widely disposed basic set from
its geodesic framework is finite.

By analogy with the case of flows and foliations with saddle singularities
of negative index, the finiteness of the deviation of a one-dimensional widely
disposed basic set from its geodesic framework is an invariant of the topologi-
cal conjugacy of A-diffeomorphisms with respect to homeomorphisms that are
homotopic to the identity.

5.7. How smoothness depends on asymptotic directions

Recall that for analytic flows on closed surfaces of nonpositive Euler
characteristic, Anosov [7] proved in 1987 that if a covering semitrajectory
does not lie in a bounded part of a universal covering, then it goes to infinity
in a certain asymptotic direction, see Theorem 5.8. Here, we consider the
question concerning possible asymptotic directions of the semitrajectories of
analytic flows. For the torus, this question is trivial: all asymptotic directions
are realized by semitrajectories of analytic (and even linear) flows. Therefore,
in this section, we consider analytic flows on a closed orientable hyperbolic
surface M .

Denote by Afl, A∞, Aan ⊂ S∞ the sets of points that are accessible by
semitrajectories of topological, C∞-smooth, and analytic flows on M , respec-
tively. According to Theorem 5.11, Afl = A∞. Recall that Λtriv is the family
of trivial geodesic laminations on M .
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The main result of this section is the following theorem, which provides
a partial description of the set of asymptotic directions for the semitrajectories
of analytic flows on a closed orientable hyperbolic surface.

Theorem 5.47 Let M be a closed orientable hyperbolic surface. Then

1) Λtriv(∞) ⊂ Aan ⊂ Λtriv(∞) ∪ Λori(∞);
2) The set Λnr(∞) is an everywhere dense continuum that has zero Lebesgue

measure on S∞. No point from Λnr(∞) can be reached by a lift of a semi-
trajectory of any analytic flow on M . At the same time, Λnr(∞) belongs
to the set of points that are accessible by the lifts of the semitrajectories
of C∞-smooth flows on M ;

3) Any C∞ flow f t that reaches a point from Λnr(∞) contains a contin-
uum of fixed points. Moreover, if f t reaches a point from Λirr

nr (∞),
then f t has neither nontrivially recurrent semitrajectories nor closed non-
null-homotopic orbits without contacts.

Assertion 2 implies that on a closed orientable hyperbolic surface, there
exists a sufficiently “large” set of asymptotic directions that are realized by
semitrajectories of C∞-smooth flows but can not be realized by semitrajectories
of any analytic flow.

We divide the proof of the theorem into several lemmas. The proof of
assertion 1 follows from Lemmas 5.23–5.25 and 5.29; the proof of assertion 2
follows from Lemmas 5.29 and 5.30; and the proof of assertion 3 follows from
Lemmas 5.26 and 5.29.

Lemma 5.23 Λtriv(∞) ⊂ Aan; i. e., for any point σ ∈ Λtriv(∞), there exists
an analytic flow f t on M that reaches σ.

Proof. Since σ ∈ Λtriv(∞), there exists an axis Aσ of a certain hyperbolic
isometry with the ideal endpoint σ. Moreover, Aσ is projected onto a simple
closed geodesic g = π(Aσ). It suffices to construct an analytic flow with
a periodic trajectory that is freely homotopic to g.

The surface M can be defined by an analytic equation F (x, y, z) = 0
in the Euclidean space R

3 (see Section 3.2). Since g is a simple curve, there
exists an analytic function G(x, y, z) such that the system of equations

{
F (x, y, z) = 0,

G(x, y, z) = 0
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defines a simple closed curve l that is freely homotopic to g on M . Consider
the analytic system

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dx

dt
= F ′

yG
′
z − F ′

zG
′
y

def
= X(x, y, z),

dy

dt
= F ′

zG
′
x − F ′

xG
′
z

def
= Y (x, y, z),

dz

dt
= F ′

xG
′
y − F ′

yG
′
x

def
= Z(x, y, z),

which is induced by the vector field �v = (X, Y, Z) in R
3. It is easily seen

that l is a periodic trajectory of the field �v. Therefore, the projection of the
field �v defined by (1.10) yields an analytic vector field on M with the periodic
trajectory l. �

Lemma 5.24 Aan ∩R = Λtriv(∞) (here, R is the set of rational points on
the absolute).

Proof. Let ξ ∈ S∞ be a rational point, ξ ∈ R. Then, there exists
a hyperbolic isometry γξ ∈ Γ for which ξ is a fixed point. Without loss of
generality, we may assume that ξ is a repelling point. There exists an axis Aξ

of the isometry γξ with the ideal endpoint ξ. Denote by η the ideal endpoint
of Aξ different from ξ. The geodesic π(Aξ) is a closed geodesic on M .

Suppose that ξ is reached by a certain analytic flow f t. We must show that
the geodesic π(Aξ) is simple. Suppose the contrary. Then, there exists a γ ∈ Γ
such that Aξ ∩ γ(Aξ) �= ∅ and the pair of points (ξ, η) is separated by the
pair of points (γ(ξ), γ(η)) on S∞. There exists a positive semitrajectory l+ of

the covering flow f
t

that has an asymptotic direction defined by ξ. By virtue
of Theorem 5.38, l+ possesses the property of bounded deviation. There-

fore, there exists a positive number E such that l
+

lies in the non-Euclidean
E-neighborhood (which we denote by ℵ) of the axis Aξ, Fig. 5.37. Since γξ is

an isometry, γn
ξ (l

+
) belongs to ℵ for any integer n.

There exist Euclidean neighborhoods U1 and U2 of the points γ(ξ)
and γ(η), respectively, on Δ ∪ S∞ such that U1 ∩ ℵ = ∅ and U2 ∩ ℵ = ∅ be-
cause γ(ξ) /∈ ℵ and γ(η) /∈ ℵ. It is well-known that γ is continuously extended
to Δ ∪ S∞. Therefore, there exist Euclidean neighborhoods Uξ and Uη of the
points ξ and η, respectively, that are mapped by γ into U1 and U2. Since η is
an attracting point for γξ, we have γ

n0

ξ (m0) ∈ Uη for a certain n0 ∈ N,
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Figure 5.37. The semitrajectory γn
ξ (l

+
) intersects the semitrajectory γ(γ

n0
ξ (l

+
)).

where m0 is the starting point of l
+

. Hence, γ
(
γ
n0

ξ (m0)
)
∈ U2. Recall

that γ(ξ) ∈ U1. Therefore, γn0

ξ (l
+
) must intersect γ

(
γ
n0

ξ (l
+
)
)

since the semi-

trajectory γ
n0

ξ (l
+
) lies in the non-Euclidean E-neighborhood ℵ of the axis Aξ .

However, this is impossible. �

Lemma 5.25 Suppose that an analytic flow f t on M has a positive semitra-

jectory l+ whose lift l
+

has an asymptotic direction defined by an irrational
point σ. Then, σ ∈ Λ∞.

Proof. By Lemma 5.15, ω(l+) is a quasiminimal set. According to [142],
ω(l+) is a Maier quasiminimal set (see Definition 3.14). By Theorem 5.32, the
geodesic framework G(ω(l+)) of the set ω(l+) belongs to Λ. Since the support
of a geodesic lamination is a closed set, we have σ ∈ Λ∞. �

Recall that a lamination is orientable if each leaf can be equipped with an
orientation so that, for any point of an arbitrary leaf, there exists a transversal
segment that passes through this point and is intersected by the leaves in the
same direction (of course, the transversal segment must be equipped with the
normal orientation, and the intersection in the same direction means that the
index of intersection of the leaves with this segment is the same). Therefore,
the non-orientability of a lamination implies that, irrespectively of the orien-
tation of the leaves, there always exists a point (which lies in a certain leaf
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since the support of the lamination is closed) such that an arbitrary transversal
segment passing through this point is intersected by certain leaves in opposite
directions. The following lemma follows easily from Lemma 3.19. For the
reader’s convenience, we give a short proof.

Lemma 5.26 Let L be a non-orientable minimal nontrivial geodesic lamina-
tion and Σ be a geodesic segment that transversally intersects L at its internal
points, intΣ ∩ suppL �= ∅. Then, any directed geodesic g ∈ L intersects Σ
in opposite directions.

Proof. Since any geodesic from L is everywhere dense in L , it suffices
to show the existence of a geodesic that intersects Σ in opposite directions.
Suppose that all geodesics intersect Σ in the same direction. Introduce the
orientation on each geodesic assuming that the positive direction corresponds to
the positive transversal orientation on Σ. By the assumption, this introducing
is correct and specifies the orientation on each geodesic from L because all
geodesics intersect Σ. Since the lamination L is non-orientable, there exists
a geodesic g∗ ∈ L such that any transversal segment Σ0 intersecting g∗ is
intersected by certain geodesics from L in opposite directions. The geodesic g∗
intersects Σ. The theorem on the continuous dependence of leaves on the
initial conditions implies that Σ should also be intersected by certain geodesics
from L in opposite directions. We get a contradiction. �

Lemma 5.27 Λnr(∞) ⊂ A∞.

Proof. For an arbitrary point σ ∈ Λnr(∞), there exists a lift g of
a geodesic g with the ideal endpoint σ. The geodesic g belongs to a certain
non-orientable geodesic lamination and, hence, has no self-intersections. Ac-
cording to Theorem 5.11, there exists a C∞ flow f t that has a trajectory whose
lift l lies at a finite (and even arbitrarily small) Fréchet distance from g. There-
fore, l has an asymptotic direction defined by the point σ. Hence, f t reaches σ
and σ ∈ A∞. �

Lemma 5.28 Suppose that a flow f t on M has a positive semitrajectory l+

whose lift l
+

has an asymptotic direction defined by a point from Λnr(∞).
Then there does not exist a simple closed transversal that is intersected by the
semitrajectory l+ infinitely many times.

Proof. Suppose the contrary. Let T be a simple closed transversal that is
intersected by l+ infinitely many times. Hence, T is non-null-homotopic (and
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is not even homologous to zero), and there exists a simple closed geodesic g0
that is freely homotopic to T , see Fig. 5.38. Then, for any lift T ∈ π−1(T )
of the transversal T , there exists a lift g0 ∈ π−1(g0) of the geodesic g0, which

we denote by g0(T ), that has the same ideal endpoints. Since l
+

tends to σ
and l+ intersects T infinitely many times, σ is the topological limit of the lifts
of T . Therefore, σ is also the topological limit of the lifts of the geodesic g0.
Thus, g must intersect an infinite number of lifts of the geodesic g0 and,
hence, g must intersect g0 infinitely many times.

Figure 5.38. The geodesic g0 that is freely homotopic to the transversal T , and their
lifts.

Fix a natural parametrization θ : R → g. According to Lemma 5.26,
there exists an increasing sequence of parameters ti ∈ R such that ti → ∞
as i→∞, θ(ti) ∈ g0, and the index of the intersection g ∩ g0 at the point θ(ti)
equals (−1)i, i ∈ N. Hence, there exists a sequence gi of the lifts of the
geodesic g0 that satisfies the following conditions:

1) g intersects gi exactly at one point, say mi;

2) the topological limit of the geodesics gi is equal to σ;

3) the index of the intersection g ∩ gi at mi is equal to (−1)i (see Fig. 5.39).

Since g0 is freely homotopic to T , each gi is co asymptotic for a certain lift T i

of the transversal T ; i. e., gi and T i have the same ideal endpoints on S∞. By

virtue of condition 2, l
+

intersects all T i starting from a certain index i � i0.

According to condition 3, the index of the intersection l
+∩T i is equal to (−1)i,

i � i0. Hence, l+ must intersect T in opposite directions, which is impossible.
The contradiction obtained completes the proof. �
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Figure 5.39. The index of the intersection g ∩ gi equals to (−1)i.

Lemma 5.29 Suppose that a flow f t on M has a positive semitrajectory l+

whose lift l
+

has an asymptotic direction defined by a point σ = ω(l
+
)

from Λnr(∞). Then f t is nonanalytic and has a continuum of fixed points.

Moreover, if ω(l
+
) belongs to Λirr

nr (∞), then f t has neither nontrivially recur-
rent semitrajectories nor non-null-homotopic closed transversals.

Proof. Since σ ∈ Λnr(∞), there exists a non-orientable minimal nontrivial
geodesic lamination L that reaches σ; i. e., there exists a geodesic g ∈ L =
= π−1(L ) that tends to σ in the positive direction. Suppose that the flow f t

is analytic. Since the point σ is irrational, ω(l+) is a quasiminimal set by
virtue of Lemma 5.15. According to Corollary 3.5, there exists a simple closed
transversal T that intersects l+ infinitely many times, which is impossible
because of Lemma 5.28. The contradiction obtained shows that the flow f t is
nonanalytic.

Let us show that the flow f t has a continuum of fixed points. Suppose
the contrary. Since l+ has an asymptotic direction, the ω-limit set ω(l+)
of the semitrajectory l+ can not consist of a single point and contains at
least two points. The connectedness of the ω-limit set of any semitrajec-
tory and our assumption that the set of fixed points is not a continuum imply
that ω(l+) contains a one-dimensional trajectory, say l1. Let S1 be a transversal
segment that passes through a certain point a ∈ l1, a ∈ intS1. Then l+ inter-
sects S1 infinitely many times because a ∈ ω(l+). By virtue of Theorem 3.3,

there exists a simple closed transversal T that intersects l+. Since l
+

has an
asymptotic direction, T is non-null-homotopic, which is impossible in view of
Lemma 5.28.
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Now, consider the case when the point σ = ω(l
+
) is accessible by an

irreducible non-orientable geodesic lamination L . We will use the previous
notations. Let us prove that f t has neither nontrivially recurrent semitrajectories
nor closed non-null-homotopic transversals. Since the existence of nontrivially
recurrent semitrajectories implies the existence of closed non-null-homotopic
transversals, it suffices to show that the flow f t does not have any closed
non-null-homotopic transversal. Suppose the contrary. Let T0 be a homotopi-
cally nontrivial closed transversal. Then, there exists a closed geodesic g0 that
is freely homotopic to T0. It follows from the irreducibility of the geodesic
lamination that the geodesic g intersects g0 infinitely many times. Since there
exists a lift of the geodesic g that tends to σ, there exists a sequence of lifts
of the geodesic g0 whose topological limit is σ. Hence, l

+
must intersect an

infinite number of lifts of the transversal T0. Therefore, l+ intersects T0 in-
finitely many times, which contradicts Lemma 5.28. The contradiction obtained
completes the proof. �

To complete the proof of Theorem 5.47, we must show that Λnr(∞) has
zero Lebesgue measure. Following [111], we call a geodesic g ⊂ Δ transitive
if, for any intervals U1, U2 ⊂ S∞, there exists a deck transformation γ ∈ Γ
such that one ideal endpoint of the geodesic γ(g) lies in U1 and the other in U2.
Denote by TR(Γ) ⊂ S∞ the set of points a ∈ S∞ with the following property:
any geodesic with an ideal endpoint a that is directed toward a is transitive.
Myrberg [167] proved that the Lebesgue measure of the set TR(Γ) is equal to
the Lebesgue measure of the absolute S∞. In particular, S∞−TR(Γ) has zero
Lebesgue measure. Therefore, it suffices to prove the following lemma.

Lemma 5.30 The set Λnr(∞) is everywhere dense on the absolute,
and Λnr(∞) ⊂ S∞ − TR(Γ). In particular, Λnr(∞) has zero Lebesgue
measure.

Proof. Since the set Λnr(∞) is invariant under the action of the group
of deck transformations and, for a closed orientable hyperbolic surface, this
group is a Fuchsian group of the first kind, Λnr(∞) is everywhere dense on
the absolute (the orbit of any point under a Fuchsian group of the first kind is
everywhere dense on the absolute).

Let us prove the inclusion Λnr(∞) ⊂ S∞ − TR(Γ). Suppose that there
exists a point σ ∈ Λnr(∞) ∩ TR(Γ). Then, σ is an ideal endpoint of a lift g
of a certain geodesic g ∈ Λnr(∞) without self-intersections. On the other
hand, g is transitive by the definition of the set TR(Γ). Therefore, g has
self-intersections. We have arrived at a contradiction. �
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5.8. The image of geodesic under a cover homeomorphism

Here, we prove a result that plays an important role in the Nielsen –
Thurston theory on the homotopy classification of surface homeomorphisms.
We formulate it in the spirit of our book as a proposition on the existence of
asymptotic direction.

Theorem 5.48 Let h : M2 → M2 be a homeomorphism of a closed hyper-
bolic surface M2, and h : Δ → Δ be its lift to Δ. Then given any half-
infinite geodesic g ⊂ Δ (geodesic ray) the curve h(g) has an asymptotic
direction.

Proof. First, let’s prove that the curve h(g) goes to infinity. Suppose the
contrary. Then there is a sequence of points Ai ∈ g such that dNE(O, Ai)→∞
and h(Ai)→ A∗ as i→∞ for some point A∗ ∈ Δ. By continuity of h

−1
,

Ai = h
−1

(h(Ai))→ h
−1

(A∗) ∈ Δ

as i → ∞. This contradiction implies that h(g) goes to infinity and thus,
Limh(g) ⊂ S∞. We have to prove that the complete limit set Limh(g)
consists of a unique point.

Note that h is uniformly continuous mapping because M is compact.
Hence, h is also uniformly continuous. Two geodesic rays (half-infinite
geodesics) g1 and g2 with common ideal endpoint at the circle at infinity ap-
proach exponentially. As a consequence, if h(g1) has an asymptotic direction,
then h(g2) also has an asymptotic direction, and vice versa. Therefore without
loss of generality we can assume that g starts at the origin O ∈ Δ. Moreover,

we can assume that h(O) = O and hence, h
−1

(O) = O (if it is not true we
can consider a homeomorphism which is isotopic to h). To simplify matters,
denote dNE = d.

Since h and h
−1

are lifts of continuous maps of closed surface, they are
uniformly continuous with respect to d. Hence, there is k ∈ N such that

d(p, q) � 1

k
=⇒ d(hp, hq) � 1, (5.23)

d(P, Q) � 1

k
=⇒ d(h

−1
P, h

−1
Q) � 1 (5.24)
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for any points p, q ∈ Δ. If one denotes P = hp and Q = hq, (5.24) is written
as follows

d(hp, hq) � 1

k
=⇒ d(p, q) � 1. (5.25)

Take points A, B ∈ Δ such that d(A, B) = m
k ∈ Q. By subdividing the

geodesic joining A and B into m subintervals each of which equals to 1
k , and

applying the triangle inequality, it follows from (5.23) and (5.25) that

d(p, q) � m

k
⇒ d(hp, hq) � m, d(hp, hq) � m

k
⇒ d(p, q) � m (5.26)

for any m ∈ N.
Denote by At ∈ g the point with d(O, At) = t ∈ R+. Given any n ∈ N

and α � 0, it follows from (5.26) that

d(O, h(An+α)) >
n− 1

k
. (5.27)

Indeed, if d(O, h(An+α)) � n−1
k , then

d(O, h(An+α)) = d(h(O), h(An+α)) �
n− 1

k
⇒ d(O, An+α) � n− 1

that contradicts to d(O, An+α) = n+ α � n.
Let AnAn+1 ⊂ g be the geodesic segment with the endpoints An, An+1.

By (5.26), the length of the arc h(AnAn+1) is not more than k. Hence,
h(AnAn+1) belongs to the (non-Euclidean) disk Dn,k with the center at Bn =

= h(An) and radius k.
Denote by Lt the geodesic ray that starts at O and passes through hAt =

= Bt and by Θt the angle between Lt and Lt+1. Let VarΘt be the variation
of Θν when the current point runs from Bt to Bt+1, VarΘt = max

0�α�1
|Θt −

− Θt+α|. Denote by TVarΘt the total variation of Θν when the current
point Bν runs all points for ν � t. To prove the theorem, one needs to prove
the existence of lim

t→∞
Lt. This rules out “spiral” or “big oscillation” behavior

of h(g) when it approaches S∞. To do this we estimate TVarΘt as follows.
Take and fix n � 2k2 + 2. Hence, n−1

k − k > n
2k . As a conse-

quence, Dn,k is outside of the disk Dr with the center at O and radius r = n
2k ,

Fig. 5.40.
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Figure 5.40

Applying (5.4) when r = n
2k and R = k, one gets VarΘn � k exp

(
− n

16k

)
.

Note that if n � 2k2 + 2, then n � 4k. Therefore, r = n
2k � 2, and we can

use (5.4). Hence, the total variation equals to

TVarΘn �
∞∑

i=0

k exp

(
−n+ i

16k

)
=

= k exp
(
− n

16k

)
( ∞∑

i=0

exp

(
− i

16k

))

= Ck exp
(
− n

16k

)

where

Ck =
k

1− exp
(
− 1

16k

)

is a function of k only. Since

lim
n→∞

exp
(
− n

16k

)
= 0,

lim
t→∞

Lt exists. This follows that h(g) has an asymptotic direction. �
Remark. If the half-infinite geodesic g projects onto a closed geodesic

on M , the theorem 5.48 follows from Lemma 5.2.

Bibliographic Notes and Panoramas

Chapter 5. Some aspects of the Anosov –Weil Theory are considered in
the surveys [10, 12, 15, 19, 97,172]. The most complete panorama can be found
in [20]. Multidimensional aspects are considered in [69].

(5.1). The notion co-asymptotic geodesic was suggested by A. M. Stepin.
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(5.2). Weil [215] applied a covering flow to get a geometrical interpretation
of Poincaré rotation number for a fixed-points-free flow on a torus. Let us
briefly explain Weil’s approach. Denote by C(p, q) a trajectory passing through
a point with the integer coordinates (p, q) ∈ R

2. Let us split the set of Q onto
two classes L, R as follows:

p

q
∈
{
R if C(p, q) over C(0, 0)

L if C(p, q) under C(0, 0)

where p � 1. If p
q ∈ R and r

s > p
q then r

s ∈ R. Indeed, since sp > rq

then the curve C(rp, sp) lies “over” the curve C(rp, rq). Therefore sp/rp =
= s/r ∈ R. (The same argument is applicable to the set L.) Since each
rational number belongs to either of the classes R, L, the closure of the above
classes defines a section of the set of real numbers. Every such a section
specifies a real number, α, which is equal to the Poincaré rotation number.
It can be seen that α is a slope of the straight line defining the asymptotic
direction.

On account of the above terminology Weil proved that the covering tra-
jectories must have an asymptotic direction. Weil’s method of the study of
asymptotic directions is more geometric then the Poincaré’s method which con-
sists in the study of first return mappings on the global cross-sections to the
flows. What is more important Weil apparently inferred that his method works
not exclusively for the torus flows but also for the higher genus flows and is
applicable as well to the arbitrary families of curves not necessarily given by
the differential equations. This led him to the two conjectures (quoted below)
on a nonlocal asymptotic behavior of a lift for any curve without topologically
transversal self-intersections. We quote the original of his talk at the First
international topological conference in Moscow [216]:

“Dans la présente communication, l’auteur discute deux méthodes pouvant
servir à l’etude de la question et d’autres analogues. La première, qui
a déjà été développée dans un article du [215], consiste à considérer dans le
plan (x, y) en même temps que la courbe C de la famille, toutes les courbes
Cp,q qui s’en déduisent par une translation (p, q), p et q étant des entiers:
la position relative de ces courbes par rapport à C permet, non seulement de
déterminer le nombre de rotation, mais encore la transformation qui ramène la
famille étudiée à une forme canonique. La méthode s’applique dans le cas de
Poincaré, et plus généralement chaque fois que la famille ne présante pas de
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‘col à l’infini’ (au sens de Niemytzky).3 D’ailleurs cette dernière circonstance
ne peut vraisemblablement pas se présenter si la famille ne contient pas de
courbe fermée.4 À cette méthode se relie encore le théorème suivant, d’ailleurs
obtenu par une voie quelque peu différente:

Soit, sur le tore, une courbe de Jordan, image continue de la demi-
droite 0 � t < +∞; on suppose que cette courbe soit sans point double; alors,
si l’image de la courbe dans le plan (x, y), surface de recouvrement universelle
du tore, tend vers l’infini avec t, elle y tend avec une direction asymptotique
bien déterminée, c’est-à-dire que la rapport x(t)

y(t) tend vers une limite quand t

tend vers +∞.
Une généralisation très intéressante du probllème étudié, qui paraı̂t sus-

ceptible d’être abordée par la même méthode, est l’étude, sur une surface close
de genre p, des solutions d’une équation différentielle du premier ordre n’ayant
d’autres points singuliers que de cols, ou en termes topologiques, d’une famille
de courbes dont tous les points singuliers sont d’indice négatif.5 Un premier
résultat est suivant:

Sur le cercle hyperbolique, surface de recouvrement universelle de la
surface étudiée, toute courbe de la famille tend, dans chaque direction, vers
un point à l’infinie bien détetminé. . . .

English version is the following: In the present talk the author discusses
two methods which can help to study the question, and other analogies. The
first method, which was already developed in the paper [215], consists in
considering in the plane (x, y) along with the curve C of the family, all the
curves Cp,q that are obtained by translations (p, q) where p, q are integers: the
relative position of these curves with regard to C allows not only to determine
the rotation number, but also the transformation which brings the family to the
canonical form. The method is applicable to the Poincaré’s case, and more
generally each time when the family does not have ‘saddle at infinity’ (in the
sense of Nemytsky). Anyway, the latter possibility evidently cannot be realized
unless the family contains a closed curve. Connected with this method, there
is a theorem which can be obtained also in other way:

Let a Jordan curve which is an image of a ray 0 � t < +∞ on torus be
given; one assumes that this curve has no double points; if the image of the

3It means that the covering flow in the plane does not admit a strip in which the integral curves
are homeomorphic to the family of parabolas y = x2 + C. (Remark is our’s.)

4Magnier obtained the proof of this result. (Remark of A. Weil.)
5Magnier obtained very interesting results on this question as well, they will be published

shortly. (Remark of A. Weil.)
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curve on the plane (x, y) which is the universal covering of torus, tends to
infinity along with t, it tends there in a well-defined asymptotic direction, that
is the quotient x(t)

y(t) tends to a limit when t tends to +∞.
A very interesting generalization of the studied problem which is likely

solvable by the same method, is the study on a closed surface of genus p of
the differential equations of the first order having only singular points of the
saddle type, or in topological terms, of families of curves with singularities of
the negative index. The first result is the following:

In the hyperbolic circle which is the universal covering of the studied
surface all curves of the family tend in each direction to a well-defined point
at the infinity. . . .

Neither Weil nor Magnier have ever published the proof of their state-
ments.

The Weil theorem was proved independently by Markley [147, 148] and
Pupko [195]. However, Pupko’s proof has essential errors, which actually
lead to an incorrect Theorem 2 in [195] on bounded deviation. The proof
of Markley [148] also contains flaws, but they are not essential. Markley
communicated to us that these flaws were due to the necessity of restrict-
ing the volume of his paper. These flaws are mainly related to the proof
of Theorem 5.5 on the boundedness (at least from one side) of the devia-
tion of a curve from the corresponding straight line on the torus. For the
cylinder, a similar theorem was proved in [8, Theorem 6]; hence, the corre-
sponding assertion is valid for any closed surface of nonpositive Euler char-
acteristic because a cylinder can be “pasted” in any such surface. Our proof
follows [8].

The Weil conjecture was proved independently by Markley in 1966 [147]
and Pupko in 1967 [195]. The arguments of these mathematicians are strikingly
similar, although they considered the Weil conjecture in different hemispheres
at about the same time.

(5.3). In 1966, at the symposium on general topology held in Tiraspol
(Moldova, former part of Soviet Union), Anosov communicated the theorem
that he proved stating that unbounded coverings for semitrajectories of smooth
flows with a finite number of fixed points on a closed surface of nonpositive
Euler characteristic have an asymptotic direction. Later, Anosov generalized
this theorem in three directions [7]:

• He weakened the requirement for the smoothness class down to C0 (topo-
logical flows).
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• He weakened the requirement for the finiteness of the set of fixed points
to its contractibility to a point (in particular, any zero-dimensional set of
fixed points).

• He removed all the constraints imposed on the set of fixed points at the
expense of increasing the smoothness (analytic flows).

At the middle of 1960s, D. Anosov proved the existence of asymptotic
direction for a lift of semitrajectory of smooth flow with finitely many fixed
points provided the lift is an unbounded curve. At this time, he suggested
to study dynamical properties of surface flows by limit sets “at infinity” and
compared trajectories with geodesics. D. Anosov put forth the concept that the
topological key to Nonlocal Theory of Dynamical Systems and Foliations on
any surface of nonpositive curvature is a study asymptotic behaviors of lifts
of special infinite curves on an universal covering plane with a using of cir-
cle at infinity. Especially this approaching turned up effective for dynamical
systems with nontrivially recurrent motions and nontrivially recurrent invariant
manifolds (the most known of such dynamical systems are transitive flows,
pseudo-Anosov homeomorphisms, Anosov and DA diffeomorphisms), and foli-
ations with nontrivially recurrent leaves.

(5.4). Theorem 5.16 was proved in [27] for l+ being a nontrivially recur-
rent semi-trajectory of a surface flow. Theorem 5.20 was proved in [27].

(5.5). Actually, the notation of geodesic framework for invariant sets with
no name was introduced by Aranson and Grines [28], and for foliations by
Levitt [133, 134].

(5.6). One of the conjectures of Anosov concerned a deviation of a curve
from the co-asymptotic geodesic. In 1967, V. Pupko [195] stated the restricted
deviation property for the curve without self-intersections but her proof was
unclear. About 1972, Aranson and Grines came to Moscow to present their
results on the classification of transitive flows on hyperbolic surfaces. The
essential part of this presentation was the proof of the existence of an asymp-
totical direction for a nontrivially recurrent trajectory. Anosov asked Grines
about the deviation property, and it looked like he doubted Pupko’s statement.
Soon, Grines realized that in the example by C. Robinson and F. Williams [199]
there are curves with an unbounded deviation. Aranson and Grines constructed
a counter-example (described by Anosov in [7]) to Pupko’s statement even if
a curve is a semi-trajectory of flow on closed orientable surface of genus g = 2.

Examples of curves with rational asymptotic direction and with the prop-
erty of unbounded deviation on the torus and the Klein bottle were first con-
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structed in [9, 11]. Recall some results. It follows from the results obtained by
Weil [215] and Denjoy [67] that semitrajectories of flows without fixed points
on the torus possess the property of bounded deviation. For flows on a closed
surface of negative curvature, Markley [147] proved the property of bounded
deviation for a B-recurrent semitrajectory.

Here, we present without proof a result obtained in [11] that concerns the
bounded deviation of arbitrary semi-infinite curves on the Klein bottle. Recall
that, on the Klein bottle K2, which is represented as the quotient space R

2/Γ,
where Γ is generated by transformations (1.3), only four asymptotic directions
are realized by simple semi-infinite curves. More precisely, if l+ is a simple

semi-infinite curve on the Klein bottle such that its lift l
+

to the universal cov-
ering R

2 has an asymptotic direction, then this asymptotic direction coincides
with the asymptotic direction of one of the half-lines of either the abscissa or
the ordinate axis. The following theorem shows that if the asymptotic direction

coincides with one of the half-lines of the abscissa, then the deviation of l
+

from the abscissa axis is bounded.

Theorem 5.49 Let l+ be a simple semi-infinite curve on the Klein bottle K2

such that its lift l
+

to the universal covering R
2 has an asymptotic direction

defined by the positive half-line of the abscissa. Then, l
+

has the property of
bounded deviation.

As regards the asymptotic direction defined by one of the half-lines of
the ordinate axis, one can guarantee (by analogy with the case of a surface
for a rational asymptotic direction) that the curve boundedly deviates only to
one side from the ordinate axis. Modifying the example of a curve on the
torus from Section 5.6, we can construct a curve on the Klein bottle whose lift
unboundedly deviates from the ordinate axis (see [11] for details).

Theorem 5.35 was proved in [13]. Theorem 5.37 was proved in [34].
For an infinite set of fixed points, the following theorem holds, which was

proved in [153].

Theorem 5.50 Let l+ be a positive semitrajectory of a topological flow f t with
a locally connected and nowhere dense set of fixed points Fix f t on a closed
hyperbolic surface M . Suppose that the ω-limit set of the semitrajectory l+

contains a point that is not a fixed point, ω(l+) �⊂ Fix f t. If a lift l
+

of

the semitrajectory l+ to M = Δ is an unbounded curve, then l
+

has a ra-
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tional asymptotic direction and possesses the property of bounded deviation.
Moreover, ω(l+) contains a non-null-homotopic closed invariant curve.

For the torus, Theorem 5.38 was proved in [13], while for a hyperbolic
surface, it was proved in [42]. Theorems 5.44, 5.45 were proved in [34].

(5.7). Theorem 5.47 was proved in [41].
(5.8). The proof of Theorem 5.48 follows to [63].
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Classification of Surface Foliations, Webs,
and Homeomorphisms

Recall that two foliations F1, F2 on a surface M are topologically equiv-
alent if there exists a homeomorphism h : M → M such that h(Sing(F1)) =
= Sing(F2) and h sends every leaf of F1 onto a leaf of F2. One says
that h maps the foliation F1 onto the foliation F2. One of the important
goals of Theory of Foliations is the classification of foliations up to the topo-
logical equivalence. A some characteristic (possibly, of a geometric, algebraic,
etc., nature) which is common for topologically equivalent foliations is called
a (topological) invariant.

It is impossible to classify all surface foliations. But if we restrict our-
selves to special classes, this problem could be manageable. In general, the
classification assumes the following (independent) steps.

1) Find a constructive topological invariant which takes the same values for
topologically equivalent foliations.

2) Describe all topological invariants which are admissible, i. e. may be
realized in the chosen class of foliations.

3) Find a standard representative in each equivalence class, i. e. given any
admissible invariant, one constructs a foliation whose invariant is the ad-
missible one.

An invariant is called complete if it takes the same value if and only if two
foliations are topologically equivalent. The “if” part only gives a relative
invariant.

A classical example of constructing an effective topological invariant is
given by the Poincaré rotation number for fixed-point-free flows on the two-
dimensional torus T

2. This rotation number determines the “asymptotics of
the rotation” of trajectories along the meridians and parallels of T

2 (note that
historically, this invariant was introduced for the first-return maps on global
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sections as the limit of “averaged iterations”, see Section 2.2). If we consider
a lift of an arbitrary semitrajectory to R

2, which is the universal covering for T2,
it turns out that this lift has an asymptote on R

2. The angular coefficient of the
asymptote is equal to the Poincaré rotation number of the flow. It is well-known
that for minimal flows on T

2, the rotation number is a complete topological
invariant up to the recalculation by an integer unimodular matrix.

The Web Theory is a classical area of Geometry and is mainly devoted to
solving local problems. However, 2-webs also naturally appear in the Theory
of Dynamical Systems on surfaces as pairs of stable and unstable foliations of
Smale horseshoes, Anosov diffeomorphisms, pseudo-Anosov homeomorphisms,
and diffeomorphisms with Plykin attractors. The topological equivalence of
these webs is clearly a necessary condition for the classification up to conjugacy
of these diffeomorphisms and homeomorphisms.

In Sections 6.1, 6.7, we expose elements of the Nielsen –Thurston The-
ory. In Section 6.2, we formulate with no proofs the classical results on the
classification of fixed-point-free torus flows. The results of Nielsen –Thurston
Theory help to classify irrational foliations and 2-webs on hyperbolic surfaces
in Sections 6.3, 6.4 respectively. In Section 6.5, we consider classification of
nontrivial minimal sets. In Section 6.6, one gets the classification of surface
AP -homeomorphisms that includes pseudo-Anosov homeomorphisms.

6.1. Elements of the Nielsen–Thurston Theory

In this section, we consider M to be closed orientable hyperbolic sur-
face. Jakob Nielsen [173] developed a theory of orientation preserving self-
homeomorphisms M → M based on an elaborate analysis of their fixed
points. William Thurston [214], by entirely different methods, realized that
some Nielsen’s classes of homeomorphisms contain homeomorphisms that pre-
serve a pair of transverse measured foliations. Here, we give first results of the
Nielsen –Thurston Theory.

Automorphisms of deck group

Let h : M → M be an orientation preserving homeomorphism of closed
orientable hyperbolic surface M = Δ/Γ, and h : Δ→ Δ be a lift of h. Recall
that the group Γ of deck transformations consists of hyperbolic isometries γ ∈ Γ
such that

π(z) = π(γ(z)) for any z ∈ Δ, (6.1)
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where the natural projection π : Δ → Δ/Γ = M is a universal covering pro-
jection. Equality (6.1) is crucial for γ to be a deck transformation.

Lemma 6.1 Let β : Δ → Δ be a homeomorphism such that π(z) = π(β(z))
holds for any point z ∈ Δ. Then β ∈ Γ.

Proof. Given any z ∈ Δ, there is γz ∈ Γ that depends on z such
that γz [β(z)] = z. Since every point of the set Γ(z) is uniformly isolated
(i. e. the hyperbolic distance between any different points of Γ(z) is more than
a positive constant), γz depends continuously on z. Because of the group Γ
is properly discontinuous, the equality γz [β(z)] = z holds for every z ∈ Δ.
Therefore, γz = γ and β = γ−1 ∈ Γ. �

The next lemma shows that a lift h of h induces an automorphism of the
group Γ.

Lemma 6.2 The mapping h∗ : γ → h ◦ γ ◦ h−1
is an automorphism of the

group Γ.

Proof. One can check directly that h∗(γ1 ◦ γ2) = h∗(γ1) ◦ h∗(γ2)

and h∗(id) = id. One remains to prove that h ◦ γ ◦ h−1 ∈ Γ. Since h

and h
−1

are cover transformations, π ◦ h = h ◦ π and π ◦ h−1
= h−1 ◦ π. Then

π(h ◦ γ ◦ h−1
) = h ◦ π(γ ◦ h−1

) = h ◦ π(h−1
) = h ◦ h−1 ◦ π = π.

By Lemma 6.1, h ◦ γ ◦ h−1 ∈ Γ. �
Note that if we choose a base point z ∈ M and z ∈ π−1(z), then Γ is

naturally isomorphic to the fundamental group π1(M, z): given any γ ∈ Γ, one

corresponds the element of π1(M, z) containing the closed curve π(ẑγ(z)) ⊂
⊂M , where ẑγ(z) is any path connecting z and γ(z).

Recall that each non-identity transformation γ ∈ Γ has the axis, a unique

geodesic g(γ) ⊂ Δ that is invariant under γ. Its projection, π(g(γ))
def
= gγ , is

a closed geodesic on M . Every nontrivial element of π1(M) contains a closed
geodesic (as a representative of free homotopy class of closed freely homotopic
curves) which is the projection of the axis of some γ ∈ Γ, γ �= id. The
automorphism h∗ can be interpreted by using closed geodesics as follows.

Lemma 6.3 h∗(γ) = γ′ if and only if the curve h(gγ) is freely homotopic to
the geodesic gγ′ .
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Proof. Let h∗(γ) = γ′ = h ◦ γ ◦ h−1
. Then

γ′ ◦ h(g(γ)) = hγ(g(γ)) = h(g(γ)).

Hence, h takes g(γ) to the curve h(g(γ)) invariant under γ′. By Theorem 5.48,
the ideal endpoints of h(g(γ)) belong to S∞. Therefore, h(g(γ)) and g(γ′)
have the same ideal points because they are unique points invariant under γ′.
So, g(γ′) is a co-asymptotic geodesic for h(g(γ)). It follows that h(gγ) is
freely homotopic to the geodesic gγ′ .

Suppose that the curve h(gγ) is freely homotopic to gγ′ . Hence, gγ′ is

a co-asymptotic geodesic for h(gγ). Therefore, there is a lift of h(gγ) that
coincides with the curve h(g(γ)). This means that h∗(γ) = γ′. �

Obviously that h : M → M has many lifts, for example γ ◦ h for ev-
ery γ ∈ Γ. Show that these types are all possible lifts.

Lemma 6.4 Let h1, h2 : Δ→ Δ be lifts of h : M →M . Then there is γ12 ∈ Γ
such that h2 = γ12 ◦ h1.

Proof. Since h1, h2 are lifts of the same map, given any point z ∈ Δ,
there is γ12 ∈ Γ such that h2(z) = γ12 ◦ h1(z). Because of the group Γ is
discrete, γ12 does not depend on z. �

As a consequence, we get the relation between automorphisms of the
group Γ induced by different lifts of the same surface homeomorphism.

Corollary 6.1 Let h1, h2 : Δ→ Δ be lifts of h : M →M i. e., h2 = γ12 ◦ h1

for some γ12 ∈ Γ. Then h2∗ = γ12 ◦ h1∗ ◦ γ−1
12 .

Proof. Indeed, it follows from Lemmas 6.2 and 6.4 that

h2∗(γ) = h2 ◦ γ ◦ h
−1

2 = γ12 ◦ h1 ◦ γ ◦ h
−1

1 ◦ γ−1
12 = γ12 ◦ h1∗ ◦ γ−1

12 . �

Extension of cover map to the circle at infinity

Lemma 6.5 Given any point P ∈ S∞, there is a simple closed geodesic α ⊂
⊂ M and lifts αi ⊂ Δ such that P =

∞⋂

j=1

Nj , where Nj is the component

of Δ− αj whose closure in Δ ∪ S∞ contains P .

Proof. Let g be the geodesic ray (half-infinite geodesic) connecting the
origin O ∈ Δ and P . There is a collection of (non-disjoint) simple closed
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geodesics which partition M to a disk, Fig. 6.1 (a). Since the half-geodesic g
def
=

def
= π(g) can not be contained in a disk, g intersects some closed geodesic α0 ⊂
⊂ M in a countable set of points. Note that g can a priori coincide with some
of these closed geodesics. Each intersection of α0 with g determines a lift αi

of α0 which intersects g. By ordering αi appropriately we may assume that

N1 ⊃ N2 ⊃ · · · ⊃ Ni ⊃ · · · ⊃ P.

It follows that the geodesics αi form a monotone sequence, Fig. 6.1 (a). By
Lemma 5.4, P =

⋂

i�1

Ni as desired. �

Figure 6.1. The geodesic ray g (a); monotone sequence {Ci}∞i=1 (b).

The following result is fundamental in the Nielsen –Thurston Theory.

Theorem 6.1 Let h : M → M be an orientation preserving homeomorphism
of a closed orientable hyperbolic surface M , and let h : Δ→ Δ be a lift of h
to the universal covering surface Δ. Then h extends to a unique homeomor-
phism Δ ∪ S∞ → Δ ∪ S∞.1

Proof. Take any P ∈ S∞. Let g be the geodesic ray connecting the
origin O ∈ Δ and P . It follows from Theorem 5.48 that the curve h(g) has an
asymptotic direction, say Q ∈ S∞. Put by definition, h(P ) = Q.

Since h
∣
∣
Δ
: Δ → Δ is a lift of a uniformly continuous homeomor-

phism, h
∣
∣
Δ

is uniformly continuous one itself. Hence, Q does not depend
on a representative of P : if a geodesic ray g1 has the endpoint P , then the
curve h(g1) has the same asymptotic direction Q with h(g) because of g and g1
approach exponentially when current points tend to P .

Later on, the extension of h to S∞, one denotes also by h. To avoid
a confusion, we sometimes will write h

∣
∣
S∞

: S∞ → S∞ or h
∣
∣
Δ
: Δ→ Δ.

1Here, the disk Δ ∪ S∞ is endowed with the topology of a unit disk on the Euclidean plane.
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Recall that R denotes the set of rational points of the circle at infinity S∞.
Let us show that h

∣∣
S∞

is a one-to-one map R → R. Given any point σ ∈ R,

there is a lift g0 of some closed geodesic g0 ⊂ M such that σ is reached
by g0. Obviously, h(g0) is a lift of the closed curve h(g0). Since g0 is not
homotopic to zero, h(g0) is also not homotopic to zero. Hence, there is the
closed geodesic g∗ ⊂ M that is freely homotopic to h(g0). By Lemma 5.2,
g∗ is the co-asymptotic geodesic for the curve h(g0). This implies that there is
the lift g∗ of g∗ that is co-asymptotic to h(g0). It follows from the definition
of h

∣
∣
S∞

that h
∣
∣
S∞

takes the ideal endpoint σ of g0 to the ideal endpoint of g∗.

Thus, h
∣
∣
S∞

(R) ⊂ R. Since every rational point is reached by a unique lift of

closed geodesic, the restriction of h
∣
∣
S∞

on the set R is one-to-one.

Note that any extension of h
∣
∣
Δ

to S∞ have to take the ideal endpoints
of g0 to the ideal endpoints of g∗ because of uniqueness of co-asymptotic
geodesic for a closed homotopy nontrivial curve. This means that any two
extensions of h

∣
∣
Δ

to S∞ are coincident on the set R which is dense in S∞.

Now we have to prove that the extension h : Δ ∪ S∞ → Δ ∪ S∞ is con-
tinuous. Let U1 ⊃ U2 ⊃ · · · ⊃ Ui ⊃ · · · ⊃ P be a neighborhood system
in Δ ∪ S∞ for P . By lemma 6.5, there is a simple closed geodesic α ⊂ M

and lifts αi ⊂ Δ such that P =
∞⋂

j=1

Nj , where Nj is the component of Δ −

− αj whose closure in Δ ∪ S∞ contains P . After passing to subsequences,
one can assume that Ui ⊃ Ni ⊃ Ui+1. Therefore, in order to prove a con-
tinuity of h, it is enough to show that h(Ni) form a neighborhood system
for h(P ) such that h(P ) =

⋂

i�1

h(Ni). Let g be the geodesic ray connecting

the origin O ∈ Δ and P . Since P =
∞⋂

j=1

Nj , the sequence αi is monotone,

and g intersects the curves αi consecutively. Hence, the sequence h(αi) is
also monotone, and h(g) intersects the curves h(αi) consecutively, Fig. 6.1 (b).
Obviously, h(α) is a simple closed homotopy nontrivial curve, and h(αi) are
lifts of h(α). By Lemma 5.4, the topological limit of h(αi) is a unique point
of S∞. Since h(g) intersects h(αi) consecutively, Q is the topological limit
of h(αi). As a consequence, Q = h(P ) =

⋂

i�1

h(Ni).

Since h preserves orientation, h
∣∣
Δ
: Δ → Δ also preserves orientation.

Hence, h
∣
∣
S∞

is orientation preserving map of S∞. We saw above that the
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restriction of h
∣
∣
R

on the set R is one-to-one and R is dense in S∞. It follows
from the continuity of h

∣
∣
S∞

that the map h
∣
∣
S∞

: S∞ → S∞ is one-to-one.

Hence, h : Δ ∪ S∞ → Δ ∪ S∞ is one-to-one and continuous. Again, the
continuity of h

∣
∣
S∞

implies that the extension h
∣
∣
Δ∪S∞

is a unique one of the

cover transformation h
∣
∣
Δ

.

By the similar way, one can prove that the inverse h
−1
∣
∣
∣
Δ

has a unique

extension to Δ ∪ S∞ that is one-to-one and continuous. This extension coin-

cides with h
−1
∣∣
∣
R

. Since R is dense in S∞, the extension of h
−1
∣∣
∣
Δ

equals

to h
−1
∣
∣
∣
Δ∪S∞

. �

Fixed points of extended homeomorphisms

The set of fixed points of a map f is denoted by Fix(f).

Lemma 6.6 Let h : M → M be an orientation preserving homeomorphism of
a closed orientable hyperbolic surface M = Δ/Γ and h be a lift of h extending
to Δ ∪ S∞. Suppose h has a fixed point γ+ ∈ S∞ that is a sink fixed point
of some γ ∈ Γ, γ+ ∈ Fix(h). Then h ◦ γ = γ ◦ h. Moreover, if h has a fixed
point different from the fixed points γ+, γ− of γ, then these points γ+, γ− are
non-isolated in Fix(h).

Proof. One can assume that γ is indivisible. By Lemma 6.2, h◦γ◦h−1 ∈ Γ.
For each point z ∈ Δ,

lim
n→∞

(h ◦ γ ◦ h−1
)n(z) = lim

n→∞
(h ◦ γn ◦ h−1

)(z) =

= h lim
n→∞

γn ◦ h−1
(z) = h(γ+) = γ+.

Hence, γ+ is a sink fixed point of h◦γ ◦h−1
. By Lemma 3.5, γ and h◦γ ◦h−1

have the common repelling fixed point γ−, and the axes of γ and h ◦ γ ◦ h−1

are equal. The discreteness of Γ implies that h ◦ γ ◦ h−1
= γk for some k ∈ N.

Thus γ = h
−1 ◦ γk ◦ h = (h

−1 ◦ γ ◦ h)k. By the indivisibility of γ, k = 1.
So, h ◦ γ = γ ◦ h.

Suppose that there is a point P ∈ Fix(h) − {γ+, γ−}. Since h and γ
commute, γn(P ) is a fixed point of h for any n ∈ Z. Then lim

n→±∞
γn(P ) =

= γ±. This means that γ+ and γ− are non-isolated in Fix(h). �
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Corollary 6.2 Let the condition of Lemma 6.6 holds. Suppose that h
∣
∣
S∞

= id.

Then h commutes with every deck transformation.

Corollary 6.3 Let the condition of Lemma 6.6 holds. Suppose that h
∣∣
S∞

= id.

If z ∈ Fix(h) ∩Δ then γ(z) ∈ Fix(h) for any γ ∈ Γ.

Lemma 6.7 Let h1, h2 : M → M be orientation preserving homeomorphisms
of a closed orientable hyperbolic surface M . If h1 is homotopic to h2, then
given any lift h1, there is a lift h2 of h2 such that h1

∣∣
S∞

= h2

∣∣
S∞

. Vice

versa, if h1 and h2 have lifts h1, h2 respectively such that h1

∣
∣
S∞

= h2

∣
∣
S∞

,

then h1 is homotopic to h2.

Proof. Let H : M × [0; 1] → M be a homotopy between h1 and h2.
Let H : Δ × [0; 1] → Δ be the lift of H such that H1 : Δ × {0} → Δ equals
to h1. Since H is uniformly continuous with respect to the hyperbolic metric,
it follows that non-Euclidean lengths of the arcs H(z × [0; 1]) are bounded for
any z ∈ Δ. Therefore the Euclidean distance between h1(z) and h2(z) tends
to zero as z tends to S∞. Hence, h1

∣
∣
S∞

= h2

∣
∣
S∞

.

Suppose h1

∣∣
S∞

= h2

∣∣
S∞

for some lifts h1, h2 of h1 and h2 respectively.

Choose base points z0 ∈ M and z0 ∈ π−1(z0). After an isotopy of one of
the homeomorphisms, say h1, and the corresponding isotopy of h1, one can

assume that h
def
= h

−1

2 ◦ h1 fixes z0, h(z0) = z0. By Corollaries 6.2 and 6.3,
γ(z0) ∈ Fix(h) for any γ ∈ Γ. Then

h∗(γ)(z0) = h ◦ γ ◦ h−1
(z0) = γ(z0)

for any γ ∈ Γ. Hence, h∗(γ) = γ. It follows from Lemmas 6.2, 6.3 that h =
= h−1

2 ◦ h1 induces the identity map of π1(M). This means that h−1
2 ◦ h1 is

homotopic to the identity. �

6.2. Irrational foliations on 2-torus

Let F be a strongly irrational foliation on the torus T2. By Theorem 3.7,

k∑

i=1

ind si = χ(T2) = 0,
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where s1, . . . , sk are singularities of F . Since any singularity of strongly
irrational foliation has negative index, F has no singularities at all. We know
that F has a homotopy nontrivial closed transversal C. Cutting T

2 along C, one
gets the cylinder A with the boundary components C1, C2. The foliation F
becomes the foliation F1 on A which is transversal to the boundary ∂A =
= C1∪C2. It follows from Corollary 3.6 that every leaf of F1 starting from C1

has to go to C2. Hence, the foliation F is orientable and can be considered as
a flow that is a suspension over Poincaré forward mapping C → C.

As a result, we can study flows instead of strongly irrational foliations
on T

2. First of all, one introduces the classical invariant (not complete, in
general) called the Poincaré rotation number of a flow. This invariant is defined
only for a flow which has a semitrajectory with an asymptotic direction.

Poincaré rotation number for torus flows

Let f t be a flow on the torus T2 and l+ be a positive semitrajectory of f t

having asymptotic direction. Let l
+

be a lift of l+ on R
2. The co-asymptotic

geodesic of l
+

is the straight line denoted by L(l
+
). Since the torus T

2 is
a closed surface of genus g = 1 and any straight line divides the plane R

2 into
two half-planes, the line L(l

+
) is the co-asymptotic geodesic for any semitra-

jectory (positive or negative) of f t having asymptotic direction. Note that lifts

of another semitrajectories can be diametrically opposite. Thus, L(l
+
) = L(f t)

depends on the flow f t but not on the choosing of a semitrajectory and their
lifts.

The straight line L(l
+
) is defined by the equation either y = μx or x = 0.

The last case means that μ = ∞. In the both cases, the value μ is called
a Poincaré rotation number of f t (in short, rotation number) and is denoted
by rot(f t).

Remark. Along with a covering flow f
t

on R
2 we consider a covering

flow f̃ t on the unit disk D2 that is a universal covering space with respect to
the covering map π ◦ τ , see Section 5.1. A lift l̃+ of l+ has the asymptotic
direction represented by a unique point

σ(l̃+) = (μ1, μ2) ∈ ∂D2 = S∞,

where μ = rot(f t) =
μ2

μ1

, μ1 =
1

√
1 + μ2

, μ2 =
μ

√
1 + μ2

.

We shall see that the rotation number up to recalculation under unimodular
integer matrix is the topological invariant. To show this we need some infor-



6.2. IRRATIONAL FOLIATIONS ON 2-TORUS 349

mation on the structure of mappings of torus and its covers. We formulate the
statement for any dimension, and apply the following natural identification

T
n = R

n/Zn, Z
n = π1(T

n) = H1(T
n, Z), R

n = H1(T
n, R).

Lemma 6.8 Let h : Tn → T
n be a continuous map, and h : Rn → R

n be
a covering mapping for h. Let h∗ : H1(T

n, R) → H1(T
n, R) be the map

induced by h considered as the map of R
n = H1(T

n, R). Then there is
the n× n integer matrix A = (aij) such that

• the map h0 : R
n → R

n defined by �x �→ A�x is a covering mapping for
some linear map h0 : T

n → T
n that is homotopic to h;

• (h0)∗ = h∗;
• any covering mapping h = (h1, . . . , hn) : R

n → R
n has the form h(�x) =

= A�x+ �ψ(�x), �x = (x1, . . . , xn), �ψ(�x) = (ψ1(�x), . . . , ψn(�x)), i. e.,

h1(x1, . . . , xn) = a11x1 + a12x2 + · · ·+ a1nxn + ψ1(x1, . . . , xn),

h2(x1, . . . , xn) = a21x1 + a22x2 + · · ·+ a2nxn + ψ2(x1, . . . , xn),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hn(x1, . . . , xn) = an1x1 + an2x2 + · · ·+ annxn + ψn(x1, . . . , xn),

where ψ1(x1, . . . , xn), . . ., ψn(x1, . . . , xn) are continuous periodic functions
with period 1 in each argument. If h is a homeomorphism, then detA = ±1.

Proof. Since T
n = R

n/Zn, h∗ is defined by some integer matrix A =
= (aij). Given any point x ∈ R

n with integer coordinates, Ax is a point

with integer coordinates as well. Therefore, the map h0 : R
n → R

n defined
by �x �→ A�x is a covering mapping for some linear map

h0 : R
n/Zn = T

n → T
n = R

n/Zn.

Since h∗ is induced by h, (h0)∗ = h∗. As a consequence, h0 is homotopic to h
because of Tn is a (π, 1)-space (see [209], Ch. 8).

Let h be a covering mapping for h. There is a shift γ0 : R
n → R

n

such that γ0 ◦ h(0) = 0. Since γ0 maps congruent points to congruent points,
γ0 ◦ h is a covering mapping for the transformation that is homotopic to h, and
as a consequence, to h0. It follows that the mapping γ0 ◦ h − A keeps the
integer lattice Z

n, and is defined by a periodic vector-function �ψ′. Then the
desired vector-function is �ψ = �ψ − γ0.
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If h is a homeomorphism, then h∗ is an isomorphism. Hence, detA =
= ±1. �

Note that the last item of Lemma 6.8 is similar to Lemma 2.3.

Proposition 6.1 Let f t, gt be flows on T
2 and ϕ : T2 → T

2 be a home-
omorphism that takes a semitrajectory l+f of f t into a semitrajectory l+g
of gt. Suppose that l+f has an asymptotic direction (thus, rot(f t) exists).

Then ϕ(l+f ) = l+g has an asymptotic direction (thus, rot(gt) exists), and

rot(gt) =
c+ d rot(f t)

a+ b rot(f t)

for some integer unimodular matrix
(
a b
c d

)
.

Proof. Let f
t
, gt be covering flows for f t, gt respectively, and ϕ : R2 →

→ R
2 be a covering mapping for ϕ such that ϕ takes the lift l

+

f of l+f into the

lift l
+

g of l+g . The semitrajectory l
+

f is described by parametric equations x =

= x(t), y = y(t). Since l+f has an asymptotic direction, x2(t) + y2(t) → ∞
as t → ∞. Moreover, lim

t→∞
y(t)
x(t) = rot(f t). Here, we assume that lim

t→∞
x(t) =

= ∞ (if lim
t→∞

y(t) = ∞, the proof is similar). By Lemma 6.8, the mapping ϕ

has the form
x = ax+ by + ψ1, y = cx+ dy + ψ2

for some integer unimodular matrix
(
a b
c d

)
and continuous periodic func-

tions ψ1, ψ2 with period 1 in each argument. Calculations show that x2(t) +
+ y2(t) → ∞ as t → ∞. By Theorem 5.4, the semitrajectory l+g has an
asymptotic direction. Then

rot(gt) = lim
t→∞

y(t)

x(t)
= lim

t→∞

cx+ dy + ψ2

ax+ by + ψ1

=

= lim
t→∞

c+ y
xd+

ψ2

x

a+ y
xb+

ψ1

x

=
c+ d · rot(f t)

a+ b · rot(f t)
. �

Proposition 6.1 means that a Poincaré rotation number is an invariant of
the topological equivalence up to the recalculation by an integer unimodular
matrix. As a consequence, one gets the following statement. However, we give
the slightly different proof to get the more convenient formulas.
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Theorem 6.2 Let f t
1 and f t

2 be flows on T
2 such that the both f t

1 and f t
2 have

nontrivially recurrent trajectories. If f t
1 and f t

2 are topologically equivalent,
then there is the integer unimodular matrix

(
a b
c d

)
such that

rot(f t
2) =

−c+ a · rot(f t
1)

d− b · rot(f t
1)

, d− b · rot(f t
1) �= 0. (6.2)

Proof. Let h : T2 → T
2 be the homeomorphism that maps the trajectories

of f t
2 into the trajectories of f t

1, and h : R2 → R
2 be a covering mapping for h.

By Lemma 6.8,

x = ax+ by + ψ1, y = cx+ dy + ψ2

for some integer unimodular matrix
(
a b
c d

)
and continuous periodic func-

tions ψ1, ψ2 with period 1 in each argument. Denote λ1 = rot(f t
1), λ2 =

= rot(f t
2). The equality y = λ1x becomes

y(d− λ1b) = x(−c+ λ1a) + λ1ψ1 − ψ2.

Hence,

λ2 = lim
x→∞

y

x
=
−c+ aλ1

d− bλ1

. �

Classification of irrational flows on torus

Let f t be a flow on a torus T2. Suppose that f t has a nontrivially recurrent
trajectory l. Let π : R2 → T

2 be the covering projection, and l be a lift of l. By
Theorem 5.20, l has an asymptotic direction with the co-asymptotic geodesic
which is a straight line y = kx. The existence of nontrivially recurrent trajectory
implies the nonexistence of periodic trajectories that are non-homotopic to zero.
Therefore, the rotation number k = rot(f t) is irrational.

Now, let f t be an irrational flow on a torus T2. Recall that all trajectories
of f t are nontrivially recurrent and f t has no fixed points.

Theorem 6.3 Let f t be an irrational flow on T
2. Then f t is topologically

equivalent to a linear flow of the form

dx

dt
= 1,

dy

dt
= μ. (6.3)

Proof. According to Theorem 3.4 (see Corollary 3.5 also) and Lemma 3.22,
there is a simple closed transversal that is an embedded circle S1 ⊂ T

2
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which is non-homotopic to zero. The flow f t induces the Poincaré forward
mapping f : S1 → S1. There is a homeomorphism T

2 → T
2 taking the

transversal S1 to the meridian l0 = π(x = 0) of T2. Therefore, without loss of
generality, one can assume that S1 is l0, and f t is a suspension over f , f t =
= sust(f). By Lemma 1.2, f is transitive, since f t is transitive. According to
Theorem 2.6, f conjugates to the rigid rotation Rμ : S

1 → S1 via an orientation
preserving homeomorphism. Clearly, the suspension sust(Rμ) over Rμ is the
linear flow of the form (6.3). The conjugacy mapping between f and Rμ can
be extended to a homeomorphism T

2 → T
2 which takes sust(f) to sust(Rμ).

Thus, we get the result. �
Remark that one can construct homeomorphism taking f t to the linear

flow to be homotopic to the identity (see [26, 66]).
As a consequence of Theorems 6.2, 6.3, we get the following classical

result.

Theorem 6.4 Let f t
1 and f t

2 be irrational flows on T
2. Then f t

1 and f t
2

are topologically equivalent if and only if there is the integer unimodular
matrix

(
a b
c d

)
such that (6.2) holds.

The linear flow (6.3) actually represents the geodesic framework of the
original irrational flow because every trajectory of (6.3) is a geodesic on T

2.
Thus, we can reformulate the classification results for irrational flows on T

2 in
the spirit of the book as follows.

Theorem 6.5 Any irrational flow on the torus T
2 is topologically equivalent

to its own geodesic framework via a homeomorphism homotopic to the identity;
this geodesic framework is a linear irrational flow on T

2. If two irrational
flows on T

2 are topologically equivalent via a homeomorphism T
2 → T

2

homotopic to the identity, then their geodesic frameworks coincide.
Two irrational flows on T

2 are topologically equivalent if and only if
there is a linear diffeomorphism A : T2 → T

2 defined by unimodular integer
matrix such that A takes the geodesic framework of one flow to the geodesic
framework of another flow.

6.3. Irrational foliations on hyperbolic surfaces

Recall that a foliation (in particular, an orientable foliation, a flow) on
a surface M is called irrational if any (one-dimensional) leaf is everywhere
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dense on M and all singularities are saddles of nonzero index. The latter con-
dition is sometimes formulated as the absence of fake saddles. The condition
that each leaf is dense on M is equivalent to the transitivity and to the ab-
sence of separatrix connections (including separatrix loops). Recall that only
the requirement that each leaf is dense (fake saddles may exist) means that the
foliation is highly transitive [78]. Thus, an irrational foliation can be defined
as a highly transitive foliation without fake saddles and with a finite number
of singularities. A strongly irrational foliation is irrational one with no thorns
(all singularities have negative index). Obviously, an irrational foliation con-
tains nontrivially recurrent leaves. It follows from Theorem 3.4 that each such
foliation has a closed simple transversal.

Lemma 6.9 Let F be an irrational foliation and C be a closed transversal
of F . Then C intersects every leaf of F . If F is strongly irrational, then C is
a homotopy nontrivial curve.

Proof. Since every leaf of F is dense, C intersects every leaf of F .
Suppose that F is strongly irrational and C is homotopy trivial. Then C
bounds a disk D ⊂ M . It follows from Lemma 3.22 that ind(C, F ) =
= 1. By Theorem 3.6, there are singularities inside of D with positive index.
This contradicts to the condition that a strongly irrational foliation has only
singularities with negative index. �

This lemma induces the following definition. A (simple) closed transver-
sal C of a foliation F is a global section if C intersects all (one-dimensional)
leaves of F . Thus, a global section of strongly irrational foliation defines
a nontrivial element of the fundamental group π1(M) that contains a simple
curve. In other words, the global section is freely homotopic to a simple closed
curve that represents a nontrivial element of π1(M). It is natural to pay atten-
tion to the question on existing of global sections in a given non-zero freely
homotopy class that contains simple curves.

On existing of global sections

Let F be a strongly irrational foliation on a closed orientable surface M .
Recall (see Theorem 5.34) that the geodesic framework G(F ) of F is
a strongly irrational geodesic lamination such that each component of M −
− G(F ) is an open geodesic polygon with a finite number of sides and ideal
vertices. Here, each ideal vertex corresponds to an asymptotical direction of pair
neighbor sides of the polygon. Note that if C is a global section of F then C is
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freely homotopic to the co-asymptotic geodesic g(C) which is a simple closed
geodesic. Since all geodesics of G(F ) are non-closed, g(C) intersects any
geodesic of G(F ) transversally.

Lemma 6.10 Let F be a strongly irrational foliation on a closed orientable
hyperbolic surface M and C be a global section of F . Then given any
geodesic polygon P of M − G(F ), g(C) can consequently intersect only
neighbor sides of P .

Proof. Suppose the contrary. Then there are a lift g of g(C) and a lift P
of P such that g intersects consequently two sides of P that are not neighbor.
Hence, each of the arcs I−, I+ of S∞ into which S∞ is divided by the
endpoints g− and g+ of g contains at least two vertices of the polygon P , see
Fig. 6.2, (a).

Figure 6.2

Let C be a lift of C that is co-asymptotic to g. Denote by D− and D+

the domains of Δ into which Δ is divided by the curve C. Without loss
of generality, we can assume that the ideal boundary of D+ is the arc I+.
Respectively, the ideal boundary of D− is I−. By Theorem 5.34, the polygon P
corresponds to a saddle s of the covering foliation F such that given any vertex
of P , there is a unique separatrix of s that reaches the vertex. Suppose, for
definiteness, that s lies in D−. Take two neighbor separatrices S1, S2 that
reach points in I+. Since s ∈ D−, the both S1 and S2 intersect C. Let D be
a domain bounded by S1, S2, and C, Fig. 6.2, (b). Due to Lemma 3.22 and
Theorem 3.6, the sum of indices of singularities lying in D equals to 1

2 . This
is impossible because of all singularities have negative indices. �

Now we are going to prove that the condition of Lemma 6.10 on a simple
closed geodesic g can consequently intersect only neighbor sides of polygons
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from M −G(F ) is sufficient for the existence of global section which is freely
homotopic to g. First, we prove two technical lemmas.

Lemma 6.11 Let F be a foliation on a closed orientable hyperbolic sur-
face M , l be a lift of the covering foliation F , and g be a lift of closed
simple curve g ⊂ M . Suppose l ∩ g �= ∅. Then given any g-arc âb of l with
endpoints a, b ∈ g, the segment [a, b] ⊂ g has no congruent points provided l
is non-closed.

Proof. Suppose the contrary. Then there is an element γ ∈ Γ, where M �
� Δ/Γ and Γ is a group of deck transformations, such that γ(a) ∈ [a, b],
γ �= id. Because of g is a simple curve, γ(g) = g. Since γ is a ori-
entation preserving hyperbolic transformation, γ(b) /∈ [a, b] and γ(âb) must
intersect âb, Fig. 6.3, (a). This contradicts to the leaf l being a curve with no
self-intersections. �

Figure 6.3

Lemma 6.12 Let the condition of Lemma 6.11 holds. Suppose that the g-arc âb
of l has no intersections with any curve congruent to g except g. Then there
are no congruent points in the closed disk bounded by the g-loops âb ∪ [a, b].

Proof. Denote by D the closed disk bounded by the g-loops âb ∪ [a, b].
Suppose the contrary. Then there is an element γ ∈ Γ such that γ(D) ∩D �=
�= ∅. By Lemma 6.11, γ([a, b]) ∩ [a, b] = ∅. Moreover, γ(g) ∩ g = ∅.
Hence, γ([a, b]) ∩ âb �= ∅, Fig. 6.3, (b). Since γ([a, b]) ⊂ γ(g), we get
the contradiction with the condition that l has no intersections with any curve
congruent to g except g. �
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Now we represent the procedure, called a simplifying procedure, that we’ll
often apply proving Lemma 6.13. Note that in Lemmas 6.11, 6.12, l could be
just infinite simple curve, not necessaryly a non-closed leaf of foliation. This
remark we take in mind describing the simplifying procedure.

Let C be a closed curve freely homotopic to a homotopy nontrivial simple
closed curve, say C0. Suppose that C has only transversal self-intersections.
First, one deletes “small” loops formed by arcs of C as follows. It is conve-
nient to use here a lift C of C on Δ/Γ � M . Then loops formed by arcs
of C bound disks that can be easily deleted as shown in Fig. 6.4, (a), (b).
Choose a loop, say L, that does not intersect other part of C, and bounds
a minimal (where the order is defined by an inclusion) disk, say D. By Lem-
mas 6.11, 6.12, D has no congruent points. Therefore, after that we delete D
(see Fig. 6.4, (a)), one gets a lift of a closed curve freely homotopic to C0. The
consecutive deleting of “small” loops (see Fig. 6.4, (a)) gives us a curve C1

without self-intersections such that π(C1) is a closed curve freely homotopic
to C0. A priori, C1 can intersect curves from Γ(C), a set of curves congru-
ent to C1. Take C2 ∈ Γ(C) such that C1 ∩ C2 �= ∅.2 The endpoints of
curves C1, C2 ∈ Γ(C) are not separated on the circle at infinity S∞ because
of they coincide with the endpoints of corresponding lifts of the same closed
simple curve C0. Therefore, the points of the intersection C1 ∩C2 divide each
curve C1, C2 into arcs that bound finite disks. Consecutive deleting of minimal
disks (see Fig. 6.4, (c)) gives a curve C∗ such that the set Γ(C∗) consists of
pairwise disjoint curves and the curve π(C∗) is a closed curve freely homo-
topic to C0. Therefore, π(C∗) is simple. We say that the curve C∗ is obtained
from C by the simplifying procedure. Note that this procedure is not uniquely
defined by C .

Figure 6.4. A simplifying procedure.

The following lemma is in sense central for a classification of irrational
foliations on hyperbolic surfaces. It says that to find a global section one needs

2Recall that given N ⊂ Δ, Γ(N) means the family of all sets γ(N), γ ∈ Γ.
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to look how a simple closed geodesic intersects polygons formed by a geodesic
framework.

Lemma 6.13 Let F be a strongly irrational foliation on a closed orientable
hyperbolic surface Δ/Γ � M , and g0 be a simple closed geodesic. In the
case of orientable foliation F , one assumes that g0 orientably intersects
all geodesics from the geodesic framework G(F ).3 Suppose that given any
geodesic polygon P of M − G(F ), g0 consequently intersects only neighbor
sides of P . Then there exists a global section C of F that is freely homotopic
to g0.

Proof. Obviously, it suffices to prove the lemma for a foliation that is
topologically equivalent to F via a homeomorphism homotopic to the identity.
It follows from [103] that without loss of generality we can assume that F is
a C1 foliation. Slightly moving g0, we may also assume that g0 does not pass
through the singularities, and is in a general position with respect to the leaves
of F , and any leaf is tangent to g0 at most at one point.

Take a lift g0 of g0 and a lift l of nontrivially recurrent leaf l such that
the co-asymptotic geodesic g(l) intersects g0. Since g0 intersects G(F ), such
lifts exist. The intersection g0 ∩ g(l) consists of a unique point. Therefore, l in-
tersects g0. Without loss of generality, one can assume that the leaf l has no
tangencies with g0. Thus, l has no tangencies with g0. Let us endow l with
some orientation. Recall that the ω(α)-limit set of l is a unique point ω(α)(l)
that belongs to the circle at infinity S∞. Because of the endpoints ω(l), α(l)
of l separate the endpoints g−0 , g+0 of g0 on S∞, the intersection l∩ g0 consists
of a finitely many (odd) points, Fig. 6.5, (a).

Given curves K1, K2, denote by �(K1, K2) the number of points of
intersection K1 ∩K2. Suppose that �(l, g0) � 3. First, we construct a curve g
whose endpoints are the same with g0 such that �(l, g) = 1 and π(g) is a closed
simple curve freely homotopy to g0. Denote by B and E the first and last points
respectively of the intersection of the curve l with g0. By assumption, the open
arc A = (B, E) ⊂ l intersects g0.

Let Γ(g0) = π−1(g0) be the set of all geodesics congruent to g0. Given
any geodesic J ∈ Γ(g0) that intersects A, a J-loop of l bounds a disk. The
set of such disks is finite and is endowed naturally with the order relation by
an inclusion. Take the smallest disk, say D, formed by the A-arc p̂q ⊂ A

3It is assumed that g0 is equipped with an orientation and all geodesics from G(F ) are oriented
consistently with the oriented leaves of F .
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Figure 6.5. The co-asymptotic geodesics g1 = g1(l1) and g2 = g2(l2).

Figure 6.6. Reconstruction of arcs of the curve g0.

and the segment [p, q] ⊂ G, where G ∈ Γ(g0). Replace G by a new curve,
denoted by G′, changing some neighborhood of [p, q] by an arc, say [p′, q′],
as shown in Fig. 6.6, (a). Recall that the A-arc p̂q is an arc of l that intersects
transversally every curve from Γ(g0). Therefore, [p′, q′] can be constructed
arbitrary close to [p, q] with no more than one point of tangency. Moreover,
one can assume that Γ([p′, q′]) does not intersect l outside of A. Since the arc A
has no congruent points, it is possible to get G′ such that the intersection A
with Γ(G′) has two points less and Γ(G′) consists of pairwise disjoint curves.
Repeating this procedure with G′ if necessary, one gets in a finitely many steps
the curve g such that A ∩ Γ(g) = A ∩ g is a unique point, and Γ(g) consists of
pairwise disjoint curves, and l does not intersect g outside of A.

By Lemma 6.12, every smallest disk, say D, has no congruent points.
Hence, π(G′) is a closed curve that is freely homotopic to g0. As a result,
π(g) is a closed curve freely homotopy to g0. Moreover, since the curves
in Γ(g) are pairwise disjoint, π(g) is simple.
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The homotopy g0 → π(g) = g can be embedded into an isotopy ψt,
t ∈ [0; 1], of the surface M , where ψ0 = id. Acting by the homeomor-
phism ψ−1

1 that is homotopic to the identity on F , we get the foliation F1 such
that there is a lift g0 of g0 and a lift l1 of some nontrivially recurrent leaf l1
of F1 such that the co-asymptotic geodesic g(l1) intersects g0 and l1 inter-
sects g0 at a unique point. Moreover, g0 does not pass through the singularities,
and is in a general position with respect to the leaves of F1, and any leaf is
tangent to g0 at most at one point. For simplicity, denote F1 again by F . The
procedure of elimination of intersection points A ∩ Γ(g0) described above will
be applied below for other compact arcs of leaves.

Denote by a2 ∈ g0 the point congruent to a1 = g0 ∩ l1 such that there are
no congruent points inside the segment [a1; a2] ⊂ g0. Let gi = g(li) be the
co-asymptotic geodesics for li, i = 1, 2. By theorem 5.25, the points

ω(li) = ω(gi)
def
= ωi, α(li) = α(gi)

def
= αi

are irrational and are separated by the ideal endpoints g−, g+ ∈ S∞ of g0
on S∞ for each i = 1, 2, Fig. 6.5, (b).

Denote by Iω the arc of S∞ that is bounded by the points ω1 and ω2

and does not contain the points α1 and α2. Similarly, denote by Iα the arc
of S∞ that is bounded by α1 and α2 and does not contain ω1 and ω2. Obvi-
ously, Iω and Iα are separated by points g−, g+. Denote by D+ the domain

in Δ that is bounded by the segment [a1; a2] and the positive semileaves l
+

1 (a1)

and l
+

2 (a2). Similarly, D− is bounded by [a1; a2] and l
−
1 (a1) and l

−
2 (a2). Note

that Iω and Iα are included in the ideal boundary of D+ and D− respectively.
Set D = D+ ∪D−.

Consider the saddles Sα of F in D whose separatrices (not necessarily
all) intersect g0 and all separatrices reach points in the interval Iα. Actually,

one can require that separatrices of Sα intersect just the segment [a1; a2]
def
= Σ

because of they can not intersect g0 outside of Σ. Let us show that there are
finitely many of such saddles Sα. Suppose the contrary. Take a saddle s ∈
∈ Sα and its separatrices S1, S2. Two arcs of S1, S2 between first points
of intersection x1, x2 respectively with g0 and s form the Σ-arc. Since the
corresponding Σ-loop bounds a disk, the segment [x1, x2] must have a tangency
point, otherwise F has a singularity with positive index (see Lemma 3.22 and
Theorem 3.6). The contrary assumption implies that there are infinitely many
tangency points in Σ because of each saddle has at least three separatrices,
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Fig. 6.6, (b). This contradicts the existence of only finitely many tangency
points in Σ.

Σ-loops of separatrices bound disks. Take a maximal disk in D+ and re-
place the corresponding segment of g0 so that the new curve does not intersect
saddles Sα and their separatrices (in fact, g0 “runs around” such saddles and
their separatrices “from above”), Fig. 6.6, (c). After the simplifying procedure,
we make a similar replacement for saddles Sω in D all of whose separatri-
ces reach points in the interval Iω. As a result, one gets F with Sα = ∅

and Sω = ∅.

By the condition, g0 consequently intersects only neighbor sides of any
geodesic polygon P of Δ \ G(F ). Therefore, the saddles from D whose
separatrices intersect g0 split into two classes: S1ω, the saddles exactly one
separatrix of which reaches a point in Iω and all the other separatrices reach
points in the interval Iα, and S1α, the saddles exactly one separatrix of which
reaches a point in Iα and all the other separatrices reach points in the inter-
val Iω . Similarly Sα and Sω , one can prove that there are only finitely many
saddles in S1α and S1ω.

Take a saddle s ∈ S1ω belonging to D+, and denote by su a unique
separatrix that reaches a point at Iω. Let s1, s2 be adjacent separatrices for su.
By definition of the class S1ω, the both s1 and s2 intersect g0. Denote by si∗
the first point of the intersection si with Σ, i = 1, 2. For the compact arcs ŝi∗s
of si (i = 1, 2), one makes the elimination and simplifying procedures so
that ŝi∗s ∩ Σ = si∗. The arcs ŝi∗s of si (i = 1, 2) and s form a Σ-arc λ =
= ŝ1∗s∪ s∪ ŝ2∗s. Together with the segment [s1∗, s2∗] ⊂ g0, λ forms a closed
simple curve that bounds a disk, say D. Suppose D is a maximal disk, where
the order is defined by an inclusion. It is possible to replace [s1∗, s2∗] by
a transversal arc ν that is arbitrary close to λ and passes higher than λ. One gets
the curve (Σ \ λ) ∪ ν that has less tangency points than Σ. After a simplifying
procedure and corresponding isotopy, (Σ \ λ) ∪ ν becomes Σ. Continuing step
by step, one gets S1ω = ∅. Similarly, S1α = ∅.

Figure 6.7. Downing S1ω , (a); Elevation S1α, (b).
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Our task is to deform g0 so as to eliminate all tangency points. We will
describe the deformation of g0 only inside the segment Σ ⊂ g0. At each step,
all congruent to Σ arcs are deformed simultaneously (one may assume that the
deformation descends onto the surface M and then is lifted to the universal
covering Δ). Without loss of generality, we may assume that all tangencies
are one-sided; i. e., a leaf that is tangent to Σ lies locally either in D+ or
in D− near the tangency point. Accordingly, we will speak of a tangency from
the domain D+ or D−. Here, three cases are possible: either all tangencies
are from D+, all tangencies are from D−, or there are tangencies from both
domains. The first two cases are symmetric. Therefore, it suffices to consider
the last two cases, when there are tangencies from D−.

Let z1, . . . , zq be points of tangency from D− on Σ. In D+, in a suffi-
ciently small neighborhood of each point zi, i = 1, . . . , q, the leaves form the
simplest foliation on a half-disk, Fig. 6.6, (b). Therefore, for each point zi, we
can construct a family of closed disks

Dμ(i), μ ∈ [0; ∞), where D0(i) = zi and Dμ1
(i) ⊂ Dμ2

(i) for μ1 < μ2,

which are embedded into each other and bounded by segments

[αμ(i); βμ(i)] ⊂ g0 and arcs �[αμ(i); βμ(i)]

of the leaves in D+. If the disks Dμ(i) are defined for μ < μ0 and
the limit arc �[αμ0

(i); βμ0
(i)] is not tangent to Σ at the endpoints αμ0

(i)

and βμ0
(i) (see Fig. 6.6, (b) and Fig. 6.8), then there exist a segment [α; β] ⊃

⊃ [αμ0
(i); βμ0

(i)] and a leaf arc �[α; β] that bound a disk D′ ⊂ D+ con-
taining the union

⋃

0�μ<μ0

Dμ(i). Setting D′ = Dμ0
(i), we continue the process

of constructing the disks Dμ(i). Note that the points αμ(i) and βμ(i) can
not both tend to a1 and a2 respectively as μ → ∞ since F is an irrational
foliation with no Reeb components. Thus, the process of constructing the

Figure 6.8. Elimination of tangencies.
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disks Dμ(i) formally ends when a tangency arises at one (and only one) of the
endpoints αμ(i) or βμ(i). If for some value of μ0 a tangency arises at one
of the endpoints αμ(i) or βμ(i), then the segment [αμ(i); βμ(i)] is replaced
by an arc, as is shown in Fig. 6.8. In this case, one tangency point vanishes.
The self-intersections that may arise are eliminated by a simplifying procedure.
Continuing by this way, we eliminate all tangencies from D−. Similarly, one
eliminates all tangencies from D+ in Σ. The projection of the segment Σ onto
the surface yields the required simple closed transversal. �

Proof of the main theorems

The following four theorems give the complete classification of strongly
irrational foliations on a closed orientable hyperbolic surface. These theorems
correspond to three steps of the topological classification. The first and the
second theorems correspond to a finding a constructive topological invariant
which takes the same values for topologically equivalent foliations. The third
theorem corresponds to a description of all topological invariants which are
admissible, i. e. may be realized in the chosen class of foliations. At last,
the firth theorem shows that given any admissible invariant, one constructs an
irrational foliation whose invariant is the admissible one.

Theorem 6.6 Let F1, F2 be strongly irrational foliations on a closed ori-
entable hyperbolic surface M . Then F1, F2 are topologically equivalent if
and only if the orbits of their geodesic frameworks coincide.

Theorem 6.7 Let F1, F2 be strongly irrational foliations on a closed ori-
entable hyperbolic surface M . Then F1, F2 are topologically equivalent via
a homeomorphism M →M homotopic to identity if and only if their geodesic
frameworks coincide, G(F1) = G(F2).

We see that the orbit of a geodesic framework is a complete topological
invariant for strongly irrational foliations. Thus, a geodesic framework is an
analog of Poincaré rotation number for the class of strongly irrational folia-
tions (flows) on a torus. The next theorem says that a geodesic framework of
strongly irrational foliation is a strongly irrational geodesic lamination. This is
completely similar to an irrationality of Poincaré rotation number.

Theorem 6.8 Let F be a strongly irrational foliation on a closed orientable
hyperbolic surface M . Then its geodesic framework G(F ) is strongly irra-
tional, G(F ) ∈ Λirr.
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Theorem 6.9 Given any strongly irrational geodesic lamination G on a closed
orientable hyperbolic surface M , there is a strongly irrational foliation F
on M such that G(F ) = G.

Theorem 6.6 follows from Theorems 6.1 and 6.7. For simplicity, we give
the proof of Theorem 6.7 for oriented irrational foliations and flows. Note that
an irrational flow is automatically a strongly irrational one because of such flow
can not have thorns.

Theorem 6.10 Let f t
1 and f t

2 be irrational flows on a closed orientable hy-
perbolic surface M . Then f t

1 and f t
2 are topologically equivalent via a home-

omorphism M → M homotopic to the identity if and only if their geodesic
frameworks coincide.

One of the key steps is the proof of the existence of freely homotopic
global sections C1 and C2 for the flows f t

1 and f t
2 respectively provided

that f t
1 and f t

2 have identical geodesic frameworks (the orientation on the
geodesics can be neglected).

Lemma 6.14 Let f t
1 and f t

2 be irrational flows on a closed orientable hyper-
bolic surface M that have identical (without regard to the orientation on the
geodesics) geodesic frameworks. Then there exist freely homotopic (to each
other) global sections C1 and C2 of the flows f t

1 and f t
2, respectively.

Proof follows from Lemmas 6.10 and 6.13. �
The crucial step in the proof of Theorem 6.10 is the construction, for each

flow f t
i , of a fundamental domain Φi on the universal covering Δ.

On figure 6.9 is represented the construction of such fundamental do-
main Φ on M (π(Φ) = M ) for irrational flow f t on closed orientable sur-
face M of genus p = 2 containing two saddles O1, O2. On figure 6.9 by C
is denoted a section for trajectories of the flow f t. The numbers 1, 2, 3, 4
denote the separatrices of the saddle O1 and the numbers 5, 6, 7, 8 — the sep-
aratrices of the saddle O2. For simplicity of notations, the same numbers and
letters on M denote the sections, saddles and their separatrices of the covering

flow f
t
. Moreover, congruent points and curves on M are denoted by the same

letters. Fundamental domain Φ is shaded.
Construction of a special fundamental domain. Let f t be an irrational flow

on a closed orientable hyperbolic surface M and C be a global section of f t.
Take a lift C of C and a point z0 ∈ C through which a lift l0 of a nontrivially
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Figure 6.9. A fundamental domain. π(Φ) = M

recurrent trajectory l0 passes. Take a point zn+1 ∈ C (the number n will be
defined later) that is congruent to z0 such that there are no congruent points
inside the interval (z0; zn+1) ⊂ C. Obviously, a trajectory ln+1 which passed
through zn+1 is congruent to l0. Denote by C0 and Cn the first, after C , two
lifts of C that are intersected by l0 and ln+1 respectively, as time indefinitely
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increases. Since the flow f t is irrational, such C0 and Cn exist. Since M is not
the torus, C0 �= Cn. Hence, there exists a point z1 ∈ (z0; zn+1) through which
an ω-separatrix l1 of some saddle O1 passes such that the following conditions
hold:

1) l1 does not intersect any curve congruent to C after z1;
2) the left Bendixson extension l1,l of the ω-separatrix l1 in the positive

direction intersects C0;
3) all positive semitrajectories that emanate from the interval (z0; z1) inter-

sect C0;
4) the right Bendixson extension l1,r of the ω-separatrix l1 in the positive

direction intersects a certain curve, say C1, that is congruent to C.

It is easily seen that the point z1 with the indicated properties is unique. If C1 �=
�= Cn, then there exists a point z2 ∈ (z1; zn+1) through which an ω-separa-
trix l2 of some saddle O2 with similar properties passes. The flow f t has
a finite number of saddles and separatrices; hence, continuing this process, we
obtain the last point zn ∈ (zn−1; zn+1) through which an ω-separatrix ln of
some saddle On passes such that the right Bendixson extension ln,r of the
ω-separatrix ln in the positive direction intersects the curve Cn. Note that the
points z1, . . . , zn and the separatrices passing through them could be obtained
as follows. Consider all the saddles and their ω-separatrices on the surface M .
The first intersections of these ω-separatrices with C under indefinite decrease
of time are the projections of the points z1, . . . , zn to the surface.

Let I0 ⊂ C be the closed segment with the endpoints z0 and zn+1. De-
note by Φ(I0, C) the closure of the domain bounded by the curves C, C0,
C1, . . . , Cn, the trajectories l0, l1,l, l1,r, . . ., ln,l, ln,r, ln+1, and the sad-
dles O1, . . . , On. Let us show that Φ(I0, C) is a fundamental domain. First,
we prove that there are no congruent points inside Φ(I0, C). Suppose the
contrary. Let points m1, m2 ∈ IntΦ(I0, C) be congruent. Then, the neg-

ative semitrajectories l
−
(m1) and l

−
(m2) that pass through these points are

congruent and intersect the segment I0 at internal points, which must also be
congruent. However, this contradicts the fact that the interior of the segment I0
does not contain congruent points by construction.

Consider the boundary ∂Φ(I0, C) of the set Φ(I0, C). Take the part of the
α-separatrix li,l, i ∈ {1, . . . , n}, of the saddle Oi that is included in ∂Φ(I0, C).

This part of the boundary coincides with the negative semitrajectory l
−
(zi,l),

where zi,l = li,l ∩ Ci−1. Let l∗ be an ω-separatrix of the saddle Oi such
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that li,l is the right Bendixson extension of the ω-separatrix l∗ in the positive
direction (Fig. 6.10). In view of the irrationality of the flow f t, the separatrix l∗
necessarily intersects a certain lift of the curve C as time indefinitely decreases.
Since the segment I0 is projected onto the entire curve C, there exists an
ω-separatrix lj for a certain index j ∈ {1, . . . , n}, j �= i, such that lj is
congruent to l∗ (see Fig. 6.10). The orientability of the surface M implies that
the group of deck transformations consists of orientation-preserving hyperbolic
isometries that preserve the circular order of points. Hence, the saddle Oi is

congruent to Oj , and l
−
(zi,l) is congruent to l

−
(zj,r), where zj,r = lj,r ∩ Cj .

Since there are no congruent points inside I0, l
−
(zj,r) is a unique α-separatrix

that is included in the boundary ∂Φ(I0, C) and is congruent to l
−
(zi,l).

Figure 6.10. The separatrix li,l that is congruent to the separatrix lj,r.

The following fact is proved similarly: for each α-separatrix li,r, i ∈
∈ {1, . . . , n}, of the saddle Oi, there exists a unique α-separatrix lk,l of the
saddle Ok with some index k ∈ {1, . . . , n}, k �= i, that is congruent to the
α-separatrix li,r. Therefore, the parts of these separatrices that are included in
the boundary ∂Φ(I0, C) are congruent.

Denote the congruence by ∼=. Set z0,r = l0 ∩C0 and zn+1,l = ln+1 ∩Cn

and consider the arcs Ci,i+1 = [zi,r; zi+1,l] ⊂ Ci, i = 0, . . . , n. Let us show
that they satisfy the following conditions:

1) the union of open arcs
n⋃

i=0

(zi,r; zi+1,l) does not contain pairs of congruent

points;

2) for the endpoints zi,r and zi+1,l, i ∈ {0, . . . , n}, of the arc Ci,i+1,
there exists exactly one pair of points zj,l and zq,r, j ∈ {1, . . . , n +

+ 1}, q ∈ {0, . . . , n}, that are endpoints of the arcs Cj−1,j and Cq,q+1,
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respectively, and are such that

zi,r
∼= zj,l, zi+1,l

∼= zq,r, where i+ 1 �= j, i �= q, j �= q + 1;

3) the union of closed arcs
n⋃

i=0

Ci,i+1 is projected under the covering π : Δ→
→M onto C; this projection is one-to-one except for the endpoints of the
arcs Ci,i+1.

The proof of condition 1 is analogous to the proof of the fact that there
are no congruent points inside Φ(I0, C). Let us prove condition 2. For the
α-separatrix li,r, there exists a unique congruent α-separatrix lj,l some part
of which is included in the boundary ∂Φ(I0, C). Therefore, zi,r ∼= zj,l. Let
us show that i + 1 �= j. Suppose the contrary. Then, the endpoints of the
arc Ci,i+1 are congruent, and hence, the arc is projected onto the curve C.
Since f t has at least three different α-separatrices, there exists a negative

semitrajectory of f
t

that passes through the interior of the arc Ci,i+1 and is an
α-separatrix of some saddle O ∈ Φ(I0, C), which is impossible. The existence
of a point zq,r

∼= zi+1,l with i �= q can be proved similarly. It remains to
show that j �= q + 1. Suppose the contrary. Then π(Ci,i+1 ∪ Cj,j+1) = C.
Again, taking into account that f t has at least three different α-separatrices, we
derive the existence of a negative semitrajectory of the covering flow that passes
through the interior of one of the arcs Ci,i+1 or Cj,j+1 and is an α-separatrix
of some saddle O ∈ Φ(I0, C), which is impossible.

Let us prove condition 3. Compose a union

[z0,r; z1,l] ∪ . . . ∪ [zi,r; zi+1,l] ∪ [zq,r; zq+1,l] ∪ . . . ∪ [zn,r; zn+1,l],

where the adjacent intervals have congruent endpoints, zi+1,l
∼= zq,r. Taking

into account the already proven conditions 1 and 2, it suffices to show that the
union composed contains all the arcs Ci,i+1. Suppose the contrary. Then, by

virtue of condition 2, the union
n⋃

i=0

Ci,i+1 can be decomposed into two unions

each of which is projected onto the curve C. This contradicts condition 1.
Thus, the boundary ∂Φ(I0, C) is decomposed into a finite number of pairs

of congruent arcs. Since C is a global section, it follows that for any point
of the universal covering, there exists a congruent point in Φ(I0, C). This
completes the proof of the fact that Φ(I0, C) is a fundamental domain.
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Below, we need to indicate a flow in the notation of a fundamental do-
main. Denote the fundamental domain constructed above by Φ(I0, C, f

t
).

Denote by Φ([zi; zi+1], f
t
) the closed set bounded by the arcs [zi; zi+1] ⊂ C

and [zi,r; zi+1,l] ⊂ Ci,i+1, the ω-separatrices li and li+1, the α-separatrices li,r
and li+1,l, and the saddles Oi and Oi+1. Then,

Φ(I0, C, f
t
) =

n⋃

i=0

Φ([zi; zi+1], f
t
).

Proof of Theorem 6.10. By Lemma 6.7, a homeomorphism of the sur-
face M2 that is homotopic to the identity has a lift that is extended to the
identity homeomorphism of S∞. Therefore, if the flows f t

1 and f t
2 are or-

bitally topologically equivalent via a homeomorphism homotopic to the identity,
then their geodesic frameworks are equal with regard to the orientation on the
geodesics. In the case of topological equivalence, the geodesic frameworks are
equal without regard to the orientation on the geodesics.

The main part of the proof of Theorem 6.10 consists of the proof of
the converse proposition (the sufficiency). Let G(f t

1) = G(f t
2). Reversing,

if necessary, time on the trajectories of one of the flows, we may assume
that the geodesics in G(f t

1) and G(f t
2) are oriented identically. Let us show

that f t
1 and f t

2 are orbitally topologically equivalent via a homeomorphism
homotopic to the identity. According to Theorem 6.14, the flows f t

1 and f t
2

have global sections C1 and C2, respectively, that are freely homotopic to each
other. Then, for each lift c1 of the section C1, there exists a unique lift c2
of the section C2 such that c1 and c2 have identical ideal endpoints on the
absolute. Such lifts c1 and c2 are said to be corresponding. Let us con-
struct a mapping τc1 : c1 → c2 as follows. Take a point m1 ∈ c1. There is

a trajectory or a generalized trajectory of the flow f
t

1 that passes through m1;
denote it by l1. According to Corollaries 5.4 and 5.5, l1 reaches two different
points σ+ and σ− on the absolute that are ideal endpoints of the co-asymptotic
geodesic g(l1). Since g(l1) ∈ G(f t

1) = G(f t
2) and by virtue of Theorem 5.34,

g(l1) is a co-asymptotic geodesic of a trajectory or a generalized trajectory l2 of

the flow f
t

2. Note that l1 and l2 are either trajectories or generalized trajectories
simultaneously. Since the points σ+ and σ− are irrational and the ideal end-
points α and β of the curves c1 and c2 are rational, all the points are pairwise

different. Since c1 is a section of the flow f
t

1, the pair (σ+, σ−) is separated
on the absolute by the pair of points (α, β). Therefore, l2 intersects c2. In view
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of the irrationality of the flow f t
2, the intersection l2 ∩ c2 consists of exactly

one point, which we denote by m2. Set τc1(m1) = m2.

Define a mapping τ : π−1(C1) → π−1(C2) as the mapping that coincides
with τc1 on any lift c1 ∈ π−1(C1). It is easy to verify that τ satisfies the
relation

τ ◦ γ = γ ◦ τ (6.4)

for any γ ∈ Γ.
Take the corresponding lifts C1 ∈ π−1(C1) and C2 ∈ π−1(C2)

of the curves C1 and C2, respectively, and construct a fundamental do-

main Φ(I1, C1, f
t

1) for some segment I1 ⊂ C1. By virtue of (6.4), there
are no congruent points inside the segment τ(I1) ⊂ C2. Therefore, there exists

a fundamental domain Φ(τ(I1), C2, f
t

2). Recall that Φ(I1, C1, f
t

1) is a union

of sets of the form Φ([z
(1)
i ; z

(1)
i+1], f

t

1). According to (6.4), Φ(τ(I1), C2, f
t

2)
is a union of sets of the form

Φ(τ([z
(1)
i ; z

(1)
i+1]), f

t

2) = Φ([z
(2)
i ; z

(2)
i+1], f

t

2).

The interior of each of the sets

Φ([z
(1)
i ; z

(1)
i+1], f

t

1), Φ([z
(2)
i ; z

(2)
i+1], f

t

2)

is an open foliated box whose boundary consists of two segments without
contact, four arcs of separatrices, and two saddles. Therefore, for each i =
= 0, . . . , n, one can construct a homeomorphism

ψi : Φ([z
(1)
i ; z

(1)
i+1], f

t

1)→ Φ([z
(2)
i ; z

(2)
i+1], f

t

2)

such that ψi are consistent at common boundary points and map arcs of trajec-
tories into arcs of trajectories. Then, ψi define a homeomorphism

ψ : Φ(I1, C1, f
t

1)→ Φ(τ(I1), C2, f
t

2).

Moreover, fixing up, if necessary, ψi on the segments without contact, we
can assume that ψ maps congruent points to congruent points. Hence, ψ is
a covering for a homeomorphism ψ : M →M that maps the trajectories of the
flow f t

1 into the trajectories of the flow f t
2.

Denote the lift of the homeomorphism ψ that coincides with ψ

on Φ(I1, C1, f
t

1) by the same letter ψ. Since the fundamental domains used
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when constructing ψ are “suspended” on the trajectories and curves with identi-
cal ideal endpoints, we can show that the extension of the homeomorphism ψ to
the absolute is identical. Therefore, ψ is homotopic to the identity and realizes
an orbital topological equivalence of the flows f t

1 and f t
2.

This completes the first part of the proof of Theorem 6.10 on the necessary
and sufficient conditions for the (orbital) topological equivalence of flows. Let
us prove the second part (the realization). Let f t be an irrational flow on M .
According to Theorem 5.33, the geodesic framework G(f t) is a nontrivial
minimal and irreducible geodesic lamination. Since the trajectories form an
orientable foliation, G(f t) is an orientable lamination.

Let G be an orientable nontrivial minimal and irreducible geodesic lamina-
tion. According to Lemma 5.21, each component of the set M −G is a simply
connected domain any of whose lifts to the universal covering is the interior
of a geodesic polygon with a finite number of sides and with vertices lying on
the absolute. Therefore, it is easy to construct, in each such component, an
orientable foliation with one saddle so that, together with the lamination G, we
obtain an orientable arational foliation on the entire surface. The application of
the operation of blowing down yields a highly transitive foliation, which, due
to the orientability, is embedded into the required irrational flow. �

Proof of Theorem 6.8. By Theorem 5.33, the geodesic framework G(F ) is
a strongly irrational (nontrivial minimal and irreducible) geodesic lamination. In
the case of F being an orientable foliation, G(F ) is an orientable lamination. �

Proof of Theorem 6.9. Let G be a strongly irrational geodesic lamination.
By Lemma 5.21, each component of M \ G is a simply connected domain
whose lift to Δ is a geodesic polygon with a finite number of sides and with
vertices lying on S∞. Therefore, it is easy to construct in such component
a foliation with one saddle so that, together with the lamination G, we obtain
an arational foliation on M . The application of the operation of blowing down
yields a strongly irrational foliation. In the case of F being an orientable
foliation, G(F ) is an orientable lamination. Therefore, G(F ) can be extended
to an orientable arational foliation, a flow. �

6.4. Classification of irrational 2-webs

A 2-web on a surface is a pair of foliations such that they have a common
singular set and are topologically transversal at all non-singular points. Sup-
pose that two foliations F1 and F2 on a surface M form the 2-web denoted
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by (F1, F2). The set of singularities of the foliation Fi (for any i) is called
the set of singularities of (F1, F2) denoted by Sing(F1, F2). A 2-web is
irrational or strongly irrational if it consists of a pair of irrational or strongly
irrational foliations respectively.

2-webs (F1, F2) and (F ′
1, F ′

2) are topologically equivalent if there is
a homeomorphism ϕ : M → M that maps the foliations Fi (i = 1, 2) to
the corresponding foliations F ′

i and ϕ (Sing(F1, F2)) = Sing(F ′
1, F ′

2). For
simplicity, we restrict ourselves by strongly irrational 2-webs.

Strongly irrational 2-webs on T
2

On the torus T2, a strongly irrational 2-web consists of a pair of transversal
irrational foliations without singularities.

Theorem 6.11 Let (F1, F2) be a strongly irrational 2-web on T
2. Then

(F1, F2) is topologically equivalent via a homeomorphism homotopic to the
identity to its own geodesic framework, which is a pair of linear transversal
irrational foliations. Two strongly irrational 2-webs on T

2 are topologically
equivalent via a homeomorphism T

2 → T
2 homotopic to the identity if and

only if their geodesic frameworks coincide.

Proof. Obviously, it suffices to prove the first part of the assertion on the
topological equivalence of a 2-web to its own geodesic framework. By The-
orem 6.5, for each i = 1, 2, there exists a homeomorphism φi : T

2 → T
2

homotopic to the identity that maps the foliation Fi into the linear folia-
tion G(Fi), which is the geodesic framework of the foliation Fi. There exists
a lift φi : R

2 → R
2 of φi that maps the covering foliation F i into the linear

foliation G(Fi) that is a lift of G(Fi). Since F1 and F2 are transversal,
G(F1) and G(F2) are also transversal. It follows from the linearity of these
foliations that any leaf of G(F1) intersects each leaf of G(F2) exactly at one
point. Based on this result, we construct a covering conjugacy θ as follows.
Take a point m ∈ R

2. Leaves l1 and l2 of the foliations F 1 and F 2 respec-
tively pass through this point. Define θ assuming that m is mapped by θ to the
intersection point of the leaves φ1(l1) and φ2(l2). Since the pairs (F 1,F 2)
and (G(F1), G(F2)) form 2-webs, θ is a homeomorphism R

2 → R
2. It fol-

lows immediately from the definition that θ maps F i into G(Fi), i = 1, 2. It
remains to verify that θ is a covering for a homeomorphism of the torus that is
homotopic to the identity.
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Let Snk be an integer translation of the plane R
2. It is required to prove

the equality
θ ◦ Snk = Snk ◦ θ, (n, k) ∈ Z

2.

Since φi (i = 1, 2) are coverings for mappings that are homotopic to the
identity, φi ◦ Snk = Snk ◦ φi, i = 1, 2. If a leaf li(m) passes through the
point m, then the leaf Snk(li(m)) passes through the point Snk(m). Therefore,

θ(Snk(m)) = φ1 ◦ Snk(l1(m)) ∩ φ2 ◦ Snk(l2(m)) =

= Snk ◦ φ1(l1(m)) ∩ Snk ◦ φ2(l2(m)) = Snk(θ(m)).

The mapping θ can be defined in a more explicit form by using the rotation
numbers μ1 and μ2 of the foliations F1 and F2 respectively. Let

φi =
(
φ
(1)
i , φ

(2)
i

)
: R2 → R

2, i = 1, 2.

Then, θ = (θ1, θ2) : R
2 → R

2 is defined as follows:

θ1(m)=
1

μ2 − μ1

[
φ
(2)
1 (m)−μ1φ

(1)
1 (m)

]
− 1

μ2 − μ1

[
φ
(2)
2 (m)−μ2φ

(1)
2 (m)

]
,

θ2(m)=
μ2

μ2−μ1

[
φ
(2)
1 (m)−μ1φ

(1)
1 (m)

]
− μ1

μ2 − μ1

[
φ
(2)
2 (m)−μ2φ

(1)
2 (m)

]
.

Note that μ1 �= μ2 because the linear foliations G(F1) and G(F2) are transver-
sal. Since G(Fi) is a family of straight lines y−μix = k, we can easily verify
that θ thus defined satisfies the required conditions. �

Strongly irrational 2-webs on hyperbolic surfaces

Let us pass on to strongly irrational 2-webs on a closed orientable hy-
perbolic surface. According to Theorem 5.33, the geodesic framework of
a strongly irrational foliation on a closed orientable hyperbolic surface M2

p ,
p � 2, is a strongly irrational geodesic lamination. If foliations F1 and F2

form a strongly irrational 2-web, then their geodesic frameworks must satisfy
the following consistency conditions:

• The sets M2
p \ suppG(F1) and M2

p \ suppG(F2) have the same num-
ber of simply connected components, which is equal to the number of
singularities of the foliations F1 and F2 (which is the same for these
foliations).
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Figure 6.11. The polygons P 1 and P 2.

• For each simply connected component P1 of the set M2
p \ G(F1), there

exists a simply connected component P2 of the set M2
p \ suppG(F2) such

that there exist lifts P 1 and P 2 of these components that are polygons with
alternating ideal vertices on the absolute, Fig. 6.11.

Theorem 6.12 Let (F1, F2) and (F ′
1, F ′

2) be strongly irrational 2-webs on
a closed orientable hyperbolic surface M2

p of genus p � 2. Then (F1, F2)
and (F ′

1, F ′
2) are topologically equivalent via a homeomorphism M2

p → M2
p

that is homotopic to the identity if and only if their geodesic frameworks coin-
cide. For any pair of strongly irrational geodesic laminations that satisfy the
consistency conditions, there exists a strongly irrational 2-web whose geodesic
framework is equal to this pair of geodesic laminations.

Proof. By Lemma 6.7, a homeomorphism of a surface that is homotopic
to the identity has a lift that is extended to the identity homeomorphism of S∞.
Therefore, if the webs are topologically equivalent via a homeomorphism ho-
motopic to the identity, then their geodesic frameworks coincide.

Suppose that the geodesic frameworks (G(F1), G(F2))
and (G(F ′

1), G(F ′
2)) coincide; i. e., let G(F1) = G(F ′

1), G(F2) =

= G(F ′
2). Consider the lifts (F 1, F 2) and (F

′
1, F

′
2) of the 2-webs (F1, F2)

and (F ′
1, F ′

2) respectively. Let m ∈ Δ be a point that is not a singular-
ity of (F 1, F 2). Denote by l1 and l2 the semileaves of the foliations F 1

and F 2 respectively that pass through m. According to Theorem 5.34, their
asymptotic directions are defined by some points σ1 and σ2 of S∞ respec-
tively. Since the foliations F 1 and F 2 are transversal outside the set of
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Figure 6.12. The mapping φ.

singularities, σ1 �= σ2. By hypothesis, the points σ1 and σ2 are reached by the
geodesic frameworks of F

′
1 and F

′
2 respectively. Therefore, by Theorem 5.34,

there exist semileaves l
′
1 and l

′
2 of these foliations that reach the points σ1

and σ2 respectively. Note that according to Theorem 5.34, if li does not be-
long to a separatrix of a singularity, then l

′
i does not belong to a separatrix of

any singularity; and conversely, if li belongs to a separatrix of a singularity,
then l

′
i also belongs to a separatrix of a certain singularity, i = 1, 2. Since

the co-asymptotic geodesics of the corresponding leaves or semileaves that
contain li and l

′
i coincide and the geodesic frameworks of the foliations F

′
1

and F
′
2 are transversal, the semileaves l

′
1 and l

′
2 intersect at some point, which

we denote by m′, Fig. 6.12. Since F
′
1 and F

′
2 form a 2-web, the point m′ is

unique. Denote the mapping m → m′ by φ. We see that φ is a homeomor-
phism that covers a certain homeomorphism φ : M2

p → M2
p . Moreover, φ is

extended to all singularities of the 2-web (F 1, F 2) and realizes a topological
equivalence of (F 1, F 2) and (F

′
1, F

′
2). By the construction, φ is extended

to the absolute as the identity mapping. By virtue of Theorem 5.34, φ is homo-
topic to the identity. It is clear that φ realizes a topological equivalence of the
2-webs (F1, F2) and (F ′

1, F ′
2). �

6.5. Classification of Denjoy flows and nontrivial minimal
sets

Recall that a minimal set of a flow is a nonempty closed set that is invariant
(i. e., consists of trajectories of the flow) and does not contain proper subsets
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with the above-described properties. A similar definition applies to foliations,
provided that the invariant means a union of leaves and singularities. The
trivial minimal sets of flows include fixed points, periodic trajectories, and the
minimal set that coincides with a closed surface, which is the torus in this
case. The situation for foliations is analogous. A nontrivial minimal set is
nowhere dense (see Lemma 3.26) and is locally homeomorphic to the product
of a segment and the Cantor set. By Theorem 3.8, a nontrivial minimal set
consists of nonclosed trajectories that are recurrent in the Birkhoff sense, in
short B-recurrent. Moreover, every B-recurrent trajectory is everywhere dense
in the minimal set.

A fixed-point-free flow f t on the torus T2 is called a Denjoy flow if f t has
a nontrivial minimal set. This nontrivial set denoted by N is a unique minimal
set of f t. Therefore, the classification of Denjoy flows and their nontrivial
minimal sets is intimately connected.

Nontrivial minimal sets on T
2

On the torus T2, a co-asymptotic geodesic of nontrivially recurrent trajec-
tory is a nontrivially recurrent geodesic that is dense on T

2. Thus, the geodesic
framework of a nontrivial minimal set is a linear irrational foliation.

Proposition 6.2 Let N be a nontrivial minimal set of a flow f t on T
2

and G(N) be the geodesic framework of N . Then there exists a continu-
ous mapping h : T2 → T

2 (a blowing-down operation) that is homotopic to the
identity and possesses the following properties:

• h(N) = T
2;

• each trajectory from N is homeomorphically mapped by h onto a geodesic
of G(N);
• let w be a component of the set T2 \N . Then

– h(w) is a geodesic of G(N);
– w is simply connected;
– the accessible from interior w boundary δ(w) of w consists of two tra-

jectories lw1 , l
w
2 ⊂ N , and h(w∪ lw1 ∪ lw2 ) = h (w ∪ δ(w)) is a geodesic

of G(N);
– the restriction

h|N\
⋃

w∈T2\N
δ(w) : N \

⋃

w∈T2\N
δ(w)→ T

2
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is a homeomorphism on its image, where
⋃

w∈T2\N
δ(w) is the union

over all components of the set T2 \N .

Proof. The set N consists of nontrivially recurrent trajectories. By Corol-
lary 3.5, there is a closed simple transversal C intersecting N . Since every
trajectory of N is dense in N , all trajectories transverse C. Hence, f t induces
the Poincaré forward mapping N ∩ C → N ∩ C that is a homeomorphism.
We can consider C as a circle endowed with an orientation. Since T

2 is an
orientable surface, the homeomorphism N ∩ C → N ∩ C is monotone, and
is extended to a homeomorphism C → C denoted by ϕ. The set N ∩ C is
a minimal set of ϕ with no periodic points because of N is a nontrivial minimal
set of f t. Moreover, C �= N ∩ C implies that N ∩ C is a Cantor set, and ϕ is
a Denjoy homeomorphism. Therefore, the rotation number rot(ϕ) = α of ϕ
is irrational. It follows from Corollary 2.7 that there is the semi-conjugacy
map h0 : C → C between ϕ and the rotation Rα, h0 ◦ ϕ = Rα ◦ h0.

Let sust(ϕ) be the suspension over ϕ and sust(Rα) be the suspension
over Rα, see Section 1.2. By construction, sust(ϕ) is a fixed-point-free Den-
joy flow on T

2, and sust(Rα) is a fixed-point-free linear flow on T
2. Note

that sust(ϕ) has the minimal set N . It follows from the construction of suspen-
sion that h0 can be naturally extended to a continuous mapping h : T2 → T

2.
One can see that the items of Lemma 2.15 imply the corresponding items for
the mapping h we required. �

Denote by δ(N) the accessible from interior T
2 \ N boundary of the

set T2\N , where N is a nontrivial minimal set of a flow f t. By Proposition 6.2,
δ(N) is an invariant set of f t that consists of a finite or a countable family
of trajectories from N . Therefore, h(δ(N)) is a finite or a countable family
of geodesics from G(N). This family of geodesics is called a distinguished
family of the minimal set N and is denoted by R(N, h), h(δ(N)) = R(N, h).
Of course, this family depends on the blowing-down operation h from Propo-
sition 6.2. By Theorem 2.8, R(N, h) is determined up to a translation, i. e.,
up to a homeomorphism T

2 → T
2 whose covering is given by x �→ x + x0,

y �→ y + y0, where x0 and y0 are some constants.
Two sets A, B ⊂ T

2 are called equivalent if there is a translation that
takes A to B. Thus, given any blowing-down operations h1 and h2, the
sets R(N, h1), R(N, h2) are equivalent. The following theorem solves partially
the problem of the topological classification under homotopic to the identity
homeomorphisms of nontrivial minimal sets on T

2.
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Theorem 6.13 Let N1 and N2 be nontrivial minimal sets of flows f t
1 and f t

2

respectively on T
2. If N1 and N2 are topologically equivalent via a home-

omorphism T
2 → T

2 homotopic to the identity then N1 and N2 have the
same geodesic frameworks G(N1) = G(N2) and their distinguished families
are equivalent. The geodesic framework G(N) of any nontrivial minimal
set N ⊂ T

2 is a (linear) irrational geodesic lamination. Given any irrational
geodesic lamination G and any finite or countable family N0 ⊂ G of geodesics,
there exists a flow f t with a nontrivial minimal set N such that G(N) = G
and R(N, h) = N0 for some blowing-down operation h.

Proof. Suppose that N1 and N2 are topologically equivalent via a home-
omorphism ϕ : T2 → T

2 homotopic to the identity. By Proposition 6.1,
rot(f t

1) = rot(f t
2) = μ, since ϕ is homotopic to the identity. Then G(N1) =

= G(N2) = G, and G is a (linear) irrational geodesic lamination because μ is
irrational. Let h1, h2 be blowing-down operations defined by Proposi-
tion 6.2 for the minimal sets N1, N2 respectively. Obviously, the covering
geodesic lamination G for G is invariant under any translation of R

2. We
have to prove that there is translation that takes R(N1, h1) onto R(N2, h2),
where π(R(Ni, hi)) = R(Ni, hi) is the distinguished family of the minimal
set Ni, i = 1, 2.

Take some component w of T2\N1. Then ϕ(w) is a component of T2\N2.
Let w be a lift of w. Obviously, w is a component of R2 \N1. Then ϕ(w) is
a component of R2\N2, and h1(w), h2(ϕ(w)) are geodesics of G. Since h1(w)
and h2(ϕ(w)) are parallel straight lines, there is a translation F : R2 → R

2 that
takes h1(w) onto h2(ϕ(w)), F (h1(w)) = h2(ϕ(w)). Clearly that F projects to
the shift F : T2 → T

2 which takes G onto itself, F (G) = G.
Since h1, and h2, and ϕ are homotopic to the identity, one gets

F ◦ h1 ◦ γ(w) = γ ◦ F ◦ h1(w) = γ ◦ h2 ◦ ϕ(w) = h2 ◦ ϕ ◦ γ(w)

for every integer translation γ : Z2 → Z
2. Since the integer translations form

the covering group Γπ, the components {γ(w) : γ ∈ Γπ} are dense in the
family of all components of the set R2 \ N1. Hence, F ◦ h1(v) = h2 ◦ ϕ(v)
for any component v of R2 \N1. It follows that F (R(N1, h1)) = R(N2, h2),
and F (R(N1, h1)) = R(N2, h2).

Let G be an irrational geodesic lamination and N0 ⊂ G be a finite or
countable family of geodesics. We can consider G as irrational linear flow f t

0

because of orientability of G. The circle S1
0 = π(x = 0) is a closed transver-

sal of f t
0. Since f t

0 is a linear irrational flow, the forward Poincaré map-
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ping S1
0 → S1

0 induced by f t
0 is the rotation Rα with irrational α. Without

loss of generality, we can assume that f t
0 is a suspension sust(Rα) over Rα.

Clearly that the intersection χ = S1
0 ∩ N0 is an invariant set of Rα. By

Theorem 2.9, there is a Denjoy homeomorphism f such that χ = χ(f, h0),
where h0 is a semi-conjugacy map between f and Rα. Denote by f t the sus-
pension over f . Then f t is a Denjoy flow with a nontrivial minimal set denoted
by N . The semi-conjugacy h0 can be naturally extended to the blowing-down
operation h that takes f t to f t

0. By construction, h(N) = N0 = R(N, h). �
Two sets R1, R2 ⊂ T

2 are said to be commensurable if there is a homeo-
morphism F : T2 → T

2 such that F (R1) = R2, and F is of the form

x′ = ax+ by + ξ mod 1, y′ = cx+ dy + η mod 1,

where the matrix
(
a b
c d

)
is integer and unimodular, and ξ, η ∈ R. The follow-

ing theorem solves the problem of the topological classification of nontrivial
minimal sets on T

2.

Theorem 6.14 Let N1 and N2 be nontrivial minimal sets of flows f t
1 and f t

2

respectively on T
2. Then N1 and N2 are topologically equivalent if and

only if their distinguished families R(N1, h1), R(N2, h2) are commensurable,
where h1 and h2 are blowing-down operations.

Proof. Suppose that N1 and N2 are topologically equivalent via a home-
omorphism ϕ : T2 → T

2. Then the minimal sets N , ϕ−1
∗ ◦ ϕ(N2) are topo-

logically equivalent via a homeomorphism ϕ−1
∗ ◦ ϕ homotopic to the iden-

tity. It follows from Theorem 6.13 that N , ϕ−1
∗ ◦ ϕ(N2) are equivalent.

Hence, N1 and N2 are commensurable.
Suppose that R(N1, h1), R(N2, h2) are commensurable. By definition,

there is the composition T ◦ A : T2 → T
2 of the translation T and linear

mapping A such that T ◦ A(R(N1, h1)) = R(N2, h2). The flow A(f t
1) has

the nontrivial minimal set A(N1). Note that the mapping A ◦ h1 ◦ A−1 is
homotopic to the identity. Since h1 is a blowing-down operation, A◦h1◦A−1 is
the blowing-down operation for the flow A(f t

1). Moreover, the distinguished
families of the flows A(f t

1), f
t
2 are equivalent. Clearly, A(f t

1) is topologically
equivalent to f t

1. We can continue the proof replacing A(f t
1) by f t

1, and
assuming that the distinguished families R(N1, h1), R(N2, h2) are equivalent.

Recall that the construction of blowing-down operation begins with the
choosing a closed simple transversal. Let C1, C2 be closed simple transversals
corresponding to the blowing-down operations h1, h2 respectively. Without
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loss of generality, we can assume that f t
1 and f t

2 are Denjoy flows which are
the suspensions over Denjoy homeomorphisms f1 : C1 → C1 and f2 : C2 → C2

respectively. Since R(N1, h1), R(N2, h2) are equivalent, the characteristic sets
of the Denjoy homeomorphisms f1 and f2 are also equivalent. By Theorem 2.8,
f1 and f2 are conjugate via an orientation preserving homeomorphism C1 → C2

which can be extended to a homeomorphism taking the suspension sust(f1) to
the suspension sust(f2). As a consequence, the flows f t

1, f
t
2 are topologically

equivalent. �
REMARK. The homeomorphism ψ that takes sust(f1) to sust(f2) is homo-

topic to the identity as a homeomorphism of ambient manifolds of suspensions.
But the homeomorphism T

2 → T
2 induced by ψ that takes f t

1 to f t
2 is not

in general homotopic to the identity because the curves C1, C2 are not nec-
essarily homotopic. Note that since C1, C2 are simple closed curves, there is
a homeomorphism T

2 → T
2 taking C1 to C2. This homeomorphism can be

non-homotopic to the identity.
Clearly, a distinguished family as a part of geodesic framework of nontriv-

ial minimal set determines this geodesic framework. Thus, after Theorem 6.14,
we see that a distinguished family itself up to a commensurability is a complete
topological invariant of nontrivial minimal set.

The cardinality of the set of distinguished geodesics R(N, h) of nontrivial
minimal N does not depend on a blowing-down operation h. The cardinality
of R(N, h) is called the characteristic of minimal set N . The following result
shows that a characteristic itself is not a complete topological invariant.

Theorem 6.15 There exists a continuum of pairwise topologically nonequiva-
lent nontrivial minimal sets with an identical geodesic framework and the same
(any prescribed) characteristic more than one.

Proof immediately follows from Theorems 2.11, 6.13. �

Nontrivial minimal sets on a hyperbolic surface

Let N be a nontrivial minimal set of a flow f t on an orientable closed
hyperbolic surface M2

p of genus p � 2. First, using the universal covering
space that is the hyperbolic plane Δ, we construct a closed set containing N
which is said to be a canonical region of nontrivial minimal set.

Since N consists of nontrivially recurrent trajectories, there is a simple
closed transversal C that intersects all trajectories from N , see Corollary 3.5.
Take a lift C ∈ π−1(C) and congruent points a, b ∈ C ∩ N such that there
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are no other pairs of congruent points on the arc ab ⊂ C. Denote by C1, C2

the first curves from π−1(C) that are intersected by the positive semitrajecto-

ries l
+
(a), l

+
(b) after the points a and b respectively.

Proposition 6.3 C1 �= C2.

Proof. Assume that C1 = C2. Then the points a1 = C1 ∩ l
+
(a), b1 =

= C1 ∩ l
+
(b) are congruent, and there are no other pairs of congruent points

on the arc a1b1 ⊂ C1. The arcs aa1 ⊂ l
+
(a), bb1 ⊂ l

+
(b) of the semitra-

jectories l
+
(a), l

+
(b) respectively are also congruent. Therefore, the curvilin-

ear quadrangle bounded by the arcs ab, a1b1, aa1, bb1 projects into a torus
that is a closed surface of genus 1. This contradicts the surface M2

p is of
genus p � 2. ♦

Let us introduce the positive orientation on C from a to b. Note that N∩C
is a Cantor set. Without loss of generality, one can assume that a is not the
left point of an adjacent interval of N ∩ C. This means that the arc ab ⊂ C
contains points from (N ∩ C) \ {a} arbitrary close to a.

Given any point x ∈ N ∩ ab, denote by C(x) the first curve from π−1(C)

intersected by the positive semitrajectory l
+
(x) after x. In particular, C(a) =

= C1 and C(b) = C2. The continuous dependence of trajectories on the initial
conditions implies that the set of points y ∈ N ∩ ab with the same C∗ = C(y)
is relatively open. Since N ∩ ab is compact, there are only finitely many open
intervals U1, . . . , Uk covering N ∩ ab such that for any z1, z2 ∈ Ui ∩ N the
curves C(z1), C(z2) coincide, while C(z1) �= C(z2) provided z1 ∈ Ui ∩N
and z2 ∈ Uj ∩ N with i �= j. By Proposition 6.3, k � 2. It follows from
the structure of the Cantor set that the intersection Ui ∩ N is a closed inter-

val [ai; bi] for every i = 1, . . . , k where ai, bi ∈ N . Thus, N∩ab ⊂
k⋃

i+1

[ai; bi]

and C(ai) = C(bi) for any i = 1, . . . , k.

Let Ai = l
+
(ai)∩C(ai) and Bi = l

+
(bi)∩C(ai). Denote by di the closed

quadrangle bounded by the segments [ai; bi] ⊂ C, [Ai; Bi] ⊂ C(ai) and by the

arcs aiAi ⊂ l
+
(ai), biBi ⊂ l

+
(bi). Let D(C) =

k⋃

i=1

di, see Fig. 6.13.

Proposition 6.4 Set π
(
D(C)

)
= D(C). Then

• N ⊂ D(C);
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Figure 6.13. The set D(C) =
k
⋃

i=1

di.

• there are no pairs of congruent points in the interior intD(C);
• each component of intD(C) is simply connected.

Proof. Since π(ab) = C, every trajectory from N has a lift intersecting ab.
This follows that N ⊂ D(C). Suppose that there is a pair of congruent
points inside intD(C). Then there are congruent points z1, z2 ∈ N ∩ D(C)

such that z1, z2 /∈ l
+
(a) since a is not a left point of adjacent interval. The

trajectories l(z1), l(z2) are also congruent. This implies that the points l(z1)∩C,
l(z2) ∩ C are congruent as well. By construction of the set D(C), l(z1) ∩ C,
l(z2) ∩ C ⊂ ab. This contradicts that there are no congruent points on ab
except a and b. According to the construction of the set D(C), each component
of intD(C) has a lift that is the interior of some di which is simply connected.
It implies the last item. ♦

The set D(C) is called a canonical region of N based on C. The
set D(C) is called the lift of canonical region D(C) with the bottom ab ⊂ C.

A component of the set M2
p \ N is called a Denjoy cell if it is simply

connected and its boundary accessible from interior M2
p \N consists of exactly

two trajectories of the minimal set N . These trajectories are said to be special.
One can see that special trajectories of Denjoy cell have the same co-asymptotic
geodesic called a distinguished geodesic. Similar to the case of the torus,
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we will call a family of distinguished geodesics a distinguished family of the
geodesic framework of the minimal set N .

Since the generation and elimination of Denjoy cells do not change the
geodesic framework of nontrivial minimal set, the presence of these cells can
be considered, in a sense, artificial. Therefore, we first consider a classification
of nontrivial minimal sets without Denjoy cells.

Theorem 6.16 Let N be a nontrivial minimal set of a flow f t on a closed
orientable hyperbolic surface M2

p of genus p � 2. Suppose that N does
not contain Denjoy cells. Then N is topologically equivalent via a homeo-
morphism M2

p → M2
p homotopic to the identity to its own geodesic frame-

work G(N) that is an orientable weakly irrational geodesic lamination,
G(N) ∈ Λor(M

2
p ). For any orientable weakly irrational geodesic lamina-

tion G0 ∈ Λor(M
2
p ), there exists a nontrivial minimal set N without Denjoy

cells of some flow f t such that G(N) = G0. Moreover, one can construct f t

so that N = G0.

Proof. Suppose that N is a nontrivial minimal set. By Corollary 3.5,
there is a closed simple transversal C intersecting with all trajectories from N .
Moreover, C is non-homotopic to zero. Therefore, there exists the closed sim-
ple geodesic g freely homotopic to C. Take a lift C of C. Due to Lemma 5.2,
there is the co-asymptotic geodesic g(C) = g that is a lift of g. By defini-
tion, C and g have the same ideal endpoints σ1, σ2 ∈ S∞. We introduce the
orientation on C and g with the positive direction from σ1 to σ2 that induces
the orientation on C and g.

Let m ∈ C be a point such that π(m) = m ∈ N , and l ∈ N be a tra-
jectory through m. Take the lift l of l through m. It follows from Corol-
lary 5.4 that l has irrational asymptotic directions ω(l), α(l) ∈ S∞ with ω(l) �=
�= α(l). Clearly that the ideal endpoints c1, c2 ∈ S∞ of C are separated
by the points ω(l), α(l), see Section 5.1. Therefore, the ideal endpoints
of g, which are c1 and c2, are also separated by ω(l), α(l). Hence, the
co-asymptotic geodesic g(l) intersects g at a unique point denoted by m′.
Let θ : N ∩C → G(N)∩ g be the mapping defined by θ(m) = m′ where N =
= π−1(N) and G(N) = π−1 (G(N)), Fig. 6.14. Since G(N) is a geodesic
lamination, the mapping θ is a monotone homeomorphism.

Step 6.1 Let γ ∈ Γ be an axis of g, γ(g) = g. Then given any m ∈ C ∩N ,
θ ◦ γ(m) = γ ◦ θ(m).
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Figure 6.14. The mapping θ.

Proof of Step 6.1. Clearly, N and G(N) are invariant under γ. Since C is
without self-intersections, γ(C) = C and γ(m) ∈ C. This implies the result. ♦

Step 6.1 implies that θ projects to the monotone mapping θ : N ∩ C →
→ G(N) ∩ g,

θ ◦ π|N∩C = π ◦ θ
∣
∣
N∩C

.

Take any lift C
∗

of C. This means that there is an element γ∗ ∈ Γ such
that C

∗
= γ∗(C). This implies that the co-asymptotic geodesic g(C

∗
) = g∗

equals to γ∗(g) = γ∗ (g(C)
)
. Similarly to the definition of θ : N ∩ C →

→ G(N) ∩ g, one can define the mapping θ
∗
: N ∩ C

∗ → G(N) ∩ g∗.

Step 6.2 One holds

γ∗ ◦ θ
∣
∣
N∩C

= θ
∗ ◦ γ∗

∣
∣
∣
N∩C

, where γ∗ ∈ Γ with C
∗
= γ∗(C).

Proof of Step 6.2 immediately follows from the invariantness of N
and G(N) under γ∗. ♦

The intersections N ∩ C, G(N) ∩ g are Cantor sets. The monotonicity
of θ and Step 6.1 imply that θ can be continuously extended to a homeo-
morphism C → g denoted again by θ. So, θ has the continuous extension
to the homeomorphism C → g denoted again by θ such that θ ◦ π|

C
=

= π ◦ θ|
C

. It follows from Step 6.2 that all θ
∗

project to the same map-

ping θ : N ∩ C → G(N) ∩ g induced by θ|
N∩C

. One can assume that θ
∗

is

continuously extended to the homeomorphism C
∗ → g∗ denoted by θ

∗
such

that θ ◦ π|
C

∗ = π ◦ θ∗|
C

∗ for all C
∗ ∈ π−1(C).
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Due to Proposition 6.4, there is a canonical region D(C) of N .

Let D(C) =
k⋃

i=1

di be the lift of D(C) with a bottom ab ⊂ C . By construc-

tion, each di is the closed quadrangle bounded by the segments [ai; bi] ⊂ C,

[Ai; Bi] ⊂ C(ai) and by the arcs aiAi ⊂ l
+
(ai), biBi ⊂ l

+
(bi), see Fig. 6.13.

Recall that l
+
(ai), l

+
(bi), i = 1, . . . , k, are lifts of nontrivially recurrent tra-

jectories. According to Corollary 5.4, all these trajectories have co-asymptotic
geodesics. Every lift Ci of C also has the co-asymptotic geodesic g(Ci). Using

the co-asymptotic geodesics g(l
+
(a1)), g(l

+
(b1)), . . . , g(l

+
(ak)), g(l

+
(bk)),

and the co-asymptotic geodesics g(Ci), one can construct the set Q(g) =
k⋃

i=1

qi

similarly to D(C) =
k⋃

i=1

di. Actually, π
(
Q(g)

)
= Q(g) is a canonical region

of the geodesic framework G(N). It follows from Proposition 6.4 that there

exists a homeomorphism ϕ : D(C) → Q(g) that takes the arcs aiAi ⊂ l
+
(ai),

biBi ⊂ l
+
(bi) of the trajectories l

+
(ai), l

+
(bi) to arcs of the co-asymptotic

geodesics g(l
+
(ai)), g(l

+
(bi)), and the segments [ai; bi] ⊂ C, [Ai; Bi] ⊂

⊂ C(ai) to arcs of the co-asymptotic geodesics g(Ci), i = 1, . . . , k. Moreover,
ϕ projects to a homeomorphism ϕ : D(C)→ Q(g) with the similar properties.
This homeomorphism takes any simple closed curve S of the boundary ∂D(C)
to a simple closed curve S of the boundary ∂Q(g). Given any component R
of M2

p \D(C), there is a unique component R of M2
p \Q(g) such that ϕ real-

izes a one-to-one correspondence between the components of the boundaries ∂R
and ∂R. By construction, the curves S ⊂ ∂R and S ⊂ ∂R are homotopic.
Therefore, ϕ can be extended to a homeomorphism R ∪ D(C) → R ∪ Q(g).
Going through this procedure for each component of M2

p \ D(C), we get an
orientation preserving homeomorphism ϕ : M2

p → M2
p carrying the trajectories

of N onto the geodesics of G(N).

Let ϕ : Δ → Δ be a lift of ϕ : M2
p → M2

p . It follows from Theo-
rem 6.1 that ϕ extends to unique homeomorphism Δ ∪ S∞ → Δ ∪ S∞ de-
noted again by ϕ. The set of points attained by the trajectories from N coin-
cides with G∞(N) ⊂ S∞. By construction of ϕ, ϕ|G∞(N) = id. Since the

set G∞(N) is dense on S∞, ϕ|G∞(N) = id. According to Lemma 6.7, ϕ is
homotopic to the identity. This proves that N is topologically equivalent via
a homeomorphism M2

p → M2
p homotopic to the identity to its own geodesic

framework G(N).
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Clearly that a nontrivial minimal set is a Maier quasiminimal set. Hence,
by Theorem 5.32, the geodesic framework G(N) is a weakly irrational geodesic
lamination. Since N is a minimal set of flow, G(N) is an orientable geodesic
lamination, G(N) ∈ Λor.

Take an orientable weakly irrational geodesic lamination G0 ∈ Λor(M
2
p ).

Let g0 be a simple closed geodesic transversally intersected by geodesics
from G0. Similarly to a nontrivial minimal set, one can construct a canoni-
cal region D(g0) for G0. By Proposition 6.4, the interior of every component
of D(g0) is simply connected. Moreover, every component of D(g0) looks
like a neighborhood with the structure of linear local lamination (closed triv-
ially foliated box). The orientability of G0 implies that one can endow some
neighborhood of D(g0) with the structure of flow f t such that G0 becomes
a nontrivial minimal set of f t. Outside of the neighborhood of D(g0), the
flow f t can be extended, for example, by fixed points. This completes the
proof. �

Now, consider nontrivial minimal sets with Denjoy cells and describe the
type of geodesics that form distinguished families of these minimal sets. Recall
that a nontrivially recurrent geodesic may be either left or right improper; i. e.,
it may approach itself from either the left or the right side. If a nontrivially
recurrent geodesic is improper only from one side, then it is called a boundary
one. Otherwise (i. e., if a geodesic is improper from both sides), it is called
internal.

A weakly irrational geodesic lamination on a closed hyperbolic surface
has a finite nonzero number of boundary nontrivially recurrent geodesics and
a continuum set of internal ones. The definition of a Denjoy cell and the
density of each geodesic in a weakly irrational geodesic lamination imply that
each distinguished geodesic is internal. The following two theorems solve the
problem of the topological classification of nontrivial minimal sets of flows on
a closed orientable hyperbolic surface. Proofs are slightly modification of the
proof above of Theorem 6.16. We omit details to the Reader.

Theorem 6.17 Let N be a nontrivial minimal set of a flow f t on a closed
orientable hyperbolic surface M2

p of genus p � 2. Then the geodesic frame-
work G(N) is an orientable weakly irrational geodesic lamination that contains
at most a countable distinguished family that consists of internal geodesics.
Conversely, let G0 ∈ Λor(M

2
p ) be an orientable weakly irrational geodesic

lamination and let N be at most a countable family of internal geodesics
from G0. Then, there exists a nontrivial minimal set N of a flow f t such
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that G(N) = G0 and the distinguished family of the geodesic framework G(N)
coincides with N .

Theorem 6.18 Let N1 and N2 be nontrivial minimal sets of flows f t
1 and f t

2,
respectively, on a closed orientable hyperbolic surface M2

p of genus p � 2.
Then N1 and N2 are orbitally topologically equivalent via a homeomor-
phism M2

p → M2
p homotopic to the identity if and only if they have identical

geodesic frameworks (with regard to the orientation of geodesics) and the same
family of distinguished geodesics.

6.6. Surface AP-homeomorphisms

The classification of discrete-time dynamical systems formed by iterations
of maps reduces to the problem of (topological) conjugacy for maps itself that
generate corresponding dynamical systems. Before solving this problem, it is
natural to study the conjugacy for restrictions of maps under consideration to
their invariant sets. There are two ways to do that. The first way is to ask,
when the restrictions of two maps to their invariant sets are conjugate? The
second way is to ask, when two maps are conjugate in neighborhoods of their
invariant sets? Mainly, we will pay attention to the second way.

Definition 6.1 Suppose that mappings f, f ′ : M → M have invariant sets N
and N ′, respectively,

f(N) = N and f ′(N ′) = N ′.

Then f , f ′ are said to be conjugate on N and N ′ if there exists a homeomor-
phism φ : M →M such that

φ(N) = N ′ and φ ◦ f |N = f ′ ◦ φ|N .

Sometimes, one says that N and N ′ are topologically equivalent. For N =
= N ′ = M , we get the definition of conjugacy.

One says that f and f ′ are conjugate via the homeomorphism φ. If φ is
homotopic to the identity, we’ll say that f , f ′ are conjugate via a homotopy
trivial homeomorphism.

Let f : M →M be a homeomorphism of a surface M and F be a foliation
on M that is invariant under f (i. e. f(Sing(F )) = Sing(F ) and f maps every
leaf onto a leaf). F is said to be contracting if, given any points a and b that
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belong to the same leaf, the distance between fn(a) and fn(b) tends to zero
as n → +∞ in the interior metric on the leaves. A foliation F is called
expanding if it is contractive under f−1.

A homeomorphism f : M →M is called almost pseudo-Anosov (in short,
AP-homeomorphism) if it satisfies the conditions:

• f has invariant foliations F s, Fu that form a strongly irrational 2-web.
• F s is contracting and Fu is expanding under f .

AP-homeomorphisms are in sense non-uniform pseudo-Anosov homeo-
morphisms. The class of AP-homeomorphisms includes pseudo-Anosov ones
for which the contraction and expansion satisfy some uniform estimates.

Here, we demonstrate how the study of maps “at infinity” (induced by
homeomorphisms of a surface) helps to solve the classification problem for
AP-homeomorphisms. We’ll see that AP-homeomorphisms are conjugate via
a homotopy trivial homeomorphism if and only if they act alike on the circle at
infinity S∞. Note that the classification results are presented here in the spirit
of the method developed in the present monograph. Not all the results were
originally formulated as we formulate them here. For the interested Reader, we
provide references to the original studies.

Homeomorphisms of 2-torus

Recall that on T
2, a strongly irrational 2-web is actually a 2-web consisting

of a pair of transversal irrational foliations without singularities. The following
theorem says that an AP-homeomorphism T

2 → T
2 is Anosov hyperbolic

automorphism up to conjugacy.

Theorem 6.19 Let f : T2 → T
2 be an AP-homeomorphism. Then f is conju-

gate to Anosov toral hyperbolic automorphism.

Proof. Let (F1, F2) be an invariant 2-web and f : R2 → R
2 be a lift

of f . Then f has the invariant 2-web (F 1, F 2) that is a lift of (F1, F2). For
definiteness, suppose that F1 is a contracting foliation and F2 is an expanding
one. By Theorem 6.11, (F1, F2) is topologically equivalent via a homeo-
morphism homotopic to the identity to the 2-web consisting of a pair of linear
transversal irrational foliations. Therefore, any leaf of F 1 intersects every leaf
of F 2.

Let f∗ : Z
2 → Z

2 be the automorphism of the integer 2-dimensional lat-
tice Z

2 induced by f . Since f is a homeomorphism, f∗ can be given by
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an integer unimodular matrix A∗ ∈ SL(2, Z2) that defines the linear map-
ping LA such that its lift LA coincides with f∗ on Z

2. Let us show that A∗
is hyperbolic, that is A∗ has no eigenvalues of absolute value 1. Suppose the
contrary.

Take a periodic point p ∈ Per(f). Passing to an iteration, if necessary,
one can assume that p is a fixed point such that the origin O ∈ Z

2 ⊂ R
2 is

the lift of p and a fixed point of f . Since f∗ is induced by f , f∗ = f
∣
∣
Z2 .

Because of A∗ is not hyperbolic, LA has a periodic point, say O1, differ-
ent from O. Taking some iteration, if necessary, we can assume that O1 is
an integer fixed point. Therefore, O1 is a fixed point of f∗, hence for f .
Let W s

1 (O) be the contracting leaf of F 1 and Wu
2 (O1) be the expanding leaf

of F 2. The intersection W s
1 (O) ∩Wu

2 (O1) consists of a unique point, say z.
Since f(W s

1 (O)) = W s
1 (O) and f(Wu

2 (O1)) = Wu
2 (O1), z is a fixed point

of f . On the other side, z belongs to a contracting leaf (as well as, expand-
ing one). Therefore, z can not be a fixed point. This contradiction implies
that LA|Z2 is hyperbolic. Hence, f∗ is also hyperbolic. Hyperbolicity of LA

implies that LA has the invariant 2-web (W s, Wu) consisting of stable W s

and unstable Wu manifolds. Each of W s, Wu is an irrational linear foliation.
Let (W

s
, W

u
) be a lift of (W s, Wu). Geometrically, each of W

s
, W

u
consists

of straight lines with irrational slope.
By Proposition 2.1 [72], there is a continuous trivially homotopic map-

ping h : M → M such that LA ◦ h = h ◦ f . Let us show that h is a home-
omorphism. Denote by h : R2 → R

2 a lift of h such that LA ◦ h = h ◦ f .
Hence,

L
n

A ◦ h = h ◦ fn
, n ∈ Z. (6.5)

First, we prove that the restriction of h on a leaf of F 1 is a homeomorphism.
Take any x, y ∈ W

s

1. Suppose that h(x) = h(y). Hence, d(L
n

A ◦ h(x), L
n

A ◦
◦ h(y)) = 0 for every n ∈ Z. It follows from (6.5) that

d(L
n

A ◦ h(x), L
n

A ◦ h(y)) = d(h ◦ fn
(x), h ◦ fn

(y))→∞

as n→ +∞ because of the leaf W
s

1 is contracting and h is a lift of homotopy
trivial mapping. This contradiction shows that the restriction of h on W

s

1 is
a homeomorphism. Similarly, one can prove that the restriction of h on a leaf
of F 2 is a homeomorphism. Since any leaf of F 1 intersects every leaf of F 2

at a unique point, it follows that h is a homeomorphism. As a consequence, h is
a conjugacy map between f and LA. �
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Homeomorphisms of hyperbolic surfaces

Let f : Δ→ Δ be a lift for f : M →M , where M is a closed hyperbolic
surface. Recall that f extends continuously to the homeomorphism Δ ∪ S∞ →
→ Δ ∪ S∞ denoted again by f .

Lemma 6.15 Let f : M →M be an AP-homeomorphism of closed orientable
hyperbolic surface M = Δ/Γ with invariant contracting and expanding foli-
ations F s, Fu respectively that form a strongly irrational 2-web. Suppose
that a saddle s is a fixed point, and f is a lift of f such that a lift s of s is

a fixed point of f . Let S
u(s)

1 , . . . , S
u(s)

k be separatrices of s that belong to the

lift F
u(s)

of the expanding (contracting) foliation Fu(s). Then

• every S
u(s)

j reaches a point σu(s)
j that is an isolated attractive (repelling)

point of f
∣
∣
S∞

;

• the points σu
1 , σs

1, . . . , σu
k , σs

k alternatively appear on S∞;
• s is a unique fixed point of f

∣∣
Δ

, and σu
1 , σs

1, . . . , σu
k , σs

k are unique

fixed points of f
∣
∣
S∞

.

Proof. Since the both Fu and F s are strongly irrational foliations, every

separatrix S
u(s)

j reaches a point, say σ
u(s)
j (see Theorem 5.22), at the circle

at infinity S∞. Because of F
u
, F

s
are transversal and every singularity has

negative index, S
u

i ∩ S
s

j = ∅ for any i, j. Therefore, the points σu
1 , σs

1, . . . ,
σu
k , σs

k alternatively appear on S∞. Since s is a fixed point and the folia-

tions F
u
, F

s
are invariant, every point σu(s)

j is fixed under f
∣
∣
S∞

.

Suppose S
u

1 , S
u

2 are adjacent separatrices and S
s

1 is between them as
shown in Fig. 6.15 (a). Take a leaf l

u
of F

u
intersecting S

s

1 at a (unique)
point cu. We can assume also that l

u
is not a separatrix. By Theorem 5.22,

l
u

reaches points au, bu ∈ S∞ in the both directions. Clearly that if cu → s
then au → σu

1 and bu → σu
2 . It follows that any σu

j is an isolated attractive
fixed point. Similarly, any σs

j is an isolated repelling fixed point. Since a leaf
can not approach a fixed arc of positive length of S∞, au → σs

1 and bu → σs
2

as cu → σs
1. This implies that the arc (σu

1 , σ
u
2 ) ⊂ S∞ containing σs

1 has
a unique fixed point σs

1. It follows that s is a unique fixed point of the
mapping f

∣
∣
Δ

, and σu
1 , σs

1, . . . , σu
k , σs

k are unique fixed points of f
∣
∣
S∞

. �
The crucial step to classify AP-homeomorphisms is the following

theorem.
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Figure 6.15

Theorem 6.20 Let f1, f2 : M → M be AP-homeomorphisms, where M =
= Δ/Γ is a closed orientable hyperbolic surface. Then f1 and f2 are con-
jugate via a homotopy trivial homeomorphism if and only if there exist the
lifts f1, f2 : Δ → Δ of f1, f2 respectively whose extensions on S∞ coincide,
f1

∣
∣
S∞

= f2

∣
∣
S∞

.

Proof. Suppose that f1 and f2 are conjugate via a homotopy trivial home-
omorphism M → M . Then f1 is homotopic to f2. By Theorem 6.7, there are
the lifts f1, f2 of f1, f2 respectively such that f1

∣
∣
S∞

= f2

∣
∣
S∞

.

Suppose now that f1 and f2 have the lifts f1, f2 respectively such

that f1

∣
∣
S∞

= f2

∣
∣
S∞

. Let F
s(u)
i be a contracting (expanding) foliation of fi

(i = 1, 2) and F
s(u)

i be a lift of F
s(u)
i . Recall that the both F s

i and Fu
i

are strongly irrational foliations with common set of singularities consisting of
saddles with negative indices. Take a saddle si0. Then si0 is a periodic point
of fi because of finitely many singularities which are mapped onto itself. Tak-
ing an iteration, if necessary, one can assume that si0 is a fixed point. Without
loss of generality, we can suppose that there is a lift si0 of si0 such that si0 is
a fixed point of f i. For F

u

i , denote by S
u

i1, . . . , S
u

ij(i) separatrices of the

saddle si0. By Lemma 6.15, each S
u

ik reaches S∞ at a point σu
ik. Moreover,

the points σu
i1, . . . , σ

u
ij(i) are unique sink points of f i

∣
∣
S∞

. Since f1

∣
∣
S∞

=

= f2

∣
∣
S∞

, the homeomorphisms f1

∣
∣
S∞

and f2

∣
∣
S∞

have the same sets of sink

and source points. In particular, j(1) = j(2). As a consequence, the folia-
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tions F
u

1 , F
u

2 have leaves with the same asymptotical direction, Fig. 6.15 (b).
By Lemma 5.7 and Theorem 5.34, the geodesic frameworks G(Fu

1 ), G(Fu
2 )

of Fu
1 , Fu

2 respectively are coincident. Similarly, G(F s
1 ) = G(F s

2 ).
Now we are going to construct a homeomorphism h : Δ→ Δ that conju-

gates f1 with f2. Take a point z ∈ Δ. There are two cases: 1) z is not a saddle
of F

u

1 (hence, not a saddle of F
s

1); 2) z is a saddle of F
u

1 (hence, a saddle
of F

s

1). In the case 1), there are two semileaves l
u

1 , l
s

1 through z of F
u

1 , F
s

1

respectively that reach points σu, σs ∈ S∞. Here, case 1) is divided into two
subcases: 1a) the both l

u

1 and l
s

1 do not belong to a separatrix; 1b) at least one
of l

u

1 , l
s

1 belongs to a separatrix. In the subcase 1a), l
u

1 and l
s

1 are lifts of non-
trivially leaves in positive and negative directions. Therefore, l

u

1 and l
s

1 reach
points σu

∗ , σ
s
∗ ∈ S∞ different from σu, σs respectively, Fig. 6.16 (a). Because

of transversality, the pair (σu, σu
∗ ) separates the pair (σs, σs

∗).

Figure 6.16

It follows from Theorem 5.34 and the equalities G(Fu
1 ) = G(Fu

2 ),
G(F s

1 ) = G(F s
2 ) that there are semileaves l

u

2 , l
s

2 of F
u

2 , F
s

2 respectively
such that l

u

2 reaches σu, σu
∗ and l

s

2 reaches σs, σs
∗. Since (σu, σu

∗ ) sepa-
rates (σs, σs

∗), the intersection l
u

2 ∩ l
s

2 consists of a unique point, say z′. Put by
definition h(z) = z′.

Note that the foliations F
s(u)

i (i = 1, 2) are invariant under action of the

group Γ. Since F
s(u)

i is invariant under f i and f1

∣
∣
S∞

= f2

∣
∣
S∞

,

h ◦ f1(z) = f2 ◦ h(z), h(γ(z)) = γ(h(z)), ∀γ ∈ Γ. (6.6)
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In the subcase 1b), suppose for definiteness that l
u

1 is a separatrix of
a saddle s. By Theorem 5.34, l

u

2 is also a separatrix of some saddle, say s′.
Denote by S2, Sk the Bendixson extension of l

u

1 . Then S2 and Sk reach
points σu

1 , σ
u
k ∈ S∞ respectively. The equality G(Fu

1 ) = G(Fu
2 ) and The-

orem 5.34 imply that there are Bendixson extensions S
′
2 and S

′
k of l

u

2 that
reach the same points σu

1 , σu
k respectively. First, assume that l

s

1 is not a sep-
aratrix. Then l

s

1 reaches points σs, σs
∗ ∈ S∞. It follows from Theorem 5.34

and the equality G(F s
1 ) = G(F s

2 ) that there is the leaf l
s

2 of F
s

2 such that l
s

2

reaches σs, σs
∗. Because of F

s

1 and F
u

1 are transversal, the pair (σs, σs
∗) sep-

arates (σu, σu
1 ) and (σu, σu

k ). Therefore, l
s

2 intersects l
u

2 at some point, say z′,
Fig. 6.16 (b). Similarly, one can define z′, if l

s

1 is a separatrix. Again, put by
definition h(z) = z′.

In the case 2), when z is a saddle of F
u

1 , z = s, there exists a saddle s′

of F
u

2 such that separatrix of s′ reaches the same points with separatrix of s,
see Fig. 6.15 (b). It is easy to check that in both cases the relations (6.6) hold.
These relations imply that h is a lift of a homeomorphism h : M → M that is
a homotopy trivial conjugacy homeomorphism between f1 and f2. �

Let G be a group and φ1, φ2 be automorphisms of G. Recall that φ1, φ2

are conjugate if there is an automorphism ξ : G → G such that φ2 ◦ ξ =
= ξ ◦ φ1. It is well-known that a homeomorphism f : M → M induces an
automorphism f∗ : π1(M) → π1(M) of the fundamental group π1(M). Two
homeomorphisms f1, f2 : M → M are called π1-conjugate if f1∗, f2∗ are
conjugate automorphisms of the group π1(M).

If h ◦ f1 = f2 ◦ h then h∗ ◦ f1∗ = f2∗ ◦ h∗. Therefore, two conjugate
homeomorphisms are necessarily π1-conjugate. We are going to show that
Theorem 6.20 and results of Nielsen [173] imply that a π1-conjugacy is also
a sufficient condition of conjugacy for AP-homeomorphisms.

Theorem 6.21 Let f1, f2 : M → M be AP-homeomorphisms of a closed ori-
entable hyperbolic surface M = Δ/Γ. Then f1 and f2 are conjugate if and
only if they are π1-conjugate.

Proof. It is enough to prove that a π1-conjugacy implies a conjugacy
of f1, f2. Let ξ : π1(M) → π1(M) be an automorphism such that f2∗ ◦ ξ =
= ξ ◦ f1∗. Due to [173], there is a homeomorphism Ψ: M → M such
that Ψ∗ = ξ. The homeomorphism f1 is conjugate to Ψ−1 ◦ f1 ◦ Ψ via the
conjugacy map Ψ−1. Therefore, Ψ−1 ◦ f1 ◦ Ψ is an AP-homeomorphism.
Since

(
Ψ−1 ◦ f1 ◦Ψ

)
∗ = ξ−1 ◦ f1∗ ◦ ξ = f2∗, f2 and Ψ−1 ◦ f1 ◦ Ψ induce
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the same automorphism of π1(M). It is sufficient to prove that Ψ−1 ◦ f1 ◦ Ψ
conjugates to f2. Therefore, we can consider f1 such that f1∗ = f2∗ and try to
prove that f1 and f2 are conjugate.

Let f1 and f2 be lifts of f1∗ and f2∗ respectively. By Lemma 6.2,
f1 and f2 induce automorphisms f1∗, f2∗ : Γ→ Γ. Fixing a base point z ∈M
and its lift z ∈ Δ, one establishes an isomorphism between Γ and π1(M).
Hence, f1∗ and f2∗ induce the same automorphism of Γ. It follows
that f1∗, f2∗ are conjugate via interior automorphism i. e., f2∗ = δ−1 ◦ f1∗ ◦ δ
for some δ ∈ Γ. By Lemma 6.1, δ ◦ f1 is a lift of f1 that acts identi-
cally with f2∗. As a consequence, δ ◦ f1

∣∣
S∞

= f2

∣∣
S∞

. It follows from

Theorem 6.20 that f1 and f2 are conjugate via a homotopy trivial homeomor-
phism. �

6.7. Nielsen Theory revisited

Here, we quote some results from brilliant series of articles by Jacob
Nielsen [173]. Later on, f is an orientation preserving homeomorphism of
closed orientable hyperbolic surface M2.

Nielsen classes and numbers

Let f : M2 → M2 be a homeomorphism of M2, and Fix(f) be the set
of fixed points of f . For simplicity, we’ll assume that the set Fix(f) is finite
(actually, in the frame of homotopy class of f , one can find a mapping with
finite set of fixed points). It follows that any fixed point x ∈ Fix(f) has
an index ind(x) ∈ Z because of every fixed point is an isolated one, see
Section 3.6.

Following Nielsen [174], Section 37, we decompose the set Fix(f) into
classes as follows. We say that two fixed points are homotopically related
if they can be joined by a path w such that w and f(w) together constitute
the path which is homotopic to zero on M2. This relation splits Fix(f) into
pairwise disjoint classes where fixed points belong to the same class iff they
are homotopically related. The path w is called a relating path.

For simplicity we assume that a class contains finitely many fixed points.
Let us define an index of the class being the sum of indices of its fixed points.

Definition 6.2 A class with nonzero index is called a Nielsen class. The
number m = m(f) of Nielsen classes is called a Nielsen number of a home-
omorphism f : M2 →M2.
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Definition 6.3 A homeomorphism f : M2 →M2 is called unreducible if there
is no non-homotopic to zero closed curve on M2 that is mapped to freely
homotopic curve. Otherwise, f is a reducible homeomorphism.

There is a necessary condition of unreducibility through the action of
a lift f on the group Γ of deck transformations. Recall that f induces the

automorphism f∗ : Γ → Γ, f∗ : γ → f ◦ γ ◦ f−1
, see Lemma 6.2. Put by

definition,
H(f∗) = {γ ∈ Γ | f∗(γ) = γ ⇔ f ◦ γ = γ ◦ f}.

Proposition 6.5 If a homeomorphism f : M2 →M2 is unreducible then H(f∗)
consists of the identity mapping. If f is reducible then there is a lift f such
that H(f∗) �= {id}.

Proof. Suppose that there is a non-identity γ0 ∈ H(f∗). We know
that π(Aγ0

) = Aγ0
is the geodesic which is non-homotopic to zero where Aγ0

is

the axis of γ0. Since f ◦ γ0 = γ0 ◦ f , f(Aγ0
) = γ0 ◦ f(Aγ0

). Hence, f(Aγ0
) is

freely homotopic to Aγ0
. This contradicts the unreducibility of f . Therefore,

if f : M2 →M2 is unreducible then H(f∗) = {id}.
Suppose f is reducible. Then there is a closed geodesic A0 ⊂ M2 such

that f(A0) is freely homotopic to A0. Take a lift A0 of A0 and a lift f1

of f . It follows that A0 and f1(A0) are congruent. Hence, there exists γ ∈ Γ
such that γ(f1(A0)) = A0. The geodesic A0 is the axis of some hyperbolic
translation, say γ0 ∈ Γ. Hence, γ0(γ ◦ f1(A0)) = γ ◦ f1(A0). Obviously, γ ◦
◦ f1 = f is a lift of f . It follows from

γ0 ◦ f(A0) = f(A0) = f(γ(A0)) = f ◦ γ(A0)

that the automorphism f∗ = f ◦ γ ◦ f−1
: Γ → Γ has H(f∗) containing γ0.

Hence, H(f∗) �= {id}. �

Proposition 6.6 If a homeomorphism f : M2 →M2 is unreducible and Fix(f)
is finite then the set Fix(f) ∈ Δ of a lift f is also finite.

Proof. Assume the contrary. Then there are points x, γ(x) ∈ Fix(f) for
some non-identity γ ∈ Γ. Take a path w connecting x and γ(x). Then f(w) is
the path also connecting x, γ(x). It follows that π(w) and π

(
f(w)

)
are

non-homotopic to zero closed curves such that f (π(w)) = π
(
f(w)

)
. This

contradicts the unreducibility of f . �
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Let Λ1, . . . , Λm be the Nielsen classes of f . Denote by is =
∑

x∈Λs

ind(x)

the index of Λs. By definition, is �= 0, s = 1, . . . , m.

Proposition 6.7 Let Λs be a Nielsen class of homeomorphism f : M2 → M2

and f : Δ→ Δ be a lift of f i. e., f ◦ π = π ◦ f . Then the preimage π−1(Λs)
contains the set Λs such that

1) the restriction π|
Λs

: Λs → Λs is a one-to-one mapping;

2) Λs ⊂ Fix(γs ◦ f) for some γs ∈ Γ. In addition, Fix(γs ◦ f) = π−1(Λs).

Moreover, if f is unreducible then Λs = Fix(γs ◦ f).

Proof. Take a point x0 ∈ Fix(f) and some x0 ∈ π−1(x0). Since f(x0) =
= x0, there is γs ∈ Γ such that γs

(
f(x0)

)
= x0. Hence, x0 ∈ Fix(γs ◦ f).

Given any x ∈ Λs, there is a relating path wx connecting x and x0. Let wx be
the lift of wx starting at x0. Then wx connects x0 with the point x ∈ π−1(x).
By definition, w and f(w) together constitute a homotopic to zero path on M2.
Since the lift of homotopic to zero closed curve is a countable family of closed
curves in Δ, the path f(wx) connects x0 with x. It follows that x ∈ Fix(γs◦f).
Continuing this procedure with each point of Λs, we get the desired set Λs.

Take any point y0 ∈ Fix(γs ◦ f) and a path w0 connecting x0 with y0.
Then w0 and f(w0) form the closed curve C in Δ. Hence, π(C) is a homotopic
to zero curve on M2. It follows that π(y0) belongs to Λs. Moreover, if f is
unreducible then y0 ∈ Λs. This completes the proof. �

Corollary 6.4 Suppose Λs and Λs satisfy the condition of Proposition 6.7.
Then Λs and Λs have the same index:

ind(Λs) = ind(Λs).

Lefschetz numbers and Nielsen numbers

Let g : M → M be a homeomorphism of a compact manifold M . It
is well-known that given any i ∈ {0, 1, . . . , dimM}, g induces the linear
map g∗i : Hi(M, R) → Hi(M, R) of the ith homology group Hi(M, R)
that can be considered as a finitely dimensional R-space. For a fixed basis
in Hi(M, R), g∗i is defined by a matrix with the trace denoted by Trace(g∗i).
The Lefschetz number L(g) is defined as follows:

L(g) =

dimM∑

i=0

(−1)iTrace(g∗i). (6.7)
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Let f : M2 →M2 be an orientation preserving homeomorphism of closed
orientable hyperbolic surface M2 of genus p � 2. Then f∗1 is represented
by an unimodular (2p × 2p) matrix denoted by A. Let λ1, . . . , λ2p be the
eigenvalues of the matrix A (taking account a multiplicity). Since Trace(f∗0) =
= 1 and Trace(f∗2) = 1, the Lefschetz number L(f) equals to

L(f) = 2−
2p∑

s=1

λs.

Well-known Lefschetz Index Theorem says that the Lefschetz number
equals to the sum of indices of fixed points. Thus, the Lefschetz formula (6.7)
and Lefschetz Index Theorem imply the following Nielsen [175] version of the
Lefschetz number for surface homeomorphisms.

L(f) = 2−
2p∑

s=1

λs =

m∑

s=1

is (6.8)

where m is the Nielsen number, and is is the index of Nielsen class Λs, s =
= 1, . . . , m.

Indices of Nielsen classes and fixed points at circle at infinity

Recall that according to Lemma 6.2, a lift f : Δ → Δ of f induces the

automorphism f∗ : γ → f ◦ γ ◦ f−1
of the group Γ. Due to Theorem 6.1,

f extends to unique homeomorphism Δ ∪ S∞ → Δ ∪ S∞ again denoted by f .
Thus, f

∣
∣
S∞

: S∞ → S∞ is an orientation preserving circle homeomorphism. If

the set Fix
(
f
∣∣
S∞

)
is finite, we’ll denote by μ the number of node fixed points

(sinks and sources) of the homeomorphism f
∣
∣
S∞

. The following statement is
a core of the Nielsen Theory.

Theorem 6.22 Let f : M2 → M2 be an unreducible homeomorphism and f
be a lift of f . Then

• the number of node fixed points μ of f
∣
∣
S∞

is even;

•
∑

x∈Δ∩Fix(f)

ind(x) = 1− μ
2 .

Moreover, all node fixed points of Fix
(
f
∣
∣
S∞

)
are irrational.
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Scheme of proof. Let us glue two copies of Δ ∪ S∞ along the bound-
ary S∞ to get a 2-sphere S2. Then the mapping f defines the homeomor-
phism S2 → S2 denoted by f0. Clearly, μ is even because of sinks and sources
are alternatively disposed on S∞. One can prove that a node fixed point of the
restriction f

∣∣
S∞

becomes a node fixed point of f . Note that the index of any

node at S∞ equals to 1.
According to Proposition 6.6, the set Fix(f) is finite. Thus,∑

x∈Δ∩Fix(f)

ind(x) is also finite.

Due to Proposition 6.7, the set Fix(f0) is the union of the double

set Fix(f) and Fix
(
f
∣
∣
S∞

)
. Since the Euler characteristic of S2 equals to 2,

one gets

2 = 2 ·

⎛

⎝
∑

x∈Δ∩Fix(f)

ind(x)

⎞

⎠+ μ.

Let g0 ∈ Fix(f) ∩ S∞ be a node fixed point. Assume that g0 is a rational
point. Then there is a non-identity γ ∈ Γ such that g0 is a fixed point of γ.
By Lemma 6.6, f ◦ γ = γ ◦ f . On the other hand, due to Proposition 6.5, the
unreducibility of f implies the triviality of the group H(f). This contradiction
shows that g0 is an irrational point. �

As a consequence, one gets the following statement for a Nielsen class.

Proposition 6.8 Let Λ be a Nielsen class of f and Λ ⊂ π−1(Λ) satisfy the
conditions of Proposition 6.7 including the unreducibility of f . Let μ be the

number of node fixed points in Fix
(
f
∣∣
S∞

)
. Then

• μ is even;
• ind(Λ) = ind(Λ) = 1− μ

2 .

Moreover, all node fixed points of Fix
(
f
∣
∣
S∞

)
are irrational.

Bibliographic Notes and Panoramas

Chapter 6. The main results of this chapter are based on the deep theories
developed originally by Henri Poincaré, Jakob Nielsen and William Thurston.

(6.1). Theorem 6.1 was proved by Nielsen [173]. Our proof follows [108].
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(6.2). Theorem 6.5 was proved by Poincaré [192] in terms of the rotation
numbers (see [26, 66, 124, 168]).

Note that for a flow on T
2 Poincaré rotation number does not generally

give us a complete topological invariant (sometimes, it simply does not exist).
In the absence of nontrivially recurrent trajectories or nontrivial limit sets,

a complete topological invariant is usually of combinatorial origin (a graph,
a scheme, etc.). An invariant of this kind was obtained by Leontovich and
Maier [136] for vector fields with a finite set of singular trajectories on the
two-dimensional sphere S2 and on a compact set of a plane i. e., on surfaces
that do not admit nontrivially recurrent trajectories.

For the Morse –Smale flows, all recurrent trajectories are trivial by defi-
nition, and a complete topological invariant on compact surfaces is given by
Peixoto graph [182]. This list of combinatorial invariants for dynamical sys-
tems and foliations without nontrivial recurrent sets may be continued (see, for
example, Chapter 7 in [172], which is specially devoted to invariants). Invari-
ants fall into three major classes: homology (or cohomology), homotopy, and
combinatorial. Poincaré rotation number is at the same time homology and
homotopy invariant. Homology and homotopy invariants (exm., fundamental
class of Katok and homotopy rotation class of Aranson –Grines respectively)
are convenient for description of flows with nontrivially recurrent trajectories.
A homotopy invariant that is most related to the Riemannian structure of sur-
face is a geodesic framework. In Section 6.3 using terms of the geodesic
frameworks, we reformulate the Aranson –Grines’s classification of irrational
flows and nontrivial minimal sets of flows [27, 28].

(6.3). In 1973, Aranson and Grines [27] have got the classification of
irrational flows on a closed orientable hyperbolic surface. V. M. Alekseev, in his
review of [27], figuratively called the domain ΦI0, C) the “Aranson –Grines
trousers”.

Theorems 6.6–6.9 was proved by S. Aranson [24, 25]. Note that an irra-
tional foliation may have saddle singularities of positive index (thorns). The
classification of such foliations involves branched 2-sheeted covering projec-
tions (see [24, 25, 37] for details).

(6.4). Theorems 6.11 and 6.12 was proved in [33].
(6.5). Proposition 6.2 and Theorem 6.13 was proved in [36] (see

also [226]). Theorems 6.16–6.17 was proved in [28].
(6.6). Theorem 6.19 was proved in [94]. Theorems 6.20, 6.21 was proved

in [85].
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(6.7). The results of this section was mainly obtained by Nielsen [173],
and revisited in [28, 29, 80, 108, 162].

Let us recall some of them. Let f : M → M be an orientation preserving
homeomorphism and T the set of iterations of f , T = {fn : n ∈ Z}. Denote
by L(T ) the set of lifts of all elements of T . By Lemma 6.4, an element
of L(T ) can be represented as γ ◦ fn

: Δ → Δ for some γ ∈ Γ, n ∈ Z,
and a lift f : Δ → Δ of f . Due to Theorem 6.1, every element g ∈ L(T )
is uniquely extended to a homeomorphism g : Δ ∪ S∞ → Δ ∪ S∞. The
restriction g|S∞

: S∞ → S∞ will be denoted sometimes by g∗.

Let h
∗
: S∞ → S∞ be a homeomorphism and s0 ∈ S∞ an isolated fixed

point of h
∗
. The point s0 is called neutral if s0 is neither a source nor sink.

Bellow, given any γ ∈ Γ, one denotes by γ+ and γ− ∈ S∞ a sink and source
respectively of γ.

Take a homeomorphism h ∈ L(T ), h �= id. Set F
h
= {γ ∈ Γ: hγh

−1
=

= γ}. Clearly, F
h

is a subgroup of Γ. One can prove that F
h

is a finitely
generated subgroup.

The Nielsen type of h is a pair (v
h
, u

h
) of integers where v

h
is the

minimum number of generators of F
h
. If F

h
= {id}, we set v

h
= 0. Define u

h
as follows:

1) if v
h
= 0, then u

h
is the number of isolated sink fixed points of the

homeomorphism h
∗
: S∞ → S∞;

2) if v
h
= 1, i. e. F

h
is a free cyclic group with a generator γ0 ∈ Γ,

then u
h

is the number of Fh-orbits of the isolated sink fixed points of h
∗

distinct from γ+
0 , γ−

0 . The particular type (1, 0) is divided into two subtypes:
(1, 0)+ provided the points γ+, γ− are neutral fixed points of h

∗
;

(1, 0)++ provided one of the points γ+, γ− is a sink and other is a source
of h

∗
;
3) if v

h
�= 1, then u

h
is the number of F

h
-orbits of the isolated sink fixed

points of the homeomorphism h
∗
.

A homeomorphism h : X → X of topological space X is called periodic
if there exists m > 0 such that fm = Id. A homeomorphism f : M → M
is called a homeomorphism of algebraically finite type if on M there exists
a finite f -invariant family of disjoint closed cylinders σ1, . . . , σk such that the

restriction of f to the set M̃ = M \
i=k⋃

i=1

intσi is a periodic homeomorphism.

A homeomorphism f : M → M is called reducible by means family of dis-
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joint simple closed non homotopy to zero and non homotopy each to other
curves C1, . . . , Ck if the system is invariant under homeomorphism f .

The following Theorem 6.23 was proved by Nilesen [173].

Theorem 6.23 The set of all homotopy classes {f} is represented as a union of
four disjoint classes N1, N2, N3, N4, distinguished by the following conditions:

1) {f} ∈ N1 provided any h ∈ L(T ), h �= id has either the type (0, 0), or
the type4 (1, 0);

2) {f} ∈ N2 provided any h ∈ L(T ) has either the type (0, 1) or the
type (vh, 0). In the latter case, there is h′ ∈ L(T ), h′ �= id such that
either a1) vh′ � 2, or a2) h′ has the type (1, 0)+ with h′ = h′′2,
where h′′ ∈ L(T ) has the type (0, 0);

3) {f} ∈ N3 provided there are h, h′ ∈ L(T ) (h �∈ Γ) with respectively
types (vh, uh), (vh′ , uh′) such that vh �= 0, uh′ �= 0, and if h �= h′,
then uh′ � 2;

4) {f} ∈ N4 provided any h ∈ L(T ) (h �∈ Γ) has the type (0, uh) and there
exists h′ ∈ L(T ) of the type (0, uh′), where5 uh′ � 2.

The classes N1, N2 studied in detail by Nielsen [177, 179]. He showed
that every homotopy class {f} belongs to N1 (N2) if and only if {f} contains
a periodic homeomorphism (a non-periodic homeomorphism of algebraically
finite type).

The modern representation of Nielsen’s Theorem 6.23 was done by
Thurston as follows.

Theorem 6.24 The set of all homotopy classes {f} is represented as a union of
four disjoint classes T1, T2, T3, T4, distinguished by the following conditions:

1) if {f} ∈ T1, then {f} contains a periodic homeomorphism;
2) if {f} ∈ T2, then {f} contains a reducible nonperiodic homeomorphism

of algebraically finite type;
3) if {f} ∈ T3, then {f} contains a reducible homeomorphism that is not

a homeomorphism of algebraically finite type;
4) if {f} ∈ T4, then {f} contains a pseudo-Anosov homeomorphism.

4If h ∈ L(T ) has in this case the type (1, 0), then this type is either (1, 0)++ or (1, 0)+,
if h, respectively, preserves or changes the orientation of the universal covering Δ.

5In fact, to highlight the class N4 the existence of an element h′ ∈ L(T ) of type (0, u
h′ ),

where u
h′ � 2, is superfluous, since, by virtue of Lemma 7.1, it follows only from the condition

that any h ∈ L(t), h �∈ Γ has the type (0, uh).
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J. Nielsen proved that, given any automorphism τ of the group Γ that
is isomorphic to fundamental group π1(M

2) of closed orientable closed sur-
face M2, there is a homeomorphism h : M2 →M2 such that h∗ = τ . Actually,
J. Nielsen divided the set of automorphisms of Γ into four classes using induc-
ing actions of automorphisms on the circle at infinity S∞, see Theorem 6.23.
He exhaustively studied the classes N1, N2 [177, 179], and he understood that
the classes N3, N4 contains homeomorphisms with chaotic dynamics. Never-
theless, he had no representatives of such homeomorphisms.

The first examples that shed light on the complex dynamics of homeo-
morphisms whose homotopy classes belong to N4 (and with a small modifi-
cation of N3) were constructed in 1970 by T. Brien and W. Reddy [55, 56] in
connection with solving the problem of the existence of expansive homeomor-
phisms on two-dimensional manifolds. These homeomorphisms have positive
topological entropy, a pair of contracting and expanding transitive foliations
with singularities, and are semi-conjugate to Anosov diffeomorphisms of the
torus T 2.

Later on, W. Thurston [71, 214] also has obtained classification of the set
of all homotopy classes {f} of homeomorphisms on a closed orientable two-
dimensional manifold of genus g � 2, see Theorem 6.24. There is a remarkable
exposition of Nielsen –Thurston theory in [80] where, in particular, was proved
that Ni = Ti, i = {1, 2, 3, 4}.

The canonical representatives in each homotopic class from (1)–(4) of B,
Theorem 6.24 are not structurally stable. At the same time, each homotopic
class contains a structurally stable diffeomorphism with zero-dimensional basic
sets (see [204] for reference). However, a priori this diffeomorphism can have
a very complicated topological structure. It is therefore of interest to indicate the
simplest structurally stable representatives in these classes. Namely, the simplest
representative in homotopy class from N1, can be taken to be a gradient-like
diffeomorphism while the simplest representative in homotopy class {f} ∈ N2,
can be taken to be Morse –Smale diffeomorphism with oriented heteroclinic set.
The ambient surface M2 is representable as a union of two compact invariant
sets. The first set is the union of k � 2 compact surfaces of genus greater
than zero and does not contain heteroclinic orbits; the second set is a union
of m � 1 subsets homeomorphic to a closed annulus whose interiors consist
of wandering points and contain an orientable heteroclinic set. The concepts
which we used here can be find in the survey [32].

In each homotopy class from N3 it is natural to regard as the a simplest
structurally stable diffeomorphism of the following type. The closed orientable
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surface M2 of genus g � 2 is representable as a union of three compact
sets A1, A2, A3. The sets A1 and A2 are unions of compact surfaces of genus
greater than zero, where A1 contains finitely many periodic points and does not
contain heteroclinic orbits, while A2 contains finitely many widely disposed
one-dimensional attractors and there are no other non-wandering points in the
interior of this set. The set A3 is a union of subsets homeomorphic to a closed
annulus whose interiors contain an orientable heteroclinic set. Here A1 can be
empty, but A2 and A3 are not empty.

The simplest structurally stable diffeomorphism in each homotopy class
from N4 can be taken to be a diffeomorphism whose non-wandering set con-
sists of finitely many isolated periodic points and a single one-dimensional
widely disposed attractor Λ such that M2 \ Λ consists of the union of finitely
many domains homeomorphic to a disc. Moreover, M2 \ Λ does not contain
heteroclinic orbits.



CHAPTER 7

Chaotic Dynamical Systems with Minimal
Entropy

In this chapter, we keep the notation of Section 5.1, see also Sec-
tion 3.2. Later on, M2 is a closed orientable hyperbolic surface. This means
that M2 topologically is a closed orientable surface of genus p � 2. Applying
Δ-model of hyperbolic plane, one can represent M2 as the quotient space Δ/Γ
where Δ is the hyperbolic plane and Γ is a properly discontinuous subgroup
of the covering group for the natural covering projection π : Δ → Δ/Γ =
= M2. In other words, Γ is a Fuchsian crystallographic group consisting of
non-Euclidean translations of Δ. The covering map π induces the Riemannian
metric d of constant negative curvature on M2.

In Section 7.1, we introduce hyperbolic automorphisms acting on a group
of deck transformations for a closed orientable hyperbolic surface, see exact
definitions and properties. The action of hyperbolic automorphism is similar to
action of Anosov diffeomorphisms in the fundamental group of a 2-torus. The
notion of hyperbolic automorphism allows us to introduce Aranson –Grines hy-
perbolic homeomorphisms (in short AG-hyperbolic homeomorphism) on closed
hyperbolic surfaces (see Definition 7.4). In Section 7.2, we use the proper-
ties of homeomorphism of the circle at infinity induced by a hyperbolic auto-
morphism to construct a two-web of strongly irrational geodesic laminations.
Properties of this web is studied in Section 7.3. Using these properties we
prove that AG-hyperbolic homeomorphisms satisfy to Axiom A∗ on the in-
tersection of geodesic laminations generating two-webs (see Section7.4). At
last, in Section 7.5 we give the formula for calculation of topological entropy
of AG-homeomorphism. We prove that this entropy is minimal for homeo-
morphisms of homotopic class containing the AG-homeomorphism constructed.
For simplicity bellow, we restricted ourself by orientation preserving homeo-
morphisms M2 →M2.
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7.1. Properties of hyperbolic automorphisms

Recall that the Δ-model of hyperbolic plane is geometrically the unit
disk |z| < 1 restricted by the circle at infinity (absolute) S∞ : |z| = 1. Every
non-identity γ ∈ Γ has two fixed points that belong to S∞. Each fixed point of
non-identity mapping of Γ is a rational point, see Section 5.1. The set of rational
points R(Γ) is countable and everywhere dense in S∞. The complement to the
set R(Γ) on S∞ forms the set of irrational points I (Γ).

Hyperbolic automorphisms of deck group

Let f : M2 → M2 be a homeomorphism and f : Δ → Δ a lift of f . By
Theorem 6.1, f extends to a unique homeomorphism Δ ∪ S∞ → Δ ∪ S∞, so
that the restriction f

∣
∣
S∞

= f
∗
: S∞ → S∞ is a homeomorphism. It follows

from Lemma 6.3 that the sets R(Γ), I (Γ) are invariant under f
∗
.

Due to Lemma 6.2, the mapping

f∗ : ζ �−→ ζ′ = f ◦ ζ ◦ f−1
, ζ, ζ′ ∈ Γ

is an automorphism of the group Γ. We’ll say that f∗ corresponds to f
while f and f generate f∗. According to Corollary 6.1, if f1 and f2 are
lifts of f , then

f2∗(ζ) = γ ◦ f1∗(ζ) ◦ γ−1, ζ ∈ Γ, (7.1)

where γ ∈ Γ is such that f2 = γ ◦ f1 according to (6.4). Denote by Auto(Γ)
the set of automorphisms of the group Γ. Clearly, Auto(Γ) is a group itself
with the group operation being a composition.

Definition 7.1 An automorphism τ ∈ Auto(Γ) is called hyperbolic pro-
vided τn(ζ) �= γ ◦ ζ ◦ γ−1 for every γ ∈ Γ, ζ ∈ Γ \ {id}, and n ∈ Z \ {0}.

Since Γ is isomorphic to the fundamental group π1(M
2) of M2, this

definition can be reformulated applying π1(M
2). Note that τ induces uniquely

the automorphism ϑ̃ : π1(M
2)→ π1(M

2). By Proposition 1.2, ϑ̃ is induced by
some homeomorphism ϑ : M2 → M2 such that τ = ϑ∗. Then τ is hyperbolic
if and only if ϑ̃ has no periodic elements different from trivial element. This
formulation is independent of the choice of base point on M2.
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Example 7.1 Hyperbolic automorphisms.

Let ψ : T2 → T
2 be the diffeomorphism induced by the linear map-

ping R
2 → R

2 with matrix

A =

(
1 1
1 2

)3

=

(
5 8
8 13

)
.

One can check that ψ has at least two fixed points, say p1 and p2. Let M2

be a closed orientable surface of genus 2 (pretzel). Recall that the genus
of T

2 equals 1. Due to Lemma 3.9, there is the 2-sheeted branched covering
map π2 : M2 → T

2 with the branched set {p1, p2} each point of whose has the
branched order 2. According to [55], there is the lift f : M2 → M2 of ψ such
that ψ ◦ π2 = π2 ◦ f . Since ψ is an Anosov diffeomorphism, f∗ is a hyperbolic
automorphism. Applying finitely many coverings, one can get examples of
hyperbolic automorphism for any closed hyperbolic orientable surface. ♦

Denote by Hypauto(Γ) the set of hyperbolic automorphisms of the group Γ.
Example 7.1 shows that Hypauto(Γ) �= ∅.

Given any γ ∈ Γ, the mapping ζ �→ γ ◦ ζ ◦ γ−1 denoted by Aγ ∈ Auto(Γ)
is an inner automorphism. It follows from definition

Aγ ◦ η(ζ) = γ ◦ η(ζ) ◦ γ−1 where η ∈ Auto(Γ), ζ ∈ Γ.

For τ ∈ Auto(Γ), let us denote by H(τ) ⊂ Γ the set of elements γ ∈ Γ such
that τ(γ) = γ. It is obvious that H(τ) is a subgroup of Γ. The subgroup H(τ)
is trivial if H(τ) consists of the identity mapping.

Definition 7.1 can be reformulated now as follows. We can say that
an automorphism τ is hyperbolic if H(Aγ ◦ τn) is trivial for every γ ∈ Γ
and n ∈ Z \ {0}.

As a consequence of Definition 7.1 and Proposition 6.5, one gets the
following statement we are formulating for references (see Definition 6.3).

Proposition 7.1 Let f be a lift of f . Suppose that τ ∈ Hypauto(Γ) corresponds
to f . Then fn is an unreducible homeomorphism for any n ∈ Z \ {0}.

Action of hyperbolic automorphism on the circle at infinity

Given any τ ∈ Hypauto(Γ) and n ∈ N, denote by τn,γ the automor-
phism Aγ ◦ τn = γ ◦ τn ◦ γ−1. By Proposition 1.2, one can assume that τ
is generated by a lift f of a homeomorphism f : M2 → M2 i. e., τ = f∗.
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Therefore, τn,γ is generated by γ ◦ fn
: τn,γ = Aγ ◦ f

n

∗ . Due to Theorem 6.1,

γ ◦ fn
extends to a unique homeomorphism Δ ∪ S∞ → Δ ∪ S∞. Put by

definition,

τ∗n,γ = γ ◦ fn
∣
∣
∣
S∞

: S∞ → S∞.

It follows from Proposition 7.1 that fn is unreducible for any n ∈ Z \ {0}.
Recall that due to Theorem 6.22, the homeomorphism τ∗n,γ = γ ◦ fn

∣
∣
∣
S∞

has

even number μn,γ of node fixed points.

Theorem 7.1 Suppose τ ∈ Hypauto(Γ) is generated by a lift f of homeo-
morphism f : M2 → M2 i. e., τ = f∗. Then there are γ ∈ Γ and an even
number n ∈ N such that the homeomorphism τ∗n,γ has at least four node fixed
points.

Proof. Assume the contrary. Then for any even number n ∈ N and
any γ ∈ Γ, the number μn,γ of node fixed points of τ∗n,γ is less than four,
0 � μn,γ < 4. Since μn,γ is even, μn,γ is either 0 or 2. Due to (6.8) and
Theorem 6.22, the following relation holds

L(fn) = 2−
2p∑

s=1

λn
s = 1−

μn,γ

2
(7.2)

where λ1, . . . , λ2p are the eigenvalues (taking account a multiplicity)
of the unimodular (2p × 2p) matrix A that represents the linear map-
ping H1(M

2, R)→ H1(M
2, R) of the first homology group H1(M

2, R).
First, suppose μn,γ = 2. The relation (7.2) becomes

2−
2p∑

s=1

λn
s = 0 (7.3)

It follows
2p∑

s=1

λn
s

λn
− 2

λn
= 0 (7.4)

Here λ is the largest of the absolute values of the eigenvalues λ1, . . . , λ2p. Let
us show that there is a subsequence nj → +∞ (j = 1, 2, . . .) so that the limit
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on the left-hand side of (7.4) is positive. Indeed, the left-hand side of (7.4) can
be written in the form

2p∑

s=1

λn
s

λn
− 2

λn
= 2

r/2∑

s=1

cosnϕs +

k∑

s=k+1

νns +

2p∑

s=k+1

μn
s −

2

λn
(7.5)

where ϕs �= πm (m ∈ Z), νs = ±1, r (0 � r � 2p) is even, and |μs| < 1
if λ �= 1 while μs = 0 if λ = 1. If r = 0, then for any sequence of even
numbers nj → +∞ (j = 1, 2, . . .), the left-hand side of (7.4) equal to k > 0.
If r > 0, then from [9] (Theorem 6) one can find an infinite set of even

numbers nj and integers p
(nj)
s such that for ϕs (s = 1, 2, . . . , r/2) we have

∣
∣
∣nj

ϕs

2π
− p

(nj)
s

∣
∣
∣ <
(
1

2
nj

)−r/2

(7.6)

Since cosnjϕs = 1, for nj → +∞ the limit of the expression 2
r/2∑

s=1
cosnjϕs

equals r. Since νs = ±1, |μs| is less than one or equal to zero, respectively,
for λ �= 1 or λ = 1. Since nj is even, as nj → +∞, the left-hand side of (7.4)
tends to r+(k− r) = k > 0 if λ �= 1, or to r+(k− r)−2 = k−2 if λ = 1. In
the latter case, from λ = 1 and Π2p

s=1|λs| = 1, we see that k = 2p, where p � 2,
so that k − 2 > 0. This contradiction proves the result.

The case μn,γ = 0 is considered similarly. This completes the proof. �
Below, we’ll use the next statement proved by Nielsen [175] (Sec-

tions 3–6, 14–15), [176] (Sections 1–2). We formulate this statement for refer-
ences although there are intersections with previous results.

Proposition 7.2 Let τ be an automorphism of the group Γ inducing orientation
preserving homeomorphism τ∗ : S∞ → S∞ such that the group H(τ) is trivial.
Then the following statements hold:

1) τ∗ has an even number 0 � μ � 8p − 4 of fixed points; furthermore,
if μ �= 0, then all fixed points are irrational and half of them being sinks,
while the other half are sources;

2) If � ⊂ Δ is the geodesic connecting two neighboring sink (source) points
of τ∗, then L = π(�) ⊂M2 is an nonclosed non-self-intersecting curve;

3) Let Π+ (Π−) be the polygon such that each its side is geodesic connecting
two neighboring sink (source) points of τ∗. Then the interior of Π+ (Π−)
does not contain congruent points;
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4) Any homeomorphism f : Δ → Δ which induces τ (f∗ = τ) has its fixed
points in a compact part of Δ and there are no congruent points among
them;

5) If μ = 0, then there is an integer n > 0 and γ ∈ Γ such that a homeo-
morphism γ ◦ τ∗n|S∞

has at least four fixed points.

7.2. Geodesic laminations and hyperbolic automorphisms

Let τ be a hyperbolic automorphism of the group Γ such that the home-
omorphism τ∗ : S∞ → S∞ induced by τ preserves the orientation and has an
even number 4 � μ � 8p − 4 of fixed points. According Proposition 7.2,
all the fixed points are irrational, half of them being sinks and the other half
sources. By Theorem 7.1, one can always assume that this is the case, since
we can always find some even n and some element γ ∈ Γ so that the automor-
phism Aγ ◦ τn has these properties.

Choose two sink fixed points u1, u2 and two source fixed points s1, s2
of τ∗ such that:

1) for a positive circuit of the absolute (in the counterclockwise direction),
they are encountered in the following order: s1, u1, s2, u2;

2) the arc s1, s2 which contains the point u1 does not contain any other fixed
point of τ∗.

Denote by gu (gs) the directed geodesic on Δ with endpoints u1, u2 (s1, s2).
It follows from item (2) of Proposition 7.2 that the geodesic Gu = π(gu)
(Gs = π(gs)) is an unclosed non-self-intersecting curve on M2.

Let W be the space of unit tangent vectors, that is, the set of points w =
= (m, ξ), where m ∈M2, ξ ∈ TmM , ||ξ|| = 1, and q is the natural projection
of W on M2 (q(w) = m). We denote the geodesic flow on W by St, and the

trajectory of this flow which passes through w by Sw =
t=+∞⋃

t=−∞
St(w). Choose

any point m on gu (gs) and take the vector ξ ∈ TmΔ, ‖ξ‖ = 1 tangent
to gu (gs) and with the direction corresponding to the positive direction of the
trajectory Su

w (Ss
w) of the flow St on W passing through the point w = (m, ξ),

where m = π(m). Then Gu = q(Su
w) (Gs = q(Ss

w)). Let us denote the sets
of all ω, α limit points of the trajectory Su

w by ω(Su
w), α(S

u
w) respectively, and

put
Ωu = Gu ∪ q(ω(Su

w)) ∪ q(α(Su
w)), Ω

u
= π−1(Ωu)

We define the sets Ωs, Ω
s

similarly.
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Definition 7.2 A geodesic Lu ⊂ Ωu (Ls ⊂ Ωs) is said to be a boundary
geodesic if Lu (Ls) is a part of the boundary of M2 \Ωu (M2 \Ωs) accessible
from the interior of M2 \ Ωu (M2 \ Ωs). A geodesic from Ωu (Ωs) which is
not a boundary geodesic is called an interior geodesic.

Theorem 7.2 The set Ωu (Ωs) has the following properties:

1) Ωu (Ωs) is a minimal geodesic lamination consisting of nontrivially re-
current geodesics (that is weakly irrational geodesic lamination, see Def-
inition 5.4);

2) every geodesic in Ω
u

(Ω
s
) has two irrational boundary points on the

absolute;
3) no more than two geodesics in Ω

u
(Ω

s
) can share a boundary point on

the absolute;
4) any two geodesics lu ⊂ Ω

u
, ls ⊂ Ω

s
have no a common boundary point

on the absolute;
5) There are finitely many boundary geodesics in Ωu (Ωs).

Proof. By item (2) of Proposition 7.2, Gu = π(gu) is a nonclosed geodesic
with no self-intersections. Due to the theorem which states that the flow St

on W depends continuously on the initial conditions and the definition of the
projection q, we immediately obtain that any geodesic on M2 in q(ω(Su

w)) has
no self-intersections and can not intersect Gu. Furthermore, no two geodesics
of q(ω(Su

w)) can intersect.
Let us show that every geodesic G′u ⊂ q(ω(Su

w)) is unclosed. Assume the
contrary. The endpoints u′

1, u
′
2 of any preimage g′u ⊂ Δ of the geodesic G′u

correspond to the stable and unstable fixed points of some element β ∈ Γ.
Choose ε > 0 so that the Euclidean ε-neighborhoods ε(u′

1), ε(u′
2) of the

points u′
1, u′

2 in the absolute S∞ do not intersect. Then there is a δ > 0
such that for any point x ∈ δ(u′

1) (x ∈ δ(u′
2)), the point β(x) satisfies β(x) ∈

∈ ε(u′
1) (β(x) ∈ ε(u′

2)). Since G′u ⊂ q(ω(Su
w)), invoking the theorem on

the continuous dependence on initial conditions of the flow St, and using the
properties of the covers q : W → M2 and π : Δ→ M2 it follows that there is
a sequence of pre-images gun (n = 1, 2, . . .) of geodesics Gu in Δ so that g′u is
the topological limit of the geodesics gun and such that the endpoints u(n)

1 , u(n)
2

of the geodesics gun tend to u′
1 and u′

2, respectively, on the absolute. Since
the endpoints u1, u2 of the geodesic gu are irrational and gun is congruent
to gu, the points u

(n)
1 , u(n)

2 are irrational, and therefore are different from the
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points u′
1, u

′
2 for all n. But then there will be an n0 > 0 such that u(n0)

1 ∈
∈ δ(u′

1), u
(n0)
2 ∈ δ(u′

2). Since u′
1 is sink and u′

2 is source (both being fixed

points of the element β), the points u(n0)
1 , u(n0)

2 will separate u
n0
2 , β(un0

2 ), un0
1 ,

β(u
n0
1 ) the points β(u

(n0)
1 ), β(u

(n0)
2 )1 therefore the congruent geodesics gun0

and β(gun0
) intersect in Δ, which is impossible since their common image Gu

does not have any self-intersections.
Let us now show that the endpoints u′

1, u
′
2 of the geodesic g′u are irra-

tional. Assume the contrary. Let us suppose u′
2 is rational. Then there is an

element β ∈ Γ having u′
2 as a sink fixed point. Any other fixed point ν of β,

since it must be source, cannot coincide with u′
1, since, as we showed above,

the geodesic G′u cannot be closed. Consider three congruent curves β(g′u),
g′u, β−1(g′u) having u′

2 as common endpoint and the three distinct endval-
ues β(u′

1), u′
1, β−1(u′

1) at their free ends. Because of the way we have
chosen β, the point u′

1 will lie on the arc of the absolute bounded by the
points β(u′

1) and β−1(u′
1) and not containing u′

2. Since g′u is the topological

limit of the geodesics gun (π(gun) = Gu) with irrational endpoints u
(n)
1 , u

(n)
2

there is an n∗ such that the curve gun∗
will intersect either β(g′u) or β−1(g′u).

Therefore G′u ∩Gu = ∅ so that G′u = Gu, which is impossible.
We now show that Gu is a recurrent geodesic. Again, let us assume the

contrary. Since St is a geodesic flow on W , the set ω(Su
w) does not contain

any equilibrium states (there are no such states in geodesic flows). From what
was proved above, it follows that there are no closed trajectories in ω(Su

w).
Since ω(Su

w) is a closed invariant set, it must contain at least one minimal set ω′.
Every trajectory of ω′ will be recurrent and everywhere dense in ω′ (see, for
example, [168], pp. 402–404). Using the results of [175] (section 4, Lemma 4)
we can find a simple closed geodesic C such that C ∩ Ω′ �= ∅, where Ω′ =
= q(ω′). Since Gu is a nonrecurrent geodesic, and ω′ is a minimal set of the
flow St, we see that K = C ∩Ω′ is a Cantor set. As t→ +∞ the geodesic Gu

will intersect a countable set of geometrically distinct intervals (αn, βn), n =
= 1, 2, . . . of the Cantor set K . Since C is a closed curve, the lengths of the
intervals (αn, βn) will tend to zero as n→ +∞.

Denote by Gu
+n the ray of the geodesic Gu which begins at the point

where Gu intersects the interval (αn, βn). We can find n0 > 0 so

1In other words, if we make a circuit of the absolute in the positive direction (counterclockwise),

we will encounter these points either in the order u
(n0)
2 , β(u

(n0)
2 ), u

(n0)
1 , β(u

(n0)
1 ) or u

(n0)
2 ,

β(u
(n0)
1 ), u

(n0)
1 , β(u

(n0)
2 ).
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that Gu
+n0

will lie entirely within a region D which is homeomorphic to a disk,
as t → +∞. It follows from construction that the boundary of D that is
accessible from the interior2 consists of the interval [αn0

, βn0
] and rays of

the geodesics G1, G2 ⊂ Ω′ passing through the points αn0
, βn0

. Thus we
can find pre-images gu1 , gu2 of geodesics G1, G2 such that the stable fixed
point u2 of τ∗ is a common endpoint of the geodesics gu1 , gu, gu2 , so that gu

will lie in the region bounded by the geodesics gu1 , gu2 and the arc [α, β] of
the absolute not containing the point u2, where α and β are endpoints of the
geodesics gu1 , gu2 .

Since the endpoints u1, u2 of the geodesic gu are adjacent stable fixed
points of τ∗, the arc (u2, u1) containing the point α will contain only a single
unstable fixed point s1, of τ∗. There are now two cases: s1 = α and s1 �=
�= α. We will show that both these cases lead to a contradiction, so that Gu

is a recurrent geodesic. Suppose s1 = α. Since Gu
1 is a recurrent geodesic,

Gu
1 ∩ Gu

2 = ∅ and Gu
1 , Gu

2 do not have any self-intersections, we see that
on Δ we can find pre-images g̃u1 �= gu1 (g̃u1 = γ(gu1 )), γ ∈ Γ) of Gu

1 end-
points ũ1 = γ(u1), ũ2 = γ(u2) which lie on the arc (u2, s1) not containing
the point u1, so that ũ1, ũ2 are different from s1, u2 yet belong to arbitrarily
small neighborhoods of s1 and u2, so that ũ1 and ũ2 separate the points τ∗(ũ1)
and τ∗(ũ2). Since τ is an automorphism of Γ, for γ ∈ Γ we can find a unique
element γ′ ∈ Γ such that

τ∗(ũ1) = τ∗(γ(s1)) = γ′(τ∗(s1)) = γ′(s1),

τ∗(ũ2) = τ∗(γ(u2)) = γ′(τ∗(u2)).

Thus, the geodesic ˜̃g
u

1 with boundary points τ∗(ũ1) and τ∗(ũ2) is congruent
to ũu

1 , and yet intersects it, which is impossible.
Now suppose that s1 �= α. For definiteness let us suppose that α belongs

to the arc (s1, u2) not containing the point u2 (if α ∈ (u2, s1) and we un-
derstand (u2, s1) to be the arc not containing the point u1, the proof is the
same). Since Gu has Gu

1 in its ω limit set, on Δ there will be a geodesic g̃u

congruent to gu, such that its endpoints ũ1 and ũ2 do not coincide with α
and u2 and belong to arbitrarily small neighborhoods of α and u2, respectively,
in the arc (u2, α) not containing the point u1, and such that the point τ∗(ũ1)
belongs to the arc (α, u1) not containing u2, and the point τ∗(ũ2) belongs

2The boundary is said to be accessible (from the interior) if any point x of the boundary can be
connected to any point of D by a path entirely contained in D ∪ {x}.



412 CHAPTER 7

to the arc (u2, s1) not containing u1. But then the geodesic ˜̃g1 with end-
points τ∗(ũ1), τ

∗(ũ2) is congruent to gu and intersects gu1 , which is impossible.
Let us now consider the set

Ωu = Gu ∪ q(ω(Su
w)) ∪ q(α(Su

w)).

Since Gu is a recurrent geodesic, Ωu = q(w(Su
w)) = q(α(Su

w)) and Ωu can
be partitioned into a continuum of nonintersecting recurrent geodesics which are
not closed and do not intersect themselves, and so that each is dense in Ωu.
We will show that there cannot be more than two geodesics with a common
endpoint on the absolute in Ω̃u = φ−1(Ωu). Suppose we could find three
geodesics gu1 , g

u
2 , g

u
3 ∈ Ω̃u having a common endpoint u0 on the absolute,

with gu2 belonging to the region in Δ bounded by the geodesics gu1 and gu3
and an arc on the absolute not containing the point u0. Since gu2 ⊂ Ω̃u and
since it has irrational endpoints, we can find a geodesic g̃u2 congruent to gu2 ,
such that its endpoints are separated by either the endpoints of gu1 or gu3 on the
absolute, which is impossible. We will next show that any geodesics lu ⊂ Ω

u

and lu ⊂ Ω
s

must have distinct boundary points on the absolute. Suppose
this is not true. Let us denote the common endpoint of lu and Is by σ and
denote the other endpoints of these geodesics by α and β. Consider the directed
segments from α to σ and from β to σ on lu and Is, respectively. There are
then two recurrent trajectories Su and Ss in the geodesic flow {St} on W such
that q(Su) = Lu and q(Ss) = Ls, where Lu = π(lu) ⊂ Ωu, Ls = φ(ls) ⊂ Ωs.

Since the closures S
s
, S

u
of the trajectories Ss, Su are distinct minimal

sets (because Ωs �= Ωu), no point w∗ ∈ S
u

can ever be a limit point of any
trajectory of S

s
. On the other hand, since we have assumed that σ is a common

endpoint of lu and Is, it follows from [81] (page 14) that for any sequence of
points wn ∈ Su such that lim

n→∞
w′

n = w∗, we can find a sequence w′
n ∈ Ss

such that lim
n→∞

w′
n = w∗, a contradiction. Furthermore, since Ωu and Ωs are

projections of minimal sets of the flow {St} to W , they must be connected and
perfect.

We will now show that Ωu is nowhere dense in M2 (the proof for Ωs is
similar). If Ωu did not have this property, because it can be partitioned into
a continuum of disjoint geodesics without self-intersections, none of which are
closed, and each of which is dense in Ωu, then Ωu would be open in M2.
Since Ωu is also closed in M2, this would give Ωu = M2, which is not
possible, since for M2 of genus p � 2 there is no such partition without
singularities [127], pp. 251–258.
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Let us prove the last item, that is the set of boundary geodesics for Ωu

is finite (the proof is similar for Ωs). According to [175] (Lemma 4 from
section 4) we can find a simple closed geodesic C such that C ∩ Ωu �= ∅.
From proved item 5 above the set K = C ∩Ωu is a Cantor perfect set, and any
boundary geodesic Lu ⊂ Ωu will pass through the endpoints of the contiguous
intervals of the set K .

Since M2 is an oriented manifold, we can speak of the positive and
negative sides of C. For any contiguous interval (αn, βn) of the set K , let us
denote the geodesics of Ωu passing through αn and βn by Lu

αn
and Lu

βn
.

Using the fact that the geodesics of Ωu are recurrent (statement from item 1
above), of the theorem which states that trajectories of the geodesic flow {St}
on W depend continuously on the initial conditions, and the properties of the
cover q : W → M2, we can see that there is only a finite set Σ of contiguous
intervals of K such that for any pair of geodesics Lu

α and Lu
β which pass

through the endpoints of the interval (α, β) ∈ Σ as we travel along Lu
α and Lu

β

in the direction of motion from the negative side of C to the positive side, or
the opposite direction, the next set of intersection points of Lu

α, Lu
β with C

will either consists of the endpoints of other distinct contiguous intervals of K ,
or of the endpoints of a single interval α′, β′ of K; in this latter case the
region Q ⊂ M2 bounded by the arcs (α, α′) ∈ Lu

α and (β, β′) ∈ Lu
β and the

intervals (α, β) and (α′, β′) ⊂ C is not homeomorphic to a disk.
Consider any boundary geodesic Lu ⊂ Ωu. We will show that it passes

through one endpoint of a contiguous interval of Σ. Assume the contrary.
Choose a direction along Lu and denote the set of all points where Lu in-
tersects C by {ξs} (s ∈ Z); thus, for any s ∈ Z , the arc (ξs, ξs+1) ⊂ Lu

will not have any points in common with C. For any ξs, let us denote by ηs
the point on C such that (ξs, ηs) is a contiguous interval of K , and let us
denote the boundary geodesic of Ωu which passes through ηs by Lu

ηs
. The

hypothesis asserts that for any s0 ∈ Z , the geodesic Lu
ηs

passes through the
points ηs0−1, ηs0+1 and that the regions Qs0+1, Qs0

⊂M2, which are bounded
by the corresponding contiguous intervals (ξs0 , ηs0 ), (ξs0+1, ηs0+1) and the
arcs (ξs0 , ξs0+1) ⊂ Lu, (ηs0 , ηs0+1) ⊂ Lu

ηs
0
, and also by the contiguous inter-

vals (ξs0 , ηs0), (ξs0−1, ηs0−1) and the arcs (ξs0 , ηs0 ) ⊂ Lu, (ξs0−1, ηs0−1) ⊂
⊂ Lu

ηs
0
, are homeomorphic to the disk. But then the geodesics Lu and Lu

ηs
0

bound the region Q =
∞⋃

s=−∞
Qs in M2 which is homeomorphic to the disk,

and this is impossible. This completes the proof. �
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Lemma 7.1 Suppose the homeomorphism τ∗ of the absolute is induced by the
automorphism τ of the group Γ. Let ũ1 and ũ2 (s̃1 and s̃2) be endpoints
of the geodesic lu ⊂ Ω

u
(ls ⊂ Ω

s
). Suppose that the geodesic l′u (l′s) has

endpoints τ∗(ũ1), τ
∗(ũ2) (τ∗(s̃1), τ

∗(s̃2). Then

1) l′u ⊂ Ω
u

(l′s ⊂ Ω
s
);

2) if lu (ls) is a preimage of a boundary geodesic of the set Ωu (Ωs),
then l′u (l′s) is also the preimage of a boundary geodesic of the
set Ωu (Ωs).

Proof. Let us show that (1) holds for l′u (the proof is similar for l′s). Since
the geodesic Gu = π(gu) is dense in Ωu and the geodesic Lu = π(lu) ⊂ Ωu,
we see that lu is the topological limit of the geodesics γn(g

u) (γn ∈ Γ, n =
= 1, 2, . . .), where the geodesic gu has endpoints u1 and u2, these being stable
fixed points of τ∗. Since τ∗ is an automorphism of Γ and u1, u2 are fixed points
of τ∗, we have τ∗(γn(ui)) = γ′

n(τ
∗(ui)) = γ′

n(ui) where γ′
n = τ(γn) ∈ Γ,

i = 1, 2. But then the geodesic l′u, which has τ∗(ũ1) and τ∗(ũ2) as endpoints
is the topological limit of the geodesics γ′

n(g
u). Thus, L′u = π(l′u) ⊂ Ωu.

Whence l′u ⊂ Ω
u
.

Statement (2) is proved in the same way. One should notice that, since lu

is the preimage of a boundary geodesic Lu of the set Ωu, the geodesics γn(g
u)

(which have topological limit lu) lie entirely on one side of lu. This completes
the proof. �

7.3. Strongly irrational transversal geodesic lamination

The main goal of this section is to investigate interrelations between the
geodesic laminations Ωu, Ωs.

Theorem 7.3 The set M2 \ Ωu (M2 \ Ωs) has the following properties:

1) the set M2\Ωu (M2\Ωs) is the union of ku (ks) disjoint regions Du
i (Ds

i ),
i = 1, . . . , ku (i = 1, . . . , ks) each of which is homeomorphic to the disk,
where 1 � ku(s) � 4(p− 1);

2) the boundary of Du
i (Ds

i ) which is accessible from the interior of Du
i (Ds

i )
consists of rui (rsi ) boundary geodesics belonging to Ωu (Ωs), where

i=ku
∑

i=1

rui = 4(p− 1) + 2ku

(
i=ks
∑

i=1

rsi = 4(p− 1) + 2ks

)

;
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3) let D
u

i (D
s

i ) be a lift of Du
i (Ds

i ) then the closer of D
u

i (D
s

i ) on Δ is

a convex r
u(s)
i -polygon whose sides are boundary geodesics of Ω

u
(Ω

s
);

4) the set Ωu (Ωs) is a strongly irrational geodesic lamination3.

Proof. We shall items of theorem only for Ωu (for Ωs cosideration is
similar). Since the set Ωu is closed, the set M2 \ Ωu is the union of disjoint
open connected components. By Theorem 7.2, the accessible boundary from
interior of the set M2 \ Ωu consists of finite number boundary geodesics (see
Definition 7.2). So the set M2 \ Ωu is the union of finite number ku � 1
disjoint open connected components:

M2 \ Ωu = Du
1 ∪ . . . ∪Du

ku .

Denote by ri the number of all boundary geodesics belonging to the accessible
from interior boundary of the component Du

i .
Let Lu ⊂ Ωu be a boundary geodesic belonging to the accessible boundary

from the interior of Du
i (i ∈ {1, . . . , ku}). Since the set of all boundary

geodesics of Ωu is finite, from item (2) of Lemma 7.1 we see that for any
lift lu ⊂ Δ of Lu with endpoints ũ1 and ũ2 on the absolute, we can find
an integer mi > 0 and an element βi ∈ Γ such that the geodesic l′u with
endpoints τ∗mi(ũ1) and τ∗mi(ũ2) will be congruent to lu using βi. Consider
the automorphism

Aγi
◦ τni = (A−1

βi
◦ τmi)2 where ni = 2mi, γi = β−1

i .

Then the points ũ1 and ũ2 are fixed for the induced homeomorphism τ∗i =
= γiτ

∗ni = (β−1
i τ∗mi)2 and have the same type (either both are sinks or

both are sources). If we suppose that types of fixed points ũ1 and ũ2 are
different then using the fact that Lu is recurrent, we can find a preimage l′u

with endpoints ũ′
1 and ũ′

2 sufficiently close to ũ1 and ũ2 accordingly and such
that the pair of points τ∗i (ũ

′
1), τ

∗
i (ũ

′
2) are separates the points ũ′

1 and ũ′
2 which

is impossible, since Theorem 7.2 guarantees that there are no self-intersections
in Lu. For the sake of definiteness let us suppose that ũ1 and ũ2 are sink
fixed points of τ∗i . It follows from the proof given above on the finite number
of boundary geodesics, that for every boundary geodesic Lu there is exactly
one boundary geodesic Lu

1 �= Lu such that Lu
1 is a part of the boundary of

3Let us recall that a strongly irrational geodesic lamination is an irreducible and weakly irrational
geodesic lamination.
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the region Du
i that is accessible from the interior and for any lift lu of Lu

there is a lift lu1 of the geodesic Lu
1 having a common boundary point with lu

on the absolute S∞. Let ũ1 be this common boundary point. Let us denote
the endpoint of lu1 different from ũ1 by σ̃1. By virtue of Lemma 7.1 and
assertion (2) of Theorem 7.2, we see that σ̃1 is a fixed point of τ∗i . Since ũ1 is
a sink fixed point of τ∗i , then σ̃1 is also a sink fixed point of τ∗i .

Furthermore, there is a lift lu2 of the boundary geodesic Lu
2 belonging to

the accessible (from the interior) boundary of Du
i , such that σ̃1 is an endpoint

of lu2 . Since there are rui boundary geodesics in the accessible boundary of Du
i ,

if we continue this process for rui steps, we will obtain a convex rui -gon D
u

i

whose vertices are stable fixed points of τ∗i .
Let us now show that any sink fixed point of τ∗i is one of the rui vertices

of D
u

i . Assume the contrary. Then there is a sink fixed point σ̃ of τ∗i which
is not one of these vertices and such that one of these vertices α̃ is the closest
sink fixed point to σ̃ on the absolute. Consider the geodesic l̃u having α̃ and σ̃
as its endpoints.

Let us denote the sides of the polygon D
u

i that have the vertex α̃ in
common by l̃′u and l̃′′u. Since l̃′u and l̃′′u come asymptotically close to one
another, and, by virtue of (1) of Theorem 7.2, the geodesic L̃u = π(l̃u) is recur-
rent and does not intersect itself. Similar to proof of item (2) of Theorem 7.2,
we get that l̃u ⊂ Ω

u
that is L̃u ⊂ Ωu. But then the point α̃ will be an endpoint

for three distinct geodesics, namely l̃′u, l̃′′u and l̃u, which contradicts (2) of
Theorem 7.2.

It follows from Theorem 7.2 (see also Proposition 7.2) that the rui -gon D
u

i

does not contain a pair of congruent points, and thus the interior D
u

i of the

rui -gon D
u

i is a one-fold cover of the region Du
i ; therefore Du

i is homeomorphic

to the disk and the set D
u

i ∩Δ is a one-fold cover of Du
i , together with boundary

geodesics accessible from the interior of Du
i .

Let us prove ku � 4(p−1) and
i=ku∑

i=1

ri = 4(p−1)+2ku, where ku � 1 is

the number of regions Du
i in M2. Since Du

i is homeomorphic to the disk, and
the accessible boundary of Du

i is the union of the boundary geodesics of Ωu,

we have rui � 3, whence 3ku �
i=ku∑

i=1

rui .

We will now construct a continuous foliation (A) on the union of Du
i with

singular points such that the boundary geodesics of Du
i are its leaves, and such
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that the foliation (A) has exactly ku singularities: there is one singularity Oi

in each region Du
i (i = 1, 2, . . . , ku). Since the region Du

i is homeomorphic

to the disk, and the closure D
u

i of its lift D
u

i in Δ is an rui -gon not containing
any pair of congruent points, this reduces to the problem of constructing such

a foliation in D
u

i for each (i = 1, 2, . . . , ku).

Fix an arbitrary point O
u

i in each D
u

i and connect O
u

i to the vertices of D
u

i

by subsegments of geodesics. This will decompose D
u

i into rui geodesic trian-

gles Δ
(i)

j (j = 1, . . . , rui ) with common vertex O
u

i . Furthermore, the interior

of every triangle Δ
(i)

j can be partitioned into disjoint smooth curves without
self-intersections, in such a way that each set of endpoints of the geodesics,

which will be two vertices of Δ
(i)

j , will belong to the absolute, and such that
the curves we have constructed, when taken together with the boundaries of

the triangles, will form a continuous foliation with singularities O
u

i in D
u

i . The
projection of leaves of this foliation gives the foliation (A) on on the union
of Du

i with singular points Ou
i = π(O

u

i ) (i = 1, 2, . . . , ku). Let us denote
the index of Ou

i by Iui . If we add to the foliation (A) all leaves of the lam-
ination Ωu we get the foliation on M2 which we denote by (Ã) possessing
by ku singularities Ou

i . From (3.11) we have Iui = 1 − 1
2r

u
i . Theorems 3.7

implies
i=ku∑

i=1

Iui = 2 − 2p. From this it follows that
i=ku∑

i=1

rui = 4(p− 1) + 2ku

and since 3ku �
i=ku∑

i=1

rui we see that ku � 4(p− 1).

According to Theorem 7.2 Ωu is a weakly irrational geodesic lamination.
Sense each component of M2 \Ωu is homeomorphic to the disk, Ωu is strongly
irrational geodesic lamination. Theorem 7.3 is proved. �

Theorem 7.4 Suppose the conditions of Theorem 7.3 hold. Then ku = ks = k.
Moreover, there are integers n > 0 and the unique decomposition of the set of
regions Du

1 , . . . , D
u
k ; Ds

1, . . . , D
s
k into pairs (Du

i , D
s
i ), i = 1, . . . , k, such

that:

a) given any pair (Du
i , D

s
i ), rui = rsi = ri and there is an ele-

ment γi ∈ Γ and pair lifts (D
u

i , D
s

i ) such that the (D
u

i , D
s

i ) is pair of ri-gons

so that D
u

i (D
s

i ) has vertices which are sink (source) fixed points of τ̃∗i induced
by the automorphism τ̃i = Aγi

◦ τn;
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b) the vertices of D
u

i and D
s

i coincide with the set of all fixed points
of τ∗i ;

c) the geodesic laminations Ωu, Ωs are transversal.

Proof. Let us keep the notations of Theorem 7.3 and set n =
i=k∏

i=1

ni.Take

any Du
i i ∈ {1, . . . , ku} and consider a lift D

u

i . The vertices of the rui -gon D
u

i

are sink fixed points of the homeomorphism τ̃∗i = γiτ
∗n of the absolute which

is induced by the automorphism Aγi
◦ τn; furthermore, the homeomorphism τ̃∗i

has no any other sink fixed points. Let us denote by D
s

i the closed rsi -gon
whose sides are the closure of geodesics having as end points the adjacent
source fixed points of τ̃∗i . Since the sinks and sources fixed points of τ̃∗i appear
alternatively on S∞, rsi = rui = ri.

We will now show that the geodesics which form the sides of the ri-gon D
s

i

belong to Ω
s
. Consider any geodesic ls which is a side of D

s

i with endpoints s̃1
and s̃2. Since D

u

i ∩D
s

i �= ∅, we can find a geodesic lu which is one of the sides

of D
u

i , such that lu∩ ls �= ∅. We will denote the endpoints of lu by ũ1 and ũ2,
so that if we execute a positive circuit of the absolute (i. e., counterclockwise),
we encounter the points in the following order: ũ1, s̃2, ũ2, s̃1.

Take any geodesics gu ⊂ Ω
u

and gs ⊂ Ω
s

which have a nonempty in-
tersection. As they are lifts of nontrivially recurrent geodesics, we can find
some g̃s congruent to gs such that g̃s ∩ lu �= ∅ and the endpoints σ̃1, σ̃2 of the
geodesic g̃s belong to the arcs (s̃1, ũ1) and (ũ1, s̃2) respectively. Since ũ1, ũ2

and s̃1, s̃2 are respectively sink and source fixed point with respect to τ∗i , the
geodesic ls is the topological limit of the congruent geodesics g̃sk whose end-
points are τ∗−k

i (σ̃1), τ
∗−k
i (σ̃2), whence we see that ls ⊂ Ω

s
. Thus all sides

of ri-gon D
s

i belong to Ω
s
. Similraly D

u

i one can prove that the ri-gon D
s

i

does not contain of congruent points. Therefore the projection π(D
s

i ) is home-
omorphic to the disk, denoted by Ds

i . Clearly the correspondence between the
domains Du

i and Ds
i is one to one. Hence ku = ks = k. Thus we get the

unique decomposition of connected components from M2 \ Ωu and M2 \ Ωs

into pairs (Du
i , D

s
i ), i = 1, . . . , k. As we already proved above the vertices

of the ri-gons D
u

i , D
s

i are, in fact, all the sink and source fixed points of τ̃∗i .
There are geodesics gu ⊂ Ωu, gs ⊂ Ωs with nonempty transversal intersec-
tion. Since Ωu, Ωs are minimal geodesic laminations, they are are transversal
geodesic laminations. �
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Corollary 7.1 Let γ ∈ Γ and n ∈ Z be such that the homeomorphism τ̃∗

induced by Aγ ◦τn has no less than four fixed points. Then the geodesic lu (ls)
with endpoints which are two adjacent sink (source) fixed points of τ̃∗ belongs
to Ω

u
(Ω

s
).

Proof. We will show that lu ⊂ Ω
u

(the proof for ls is analogous). Let
us denote the endpoints of lu by ũ1, ũ2, and the source fixed points of τ̃∗

by s1, s2, in such a way that we encounter these points in the order s̃1, ũ1, s̃2,
ũ2 in a counterclockwise circuit of the absolute, and such that the arc (s̃2, ũ1)

containing ũ2, s̃1 dose not contain any other fixed points of τ̃∗. Let l̃s be the
geodesic having s1 and s2 as its endpoints and write x0 = lu ∩ l̃s. Let l̃s+ be

the ray of l̃s with initial point x0 and endpoint s̃2.
Let us show that l̃s+ ∩ Ω

u �= ∅ and l̃s+ � Ω
u
. Suppose the contrary. Then

either l̃s+ ∩ Ω
u
= ∅ or l̃s+ ⊂ Ω

u
.

In the first case, l̃s+ ∩Ω
u
= ∅, the geodesic l̃s belongs to some lift D

u

i of
the Du

i , and then the point s̃2 will be an endpoint for some geodesic lu∗ ⊂ Ω
u

belonging to the boundary of the region D
u

i . It follows from item 1 of
Theorem 7.2 that the image L̃s = π(ls) is a nontrivially recurrent geodesic.
Since s̃2 is the common endpoint of the geodesics l̃s and lu∗ then L̃s ⊂ Ωu,
which cannot occur.

In the second case, when l̃s+ ⊂ Ω
u
, we get contradiction with fact that s̃2

is a source fixed point of τ̃∗.
Therefore we can find a geodesic l̃u ⊂ Ω

u
such that l̃u ∩ l̃s+ �= ∅. Let

us denote the endpoints of l̃u by σ̃1 and σ̃2. Since the pair σ̃1, σ̃2 separates
the pair s̃1, s̃2, and since the arc (ũ1, ũ2) not containing s̃1 contains only
a single unstable point of τ̃∗ (namely, s̃2), it follows that l̃u is the topolog-
ical limit as k → ∞ of the geodesics l̃uk with endpoints τ̃∗k(σ̃1), τ̃∗k(σ̃2).
According Lemma 7.1 l̃uk ⊂ Ω

u
for every k. Since Ωu is a closed set, we

have l̃u ⊂ Ω
u
. �

Lemma 7.2 The set Ωu (Ωs) has Lebesgue measure zero in M2.

Proof. Denote by κ the constant negative curvature of M2. It follows from
the Gauss –Bonnet formula [4], that area Si of Du

i (Ds
i ) equals to Si =

π
κ (2−

− ri), and the area SM2 of the manifold M2 is 4π
κ (1 − p). Since Du

i ∩Du
j =

= ∅ (and Ds
i ∩ Ds

j = ∅ (i �= j), the area S of all the polygons Du
i (Ds

i )
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(i = 1, . . . , k) is equal to:

S =

i=k∑

i=1

Si = −
π

κ

(
i=k∑

i=1

ri − 2k

)

It follows from Theorem 7.3,
i=k∑

i=1

ri = 4(p−1)+2k, whence S = SM and there-

fore the set Ωu (Ωs) has Lebesgue measure zero. The statement is proved. �

Corollary 7.2 Let [α, β] be any closed arc which belongs to geodesic Lu ⊂
⊂ Ωu (Ls ⊂ Ωs). Then the set [α, β]∩Ωs ([α, β]∩Ωu) has Lebesgue measure
zero in the inner metric on [α, β].

The proof follows from Lemma 7.2 and Theorem 7.3, and the fact
that Ωu (Ωs) has the local structure of a direct product of the Cantor set and an
interval.

7.4. Hyperbolic homeomorphisms induced by hyperbolic
automorphisms

We keep the notation of previous Sections 7.2, 7.3. Set Ω0 = Ωu ∩ Ωs,
Ω0 = Ω

u ∩ Ω
s
. It follows from Theorem 7.3 that the set Ω0 is non empty,

perfect and nowhere dense in M2. Moreover, given point x ∈ Ω0 there are
exactly two geodesics Lu

x ⊂ Ωu, Ls
x ⊂ Ωs passing through x such that:

Lu
x ∩ Ls

x = Ω0.

Take τ to be a hyperbolic automorphism the group Γ (see Definition 7.1).
Let x be any point of Ω0, and let lux and lsx be the geodesics of Ω

u
and Ω

s
pass-

ing through x. The homeomorphism τ∗ induced by τ maps the endpoints ũ1, ũ2

and s̃1, s̃2 of lux , l
s
x to ũ′

1, ũ′
2, s̃′1, s̃′2. Since the ũ1, ũ2 separate the s̃1, s̃2,

then ũ′
1, ũ

′
2 will separate s̃′1, s̃′2. Therefore, the geodesics l′u, l′s with end-

points ũ′
1, ũ

′
2 and s̃′1, s̃

′
2 will intersect at a point y. Let us denote this corre-

spondence between the initial point x and the point y by f0.

Lemma 7.3 The map f0 is a homeomorphism Ω0 → Ω0 satisfying the condi-
tion

f0 ◦ γ = τ(γ) ◦ f0, γ ∈ Γ.

Proof follows from the definition of the set Ω0 and Lemma 7.1. �
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Corollary 7.3 There is the homeomorphism the f0 : Ω0 → Ω0 such
that π ◦ f0 = f0 ◦ π.

The first aim of this section is to prove that homeomorphism f0 : Ω0 → Ω0

satisfies to axiom A∗ (whose definition we will recall below). The second one
is to extend the homeomorphism f0 to a homeomorphism f : M2 → M2 such
way that the restriction f |M2\Ω0

has finite number of periodic points.
Let X be a compact metric space with a metric d, f : X → X a homeo-

morphism. For x ∈ X and δ > 0, let us write

W s
δ (x) = {y ∈ X | d(fn(x), fn(y)) � δ, n � 0}, (7.7)

Wu
δ (x) = {y ∈ X | d(f−n(x), f−n(y)) � δ, n � 0}.

Definition 7.3 One says that a homeomorphism f : X → X satisfies to Ax-
iom A∗ if :

1) the set of periodic points of f is dense in the nonwandering set NW (f);
2) there are λ (0 < λ < 1), C > 0, ε > 0, γ > 0, and n0 � 0 such that for

any x ∈ NW (f) the following conditions hold:

• if y, z ∈W s
γ (x), then d(fn(y), fn(z)) � Cλnd(y, z), n � n0;

• if y, z ∈Wu
γ (x), then d(f−n(y), f−n(z)) � Cλnd(y, z), n � n0;

• if d(x, y) � ε, then W s
γ (x) ∩Wu

γ (y) consists of a single point denoted
by [x, y] which belongs to NW (f);
• the map (x, y) → [x, y] is continuous where (x, y) ∈ NW (f) ×
×NW (f) and d(x, y) � ε.

A homeomorphism which satisfies Axiom A∗ is called an A∗-homeomorphism.

Theorem 7.5 The homeomorphism f0 : Ω0 → Ω0 satisfies to Axiom A∗.

The proof of this theorem will be follow from the series of statements
below.

For x ∈ Ω0, let us denote Lu
x and Ls

x the geodesics from Ωu and Ωs

respectively passing through the point x. For δ > 0, set

Ls
x,δ = {y ∈ Ls

x | ρ(x, y) � δ},
Lu
x,δ = {y ∈ Lu

x | ρ(x, y) � δ}.

where ρ(x, y) is the distance between x and y in the inner metric
on Ls

x (Lu
x).
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Definition 7.1 A periodic point p of f0 : Ω0 → Ω0 is said to be a boundary
periodic point of the set Ω0 if there is a δ > 0 such that exactly one of
the connected components of each set from Lu

p,δ \ {p}, Ls
p,δ \ {p} does not

intersect Ω0. A non boundary periodic point of the homeomorphism f0 is
called interior.

Lemma 7.4 Every boundary periodic point p of Ω0 belongs to the intersection
of the boundary geodesics Lu

p ⊂ Ωu, Ls
p ⊂ Ωs. Moreover on every a boundary

geodesic of Ωu (Ωs) there are exactly two boundary periodic points of Ω0 and
no other periodic points of f0.

Proof follows from the construction of f0 and Theorem 7.3. �

Remark 7.1 Let p be the preimage of the interior periodic point p of pe-
riod n of the set Ω0, and let f0,n : Ω0 → Ω0 be the homeomorphism which
covers fn

0 : Ω0 → Ω0. The definition of f0 implies that the endpoints of
the geodesics lup ⊂ Ω

u
and lsp ⊂ Ω

s
which pass through p are fixed points

of τ ′∗ = γτ∗2n for some γ ∈ Γ. It follows from Theorem 7.3, that the
homeomorphism τ ′∗ has no other fixed points on the absolute. There-
fore p is the only periodic point of f0 on Lu

p ⊂ Ωu (Ls
p ⊂ Ωs). Thus,

every interior periodic point p of Ω0 lies in the intersection of the interior
geodesics Lu

p ⊂ Ωu and Ls
p ⊂ Ωs, and on every interior geodesic of Ωu (Ωs)

there is at most one interior periodic point of Ω0 and no other periodic points
of f0.

Lemma 7.5 There are real numbers K , C̃ > 0, and λ (0 < λ < 1) such that
for any arc [a, b] ⊂ Lu ⊂ Ωu, a, b ∈ Ω0, ρ(a, b) > K , we have

ρ(fn
0 (a), f

n
0 (b)) >

C̃

λn
ρ(a, b) for all n � 0.

Proof. Let p ∈ Ω0 be a periodic point, let r0 � 1 be its period (f r0
0 (p) =

= p), and let Lu
p and Ls

p be geodesics of Ωu and Ωs passing through p.
Consider any lift p ∈ Δ of p, and any geodesics lup , lsp passing through p. Then

for r = 2r0 there is a homeomorphism f0,r : Ω0 → Ω0 covering f r
0 : Ω0 → Ω0

and such that f0,r(p) = p and the endpoints of lup , lsp are fixed points of the

homeomorphism τ ′∗, induced by f0,r.
Consider the endpoints σu, σs of the geodesics lup , lsp such that on one

of the arcs (σu, σs) having endpoints of σu and σs there are no fixed points
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of τ ′∗. Let q ∈ Ω0 be any point in (p, σs) ⊂ lsp. For any x ∈ [p, q] ∩ Ω
u

we will denote by lu+x the connected component on the set lux \ {x} (lux ⊂ Ω
u
)

such that the endpoint σu
x of this component belongs to the arc [σu, σs) of the

absolute.
For any such point x, let us denote by l̃s(x) the geodesic congruent to lsp

such that l̃s(x) ∩ lu+x �= ∅, and such that the point y satisfies y = l̃s(x) ∩
∩ lu+x ∈ [γ(p), γ(q)] ⊂ l̃s(x) for some γ ∈ Γ and the arc [x, y] ⊂ lu+x does
not contain any points congruent to any point of [p, q]. Furthermore, let us
write S =

⋃

x∈[p, q]

l̃s(x).

For x1 �= x2, x1, x2 ∈ [p, q] ∩ Ω
u
, the geodesics l̃s(x1) and l̃s(x2) will

either coincide or will not intersect. Since the geodesics lux ⊂ Ωu depend
on x ∈ [p, q] in a continuous fashion, we see that the set S consists of a finite
number l̃s1, . . . , l̃

s
k of disjoint geodesics, congruent to lsp. Define

Δi = {x ∈ [p, q] ∩ Ω
u | lu+x ∩ l̃si �= ∅} (i = 1, 2, . . . , k).

Each set Δi = [αi, βi] ∩ Ω
u

where α1 = p, βk = q, [αi, βi] ⊂ lsp. Let

us write α̃i = lu+αi
∩ l̃si , β̃i = lu+βi

∩ l̃si and denote by Pi the quadrangle of

geodesics with sides [αi, βi], [α̃i, β̃i], [αi, α̃i], [βi, β̃i]. By construction, the

set π

(
k⋃

i=1

Pi ∩ Ω
u
)

coincides with Ωu. On the Figure 7.1, it is shown the

set
k⋃

i=1

Pi ∩Ω
u ⊂ Δ.

Let us denote the maximal distance between [αi, βi] and [α̃i, β̃i] by di,
and denote max

1�i�k
di by d∗. Consider a neighborhood U(σu) of σu, chosen

to be small enough (“small” in the Euclidean sense) so that the non-Euclidean
distance from any point z ∈ U(σu) ∩Δ to any point x ∈ [p, q] ∩ Ω

u
will be

larger than 2d∗.
Now σu and σs are (respectively) sink and source fixed points of τ ′∗ and

there are no fixed points of τ ′∗ in (σu, σs). Hence we see that because of
the way we have constructed f0,r, for any point w in Ω0 in the union of the
region Q in Δ (which is bounded by the arcs [p, σu) ⊂ lup , [p, σs) ⊂ lsp, and

the arc [σu, σs] on the absolute) with the arc (p, σu], we have f
n

0,r(w) → σu

for n→ +∞.
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Figure 7.1. Fundamental set on Ω
u

Fix a geodesic l̃s ⊂ Ω
s

such that l̃s ∩ lup �= ∅ and l̃s ⊂ U(σu); denote

the endpoints of the geodesic l̃s on the absolute by μ and ν, and denote the
region in U(σu) bounded by l̃s and the arc [μ, ν] containing σu by V (σu), see
Fig. 7.1.

Choose an integer k0 > 1 such that f
k0

0,r(α̃i), f
k0

0,r(β̃i) ∈ V (σu) (i =

= 1, 2, . . . , k). Then the definition of V (σu) implies that ρ(f
k0

0,r(x), f
k0

0,r(y)) >

> 2d∗, where x ∈ Δi (i = 1, 2, . . . , k), y = lu+x ∩ [α̃i, β̃i]. Set

λ0(x) =
ρ(x, y)

ρ(f
k0

0,r(x), f
k0

0,r(y))

Since 0 < ρ(x, y) � d∗ and ρ(f
k0

0,r(x), f
k0

0,r(y)) > 2d∗, we have 0 < λ0(x) �
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� 1
2 . Let λ0 = max

x∈
i=k⋃

i=1

Δi

λ0(x). Then 0 < λ0 < 1 and

ρ(f
k0

0,r(x), f
k0

0,r(y)) =
ρ(x, y)

λ0(x)
>

ρ(x, y)

λ0

.

Put m = k0r. Since the homeomorphism f
k0

0,r is a lift of fm
0 , the inequality

above can be written for M2 as follows

ρ(fm
0 (x), fm

0 (y)) >
ρ(x, y)

λ0

,

where x, y ∈ [p, q] ∩ Ωu, (x, y) ∩ [p, q] = ∅, [p, q] = π([p, q]), (x, y) ⊂
⊂ Lu

x ⊂ Ωu.

Let l � 1 be an arbitrary integer, and let al = f
(l−1)m
0 (x), bl =

= f
(l−1)m
0 (y). Because of the way we have constructed fm

0 , the arc [al, bl] can

be written as a finite union of arcs [al, bl] =
sl⋃

i=1

[x
(l)
i , x

(l)
i+1] such that:

• (x
(l)
i , x

(l)
i+1) ∈ Lu

al
;

• (x
(l)
i , x

(l)
i+1) ∩ (x

(l)
j , x

(l)
j+1) = ∅, if i �= j;

• x
(l)
1 = al, xsl+1 = bl;

• x
(l)
i ∈ [p, q] ∩ Ωu for any i ∈ {1, 2, . . . , sl + 1};

• (x
(l)
i , x

(l)
i+1) ∩ [p, q] = ∅.

Therefore,

ρ(f lm
0 (x), f lm

0 (y)) = ρ(fm
0 (al), f

m
0 (bl)) =

sl∑

i=1

ρ(fm
0 (x

(l)
i ), fm

0 (x
(l)
i+1)) >

>
1

λ0

sl∑

i=1

ρ(x
(l)
i x

(l)
i+1) =

1

λ0

ρ(al, bl) =
1

λ0

ρ(f
(l−1)m
0 (x), f

(l−1)m
0 (y))

By induction, one gets

ρ(f lm
0 (x), f lm

0 (y)) >
1

λl
0

ρ(x, y) =
1

λlm
ρ(x, y),
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where λ = (λ0)
1/m. Given any integer n � 1, there are integers kn � 0 and sn

such that n = knm+ sn, 0 � sn � m− 1. For all points x′, y′ ∈ [p, q] ∩ Ωu,
(x′, y′)∩ [p, q] = ∅, (x′, y′) ⊂ Lu

x′ ⊂ Ωu, and for all s = 0, 1, . . . , m− 1, set

C0 = min

{
ρ(f s

0 (x
′), f s

0 (y
′))

ρ(f0(x
′), f0(y

′))

}
, C1 = C0λ

m−1.

Since λ−knm > λm−n−1 and ρ(f
knm
0 (x), f

knm
0 (y)) > λ−knmρ(x, y) for all

pairs of points x, y ∈ [p, q] ∩ Ωu, (x, y) ⊂ Lu
x ⊂ Ωu, (x, y) ∩ (p, q) = ∅, we

have the following estimates

ρ(fn
0 (x), f

n
0 (y)) = ρ(f

sn
0 (f

knm
0 (x)), f

sn
0 (f

knm
0 (y))) >

> C0ρ(f
knm
0 (x), f

knm
0 (y)) > C0λ

−knmρ(x, y) >

> C0λ
m−n−1ρ(x, y) = C1λ

−nρ(x, y).

Let us now write K = 4d∗, C̃ = 1
2C1, and consider the arc

[a, b] ⊂ Lu ⊂ Ωu, a, b ∈ Ω0; ρ(a, b) > K.

Since [a, b] ⊂ π

(
k⋃

i=1

(Pi ∩ Ω
u
)

)
= Ωu, there are points x, y ∈ [a, b] such

that the arc [x, y] ⊂ [a, b] is the union of a finite number of arcs [xi, xi+1]
(i = 1, 2, . . . , l) with properties:

• (xi, xi+1) ⊂ Lu;
• (xi, xi+1) ∩ (xj , xj+1) = ∅ (i �= j);
• xi, xi+1 ∈ [p, q], (xi, xi+1) ∩ [p, q] = ∅;
• ρ(a, x1) � d∗, ρ(xl+1, b) � d∗.

Therefore

ρ(fn
0 (a), f

n
0 (b)) = ρ(fn

0 (a), f
n
0 (x1)) + ρ(fn

0 (xl+1), f
n
0 (b))+

+

l∑

i=1

ρ(fn
0 (xi), f

n
0 (xi+1)) > C1λ

−n
l∑

i=1

ρ(xi, xi+1) =

= C1λ
−nρ(x1, xl+1) = C1λ

−n(ρ(a, b)− ρ(a, x1)− ρ(xl+1, b)) >

> C1λ
−n(ρ(a, b)− 2d∗) > C̃λ−nρ(a, b).

The lemma is proved. �



7.4. HYPERBOLIC HOMEOMORPHISMS 427

Let d the distance in a metric of constant negative curvature κ = −1
on M2.

Lemma 7.6 There are integer n0 � 1 and real numbers C > 0, γ̃ > 0,
0 < λ < 1 such that for any arc [α, β] ⊂ Ls ⊂ Ωs with α, β ∈ Ω0,
d(α, β) � γ̃, the following condition holds:

d(fn
0 (α), f

n
0 (β)) � Cλnd(α, β), n � n0.

Proof. Since Ωs is geodesic lamination, there is a γ0 > 0 such that for any
arc [α, β] of a geodesic of Ωs with d(α, β) � γ0, we have d(α, β) = ρ(α, β),
where ρ is the interior metric of the given geodesic containing [α, β].

Let Du be any connected component of the set M2 \ Ωu. Choose an
integer m > 0 such that all boundary periodic points of fm

0 : Ω0 → Ω0 are
fixed. According Theorem 7.4 there are a connected component Ds of M2 \Ωs

and an element β ∈ Γ such that the closures D
u

and D
s

of the lifts D
u

and D
s ⊂ Δ of Du and Ds are convex r-gons whose vertices are the sink and

source fixed points of τ ′∗ = βτ∗m, induced by Aβτ
m.

Let σu be any vertex of the r-gon D
u
, and let lu1 and lu2 be the sides

of this polygon having σu as an endpoint. Let us denote by σs
1 and σs

2 the

vertices of D
s

which have the property that the arc between them containing

the point σu will not contain any other vertices of D
s
.

Let ls∗ be the edge of D
s

containing σs
1 and σs

2, and let p1, p2 be the
intersection points of ls∗ with lu1 and lu2 , respectively.

Consider any geodesic l̃s∗ ⊂ Ω
s

such that l̃s∗ intersects the arc (p1, σ
u) ⊂ lu1

at a point a such that the geodesic passing through a and orthogonal to lu1
intersects lu2 at b

′
. Since l̃s∗∩ls∗ = ∅, then l̃s∗ must intersect the arc (p2, σ

u) ⊂ lu2
at the point b. Let Πσu denote the geodesic quadrangle with vertices p1, a, b,
and p2, and let Dσu be the distance between the arcs [p1, a] and [p2, b]. If
we now carry out this construction for all connected components {Du} and all

vertices of {D
u
} we will obtain a finite collection of quadrangles {Πσu}. Let

us denote the maximum value of the Dσu by D, and write γ1 = min{γ0, D}.
Consider any arc [α, β] ⊂ Ls ⊂ Ωs such that α, β ∈ Ω0, d(α, β) � γ1.

Two cases are possible:

1) (α, β) ∩ Ω0 = ∅;
2) (α, β) ∩ Ω0 �= ∅.
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In case 1, we see that (α, β) must belong to one of the connected components of
the set M2 \Ωu. Without loss of generality we may suppose that (α, β) ⊂ Du

and that α, β lie on the boundary geodesics Lu, L′u ⊂ Ωu accessible from the
interior of Du, and with Lu = π(lu1 ), L

′u = π(lu2 ). Since d(α, β) � D, we can
find a lift [α, β] of the arc [α, β] such that α ∈ [α, σu) ⊂ lu1 , β ∈ [β, σu) ⊂ lu2 ,
and [α, β] ⊂ lsα ⊂ Ωs, where lsα is a lift of Ls passing through the point α.

Let us construct the perpendicular to lu1 at α. Let β
′

be the point of
intersection of this perpendicular with lu2 . Let d∗, d, Δ∗, Δ be, respectively,
the distances between the points a, b

′
; α, β

′
; a, b; α, β and q be the distance

between the points a and α. Consider quadrangle G with the vertexes α, β
′
,

b
′
, a, and denote by μ the angle at the vertex β

′
and ν the angle at the vertex b

′
.

Let us notice that μ = π −Π(d) and ν = Π(d∗) where Π(d), Π(d∗) are angles

of parallelism at the points β
′
, b

′
respectively.

As the curvature κ of M2 is equal to −1, then applying to quadrangle G
the first formula XXV from [169] (page 33) we get:

cosμ = − cosh q cos ν + sinh q sin ν sinh d∗.

It follows from the known formulas cosΠ(μ) = tanh d, sinΠ(ν) = 1
cosh d

that

− tanhd = − cosh q tanh d∗ + sinh q
1

coshd∗
sinh d∗,

− tanhd = − cosh q tanh d∗ + sinh q tanh d∗,

− tanhd = tanh d∗(− cosh q + sinh q),

tanh d = e−q tanh d∗.

Since 0 � d � d∗, there are constants C0, C1 such that

d = Qe−qd∗,

where C0 � Q � C1 and C0, C1 depend on d∗. Let us show that there is
a constant S such that

Δ = Se−qΔ∗.

Applying the law of sines to the triangle αββ
′
, we get

sinhΔ

sinB′ =
sinh d

sinB
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where B, B′ are the angles at the vertices β and β
′
. Hence

sinhΔ � sinh d

sinB
.

Since Ω0 is compact there is a constant R > 0 such that R sinB � 1 and
therefore sinhΔ � R sinh d. Since 0 � d � d∗, there is a constant R1 > 0
such that

Δ � R1d.

Let us show that there is a constant R0 such that

R0d � Δ.

Applying once more the law of sines to the triangle αββ
′
, we get

d � sinh d =
sinhΔ sinB

sinB′ , sinhΔ � sinhΔ

sinB′ .

Since either B′ or π −B′ is the angle of parallelism for the segment d,

sinB′ =
1

coshd
.

Hence
d � coshd sinhΔ.

Since 0 � d � d∗, 0 � Δ � R1d � R1d∗, there is a constant R0 > 0 such
that R0d � Δ. But then Δ = Pd where R0 � P � R1. Thus we have Δ =
= Se−qΔ∗ where T0 � S � T1, T0 = R0C0d∗Δ

−1
∗ , T1 = R1C1d∗Δ

−1
∗

(Figure 7.2).
Let f0,m cover fm

0 and induce τ ′∗ = βτ∗m. For any k � 0 let us

write Δkm for the distance between the points αk,m = f
k

0,m(α), and βk,m =

= f
k

0,m(β), and write qkm for the distance between the points a and αkm.
Then Δkm = Skme−qkmΔ∗, where T0 � Skm � T1. Hence,

Δkm = SkmS−1e−q(
qkm

q −1)Δ = S′
kme−q(

qkm
q −1)Δ

where S′
km = SkmS−1 ∈ [T ′

0, T
′
1], T

′
0 = T0T

−1
1 , T ′

1 = T ′−1
0 .

Let ω be the distance between the point a and p1. If we take ω > K
where K is defined as in Lemma 7.5, then we find from Lemma 7.5 that there
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Figure 7.2. Exponential contraction

are a constant C̃ > 0, and some λ, 0 < λ < 1, such that for any k � 0 we have
the following estimate:

ω + qkm � C̃λ−km(ω + q).

But then there is a k0 � 0 such that for all k � k0 we have C̃λ−km > 1 and
thus qkm > C̃λ−kmq.
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It follows that there is constant G > 0 such that for k � k0

Δkm � GλkmΔ.

Indeed, Δkm = S′
kme−qkm+qΔ = S̃′

kme−qkmΔ, where S̃′
km = eqS′

km.
Without lost of generality we can suggest that for k � k0 and some con-
stant A > 0 we have from above

qkm > C̃λ−kmq = C̃′ 1

λ
> lnA+ km ln

1

λ
,

where C̃′ = qC′.
Then

−qkm < − lnA− km ln
1

λkm
, ln e−qmn < ln

λkm

A
, e−qmn < Gλkm,

where G = 1
A .

Moreover, for k � k0 we obtain

Δkm = S′
kme−q((qkm/q)−1)Δ < T ′

1(e
−q)C̃λ−km−1Δ <

< T−1
0 T 2

1Δ∗(T
−1
0 Δ−1

∗ Δ)C̃λ−km

.

This estimate also shows that f0 cannot be extended to a diffeomorphism
on M2.4

Let Δσu be the geodesic triangle with vertices a, σu, b and denote

by Δi
σu (i = 0, 2, . . . , m− 1) the geodesic triangle with vertices a(i), σu

i , b
(i)

,

where a(i) = f
i

0(a), b
(i)

= f
i

0(b), and σu
i = (τ ′∗)i(σu). Let lu1i and lu2i be

geodesics of Ω
u

passing through the points a(i) and b
(i)

, respectively, and hav-

ing σu
i as their common endpoint. Let α(i), β

(i)
, α(i)

km, β
(i)

km, p(i)1 , p(i)2 be the im-

ages of the points α, β, αkm, βkm, p1, p2 under f
i

0 and let ω(i), q(i), q(i)km be the

distances between the following pairs of points: p(i)1 , a(i); a(i), α(i); a(i), α(i)
km.

Denote by b
′(i), β

′(i) the point of intersections lu2i with perpendiculars to lu1i
at the points a(i), α(i) respectively and by d

(i)
∗ , d(i) the distances between

pairs a(i), b
′(i); α(i), β

′(i). Let us also denote by Δ
(i)
∗ , Δ(i), Δ(i)

km the distances

between the pairs a(i), b
(i)

; α(i), β
(i)

; α(i)
km, β

(i)

km.

4The authors thank V. S. Afraimovich for calling their attention to this fact.
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From Lemma 7.5 we see that q
(i)
km > C̃λ−iqkm for every i � 0

and qkm � K . As e−qkm = S−1
kmΔ−1

k Δkm � T−1
0 Δ−1

∗ Δkm for k � 0

and Δkm < T−1
0 T 2

1Δ∗(T
−1
0 Δ−1

∗ Δ)C̃λ−km

for k � k0, then for k � k0 we
get

e−qkm < T−1
0 T 2(T−1

0 Δ−1
∗ Δ)C̃λ−km

.

Repeating this same set of inferences for Δ
(i)
km, we can find con-

stants T
(i)
0 and T

(i)
1 such that for all k � 0 we have Δ

(i)
km = S

(i)
kme−q

(i)
kmΔ

(i)
∗ ,

where T
(i)
0 < S

(i)
km � T

(i)
1 . Take Δ sufficiently small so that T−1

0 Δ−1
∗ Δ < e−1,

and choose k∗0 > k0 > 0 so that for all k � k∗0 , 0 � i � m− 1 we have

C̃2λ−(km+i) > 1.

Then
(T−1

0 Δ−1
∗ Δ)C̃

2λ−(km+i)

< C̃2T−1
0 Δ−1

∗ λkm+iΔ.

It follows

Δ
(i)
km < T

(i)
1 exp(−q(i)km)Δ

(i)
∗ < T

(i)
1 exp(−C̃λ−1qkm)Δ

(i)
∗ <

< T
(i)
1 exp(−λ−1C̃2λ−kmq)Δ

(i)
∗ = T

(i)
1 (e−q)λ

−iC̃2λ−km

Δ
(i)
∗ =

= T
(i)
1 (ΔS−1Δ−1

∗ )C̃
2λ−(km+i)

Δi
∗ < T

(i)
1 (ΔT−1

0 Δ−1
∗ )C̃

2λ−(km+i)

Δi
∗ <

< T
(i)
1 T−1

0 Δ−1
∗ C̃−2Δ

(i)
∗ λkm+iΔ < Cλkm+iΔ

where C = max
0�i�m−1

{C̃−2T−1
0 T

(i)
1 Δ

(i)
∗ Δ−1

∗ }.

Let us write γ̃ = min{γ1, T0Δ∗e
−1} and n0 = (k0 + 1)m− 1. Since we

can write any integer n > 0 in the form n = km+ i, k � 0, 0 � i � m− 1 and

since the homeomorphism f
(i)

0 f
k

0,m : Ω0 → Ω0 covers fkm+i
0 = fn

0 : Ω0 → Ω0,
then from the preceding discussion we see that for any arc [α, β] ⊂ Ls ⊂ Ωs

such that d(α, β) < γ̃, α, β ∈ Ω0 and (α, β) ∩ Ω0 = ∅ for all n � n0, we
have

d(fn
0 (α), f

n
0 (β)) � Cλnd(α, β).

In case (2), when (α, β) ∩ Ω0 �= ∅, it follows from Lemma 7.2 and
Corollary 7.2 that the set K0 = [α, β] ∩ Ωn is a Cantor set of Lebesgue
measure zero, so that

K0 = [α, β]−
∞⋃

i=1

(αi, βi)
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where (αi, βi) (i = 1, 2, . . .) are contiguous intervals in K0 and

d(α, β) =

∞∑

i=1

d(αi, βi), d(fn
0 (α), f

n
0 (β)) =

∞∑

i=1

d(fn
0 (αi), f

n
0 (βi)).

From case 1, we obtain

d(fn
0 (α), f

n
0 (β)) �

∞∑

i=1

d(fn
0 (αi), f

n
0 (βi)) �

� Cλn
∞∑

i=1

d(αi, βi) = Cλnd(α, β)

for n � n0. The Lemma is proved. �

Remark 7.2 If we replace f0 by f−1
0 and follow the steps in the proof of

Lemma 7.6, we obtain the following inequality for any arc [α, β] ⊂ Lu ⊂ Ωu

with α, β ∈ Ω0, d(α, β) � γ̃

d(f−n
0 (α), f−n

0 (β)) � Cλnd(α, β), n � n0.

Lemma 7.7 There are constants γ, γ′ > 0 (γ′ < γ) such that for any x ∈ Ω0

one holds
Ls
x,γ′ ∩Ω0 ⊂W s

γ (x) ⊂ Ls
x,γ ∩ Ω0.

Proof. First we prove the inclusion

W s
γ (x) ⊂ Ls

x,γ ∩ Ω0.

Let γ̃, C, λ, n0 be as in Lemma 7.6. It follows from Remark 7.2 that for any
points x, y ∈ Ω0 with y ∈ Lu

x,γ̃ we have

ρ(f−n
0 (x), f−n

0 (y)) � Cλnρ(x, y), n � n0.

Since 0 < λ < 1, there is an fixed integer m = m0 > n0 such that Cλm < 1
4 .

Then

ρ(f−m
0 (x), f−m

0 (y)) <
1

4
ρ(x, y), x, y ∈ Ω0, y ∈ Lu

x,γ̃.
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We see that if x′, y′ ∈ Ω0, y′ ∈ Lu
x′,γ̃ and ρ(fm

0 (x′), fm
0 (y′)) � γ̃,

then ρ(fm
0 (x′), fm

0 (y′)) > 4ρ(x′, y′). Since Ω0 is compact there is a δ > 0
(δ < γ̃) such that for any two points x, y ∈ Ω0 and y ∈ Lu

x,δ we have

ρ(fm
0 (x), fm

0 (y)) < γ̃.

Let us now show that if y ∈ Lu
x,δ ∩ Ω0 (x ∈ Ω0), then we can find

a number k � 1 such that

δ � ρ(fkm
0 (x), fkm

0 (y)) < γ̃.

In fact, because of the way we have chosen m, we have γ̃ > ρ(fm
0 (x), fm

0 (y))>
> 4ρ(x, y). If ρ(fm

0 (x), fm
0 (y)) > δ, then k = 1. If ρ(fm

0 (x), fm
0 (y)) � δ,

then again we have

γ̃ > ρ(f2m
0 (x), f2m

0 (y)) > 4ρ(fm
0 (x), fm

0 (y)) > 16ρ(x, y).

Since ρ(x, y) > 0, we can find k � 1 so that

γ̃ > ρ(fkm
0 (x), fkm

0 (y)) > δ.

Because of the properties of γ̃ we have

ρ(fkm
0 (x), fkm

0 (y)) = d(fkm
0 (x), fkm

0 (y)).

Since Ω0 is compact, we can infer from its construction that given δ > 0 we
can find γ > 0 (γ < δ/4) such that the intersection Ls

x,γ̃ ∩ Lu
y,γ̃ consists of

a single point which we will denote by [x, y]; this point belongs to a δ-neigh-
borhood δ(x) of x, and the map

[·, ·] : {(x, y) ∈ Ω0 × Ω0, d(x, y) � γ} → Ω0

is continuous.
Let y be any point in the γ-neighborhood γ(x) of x such that y∈Ls

x,γ∩Ω0.
We have to show that y∈W s

γ (x). Indeed, because of our choice of γ there is
a unique point

z = [y, x] = Ls
y,γ̃∩Lu

x,γ̃ ∈ Lu
x,γ∩Ω0, ρ(x, y) � ρ(x, z)+ρ(z, y) � 2δ � γ̃.

On the other hand, ρ(x, y) � ρ(x, z)− ρ(z, y). Consequently there is a num-
ber k (k � 1) such that

δ � ρ(fkm
0 (x), fkm

0 (z)) < γ̃
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Since Cλm < 1
2 , we have ρ(fkm

0 (z), fkm
0 (y)) < 1

2ρ(z, y), whence

ρ(fkm
0 (x), fkm

0 (y)) � ρ(fkm
0 (x), fkm

0 (z))− ρ(fkm
0 (z), fkm

0 (y)) >

> δ − 1

4
ρ(z, y) > δ − δ

2
.

By our choice of γ̃, we have

ρ(fkm
0 (x), fkm

0 (y)) = d(fkm
0 (x), fkm

0 (y)),

and thus y∈W s
γ (x). Hence,

W s
γ (x) ⊂ Ls

x,γ ∩ Ω0.

We will now show that there is a γ′ < γ such that

Ls
x,γ′ ∩ Ω0 ⊂W s

γ (x).

Let ε > 0 (ε < γ) be a real number such that if d(x, y) < ε (x, y ∈ Ω0)
then for all n = 0, . . . , n0 − 1 we have d(fn

0 (x), f
n
0 (y)) � γ. Put γ′ =

= min(ε, C−1γ, γ). Let y ∈ Ls
x,γ′∩Ω0. Then ρ(x, y) � γ′. Since γ′ < γ < γ̃,

we have ρ(x, y) = d(x, y) � γ′. But then from our choice of γ′ we see
that d(fn

0 (x), f
n
0 (y)) < γ′, n = 0, 1, . . . , n0−1. From Lemma 7.6, for n � n0

we have
d(fn

0 (x), f
n
0 (y)) � Cλnd(x, y) < Cγ′ < γ.

Therefore we have d(fn
0 (x), f

n
0 (y)) � γ′ for all n � 0, that is, y ∈ W s

γ (x),
and thus Ls

x,γ′ ∩ Ω0 ⊂W s
γ (x) ⊂ Ls

x,γ ∩Ω0. Lemma is proved. �

Corollary 7.4 The homeomorphism f0 : Ω0 → Ω0 is expansive.

Proof. Let us write δ′ = min{γ, δ/2}, where γ, δ are constants from
Lemma 7.7. Then for any two points x, y (x �= y) of Ω0 we can find n such
that d(fn(x), fn(y)) > δ′. �

Corollary 7.5 Homeomorphism is transitive on Ω0 and the set of periodic
points of f0 is dense in Ω0.

Proof. Let x be a periodic point of f0 and let Lu
x, Ls

x be geodesics
of Ωu, Ωs passing through x. Since Lu

x and Ls
x are dense in Ωu, Ωs, the set

of homoclinic points is dense in Ω0. By a simple modification of the proof
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given in [202], we see that in a sufficiently small neighborhood of homoclinic
points y there is some periodic point y0.

Because the periodic points are dense in Ω0 and for every point x ∈ Ω0

the intersection Lu
x ∩ Ω0 is also dense in Ω0, we see that for every neigh-

borhood V (x) in Ω0 (in the induced topology) the set
⋃

k�0

fk(V (x)) is dense

in Ω0. But then from Birkhoff’s theorem (see for example [208]) we see that
we can find y ∈ Ω0 such that the half-trajectory {fn(y)} (n � 0) is dense
in Ω0. Corollary is proved. �

Proof of Theorem 7.5

Let us recall that according to Definition 7.3, f0 will be satisfy to ax-
iom A∗ if:

1) the set of periodic points of f0 is dense in the nonwandering set NW (f0);
2) there are λ (0 < λ < 1), C > 0, ε > 0, γ > 0, and n0 � 0 such that for

any x ∈ NW (f0) the following conditions hold:
• if y, z ∈ W s

γ (x), then d(fn
0 (y), f

n
0 (z)) � Cλnd(y, z), n � n0;

• if y, z ∈ Wu
γ (x), then d(f−n(y), f−n(z)) � Cλnd(y, z), n � n0;

• if d(x, y) � ε, then W s
γ (x) ∩Wu

γ (y) consists of a single point denoted
by [x, y] which belongs to NW (f0);
• the map (x, y) → [x, y] is continuous where (x, y) ∈ NW (f0) ×
×NW (f0) and d(x, y) � ε.

Since due Corollary 7.5, the set of periodic points of f0 is dense in Ω0,
the nonwandering set NW (Ω0) coincides with Ω0. It means that the first item
of axiom A∗ holds.

Let us prove the second item of axiom A∗.
The existence of 0 < λ < 1, C > 0 and n0 � 1 follows from Lemmas 7.5

and 7.6. The existence of γ follows from Lemma 7.7. The existence of ε > 0
such that the map (x, y) → [x, y] is continuous where (x, y) ∈ NW (f0) ×
× NW (f0) and d(x, y) � ε follows from the proof of Lemma 7.7. Thus
Theorem is completely proved. �

Extension of homeomorphism f0 : Ω0 → Ω0 to AG-hyperbolic
homeomorphism fag : M2 → M2

Definition 7.4 A homeomorphism fag : M2 → M2 of a closed hyperbolic
orientable surface M2 is called Aranson –Grines hyperbolic homeomorphism
(in short AG-hyperbolic homeomorphism) if the following conditions hold:
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1) there are two invariant with respect to fag transversal geodesic lamina-
tions Ωu and Ωs such that Ωu ∩ Ωs = Ω0 is not empty;

2) Ωu, Ωs are strongly irrational geodesic laminations;
3) the restriction fag|Ω0

: Ω0 → Ω0 satisfies to the axiom A∗;

4) the unstable and stable manifolds of points from Ω0 belongs to the
geodesics of the laminations Ωu and Ωs respectively;

5) the non-wandering set NW (fag) consists of Ω0 and finitely many isolated
periodic points.

Theorem 7.6 Let M2 = Δ/Γ be a closed orientable hyperbolic surfaces
and τ : Γ→ Γ be a hyperbolic automorphism. Then there is an AG-hyperbolic
homeomorphism fag : M2 →M2 such that f

ag

∗ = τ .

Proof. According to Theorems 7.2 and 7.5 for hyperbolic automorphism τ
there is unique A∗-homeomorphism f0 : Ω0 → Ω0 such that f

∗
0 = τ . To prove

the Theorem we have to extend f0 : Ω0 → Ω0 to M2 by a homeomorphism fag

that has a finite number of periodic points on M2 \ Ω0, such that f
ag

∗ = τ .
Let m > 0 be an integer such that all the boundary periodic points

of fm
0 : Ω0 → Ω0 are fixed. According to Theorem 7.4, given any connected

component Du of M2 \ Ωu, there are exactly one connected component Ds

of M2 \ Ωs and an element β ∈ Γ such that the closures D
u
, D

s
of the

lifts D
u
, D

s
are convex r-gons whose vertices are the respective sink and

source fixed points of τ ′∗ = βτ∗m which is induced by Aβτ
m.

Let denote the convex 2r-gon D
u ∩ D

s ⊂ Δ by ξ and set ξ = π(ξ) ⊂
⊂ Du ∩ Ds. The vertices of ξ are fixed points of fm

0 . The sides of convex
2r-gon ξ belonging to the geodesics of Ωu and Ωs will be denoted by au and as

respectively. The lifts of the arcs au, as ⊂ ξ which belong to ξ will be denoted
by au, as.

Every point x ∈ as (au) can be connected by a geodesic with
a point σu (σs) of the absolute, which is the vertex of a geodesic tri-
angle Δ

u
(Δ

s
) whose sides are arcs of the geodesics which bound the

r-gons D
u
, D

s
. We shall assume that sides of triangle Δ

u
(Δ

s
) belonges to

it. Fix any point z0 inside ξ. Take some points αu, αs inside the sides au, as.
Connect the point z0 with αu, αs by segments h

u
, h

s
of geodesic lines. The

convex 2r-gon ξ is the union of pentagons ξ
s

1, ξ
s

2, . . . , ξ
s

r which intersect along
the sides {hs} (similarly we could use pentagons ξ

u

1 , . . . , ξ
u

r which intersect
in {hu}). Foliate each pentagon ξ

s

i (ξ
u

i ) by disjoint arcs whose boundary points
belong to the sides {as} ({au}) such that each arc of ξ

s

i intersects each arc
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of ξ
u

i transversely (Fig. 7.3). After projection by means of π these arcs and
sets {hs}, {hs} we get foliation on interior of polygon ξ with one singularity z0
(all leaves of this foliation are transfersal to the sides of ξ).

Figure 7.3. Construction of extension

Since the sets D
u
, D

s
do not contain congruent points, the sets Du, Ds

are foliated by arcs with analogous properties.
Set Δu = π(Δ

u
), Δs = π(Δ

s
) and denote images of the points αs ∈ as,

αu ∈ au, z0 ∈ ξ under π by αs ∈ as, αu ∈ au, z0 ∈ ξ. The endpoints of each
segment as, au will be denoted by ξs−, ξs+ and ξu−, ξu+ respectively. We will
henceforth use the index i to denote different sets and points. Because of the
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way we have chosen m and the fact that ξs−, ξ
s
+, ξ

u
−, ξ

u
+ ∈ Ω0 are boundary

periodic points of f0 : Ω0 → Ω0, we see that these points are mapped by f i
0 to

the points (ξs−)i, (ξ
s
+)i, (ξ

u
−)i, (ξ

u
+)i, which are the endpoints of the intervals asi

and aui of the 2r-gon ξi; furthermore, these points are fixed under fm
0 . For

any as ⊂ ξ(au ⊂ ξ) let us write ϕs (ϕu)) for the homeomorphism with the
following properties

1) ϕi
s(ϕ

i
u) maps as (au) to asi (aui ), ϕi

s (ϕi
u) maps the points ξs−, ξs+, αs

i (ξu−,
ξu+, αu) to the points (ξs−)i, (ξ

s
+)i, α

s
i ((ξu−)i, (ξ

u
+)i, α

u
i ). In addition, the

eqaiulity and ϕm
s (as) = as (ϕm

u (au) = au) ϕi
s (ϕi

u);
2) the homeomorphism ϕm

s (ϕm
u ) has three fixed points in as (au): the

sink fixed points ξs−, ξs+, and the source fixed point αs (the source fixed
points ξu−, ξu+ and the sink fixed point αu).

Since the number of polygons ξ is finite, there are only a finite number of such
homeomorphisms ϕs (ϕu). If x ∈M \ Ω0, then we have two cases:

(1) either x belongs to one of the sets Δu (Δs);

(2) or x lies in the interior of one of the polygons ξ.

In case (1), let us suppose for definiteness that x ∈ Δu (if x ∈ Δs, the
construction is similar). Two subcases can now occur:

(a1) x ∈ as;

(a2) x �∈ as.

In subcase (a1), set y = f̃(x) = ϕs(x).
Consider subcase (a2) (x �∈ as, x ∈ Δu). We see from the construction

given above that x belongs to the intersection of the two geodesic rays H+, H−

whose initial points x+, x− belong to the intervals as, a′u of ξ and ξ′.
The homeomorphisms ϕs, ϕ

′
u send the points x+, x− to the points x+

∗ =
= ϕs(x

+) and x−
∗ = ϕu(x

−) which belong to the sides as∗, a′u∗ of the
polygons ξ∗, ξ−∗ . The points x+

∗ , x−
∗ are the initial points of the geodesic

rays H+
∗ , H−

∗ such that H+
∗ , H−

∗ belong to the sets Δu
∗ ∈ {Δu}, Δs

∗ ∈ {Δs},
respectively, and such that H+

∗ , H−
∗ intersect in a countable number of points.

Since x ∈ H+ ∩H−, x �∈ Ω0, there is a contiguous interval (α, β) outside the
Cantor set Ωs ∩ Lu

ξs+
such that H− intersects (α, β) in a single point z, so that

the arc (z, x) has the property that (z, x) ∩Ω0 = ∅.
Since the points α, β satisfy α, β ∈ Ω0, they are mapped by f0 to α∗, β∗ ∈

∈ Lu
(ξs+)∗

, where (ξs+)∗ = f0(ξ
s
+); the arc (α∗, β∗) is now a contiguous interval

outside the Cantor set Ωs ∩ Lu
(ξs+)∗

. The ray H−
∗ intersects the arc (α∗, β∗)
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in the single point z∗. Set y = f̃(x) as that point of H+
∗ ∩ H−

∗ such that the
arc (z∗, y) ⊂ H−

∗ has the property that (z∗, y)∩Ω0 = ∅ (this point is unique).
In case (2), the point x belong to the interior of one of the polygons ξ, so

that there are again two subcases: (b1) x = z0; (b2) x �= z0.

In subcase (b1), we set y = f̃(x) = z∗, where z∗ ∈ {z0} and z∗ belongs
to the polygon ξ∗ ∈ {ξ} whose vertices are the images of the vertices of the
polygon ξ under f0 ({z0} means the set of all points chosen above in each
polygon ξ).

In subcase (b2), x we have two subcases:

(b21) x is the intersection point of two arcs l1, l2 such that endpoints of l1,
belong to sides of ξ, and one of endpoints of l2 belongs to some side of ξ and
the other endpoint coincide with z0.

(b22) x is the intersection point of two arcs l1, l2 such that endpoints of
both arcs l1 and l2, belong to some sides of ξ.

In the subcase (b21) the homeomorphisms ϕs, ϕu act on the endpoints
of l1, l2 and associate with the point z0 the point z∗0 ∈ {z0} which belongs
to the polygon ξ∗ ∈ {ξ} whose vertices are the images of the vertices of ξ
under f0; we thus obtain new arcs l1∗, l2∗ passing through the images of
the endpoints of l1, l2. The arcs l1∗, l2∗ intersect in a single point y, by
construction. Let us set y = f̃(x).

In the subcase (b22) the point y = f̃(x) is defined similarily.
Let fag : M2 →M2 denote the following mapping

fag =

{
f0, x ∈ Ω0,

f̃ , x ∈M2 \ Ω0.

We can immediately verify that fag : M2 → M2 is a homeomorphism, and
intersection of nonwandering set of fag with the set M2 \ Ω0 consists of a fi-
nite number of periodic points. All periodic points of fag belonging to Ω0

are saddle points in the following sense. Let p ∈ Ω0 is periodic point of pe-
riod m and Ls

p ⊂ Ωs, Lu
p ⊂ Ωu geodesics passing through the point p. Then

there is a δ > 0 such that if z ∈ Ls
p,δ \ {p}, then fnm(z) → p as n→∞;

if z ∈ Lu
p,δ \ {p}, then f−nm(z) → p as n → ∞; if z belongs to the δ-neigh-

borhood of p and does not lie on the arcs Ls
p,δ, L

u
p,δ, then the point fmn(z)

leaves the δ-neighborhood of p for some n. �
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7.5. Topological entropy of hyperbolic homeomorphisms

Let f : M2 → M2 be homeomorphism of a closed orientable surface M2

of genus g � 2. Following J. Nielsen (see Section 6.7) the set Fix(f) of fixed
points of f is decomposed into classes of fixed points. Two fixed points x, y ∈
∈ Fix(f) belong to the same equivalence class if they can be joined by a path w
such that w and f(w) together constitute a null-homotopic path in M2. Follow-
ing to Definition 6.2, to each such class can be assigned a number known as
the index of the class. If the number of fixed points in the class is finite, then
the index of the class is the sum of the usual indices of these points. Moreover,
the number of classes of fixed points with nonzero index is finite. Following
to Definition 6.2 Nielsen number Ñ(f) of homeomorphism f : M2 → M2 is
called the number of equivalence classes of fixed points from Fix(f) whose
index is not equal to zero.

Let fag be AG-hyperbolic homeomorphism constructed in Section 7.4.

Lemma 7.8 The topological entropy h(f) of fag is calculated by the formula

h(f) = lim
n→+∞

lnNn

n
,

where Nn is the number of fixed points of (fag)n.

Proof. It follows from Theorem 7.5 that the restriction fag|Ω0
satisfies to

Axiom A∗ for n � n0. Then the homeomorphism g|Ω0
= (fag)n0 |Ω0

satisfies
to Axiom A∗ for n � 0. Then by [52] and the fact that the number of periodic
points of f in the set M \Ω0 is finite, we find that the topological entropy h(g)
of g satisfies

h(g) = lim
n→+∞

lnNn

n
,

where Nn is the number of fixed points of gn. Since g = fn0 , we have Nn =
= Nnn0

. From [1] it now follows that h(fn0) = n0h(f), so that

h(f) =
1

n0

h(fn0) = lim
n→+∞

lnNnn0

nn0

� lim
n→+∞

lnNn

n
.

According to Corollary 7.4, the restriction f |Ω0
is an expansive homeomor-

phism. As f has a finite number of periodic points outside Ω0 then by [62],
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the topological entropy h(f) of f satisfies

lim
n→+∞

lnNn

n
� h(f) < +∞

whence h(f) = lim
n→+∞

lnNn

n . This completes the proof. �

For natural number n ∈ N denote by Ñn the Nielsen number for homeo-
morphism fn.

Lemma 7.9 There is some k0 > 0 such that for all n ∈ N we have 0 � Nn −
− Ñn � k0.

Proof. Let us write mn = Nn − Ñn. By definition of the Nielsen num-
ber Ñn we have mn � 0. By the construction fag, there is only a finite
number (call it k1) of boundary periodic points in Ω0 (see Remark 7.4 to Defi-
nition 7.1), while the set of interior periodic points is countable and everywhere
dense in Ω0 (see Theorem 7.5 and Lemma 7.7). The homeomorphism fag has
a finite number of periodic points (denote this number k2) outside Ω0. Set k0 =

= k1 + k2; then the number N
(1)
n of boundary fixed points of (fag)n in Ω0

plus the number of fixed points in M2 \ Ω0 satisfy N
(1)
n � k0.

Let N (2)
n be the number of interior fixed points of (fag)n in Ω0. It follows

from Remark 7.1 that each class of fixed points containing interior periodic
points consists of only one point. Then Ñ

(2)
n = N

(2)
n where Ñ

(2)
n is the number

of classes corresponding to the interior fixed points of (fag)n. Write Ñn in the

form Ñn = Ñ
(1)
n + Ñ

(2)
n , where Ñ

(1)
n is the number classes of points which

are boundary fixed points or are fixed points in M2 \ Ω0. Since Ñ
(1)
n � N

(1)
n ,

Ñ
(2)
n � N

(2)
n , hence

mn = Nn − Ñn = N (1)
n +N (2)

n − Ñ (1)
n − Ñ (2)

n = N (1)
n − Ñ (1)

n � k0.

This completes the proof. �

Theorem 7.7 Let M2 = Δ/Γ be a closed orientable hyperbolic surfaces,
τ : Γ→ Γ a hyperbolic automorphism and fag : M2 →M2 an AG-hyperbolic
homeomorphism such that f∗ = τ . Then topological entropy h(fag) of fag

equals to

h(fag) = lim
n→+∞

ln Ñn

n
.
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Moreover, h(fag) is the minimal entropy for homeomorphisms of M2 which
are homotopic to fag.

Proof. From Lemmas 7.8 and 7.9 we have

h(fag) = lim
n→+∞

lnNn

n
, 0 � Nn − Ñn � k0.

Then h(fag) = lim
n→+∞

((ln Ñn)/n).

Let f ′ : M2 →M2 any homeomorphism which is homotopic to fag.
According to Theorem 2.7 from [49] topological entropy h(f ′) satisfies to

the inequality

h(f ′) � lim
n→+∞

ln Ñ ′
n

n
,

where Ñ ′
n is the number of Nielsen classes for f ′. As f ′ is homotopic to fag,

then Ñ ′
n = Ñn. Thus

h(f ′) � h(fag)

and Theorem is completely proved. �

Bibliographic Notes and Panoramas

Chapter 7. One of important aspect of Modern Theory of Dynamical
Systems is a construction of dynamical systems having properties intimately
close to the topology of ambient manifolds. M. Shub [203] first posed this
problem for diffeomorphisms satisfying Axiom A. In the article [204], it was
proved that every homotopy class of homeomorphisms of closed manifold Mn

(n � 1) contains an A-diffeomorphism. However, the method of construction of
such diffeomorphisms does not allow to extract a diffeomorphism with minimal
entropy. The reason is that Shub –Sullivan’s method admits an existence of
arbitrary number of nontrivial basic sets in a disk.

Construction of AG-hyperbolic homeomorphism is solution of the classi-
cal problem posed by J. Nilsen. Actually, Nielsen [173] understood complex
dynamics of any homeomorphisms inducing hyperbolic action in fundamental
group of surface, but he did not know methods of investigation such homeo-
morphisms. It is well known that such classes of homeomorphisms contain also
pseudo-Anosov homeomorphisms introduced and constructed by Thurston [214]
(see section 6.1).
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Chapter 7 is devoted to solving the following extremal problem: for every
homotopy class of homeomorphisms defined on a closed connected oriented
two-dimensional manifold M2 of genus p � 2, and inducing a hyperbolic
automorphism of the fundamental group, construct a representative, so called
AG-hyperbolic homeomorphism with minimal topological entropy. Such repre-
sentative contains exactly one nontrivial (different from periodic orbit) locally
maximal invariant zero-dimensional set Ω0 whose stable and unstable mani-
folds of points lie on geodesics with respect to a metric of constant negative
curvature. This construction was done firstly by S. Aranson and V. Grines [29]
in 1980. As was noticed by R. Miller [162] in 1982, after some natural fac-
torization it is possible to construct homeomorphism on given surface which is
homotopic to pseudo-Anosov homeomorphism. Thus, these works was a bridge
between Nilsen and Thurston theories.

(7.1). Example 7.1 was constructed in [55].
Proposition 6.8 was proved by Nielsen [173].
(7.2). Theorem 7.2 was proved in [29, 30]. The result of this theorem is

a crucial observation on interrelation between of hyperbolic actions in a funda-
mental group and the existing of perfect geodesic laminations. Similar result
was independently opened by Miller [162]. See also survey [32] and book [17].

(7.3). Theorem 7.3 was proved in [29, 30].
(7.4). Axiom A∗ introduced by R. Bowen in [52] which is generalization

of Axiom A by S. Smale. Bowen has noted that many of the important proper-
ties of A-diffeomorphisms can be proved by methods of topological dynamics
without on an assumption of smoothness. These properties include for example
the existence of Markov partitions and formulas relating the topological entropy
with the growth of the periodic points [50–52].

Theorem 7.6 was proved in [29, 30].
(7.5). On the 2-sphere (surface of genus p = 0), the Morse –Smale dif-

feomorphisms are representatives of diffeomorphisms satisfying Axiom A with
minimal topological entropy (this being zero) in each of the homotopy classes
(there are only two such classes). Let us note that there are diffeomorphisms
in these classes on the sphere satisfying Axiom A but having nonzero en-
tropy [5, 208]. On the 2-torus (surface of genus p = 1) there is a countable set
of homotopy classes of diffeomorphisms, each of which contains representative
satisfying Axiom A and having minimal nonzero entropy. These representa-
tives are in fact the algebraic Anosov automorphisms [5] for each of them
nonwandering set is the whole torus. Any such homotopic class have else two
representatives with minimal entropy such that nonwandering set of any dif-
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feomorphism have either zero-dimensional or one-dimensional nontrivial basic
sets. Recall that A-diffeomorphism of the torus constructed in [208, 221] has
one nontrivial one-dimensional basic set. That its entropy is minimal follows
from the results of the papers [72] and [84]. The method used to construct
this diffeomorphism is obviously applicable to the construction of diffeomor-
phisms of the torus with nontrivial zero-dimensional basic sets. On a surface
of genus p � 2, there are A-diffeomorphisms with zero- or one-dimensional
nontrivial basic sets and minimal entropy. The topology of the one-dimensional
nontrivial basic sets on M of genus p � 0 has been studied in [185–189]
and [82–84].



CHAPTER 8

One-Dimensional Attractors and
Aranson–Grines homeomorphisms

In this chapter, we consider an orientation preserving A-diffeomor-
phism f on a closed orientable hyperbolic surface M2 such that non-wandering
set NW (f) contains an one-dimensional widely disposed attractor Λ. In Sec-
tion 8.1, we study asymptotic behavior of lifts of stable and unstable manifolds
of points from Λ on universal covering Δ of M2 where Δ is hyperbolic plane.
We suppose that diffeomorphism f induces hyperbolic automorphism of funda-
mental group π1(M

2). This allows us to construct in Section 8.2 the geodesic
framework for the widely disposed attractor Λ. Actually, this geodesic frame-
work coincides with geodesic lamination Ωu constructed in chapter 7.

In Section 8.3 we prove that the restriction of f to Λ semi-conjugated with
the restriction of AG-hyperbolic homeomorphism (see Defininition 7.4) to the
set Ω0 = Ωu ∩ Ωs, where Ωu and Ωs are transversal laminations constructed
in Chapter 7. This semi-conjugacy can be extended to homeomorphism M2 →
→M2 which is homotopic to the identity map.

8.1. Asymptotic behaviors of stable and unstable manifolds

Let π : Δ → M2 be a universal covering and let Γ be the group of its
covering transformations, where Δ is Hyperbolic plain in Poincaré model (Δ =
= {z ∈ C : |z| < 1}). Let us recall that S∞ = {z ∈ C : |z| = 1} is called the
circle at infinity (see Section 5.1).

Let f : M2 → M2 be an orientation preserving A-diffeomorphism of
a closed orientable hyperbolic surface M2. Suppose that the non-wandering
set NW (f) contains a one-dimensional attractor Λ. For the basic set Λ
let π−1(Λ) = Λ. If x ∈ Λ then let x ∈ Λ denote the point in the preim-
age π−1(x). Let δ ∈ {u, s} and ν ∈ {+, −}. Denote by wδ

x the curve
on Δ such that π(wδ

x) = W δ
x . For points y, z ∈ wδ

x, (y �= z) let [y, z]δ,
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[y, z)δ, (y, z]δ, (y, z)δ denote the connected arcs on the manifold wδ
x with the

boundary points y, z.

Definition 8.1 A nontrivial basic set Λ of an A-diffeomorphism f : M2 →M2

is said to be widely disposed on the manifold M2 if for every point x ∈ Λ
every simple closed curve formed by the arcs [x, y]u, [x, y]s (y ∈ Wu

x ∩W s
x ,

y �= x) is not contractible on M2.

Let Λ be a widely disposed basic set of an A-diffeomorphism f : M2 →
→ M2 and x ∈ Λ. If t ∈ R is a parameter on the curve W δ

x such
that W δ

x (0) = x then wδ
x(t) is the point on wδ

x such that π(wδ
x(t)) = W δ

x (t)
and wδ+

x , wδ−
x are the connected components of the curve wδ

x \ x for t > 0,
t < 0 respectively.

Recall that we say that a curve wδν
x (ν ∈ {+, −}) has the asymptotic

direction δνx as t→ ν∞, if the set clos(wδν
x ) \ wδν

x consists of the point x and
the point δνx which belongs to S∞.

Let Λ∗ be a periodic component of Λ.

Definition 8.2 A simple closed curve CΛ∗
⊂ intM2 is called a quasi-transver-

sal of the periodic component Λ∗, if :

1) CΛ∗
is the union of arcs Cu = [z, y]u and Cs = [y, z]s for some

points z, y ∈ Λ∗;
2) (z, y)u ∩ Λ �= ∅ and (y, z)s ∩ Λ∗ �= ∅;
3) the index of the intersection Wu

z ∩W s
z is the same at the points z, y, see

Fig. 8.1.

Figure 8.1. A quasi-transversal
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Lemma 8.1 Every periodic component Λ∗ of widely disposed basic set Λ of
an A-diffeomorphism f : M2 →M2 has a quasi-transversal.

Proof. Let x ∈ Λ∗. By Lemma 1.24, at least one of the connected compo-
nents of each set W s

x \x and Wu
x \x contains a set which is dense in Λ∗. To be

definite let W s+
x and Wu+

x be such components. Then Wu+
x intersects W s+

x at
countably many points x1 = Wu+

x (t1), . . . , xm = Wu+
x (tm), . . . (we enumer-

ate them as the parameter t increases on Wu+
x ). Consider two cases: 1) indexes

of intersection of Wu
x and W s

x at the points x and x1 are the same; 2) indexes
of intersection of Wu

x and W s
x at the points x and x1 are different.

In the first case let the quasi-transversal be the curve composed of the
arcs [x, x1]

u, [x, x1]
s. In the second case there is N > 1 such that xN ∈

∈ (x, x1)
s and for every k < N the point xk is not on the arc (x, x1)

s.
Then if the indexes of intersection of the points x and xN are the same
(are distinct) then the curve composed of the arcs [x, xN ]u and [x, xN ]s

([x2, xN ]u and [x2, xN ]s) is the desired quasi-transversal. �
If a set Λ is widely disposed then a quasi-transversal CΛ∗

is not contractible
on intM2. From the properties of a cover and from the properties of the
group Γ it follows that the set CΛ∗

= π−1(CΛ∗
) consists of countably many

curves such that:

1) every curve c ∈ CΛ∗
is not compact, it has no self-intersections and

distinct curves c, c′ ∈ CΛ∗
are disjoint;

2) for every curve c ∈ CΛ∗
there is an element γc ∈ Γ (distinct from

the identity) for which c is invariant and for every point x ∈ c the
arc (x, γc(x)) ⊂ c contains no congruent points (i. e. belonging to the
same Γ-orbit);

3) if M2 is a surface of negative Euler characteristic then each curve c ∈ CΛ∗
has two distinct boundary points c+, c− which are the fixed points for the
elements γc. The boundary points on the absolute for two distinct curves
of the set CΛ∗

are distinct.

Lemma 8.2 Let W δν
x be densely disposed in a periodic component Λ∗ of

a widely disposed basic set Λ, let CΛ∗
be a quasi-transversal for Λ∗, c ∈ CΛ∗

,

c∩wδν
x �= ∅ and let π(c∩wδν

x ) ∈ (intCu ∪ intCs). Then the intersec-
tion c∩wδν

x is the unique point.

Proof. To be definite let δ = u and ν = +. We now show that the
intersection c ∩ wu+

x is a unique point xc.
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Suppose the contrary, then there are points xc, x∗ ∈ (wu+
x ∩ c) such

that (xc, x∗)
u ∩ c = ∅. Let C

s

xc
be a lift of the arc Cs which contains the

point xc. Denote by z, y the boundary points of the arc C
s

xc
which belong to

the pre-images of the points z, y respectively. Denote by C
u

xc
the lift of the

arc Cu such that z is its boundary point. Let y′ be the other boundary point
of the arc C

u

xc
. Then the point y′ is congruent to the point y by means of

some element γ of the group Γ (y′ = γ(y)), on the arc C
s

xc
∪Cu

xc
there are no

congruent points except y, y′ and c =
⋃

k∈Z

γk(C
s

xc
∪ C

u

xc
).

Denote by C
s

x∗
the lift of the arc Cs which contains the point x∗. Then

there is an integer n ∈ Z such that C
s

x∗
= γn(C

s

xc
). Consider four possible

cases: 1) n = 0; 2) n = +1; 3) n = −1; 4) |n| > 1. We now show that in each
of these cases we come to a contradiction.

In the case 1) (n = 0) we get that the union [xc, x∗]
u∪[x∗, xc]

s is a simple
closed curve (see Figure 8.2) and therefore the image of this curve on M2 by
the projection π is a simple closed contractible curve and this contradicts the
fact that the set Λ∗ is widely disposed.

In the case 2) (n = 1) the union [xc, x∗]
u ∪ [x∗, y

′]s ∪ [y′, z]u ∪ [z, xc]
s

is a simple closed curve which bounds an open disk D on Δ. Consider two
subcases (see Figure 8.2):

2a) wu
y′,η ∩D �= ∅ for every η > 0;

2b) wu
z,η ∩D �= ∅ for every η > 0.

In the case 2a) we now show that the domain D contains no points con-
gruent to the point z. Assume the contrary, then there is an element β ∈ Γ
distinct from the identity and such that the arc β(z, y)s intersects the boundary
of D. But this is impossible because on M2 the image of the curves (xc, x∗)

u,
(y′, z)u by the projection π contains no points of the arc Cs.

By the assumption, the connected component lu of the set wu
y′ \ y′ disjoint

from the point z intersects the disk D. Since the image of the curve lu by
the projection π contains a sequence of points converging to the point z the
curve lu intersects either the arc (z, y)s or the arc γ((z, y)s) and we come to
contradiction to the fact that the set Λ∗ is widely disposed in the same way as
in case 1).

The case 2b) is similar to the case 2a). In the case 3) (n = −1) the
contradiction arises in the same way as in the case 2).
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Figure 8.2. An illustration to the proof of Lemma 8.2
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In the case 4) (|n| > 1) the intersection γk((xm, x∗)
u) ∩ (xm, x∗)

u,
where k = 1 if n > 1, and k = −1 if n < −1, contains at least one point (see
Figure 8.2) and this is impossible. �

Corollary 8.1 If a component W δν
x , x ∈ Λ∗ is densely situated in Λ∗

then wδν
x intersects countably many curves of CΛ∗

.

Definition 8.3 Let x ∈ Λ∗ and a component W δν
x be densely situated in the pe-

riodic component Λ∗. We say a sequence of curves C δν
x = {c1, . . . , cm, . . .} ⊂

⊂ CΛ∗
to be directive for the curve wδν

x if there is a subsequence of parame-

ters {t1, . . . , tm, . . .} such that |t1| < . . . , |tm|, . . . and wδν
x (tm) ∈ cm.

Lemma 8.3 Let for x ∈ Λ∗ the component W δν
x be densely situated in Λ∗

and C δν
x = {c1, . . . , cm, . . .} be a directive sequence for wδν

x . Let Am be
the closure of the part of the set cl(Δ) \ cl(cm) which contains cl(ck) for
every k > m. Then the topological limits LimC δν

x and LimAm coincide and
they consist of a unique point belonging to S∞.

Proof. Since A1 ⊃ A2 ⊃ . . . it follows that the set A =
∞⋂

m=1
Am is

a nonempty connected compact subset of cl(Δ). Hence, A is the topological
limit of the sets A1, A2, . . ..

We now show that A ⊂ S∞. Assume the contrary: there is a point a ∈
∈ A ∩ Δ. Then for ε > 0 arbitrary small the ε-neighborhood of the point a
intersects countably many mutually distinct congruent curves ck and there-
fore the quasitransversal CΛ∗

intersects arbitrary small neighborhood of the
point a = π(a) by countably many distinct arcs, which is impossible.

We now show that the set A consists of a unique point belonging to S∞.
Assume the contrary, then the set A is an arc belonging to S∞. The set
of the rational points is dense on the absolute S∞ and therefore there is an
element γ ∈ Γ such that γ(c+1 ) is an interior point of the arc A. But then
there is N > 1 such that the curve cN intersects (but not coincides with) the
curve γ(c1) and that is impossible.

So the set A is the unique point which is the limit on S∞ of both se-
quences c+m and c−m. The definition of the topological limit implies that this
point belongs to Lim cm. On the other hand since cm ⊂ Am we have Lim cm ⊂
⊂ LimAm and therefore Lim cm consists of a unique point. �

Theorem 8.1 Let for x ∈ Λ∗ the component W δν
x be densely situated in Λ∗.

Then wδν
x has an irrational asymptotic direction δνx for t→ ν∞.
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Proof. To be definite we consider the case δ = s, ν = +. Let C s+
x =

= {c1, . . . , cm, . . .} be the directive sequence for the curve ws+
x . Let wm =

= cl(ws+
x )∩Am, where Am is the closure of the part of the set cl(Δ) \ cl(cm)

which contains cl(ck) for every k > m. We see that the set W =

=
∞⋂

m=0

wm is a nonempty connected compact subset of cl(Δ). By con-

struction cl(ws+
x ) \ ws+

x = W ∪ x. Hence, W is the topological limit of the
sets w1, w2, . . .. On the other hand Limwm ⊂ LimAm and since LimAm =
= Lim cm consists of a unique point (see Lemma 8.3) we have W = Lim cm.
Therefore, the curve ws+

x has an asymptotic direction which we denote by s+x .

We now show that s+x is an irrational point on the absolute. Suppose
the contrary. The definition of a rational point implies that there is an ele-
ment γ ∈ Γ such that the point s+x is its sink fixed point and any element of
the group Γ, distinct from the identity and for which the point s+x is fixed,
is a degree of the element γ. Let w1 = γ(ws+

x ), w2 = γ2(ws+
x ). Since the

curves ws+
x , w1, w2 have the common boundary point s+x on the absolute there

is ñ > 1 such that the curve cñ ∈ C s+
x intersects the curves ws+

x , w1, w2.
Denote the intersection points by b+, b1, b2 respectively (see Figure 8.3). The
properties of the element γ imply that the domain D1 on Δ bounded by the
curves ws+

x , w1 and the arc (b+, b1) ⊂ cñ, as well as the domain D2 bounded
by the curves w1, w2 and the arc (b1, b2) ⊂ cñ (we mean D1, D2 to be the
regions that do not contain the curve c1) both contain no curves congruent to
the curve ws+

x and such that the point s+x is the boundary point for them.

Figure 8.3. An illustration to Theorem 8.1
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Since the image of the curve ws+
x on M2 by the projection π contains

a dense in Λ set we have that at least one of the arcs (b+, b1) ⊂ cñ, (b1, b2) ⊂
⊂ cñ has a point b∗ such that π(b∗) ∈ W s+

x . But then there is a curve w∗
congruent to ws+

x which passes through the point b∗. Since the curve w∗
intersects the curve cñ at one point at most, the boundary point of the curve w∗
which belongs to S∞ coincides with the point s+x and this is impossible. �

The technique of the proof of Theorem 8.1 implies the following proposi-
tions.

Corollary 8.2 Let x ∈ Λ∗, W δν
x is densely situated in Λ∗ and C δν

x is the
directive sequence. Then δνx = LimC δν

x .

Corollary 8.3 Let x ∈ Λ∗ is a δ-dense point in Λ∗ (see Definition 1.3).
Then δ+x �= δ−x .

As Λ is attractor then each point x ∈ Λ∗ is u-dense and the curve wu
x

(π(x) = x) has two distinct boundary points (asymptotic directions) u+
x , u−

x

which are irrational points of the absolute S∞. Denote by PΛ∗
the set of all

s-boundary periodic points from Λ∗. Let PΛ∗
= π−1(PΛ∗

). If p ∈ PΛ∗
then

let W s∅
p (ws∅

p ) denote the connected component of the set W s
p \ p disjoint

from Λ∗ (the connected component of the set ws
p \p such that π(ws∅

p ) = W s∅
p )

and let W s∞
p (ws∞

p ) denote the connected component of the set W s
p \ p which

is dense in Λ∗ (the connected component of the set ws
x \x such that π(ws∞

p ) =
= W s∞

p ). Let W s∞
PΛ∗

=
⋃

p∈PΛ∗

W s∞
p (ws∞

PΛ∗
=

⋃

p∈PΛ∗

ws∞
p ) and Wu

PΛ∗
=

=
⋃

p∈PΛ∗

Wu
p (wu

PΛ∗
=

⋃

p∈PΛ∗

wu
p ). It follows from our construction that every

point x ∈ (Λ∗ \W s∞
PΛ∗

) is s-dense and the curve ws
x (π(x) = x) has two distinct

boundary points (asymptotic directions) s+x , s−x which are irrational points on
the absolute. Finally, for every point p ∈ PΛ∗ the curve ws∞

p has an asymptotic
direction s∞p which is an irrational point on the absolute.

It follows from Theorems 1.19 and 1.20 that for the 1-dimensional attrac-
tor Λ the accessible from inside boundary of the set M2 \Λ consists of the un-
stable manifolds of all s-boundary points (and there are finitely many of them).

Definition 8.4 A bunch b of the attractor Λ is the union of the maxi-
mal number rb of the unstable manifolds Wu

p1
, . . . , Wu

pr
b

of the s-bound-

ary points p1, . . . , prb of the set Λ accessible from some (the same for all)

point x ∈ (M2 \ Λ). The number rb is said to be the degree of the bunch.
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Figure 8.4. Bunches of 1-dimensional attractors

Fig. 8.4 (a), (b), (c) shows bunches of degrees 1, 2, 3 respectively.

Lemma 8.4 Let Λ∗ be a periodic component of one-dimensional widely dis-
posed attractor of a diffeomorphism f : M2 →M2. Then

1) for every point x ∈ Λ∗ the intersection cl(wu
x)∩cl(ws

x) consists of a unique
point x;

2) if ws
x ∩ ws

y = ∅ for some points x, y ∈ Λ∗, then cl(ws
x) ∩ cl(ws

y) = ∅;

3) if wu
x∩wu

y = ∅ for some points x ∈ Λ∗, y ∈
(
Λ∗ \ wu

PΛ∗

)
, then cl(wu

x)∩
∩ cl(wu

y ) = ∅;

4) for every point p ∈ PΛ∗
there are two points p+, p− ∈ PΛ∗

such

that wu
p+
∩ wu

p = ∅, wu
p−
∩ wu

p = ∅, cl(wu
p+

) ∩ cl(wu
p ) = u+

p ,

cl(wu
p−

) ∩ cl(wu
p ) = u−

p and the points p = π(p), p− = π(p−), p+ =

= π(p+) are the s-boundary points of the same bunch of the attractor Λ∗
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(see Figure 8.5). Moreover p− = p+ iff p− and p+ belongs to a bunch
of degree 2;

5) if wu
x ∩ ws

y = ∅ for some points x, y ∈ Λ∗ then cl(wu
x) ∩ cl(ws

y) = ∅.

Proof. (1) Let x ∈ Λ∗. Let us prove firstly that wu
x ∩ ws

x = x. Show
that the conclusion holds if x = π(x) is a periodic point. Without loss of
generality we assume that x is a fixed point of f (otherwise the same reasoning
applies for the diffeomorphism fper(x)). Let f : Δ → Δ be a covering map
of the diffeomorphism f for which the point x is fixed. Suppose the contrary:
there is a point y ∈ (ws

x ∩ wu
x) distinct from the point x. Then the point y is

a homoclinic point of the diffeomorphism f and therefore for every neighbor-
hood Ux of the point x there is a sequence t1, t2, . . . , tm, . . . of the values of
parameter t such that lim

m→∞
tm = +∞ and the points wu

x(tm), m ∈ N are in

the neighborhood Ux. This contradicts the fact that each connected component
of the curve wu

x \ x has an asymptotic direction. Let now x be an arbitrary
point from Λ∗ there is a point y ∈ (ws

x ∩ wu
x). Then there is a point p on

the preimage of the periodic u-dense point p of the diffeomorphism f such
that ws

p ∩ wu
p consist of more than one point (it follows from the facts that

the periodic points are dense in the non-wandering set, the stable manifolds
are C1-close on compact sets and from the properties of the cover). And this
contradicts the foregoing.

Suppose now the intersection cl(wu
x) ∩ cl(ws

x) to contain points distinct
from x. To be definite let u+

x = s+x = μ. Denote by D the domain bounded
by the curves cl(wu+

x ), cl(ws+
x ) and such that D is disjoint from the point u−

x .
Since x is an u-dense point there is a point z ∈ ws+

x such that the curve wu
z is

congruent to the curve wu
x . Then μ ∈ cl(wu

z ). Thus the point μ is a fixed point
of some element of the group Γ and this is in contradiction with its irrationality.

The proofs of the propositions (2) and (3) are similar to one another, so we
prove only (3). Suppose the contrary: wu

x ∩ wu
y = ∅ for some points x ∈ Λ∗,

y ∈
(
Λ∗ \ wu

PΛ∗

)
and cl(wu

x)∩ cl(wu
y ) �= ∅. To be definite let u+

x = u+
y . Then

there is a curve c ∈ CΛ∗
such that wu

x ∩ c = a and wu
y ∩ c = b. Then by

item (3) of Theorem 1.19 on the arc (a, b) ⊂ c there is a point z ∈ Λ∗ such
that the curve wu

z is congruent to the curve wu
x . By construction u+

x ∈ cl(wu
z )

and this is in contradiction with the irrationality of u+
x .

(4) Let Čs = Cs ∩ Λ∗. By Lemma 1.23 the set Čs is a perfect
nowhere dense on Cs set. From Lemma 8.1 it follows that there are
curves c±1, c±2, . . . ∈ CΛ∗

, each of which cm intersects wu
p at an unique
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Figure 8.5. An illustration to the proof of Lemma 8.4 (4)

point αm = wu
x(tm), and the point u+

p (u−
p ) is the limit point of the se-

quence {αm} for m → +∞ (m → −∞). Let βm ∈ Λ∗ be the point on cm
such that (αm, βm) ∩ Λ∗ = ∅. Then (am, bm), where am = π(αm), bm =
= π(βm) is an adjacent interval of the set Čs. Since wu

p contains no congruent
points [am, bm] ∩ [ak, bk] = ∅ for m �= k and lim

m→±∞
diam[am, bm] = 0.

From C1-closeness of the unstable manifolds and from the properties of a cov-
ering it follows that there is η > 0 such that if diam[am, bm] < η then the
curve wu

βm
passing through the point βm intersects the curve cm+1 for m � 0

and it intersects the curve cm−1 for m < 0.

Pick m0 > 0 such that diam[am, bm] is less then η for all m > m0

(m < −m0). Then the curve wu
βm0

(
wu

β−m
0

)
intersects all the curves cm

for m > m0 (m < −m0) and therefore the point u+
x (u−

x ) is its boundary point.
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Figure 8.6. An illustration to the proof of Lemma 8.4 (5)

From Theorem 1.19 (2) it follows that the curve wu
βm0

(
wu

β−m
0

)
contains the

preimage of the s-boundary point p+ (p−) (see Figure 8.5). By construction the
points p+ (p−) belong to the same bunch as the point p. Moreover it is easy to
check that p− = p+ iff p− and p+ belongs to a bunch of degree 2.

(5) Let wu
x ∩ ws

y = ∅ for some points x, y ∈ Λ∗. Suppose cl(wu
x) ∩

∩ cl(ws
y) �= ∅. Two subcases are possible: (5a) cl(wu

x) \ wu
x = cl(ws

y) \ ws
y

and (5b) the curves wu
x , ws

y have a unique common boundary point μ.

In the case (5a) denote by Q the domain bounded by the
curves cl(wu

x), cl(w
s
y). Since x is an u-dense point there is a point z ∈ ws

y such
that the curve wu

z is congruent to the curve wu
x . Then one of the connected

components of wu
z \z belongs to the domain Q and therefore its boundary point

on the absolute belongs to cl(ws
z) which is in contradiction with item (1) of this

lemma.

Consider case (5b). To be definite let u+
x = s+y = μ. Pick a curve c ∈ CΛ∗

such that its boundary points subtend an arc on S∞ containing the point u−
x

and containing no other boundary points of the curves wu
x and ws

y . Let a be the

point of intersection of c and wu
x . Pick a curve c∗ ∈ CΛ∗

such that c∗ ∩ wu
x �=

�= ∅, c∗ ∩ ws
y �= ∅ and the boundary points of the curve c∗ subtend the arc λ∗
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on S∞ containing the point μ and containing no other boundary points of the
curves wu

x and ws
y . Since the image of the curve wu

x by the map π is dense

in Λ∗ there is a curve c∗∗ ∈ CΛ∗
such that c∗∗ ∩ wu

x = a1, c∗∗ ∩ ws
y = b1 and

for some element γ ∈ Γ, γ(a1) ∈ c, γ(μ) belongs to the curve λ∗ and γ(wu
x)

intersects1 ws
y (see Figure 8.6). Then the curve γ(ws

y) passes through the

point γ(b1) belonging to the curve c. By construction the curve γ(ws
y) either

intersects ws
y if y is an s-dense point or it intersects wu

p at more than one point

if y ∈ ws
p, p ∈ PΛ∗

. Both cases are impossible. �
Let a diffeomorphism f : Δ→ Δ be a lift of the diffeomorphism f : M2 →

→ M2, T be a cyclic group generated by f (the elements of the group T are
the transformations fn, n ∈ Z) and L(T ) be the group of liftings of elements
from T to Δ (the elements of the group L(T ) are homeomorphisms on Δ of
the form h = γf

n
, where γ ∈ Γ, n ∈ Z, f is a homeomorphism, covering f ,

i. e. fπ = πf . For each h ∈ L(T ) we denote by h
∗

the homeomorphism of the
absolute S∞ induced by h (h

∗
is an extension of h to S∞, see section 6.1).

Lemma 8.5 Let Λ∗ be a periodic component of one-dimensional widely dis-
posed attractor of a diffeomorphism f : M2 → M2. Let p ∈ Λ∗ such that
the point p = π(p) is interior periodic point of f and h ∈ L(T ) be a dif-
feomorphism for which the point p is fixed. Then the set Per(h) consists of
exactly five points: p, u+

p , u−
p , s+p , s−p ; the points u+

p , u−
p are sink and the

points s+p , s−p are source periodic points2.

Proof. Since p is a fixed point of the homeomorphism h we have h(wδ
p) =

= wδ
p and consequently the points s+p , s−p , u+

p , u−
p are periodic points of h.

Since Per
h
= Per

h
2 without loss of generality we assume s+p , s−p , u+

p , u−
p to

be fixed points of the homeormophism h.
Denote by A

s+p
the subset of clΔ bounded by the curve cl(wu

p ) and the

arc (u+
p , u

−
p ) ⊂ S∞ disjoint from the point s−p . We now show that α(z) = s+p

for every point z ∈
(
A

s+p
\ clwu

p

)
.

1If wu
x contains the point p ∈ PΛ∗

it is possible that there is no such element γ. Then instead

of the curve wu
x the same reasoning applies to the curve wu

q , q ∈ PΛ∗
, for which μ is one of its

boundary points according to item (4).
2We say a periodic point x ∈ X of a homeomorphism ϕ : X → X to be sink (source), if there

is a neighborhood U(x) ⊂ X of x such that for any point y ∈ U(x) the sequence ϕm·per(x)(y)
(ϕ−m·per(x)(y)) converges to x as m → +∞.
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Since Wu
p is dense in Λ∗ and since the unstable manifolds are C1-close on

compact sets the properties of a covering give us that there is a point z− ∈ ws+
p

such that z ∈ A− where A− is the subset of clΔ bounded by the curve cl(wu
z−

)

and by the arc (u+
z−

, u−
z−

) ⊂ S∞ such that the point s−p does not belong

to (u+
z−

, u−
z−

). Let z−m = h
−m

(z−), m ∈ N. Denote by A−m the subset clΔ

bounded by the curve cl(wu
z−m

) and the arc (u+
z−m

, u−
z−m

) ⊂ S∞ such that

the point s−p does not belong to (u+
z−m

, u−
z−m

). Then to prove the lemma it

suffices to show that the set A− =
∞⋂

m=1
A−m consists of the unique point s+p .

By construction A−m = h
−m

(A−) and A−1 ⊃ A−2 ⊃ . . . ⊃ A−m ⊃ . . ..
Clearly, the set A− is connected. By construction, it contains the point s+p .
We now show that A− ⊂ S∞. Suppose the contrary: there is a point y ∈ A−
which belongs to Δ. Since Λ∗ is a closed set the point π(y) belongs to Λ∗.
Then the curve wu

y belongs to A−, it is disjoint from ws
p and one of boundary

points of wu
y coincides with the point s+p . But this contradicts to the item (5) of

Lemma 8.4. We now show that A− is not an arc and consequently it consists
of a unique point s+p . Suppose the contrary: A− is an arc on S∞. Since the
Γ-orbit of any point from S∞ is dense in S∞ there is an element γ ∈ Γ such
that γ(u+

z0
) ∈ intA−. Then the curve γ(wu

z0
) intersects the curves wu

zm
while

being distinct from them. But the curves wu
zm

accumulate to the arc A−, which
contradicts the fact that the unstable manifolds of the points of a basic set either
coincide or they are disjoint.

We now show that ω(z) ⊂ clwu
p for every point z ∈

(
A

s+p
\ clwu

p

)
. From

the foregoing the topological limit of the curves cl(wu
zm

) is the point s+p . Then

there is a point z+ ∈ ws+
p such that z ∈ A+ where A+ is the subset of clΔ

bounded by the curves cl(wu
z+

), cl(wu
p ) and the arcs

(
u+
z+

, u+
p

)
,

(
u−
z+, u−

p

)
⊂

⊂ S∞ which do not contain the point s−p . Let zm = h
m
(z+), m ∈ N. Denote

by Am the subset of clΔ bounded by the curves cl(wu
zm

), cl(wu
p ) and the

arcs
(
u+
zm

, u+
p

)
,

(
u−
zm, u−

p

)
⊂ S∞ which do not contain the point s−p . By

construction Am = h
m
(A+). Since p = h

m
(zm) we have A− = wu

p and

therefore ω(z) ⊂ clwu
p for every point z ∈

(
A

s+p
\ clwu

p

)
.
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Analogously one proves that α(z) = s−p and ω(z) ⊂ clwu
p for every

point z ∈
(
As−p
\ clwu

p

)
where A

s−p
is the subset of clΔ bounded by the

curve cl(wu
p ) and the arc (u+

p , u
−
p ) ⊂ S∞ which do not contain the point s+p .

In the same way one shows that ω(z)∩wu
p = ∅ for every point z ∈ (clΔ\clws

p)
and from that the conclusion of the lemma follows. �

8.2. Geodesic frameworks of widely disposed attractors

We now assume that the automorphism f∗ induced by the covering diffeo-
morphism f is hyperbolic.

By lu (respectively, ls) we denote the geodesic on Δ for which the
points u+

p and u−
p (respectively, s+p and s−p ) introduced in conclusion of

Lemma 8.5 are boundary points on S∞. We set Lu = π(lu) and Ls =
= π(ls) and denote by Ωu (Ωs) the geodesic lamination that is the closure
of the geodesic Lu (Ls) on M2. We set Ω0 = Ωu ∩ Ωs and denote by fag the
AG-hyperbolic homeomorphism constructed in Chapter 7. By Ω

u
, Ω

s
, and Ω0

we denote the preimages of the sets Ωu, Ωs and Ω0, respectively, in Δ.

Theorem 8.2 Let Λ be an widely disposed attractor that does not contain
bunches of degree 2 of an A-diffeomorphism f for which the automorphism f∗
is hyperbolic. Then:

1) for each curve wu(x) ⊂ Λ there exists a unique geodesic l̃u ⊂ Ω
u

having
common boundary points with wu(x) at the absolute;

2) for each geodesic l̃u ⊂ Ω
u

there is a unique curve wu(x) ⊂ Λ having
common boundary points with l̃u at the absolute;

3) if a curve wu(x) contains the preimage of a boundary periodic point of
the set Λ, then the geodesic l̃u is the preimage of a boundary geodesic
of Ωu;

4) if the geodesic l̃u is the preimage of a boundary geodesic of Ωu, then the
curve wu(x) ⊂ Λ contains the preimage of a boundary periodic point of
the set Λ;

5) for each curve ws(x) belonging to the curve ws∞(q), where q is the
preimage of a boundary periodic point q of the attractor Λ, there exist
exactly two boundary geodesics l̃s1 and l̃s2 ∈ Λ

s
for which the boundary

point s∞(q) of the curve ws(x) is their common boundary point at the
absolute;
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6) for each pair of boundary geodesics l̃s1 and l̃s2 having a common bound-
ary point s̃ on the absolute, there exists a point q ∈ Λ such that the
curve ws

∞(q) has the point s̃ as a boundary point lying on the absolute;
7) for each curve ws(x) ⊂ Λ that does not contain the preimage of a bound-

ary periodic point of the attractor Λ, there exists a unique interior
geodesic l̃s ⊂ Λ

s
that has common boundary points with ws(x) at the

absolute;
8) for each interior geodesic l̃s ⊂ Ω

s
, there exists a unique curve ws(x),

x ⊂ Λ that does not contain the preimage of a boundary periodic point
and that has common boundary points with l̃s at the absolute.

Proof. Let Λ∗ be a periodic component of Λ and Λ∗ be the preimage of Λ∗
on the covering Δ. For x ∈ Λ∗ let us introduce a parameter t, −∞ < t < ∞,
on the curve wu(x) ⊂ Λ∗ and denote by w(t) the point on wu(x) corresponding
to t (w(0) = x).

Let us prove item (1). Since both connected components of the
set Wu(x) \ x (x = π(x), Wu(x) = π(wu(x))) are dense in Λ∗, it follows that
for t→ +∞ (t→ −∞) each of them intersects at countably many points with
the quasi-transversal CΛ∗

. Then the curve wu(x) intersects countably many
curves {cn}, n ∈ Z+ (respectively, n ∈ Z−), π(cn) = CΛ∗

, as t → +∞
(respectively, t→ −∞). Let c+n and c−n be the boundary points of the curve cn.
We have

lim
n→+∞

c+n = lim
n→+∞

c−n = σu+, lim
n→−∞

c+n = lim
n→+∞

c−n = σu−,

where σu+ and σu− are the boundary points of the curve wu(x).
Set y = wu(x)∩c1. Since the closure of the manifold Wu(p) = π(wu(p))

coincides with Λ∗ and the curve CΛ∗
is a quasi-transversal for the unstable

manifolds of the points from Λ∗, it follows that there exists a sequence of
points yk ∈ c1, k ∈ Z+, converging to y such that π(yk) ∈ Wu(p). But then
each curve wu(yk) is congruent to the curve wu(p) by means of some ele-
ment γk ∈ G. For n > 0 (respectively, n < 0) denote by λ+

n (respectively, λ−
n )

the arc of the absolute with boundary points c+n and c−n containing the point σu+

(respectively, σu−). It follows from the C1-closeness on compact sets of the
unstable manifolds of points from Λ∗ and from the properties of the covering
that for any N > 0 there exists an N∗ such that for all n satisfying the inequal-
ity |n| > N∗, the boundary points of the curve wu(yn) belong to the union of
the arcs λN ∪ λ−N . It follows that the topological limit of the curves wu(yk)
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as k → ∞ is the curve wu(x). By construction, the geodesic lun = γn(l
u)

has common boundary points with the curve wu(yn). But then the topological
limit of the sequence lun at n → ∞ is the geodesic l̃u ⊂ Ω

u
with boundary

points σu+ and σu−.
Let us prove item (2). Let l̃u be an arbitrary geodesic from Ω

u
, and

let z be any point belonging to l̃u. Since the closure of the geodesic Lu =
= π(lu) coincides with the lamination Ωu, it follows that there exists a sequence
of points {zn}, n ∈ Z+, converging to point z such that π(zn) ∈ Lu. Then
each geodesic lun ∈ Ω

u
passing through zn is congruent to the geodesic lu by

means of some element γ̃n ∈ G. Since the geodesics from the sequence {lun}
are pairwise disjoint, it follows that the geodesic l̃u is the topological limit of
the sequence {lun}. Let ũ1 and ũ2 be the boundary points of the geodesic l̃u. We
set wu

n = γn(w
u(p)) and denote by wu the topological limit of the sequence of

curves {wu
n}. By construction, the points ũ1 and ũ2 belong to the topological

limit wu. Let us show that the set wu contains at least one point that does
not belong to the absolute. Assume the contrary. Then the set wu contains
the open arc λ of the absolute with boundary points ũ1 and ũ2. Let w̃u the
curve congruent to wu(p) with boundary point belonging to λ. Then there
exists a number n0 such that the curve wu

n0
has a nonempty intersection with

the curve w̃u, which is impossible.
Let x be any point from wu not belonging to the absolute. Then x belongs

to Λ∗ and the curve wu(x) belongs to wu. Let us show that the set of boundary
points of the curve wu(x) coincides with the union of the points ũ1 and ũ2.
Assume the converse; then at least one boundary point σu of the curve wu(x)
does not coincide with one of the points ũ1 and ũ2. We denote by wu

σu(x) the
connected component of the set wu(x)\x for which the point σu is a boundary
point of the absolute.

Since the closure of the set π(wu
σu (x)) coincides with Λ∗, it follows that

there exists a sequence of curves {c̃n}, n ∈ Z+, c̃n ∩wu
σu (x) �= ∅, π(c̃n) = C,

with boundary points c̃+n and c̃−n such that

lim
n→+∞

c̃+n = lim
n→+∞

c̃−n = σu.

Let us choose a number Ñ so that the arc λ̃ = (c̃+n , c̃
−
n ) of the absolute

containing the point σu does not contain the points ũ1 and ũ2. Since the
point x belongs to the topological limit of the curves {wu

n}, it follows from
the C1-closeness of the unstable manifolds of the points from Λ on compact
sets and the properties of the covering that there exists a subsequence {wu

nk
},
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k ∈ Z+, of distinct curves from the set {wu
n} such that one of the boundary

points of each curve {wu
nk
} belongs to the arc λ̃, which it is impossible, since

the limit set of boundary points of all curves from {wu
n} is the union of the

points ũ1 and ũ2.
It follows from the above proof that if the curve wu(x) contains the

preimage of a boundary periodic point of the set Λ∗, then the geodesic l̃u

having common boundary points with wu(x) on the absolute is the preimage of
a boundary geodesic of Ωu. Conversely, if the geodesic l̃u is the preimage of
a boundary geodesic of Ωu, then the corresponding curve wu(x) ⊂ Λ∗ contains
the preimage of a boundary periodic point of Λ∗. Thus item (3) and item (4)
hold.

Let us prove item (5). Let p be the preimage of a boundary periodic
point p of the attractor Λ with some period k. We denote by σu− and σu+ the
boundary points of the curve wu(p) and by s∞(p) the boundary point of the
curve ws∞(p). By virtue of item (4) of Lemma 8.4, there exist points q+ and q−

that are the pre-images of boundary periodic points from Λ such that wu(q+)
(respectively, wu(q−)) has σu+ (respectively, σu−) as one of the boundary
points (since the set Λ does not contain special pairs of boundary periodic
points, it follows that q+ �= q−). We denote by s∞(q+) and s∞(q−) the
boundary points of the curves ws∞(q+) and ws∞(q−) on the absolute. Con-
sider the diffeomorphism f2k covering f2k for which the point p is fixed
and both connected components of the set wu(p) \ p are invariant. Then
the points σu+ and σu− are fixed points of the homeomorphism f

∗
2k, and

hence the points q+, q− are fixed points of the diffeomorphism f2k. But
then the points s∞(p), s∞(q+), and s∞(q−) are also fixed points of the
homeomorphism f

∗
2k. Consider the homeomorphism f02k covering the home-

omorphism f2k
0 such that f

∗
02k coincides with the homeomorphism f

∗
2k. By

Lemma 8.2, there exist boundary geodesics l̃u, l̃u1 , and l̃u2 from the set Ω
u

having common boundary points with the curves wu(p), wu(q+), and wu(q−),
respectively. By the construction of the hyperbolic homeomorphism f0, there
exist boundary geodesics l̃s1 and l̃s2 from the set Ω

s
for which, respectively,

s∞(q+), s∞(p) and s∞(p), s∞(q−) are the boundary points on the absolute,
see Fig. 8.7.

Let us prove item (6). Let l̃s1 and l̃s2 be boundary geodesics from Ω
s

for which the point s̃ is a common boundary point on the absolute. By the
construction of the hyperbolic homeomorphism f0, there exist points u1 and u2

on the absolute, a number r ∈ Z+, and homeomorphism f r0 covering f r
0 such
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Figure 8.7

that the point s̃ is repellent and the points u1 and u2 are attractive points of
the homeomorphism f

∗
r0 and that the arc [u1, u2] of the absolute containing

the point s̃ does not contain other fixed points of the homeomorphism f
∗
r0.

But then the geodesic l̃u with boundary points u1 and u2 belongs to Ω
u
, and

by Lemma 8.2, there exists a curve wu(x) ⊂ Λ that contains the preimage q
of a boimdaxy periodic point of the set Λ and has common boundary points
with l̃u on the absolute. By construction, the point s̃ is a boundary point of the
curve ws∞(q).

Items (7) and (8) can be proved by an arguments similar to the proof of
items (1) and (2). The proof of Theorem 8.2 is complete. �
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Definition 8.5 An attractor Λ of A-diffeomorphism f : M2 → M2 of genus
more than zero is called perfect if M2 \ Λ consists of finite number domains
each of which is homeomorphic to disk.

Next Theorem is direct corollary of theorems 8.2 and Lemma 8.4.

Theorem 8.3 Let Λ be an widely disposed attractor of A-diffeomor-
phism f : M2 → M2, where M2 closed orientable surface of genus more
than 1, and f∗ : Γ → Γ be hyperbolic automorphism. Then the attractor Λ is
connected and perfect.

Proof. Suppose firstly that Λ does not contain bunches of degree less
that 3. Since the set M2 \Ωu consists of finitely many domains homeomorphic
to disks, it follows from the proof above that the set M2 \ Λ∗ has the same
property. That is the set Λ consists of one periodic component Λ∗ and is perfect
attractor. It follows from hyperbolicity of f∗, Theorem 8.1 and Lemma 8.4 that
the attractor Λ does not contain a bunch of degree 1 and any bunch of degree 2
is accessible boundary from interior of some disk. �

8.3. Classification Theorem

Theorem 8.4 Let f be an A-diffeomorphism for which the automorphism f∗
is hyperbolic, and let Λ ∈ NW (f) be an widely disposed attractor that
does not contain bunches of degree 2. Then there exists a continuous map-
ping h : M2 → M2 such that h is homotopic to the identity mapping and the
following conditions are satisfied:

1) h(Ω0) = Λ, fh|Ω0
= hfag|Ω0

;

2) the set B ⊂ Λ of points b whose preimage h−1(b) contains more than one
point consists precisely of the points that belong to the union of stable
manifolds of all boundary periodic points; moreover, h−1(b)∩Ωs consists
of exactly two points belonging to distinct boundary geodesics from Ωs.

Proof. Let x0 be any point belonging to the set Ω0 and lying on the
intersection of the geodesics ls(x0) ⊂ Ω

s
and lu(x0) ⊂ Ω

u
. The following

cases are possible:

1) ls(x0) is the preimage of an interior geodesic of the set Ωs;
2) ls(x0) is the preimage of a boundary geodesic of the set Ωs.
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In the first case, by Theorem 8.2, there exist curves ws(x) and wu(y) pos-
sessing common boundary points with the geodesics ls(x0) and lu(x0), respec-
tively. Since the pairs of boundary points of the geodesics ls(x0) and lu(x0) are
separated on the absolute, it follows that the curves ws(x) and wu(y) intersect
on Δ; moreover, by Lemma 8.4 (item 1.), the intersection contains a single
point, which we denote by x′.

In the second case we denote by s1 and s2 the boundary points of
the geodesic ls(x0). By the construction of the lamination Ωs, there exists
a geodesic ls1 (respectively, ls2) other than ls(x0) for which the point s1 (re-
spectively, s2) is a boundary point on the absolute. By the construction of the
hyperbolic homeomorphism fag (in chapter 7), there exists a number k ∈ Z+

and a homeomorphism f
ag

k covering the homeomorphism (fag)k such that the
points s1 and s2 are source fixed points of the homeomorphism (f

ag

k )∗ of the
absolute and the arc λ = (s1, s2) of the absolute, containing no boundary points
of the geodesics ls1 and ls2 other than s1 and s2 contains exactly one (sink) fixed
point of the homeomorphism (f

ag

k )∗; we denote this point by u. Then, by the
construction of the geodesic lamination Ωu, there exist pre-images lu1 and lu2 of
distinct boundary geodesics from Ωu such that u is a common boundary point
of these pre-images on the absolute. Moreover lu1 , and lu2 has a nonempty in-
tersection with the geodesics ls(x0). Let p10 = lu1 ∩ ls(x0) and p20 = lu2 ∩ ls(x0).
By Theorem 8.2, there exists a point p1 ∈ Λ (respectively, p2 ∈ Λ) that is
the preimage of the boundary periodic point p1 (respectively, p2) and such that
the curve ws

∞(p1) (respectively, ws
∞(p2)) has the point s1 (respectively, s2)

as a boundary point on the absolute. It follows from the proof carried out
for Theroem 8.2 that the curve wu(p1) (respectively, wu(p2)) has common
boundary points with the geodesic lu1 (respectively, lu2 ) on the absolute. By
Theorem 8.2, there exists a curve wu(x), x ∈ Λ possessing common boundary
points with the geodesic lu(x0) on the absolute. Next, there are the following
two possibilities:

2a) the point x0 belongs to the arc [p10, s1)
s ⊂ ls;

2b) the point x0 belongs to the arc [p20, s2)
s ⊂ ls.

Then in case 2a) we set x′ = wu(x)∩ws(p1), and in case 2b) we set x′ =
= wu(x) ∩ ws(p2) (see Figure 8.8).

Let ϕ be the map which associates to each point x0 ∈ Ω0 the point x′ ∈ Λ
which was defined found in the cases 1), 2a) and 2b).

Note that in case 2a) for the point x0 there exists a unique point y10 =
= ls1 ∩ lu(x0) such that ϕ(y10) = ϕ(x0) = x′, and in case 2b) for each point x0

there exists a unique point y20 = ls2 ∩ lu(x0) such that ϕ(y20) = ϕ(x0) = x′.
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Figure 8.8

By Theorem 8.2 the mapping ϕ takes Ω0 onto Λ. By the construction of
the homeomorphism f

ag
, the mapping ϕ satisfies the relations

ϕf
ag
∣∣
∣
Ω0

= fϕ
∣
∣
Ω0

, ϕγ|Ω0
= γϕ|Ω0

, γ ∈ Γ,

where the covering mappings f
ag

and f satisfy the condition (f
ag
)∗ = f

∗
. By

construction, it readily follows that the mapping ϕ is continuous on the set Ω0.
Let B ⊂ Λ be the subset of points b whose preimage ϕ−1(b) consists of

more than one point. It follows from the construction of the mapping ϕ that
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the set B has the form ⋃

p∈G

ws(p) ∩ Λ,

where G = π−1(G) is the preimage of the union G of all boundary points of

the attractor Λ. If b ∈ ws(p)∩Λ, then ϕ−1(b) consists of exactly two points b
1

0

and b
2

0 that belong to the preimages of distinct boundary geodesics from Ωs

having a common boundary point on the absolute.
Now let us construct a continuous mapping h : Δ→ Δ such that hγ = γh

and h
∣∣
Ω0

= ϕ|Ω0
.

First, we construct a continuous mapping h0 of Ω
u

onto Λ such
that h

∣
∣
Ω0

= ϕ|Ω0
. Let z be an arbitrary point belonging to the geodesic lu(z) ⊂

⊂ Ω
u
. If z ∈ Ω0, then we set h0(z) = ϕ(z); if z �= Ω0, then by the construction

of ϕ there exist points z1, z2 ∈ lu ∩ Ω0 such that the arc (z1, z2)
u ⊂ lu does

not contain points from Ω0 and ϕ(z1) = ϕ(z2). In this case, we set h0(z) =
= ϕ(z1) = ϕ(z2).

For each domain Di ⊂ M2 \ Ωu, i = 1, . . . , k, we choose exactly one

preimage D
u

i on the covering M
2

and denote by luji , j = 1, . . . , ri, the
geodesic from Ω

u
entering the boundary of D

u

i . By Theorem 8.2, for each
geodesic luji there exists a unique point pji that is the preimage of a boundary
periodic point of the set Λ such that the curve wu(pji ) has common boundary

points with the geodesic luji on the absolute. We denote by D
′
i
u the domain

on M
2

bounded by the union of the curves
j=ri⋃

j=1

wu(pji ) together with their

boundary points lying on the absolute.
For each i, we can readily construct a continuous mapping hi of the closure

of the domain D
u

i on the closure of the domain D
′
i
u such that hi coincides

with h0 on each geodesic luji belonging to the boundary of the domain D
u

i .
Now let z be any point on Δ \ Ωu

. Then there exists an element γ ∈ G such
that the point γ(z) belongs to the closure of one of the domains D

u

i . Set h(z) =
= γ−1(hi(γ(z))). By construction, h is a continuous mapping satisfying the
conditions hγ = γh and h

∣
∣
Ω0

= ϕ|Ω0
.

Set B = π(B). Then the mapping h : M2 → M2 for which the map-
ping h is the covering is the desired one. The proof of Theorem is com-
plete. �
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CHAPTER 9

Structural Stability and Anosov–Weil
Theory

In this chapter we mainly consider structurally stable diffeomorphism f
on closed orientable surface M2 of genus g � 0 whose nonwandering set
contains at least one one-dimensional attractor (if nonwandering set contains
one dimensional repeller, one can consider diffeomorphism f−1).

In Section 9.1, we prove that if f : M2 → M2 is structurally stable then
the existence of one dimensional attractor implies the existence at least one
periodic point which is a source.

In Section 9.2, we study asymptotic behaviors of stable and unstable man-
ifolds of an one-dimensional widely disposed attractor Λ of A-diffeomorphism
(not necessary structurally stable) from point of view of Anosov –Weil problem.
We consider separately cases M2 to be the torus and M2 to be a hyperbolic
surface. When M2 is the torus we prove a bound deviation of stable and un-
stable invariant manifolds of Λ from co-asymptotic geodesics. When M2 is
hyperbolic surface we also prove a bound deviation of unstable invariant man-
ifolds of Λ from co-asymptotic geodesics. If A-diffeomorphism is structurally
stable we prove that stable invariant manifolds of Λ have property of bound
deviation from co-asymptotic geodesics as well.

9.1. Asymptotic properties of invariant manifolds

Here, we keep the notation of Section 1.8. Let f be an A-diffeomorphism
of a closed orientable surface M2 such that the non-wandering set NW (f)
contains a one-dimensional attractor Λ. By Corollary 1.3, f has at least one
s-boundary point belonging to Λ. Moreover, all s-boundary (in short, boundary)
points are periodic.
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Definition 9.1 We say a 1-dimensional attractor of an A-diffeomorphism f to
be separable if

1) There is finite set RΛ of the saddle and source points from the trivial
basic sets of the diffeomorphism f such that cl(W s

Λ) \W s
Λ is the union of

the stable manifolds of the points from RΛ;
2) for every s-boundary point p ∈ Λ holds cl(W s∅

p ) \ W s∅
p = p ∪ α

where α ∈ RΛ is a source point;
3) for every saddle point σ ∈ RΛ the manifold W s

σ contains no heteroclinic
points and the unstable separatrix �uσ is either disjoint from W s

Λ or it is
a subset of W s

Λ (see Figure 9.1).

The definition of a separable repeller is analogous.

Figure 9.1. An illustration to Definition 9.1

The following theorem states the important property of 1-dimensional basic
sets of structurally stable diffeomorphisms from which immediately follows
Theorem 9.2 below.
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Theorem 9.1 Every 1-dimensional attractor (repeller) of a structurally stable
diffeomorphism f : M2 →M2 is separable.

Proof. Let Λ be an attractor of the structurally stable diffeomor-
phism f : M2 → M2 (for a repeller the proof is similar). We now prove
that the three conditions of Definition 9.1 hold.

1) To prove item 1) of Definition 9.1 it suffices to prove that Wu
Λ′ ∩W s

Λ =
= ∅ holds for every nontrivial basic set Λ′ distinct from Λ. Suppose the
contrary: there are points x ∈ Λ, x′ ∈ Λ′ such that W s

x ∩Wu
x′ �= ∅. Since

stable manifolds of the points of Λ (unstable manifolds of the points of Λ′)
are C1-close on compact sets, without loss of generality one assumes that the
manifold W s

x contains no s-boundary periodic points of the basic set Λ and
that the manifold Wu

x′ contains no u-boundary periodic points of the basic
set Λ′.

Let y ∈ (W s
x ∩Wu

x′). By Lemma 1.23 the point y belongs to an adjacent
interval (a, b)s ⊂W s

x which consists of the wandering points of the diffeomor-
phism f and such that a, b ∈ Λ and each of Wu

a , Wu
b contains exactly one

s-boundary point of pa, pb, see Figure 9.2 left (pa = pb if Wu
a = Wu

b see Fig-
ure 9.2 right). Denote by Lu

a (Lu
b ) the connected component of the set Wu

a \ a
(Wu

b \ b) disjoint from the point pa (pb). Then the curve lab = Lu
a ∪Lu

b ∪ [a, b]s
bounds a domain Dab. This domain is a continuous immersion of the open
disk into the manifold M2, all its points are the wandering points of the diffeo-
morphism f and the curve lab is the boundary of Dab which is accessible from
inside.

Denote by Wu∗
y the connected component of the set Wu

y \ y disjoint from
the point x′. The strong transversality condition implies Wu∗

y ∩Dab �= ∅. By
Theorem 1.19 the component Wu∗

y contains a set which is dense in the periodic
component of the set Λ′. Therefore, there are points in Wu∗

y disjoint from the
domain Dab. Then there is a point y′ ∈ (a, b)s distinct from the point y and
such that the arc (y, y′)u ⊂ Wu

x′ belongs to the domain Dab. Since for any
point ã ∈ Lu

a there is a unique point b̃ ∈ Lu
b such that ã, b̃ ∈ W s

x̃ , x̃ ∈ Λ

and (ã, b̃)s ⊂ Dab it follows that the arc (ã, b̃)s is tangent to the arc (y, y′)u

and this contradicts the strong transversality condition, see Figure 9.2.
2) To prove the item 2) of Definition 9.1 it suffices to show that for every

s-boundary point p of the basic set Λ there is no saddle point σ from the trivial
basic set of the diffeomorphism f such that Wu

σ ∩W s∅
p �= ∅. If we assume the

contrary then similarly to the proof of the item 1) we come to contradiction to
the strong transversality condition.
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Figure 9.2

3) Assuming the contrary in this case we come to contradiction to the
strong transversality condition as well. �

Let p be a boundary periodic point of Λ and let a �= p be any point
of Wu(p). We denote by Wu

a (p) the connected component of the set Wu(p)\p
which contains a. It follows from Theorems 1.19 and 1.20, that there is a unique
boundary periodic point q (q may coincide with p) such that there is a unique
point b �= a such that b ∈ W s(a) ∩ Wu(q) and (a, b)s ∩ Λ = ∅. Note
that if q coincides with p, then b belongs to the connected component of the
set Wu(p) \ p which does not contain a.

Denote by Wu
b (q) the connected component of the set Wu(q) \ q which

contains b and call the connected components Wu
a (p), W

u
b (q) s-connected, see

Fig. 9.3.

Corollary 9.1 Let f be a structurally stable diffeomorphism of a closed ori-
entable surface M2 of genus p � 0 such that the non-wandering set NW (f)
contains a one-dimensional attractor Λ. Suppose that the components Wu

a (p),
Wu

b (q) are s-connected, where p, q are the boundary periodic points of Λ
and a ∈ Wu(p), b ∈ Wu(q) (if p coincides with q, then a and b belong to
distinct connected components of the set Wu(p) \ p). Then there exist the
source periodic points α1, . . . , αl and the saddle periodic points p1, . . . , pn
of the trivial basic sets, where l � 1, n � 0, and if n = 0, then l = 1, so that
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Figure 9.3

Figure 9.4. n = 0

the following conditions hold:

Lpq =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

W s∅(p) ∪W s∅(q) ∪ α1 ∪ p ∪ q, n = 0

(see Fig. 9.4),

W s∅(p) ∪W s∅(q) ∪
i=n⋃

i=1

W s(pi) ∪
i=n⋃

i=1

αi ∪ p ∪ q, n � 1

(see Fig. 9.5).

1) is a connected one-dimensional complex;
2) each set ∂W s∅(p), ∂W s∅(q) consists of exactly one source periodic point

of Lpq;
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Figure 9.5. n > 0

3) each set ∂W s(pi), i ∈ {l, n}, consists of one or two periodic points
of Lpq .

As a direct consequence of the corollary 9.1, we obtain

Theorem 9.2 If the non-wandering set of a structurally stable diffeomor-
phism f : M2 → M2 contains a one-dimensional attractor, then it contains
a source periodic point.

9.2. Conditions of bound deviation of invariant manifolds
from co-asymptotic geodesics

Here, we keep the notations of the previous section. Let Λ∗ be a C-dense
component of the attractor Λ and Lσ(t) ⊂ W σ(x), x ∈ Λ, t ∈ [0, +∞)
σ ∈ {s, u} be a ray on M2 which contains a set dense in Λ∗. Let lσ(t) be one

of pre-images of Lσ(t) on the universal covering M
2
, π(lσ(t)) = Lσ(t).

Denote by gσ any geodesic on M
2

which have the same asymptotic direc-
tion as the ray lσ(t) in one of the directions (if g = 1, then we consider a metric
of zero curvature, and if g > 1, we consider a metric of constant negative cur-
vature). Let us drop a perpendicular from lσ(t) on gσ and denote by gσt ∈ gσ
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the foot of this perpendicular. Denote by d the distance in appropriate metric

on M
2
.

We say that the preimage lσ(t) of the ray Lσ(t) boundedly deviates from
the geodesic gσ if the distance d(lσ(t), gσt ) is bounded by a constant which
does not depend on t ∈ [0, +∞).

Theorem 9.3 Let Λ be an widely disposed one-dimensional attractor of an
A-diffeomorphism f of an orientable closed two-dimensional manifold M2

of genus p � 1 and let Lσ(t) ⊂ W σ(x), x ∈ Λ, be a ray which contains
a set dense in some C-dense component of Λ. Then a preimage lσ(t) of

the ray Lσ(t) on the universal covering M
2

boundedly deviates from any
geodesic gσ which has the same asymptotic direction as lσ(t) in one of two
directions, where σ may take the following values:

if g = 1, then σ equals s and u;
if g > 1, then σ = u;
if g > 1 and, in addition, f is structurally stable, then σ equals s and u.

Proof. First, we consider the case where the surface M2 is the torus. If
the non-wandering set of the A-diffeomorphism f contains a widely disposed
attractor then f induces a hyperbolic automorphism f∗ of the group Γ [84].
Let f0 be an algebraic automorphism of the torus such that f0∗ = f∗. Then
according to [72] there is a continuous map h : M2 →M2 such that hf = f0h
and h is homotopic to the identity mapping.

Let h : R2 → R
2 be the covering map of h (πh = hπ). For the curve lσ(t)

there is a straight line gσ on R
2 such that some ray gσ1 of this straight line has

the same asymptotic direction as lσ(t) and gσ1 = h(lσ(t)).
Suppose that the statement of the theorem does not hold. Then there

exist a sequence tk → +∞ of values of the parameter t and a sequence γk of
elements of the group Γ such that for any σ ∈ {s, u} we have d(lσ(tk), g

σ
tk
)→

→ +∞ and the sequence mk = γk(l
σ(tk)) converges to some point m∗ ∈ R

as tk → +∞.
Put g̃σk = h(lσ(tk)), nk = γk(g̃

σ
k ). By construction d(g̃σk , l

σ(tk)) → ∞,
therefore d(mk, nk) → ∞. As h(mk) = h(γk(l

σ(tk))) = γk(h(l
σ(tk))) =

= γk(g̃
σ
k ) = nk, then d(mk, h(mk)) → ∞. We get a contradiction with

continuity of the map h.
Let now the genus of the surface M2 be greater than 1 and let Lσ(t) ⊂

⊂ W σ(x), x ∈ Λ, be a ray which contains a set dense in some C-dense
component Λ∗ of the set Λ.
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Consider any point y ∈ Λ∗ for which the manifold W s(y) does not contain
a boundary periodic point. The curve wσ(y) with π(y) = y has exactly two
boundary points μσ+, μσ− which are irrational points of the circle at infin-
ity S∞ (where each of the points μs+, μs− does not coincide with any of the
points μu+, μu−).

Denote by gσ the geodesic on Δ which has μσ+, μσ− as its bound-
ary points. Then π(gσ) is a nonclosed geodesic without self-intersections
on M2.

Introduce a parameter t ∈ (−∞, +∞) on the curve wσ(y) and de-
note by wσ(t) the point on wσ(y) such that wσ(0) = y and wσ(t) tends
to the point μσ+ as t → +∞. We show that the ray wσ+(t) ⊂ wσ(t),
t ∈ [0, +∞), boundedly deviates from the geodesic gσ , where σ = u, if f is
an A-diffeomorphism, and σ = u and σ = s if, in addition, f is structurally
stable.

Suppose the contrary. Then there is a sequence tk → +∞ of val-
ues of the parameter t and a sequence γk of elements of the group Γ such
that d(wσ(tk), g

σ
tk
) → ∞ and the sequence nk = γk(g

σ
tk
) converges to some

point n∗ ∈ Δ (where gσtk is the foot of the perpendicular dropped from the
point wσ(tk) on the geodesic gσ).

Put mk = γk(w
σ(tk)), g

σ
k = γk(g

σ), wσ
k = γk(w

σ(y)). Denote by gσ∗ , lσ∗
the topological limits of the sequences gσk , wσ

k respectively. As the boundary
points of the geodesic gσ are irrational and the geodesic π(gσ) has no self-
intersections on M2, all geodesics of the sequence gσk are mutually disjoint and
have no common boundary points on S∞. Therefore the set gσ∗ is the geodesic
passing through the point n∗ and denote by μσ+

∗ , μσ−
∗ , the boundary points

of gσ∗ . By construction the points μσ+
∗ , μσ−

∗ are different from the boundary
points of the geodesics gσk for all k.

The topological limit lσ∗ is a connected set which contains the
points μσ+

∗ , μσ−
∗ . Since elements of the group Γ are distance-preserving, the

distance between the points nk, mk infinitely increases as k → ∞. Then the
sequence of the points mk has at most one limit point which belongs to the
circle at infinity S∞ and is different from the points μσ+

∗ , μσ−
∗ .

We show that lσ∗ cannot contain any open arc λ of S∞. Suppose the
contrary. As the orbit of action of the group Γ on any point of S∞ is dense
in S∞, there is an element γ ∈ Γ such that the point γ(μσ+) belongs to λ.
But then there should be a number k0 such that the curve wσ

k0
intersects

the curve γ(wσ(y)). This is impossible as the curve π(wσ(y)) has no self-
intersections.
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Thus the set lσ∗ contains a connected subset l̃σ∗ which belongs to Δ and
has the following properties:

(1) l̃σ∗ has exactly two boundary points νσ+∗ , νσ−∗ which belong to S∞;
(2) at most one of the points νσ+∗ , νσ−∗ (for example, νσ+∗ ) does not

coincide with any point of μσ+
∗ , μσ−

∗ . Put L̃σ
∗ = π(l̃σ∗ ) and consider separately

the case σ = u and the case σ = s.
In the case σ = u the set L̃u

∗ belongs entirely to the set Λ∗ and for
any point z∗ ∈ L̃u

∗ the unstable manifold Wu(z∗) of the point z∗ belongs
to L̃u

∗ . Denote by z∗ the preimage of the point z∗ which belongs to l̃u∗ .
Let wu(z∗) be the preimage of the curve Wu(z∗) passing through the point z∗.
By construction wu(z∗) belongs to l̃u∗ and has exactly two boundary points, one
of which is the point νu+∗ .

Denote by l̃u+∗ the connected component of the set wu(z∗) \ z∗ for which
the point νu+∗ is a boundary point. Introduce a parameter t ∈ (0, +∞) on the
curve l̃u+∗ such that l̃u+∗ (t) tends to the point νu+∗ as t→ +∞.

The curve L̃u+
∗ (t) = π(l̃u+∗ (t)) intersects the arc int λs of a quasi-transver-

sal C in a countable set of points as t→ +∞. Then there is a countable set of
curves cn, cn ∈ {c}, π(cn) = C, n ∈ Z

+, such that the intersection l̃u+∗ (t)∩ cn
consists of exactly one point. Denote by c+n , c−n ∈ S∞ the boundary points
of cn.

The point νu+∗ is the topological limit of the sequence {cn}. Then there is
a number N such that the arc (c+N , c−N ) of S∞ which contains the point νu+∗
does not contain the points μu+

∗ , μu−
∗ . As the curve l̃u+∗ (t) belongs to the

topological limit of the sequence wu
k , there is a number N∗ such that the

curve wu
N∗

intersects the curve cN at most in two points, that is impossible, see
Fig. 9.6.

Consider the case σ = s. In this case we use the statement of Theorem 9.1,
which is true under the assumption that the diffeomorphism f is structurally
stable. Let us show that there is a point z∗ ∈ L̃s

∗ which has the following
properties:

(a) z∗ ∈ Λ∗;

(b) the preimage l̃s+∗ of the connected component L̃s+
∗ of the

set W s(z∗) \ z∗ belongs to l̃s∗ and has the point νs+∗ as its boundary point.

Let x∗ be any point of L̃s
∗. There are two cases:

(1) x∗ belongs to the stable manifold of a point of Λ∗;
(2) x∗ does not belong to the stable manifold of any point of Λ∗.
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Figure 9.6

In the first case there are two subcases:
(a1) W

s(x∗) does not contain a boundary periodic point;
(a2) W

s(x∗) contains a boundary periodic point p of Λ∗.
In subcase (a1) we show that the point z∗ = x∗ is the required one.

Let z∗ be the preimage of the point z∗ belonging to the set l̃s∗. Then the
curve ws(z∗) (π(ws(z∗)) = W s(z∗)) belongs to the set ls∗.

As ws(z∗) has distinct boundary points on S∞, then one of the connected
components of the set ws(z∗) \ z∗ (denote it by l̃s+∗ ) has the point νs+∗ as its
boundary point.

In subcase (a2) consider the complex Lpq which was constructed in The-
orem 9.1, where q is a boundary periodic point of the set Λ (p may coincide
with q).

By construction Lpq ⊂ L̃s
∗. Then by properties of the universal covering

there is a connected complex lpq belonging to l̃s∗ such that π(lpq) = Lpq,
π(p) = p, π(q) = q (if p = q, then the points p, q are congruent).
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The curves ws(p), ws(q) belong to l̃s∗ have distinct boundary points on S∞.
Then one of these curves has the point νs+∗ as its boundary point on S∞ and
hence either p or q is the required point z∗.

In case (2) by Corollary 9.1 the point x∗, belongs to the complex Lpq for

some boundary periodic points p, q, which belong to L̃s
∗ by construction. Then

we get subcase (a2) of case (1).

Thus there is a point z∗ ∈ L̃s
∗ such that z∗ ∈ Λ∗, and the preimage l̃s+∗ of

one of the connected components L̃s+
∗ of the set W s(z∗) \ z∗ has the point νs+∗

as its boundary point. The component L̃s+
∗ contains a set dense in Λ∗ and

consequently intersects the arc int λu of a quasi-transversal C in a countable
set of points. So we come to a contradiction as in the case σ = u.

Thus there is a constant Kσ(y) such that d(wσ(t), gσt ) < Kσ(y) for
all t ∈ [0, +∞), σ ∈ {s, u}.

Let x be an arbitrary preimage of the point x on Δ, wu(x) a preimage of
the manifold Wu(x), and lσ(t) ⊂ wσ(x) a preimage of the ray Lσ(t).

Denote by ξu+, ξu−, the boundary points of the curve wu(x). For the
curve ws(x) there are exactly two possibilities:

(a) the manifold W s(x) does not contain a boundary periodic point; then
the curve ws(x) has exactly two boundary points ξs+, ξs− which lie on the
circle at infinity;

(b) the manifold W s(x) contains a boundary periodic point q; then the
curve ws(x) has exactly two boundary points μs

∞ ∈ S∞ and q ∈ Δ, where q is
a preimage of the point q.

We show that the conclusion of the theorem is true for the ray ls(t) in
case (b). The proof for the ray lu(t) and for the ray ls(t) in case (a) is
analogous and easier.

Denote by μ̂u+, μ̂u− the boundary points of the curve wu(q) such that
during the clockwise movement along the circle at infinity starting from the
point μs

∞, we obtain the following order of points: μs
∞, ξu−, μ̂u−, μ̂u+, ξu+.

As the projection of the ray ws+(t) ⊂ ws(y), t ∈ [0, +∞), contains the set
dense in Λ∗, there is a sequence of points {yn} on the arc (x, μu+)u ⊂ wu(x)
converging to the point x and such that π(yn) ∈ π(ws+(t)) for each n ∈ Z

+.
There is a point p which is a preimage of a periodic point p of the set Λ∗
such that μ̂u+ is the boundary point of the curve wu(p). Denote by μ̂s

∞ the
boundary point of the curve ws(p) belonging to the circle at infinity and denote
by μs

n, μ̂s
n the boundary points of the curve ws(yn). We assume that the

notations were chosen so that μs
n belongs to an arc (ξu+, ξu−) of the circle
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at infinity containing the point μs
∞, and μ̂s

n belongs to an arc (μ̂u−, μ̂u+) not
containing the point μs

∞.
Since the sequence yn converges to the point x, then the sequence μs

n

converges to the point μs
∞, the sequence μ̂s

n converges to the point μ̂s
∞,

and the curve ws(x) belongs to the topological limit of the sequence of the
curves ws(yn).

Denote by gsn the geodesics with the boundary points μs
n, μ̂s

n and denote
by gs∗ the geodesic with the boundary points μs

∞, μ̂s
∞. By construction the

geodesic gs∗ is the topological limit of the geodesics gsn.
We show that the distance from any point on the curve ls(t) to the

geodesic gs∗ is bounded above by a constant K(y). Suppose the contrary.
Then there is a point z ∈ ls(t) such that d(z, z∗) > K(y), where z∗ is the

foot of the perpendicular dropped from the point z on the geodesic gs∗. As the
point z belongs to the topological limit of the sequence ws

n, there is a sequence
of points zn ∈ ws

n converging to the point z.
Denote by vn the foot of the perpendicular dropped from the point zn

on the geodesic gsn. Then, by construction, the sequence {vn} converges to
the point z∗, and the sequence of the distances d(zn, vn) converges to the
distance d(z, v∗).

Hence there is a number n0 such that d(zn0
, vn0

) > K(y). Since all
curves ws

n are congruent to the curve ws(y), there is an element γn0
of the

group G such that the point γn0
(zn) belongs to ws+(t) and γn0

(vn) belongs
to gs. As the element γn0

preserves distance, then d(γn0
(zn), γn0

(vn)) >

> K(y), which is impossible.
Since the geodesics having a common boundary point at the circle at

infinity exponentially approach, the statement of the theorem is true for any
geodesic for which the point μs

∞ is a boundary point. Theorem 9.3 is completely
proved. �

Bibliographic Notes and Panoramas

Chapter 9. The problem considered in this Chapter arised from Anosov’s
question posed at the beginning of the 1970s: whether there exist lifts on
a universal covering (hyperbolic plane or Euclidian plane) for curves without
self-intersections on a surface of nonpositive Euler characteristic such that they
have asymptotic directions but unboundedly deviates from the geodesic rays
with the same asymptotic direction. Negative answer for Anosov’s question
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was claimed by V. Pupko in 1967 [195]. However V. Grines noticed that from
the example of R. Robinson and R. Williams [199] follows the existence of
a curve with unbounded deviation from co-asymptotic geodesic. Such curve is
a stable manifold a point belonging to one dimensional expanding attractor of
A-diffeomorphism of pretzel (surface of genus 2).

Notice that the A-diffeomorphism of the example by R. Robinson and
R. Williams is structurally unstable. So, it is natural to investigate the problem
of bounded deviation for structurally stable surface diffeomorphisms.

As noticed V. Grines, the problem on unbounded deviation intimately
close with an interrelation between structural stability and asymptotic behav-
ior of stable and unstable manifolds of points of one-dimensional basic sets.
In 1997 [86], he proved next statement: if p is a boundary periodic point of
a one-dimensional attractor Ω and W s∅(p) is the connected component of the
set W s(p) \ p which does not intersect Ω, then the set ∂W s∅(p)) consists of

exactly one source periodic point, where ∂W s∅(p) = W
s∅ \ (W s∅(p) ∪ p).

Thus, if the nonwandering set of a structurally stable diffeomorphism f con-
tains a one-dimensional attractor then it must also contain a zero-dimensional
source. Notice that in 1974 R. Plykin [186] proved that if nonwandering set of
A-diffeomorphism f of sphere or torus, not necessary structural stable, contains
a one-dimensional attractor then it also contains a source periodic point.

(9.1). Theorem 9.1 was proved in [86].
(9.2). Theorem 9.3 was proved in [86].
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[138] López A. Foliations admitting recurrent leaves of infinite depth on com-
pact two-manifolds. Journ. Dyn. Cont. Syst., 13 (2007), № 2, 255–271.

[139] Magnus W., Karrass A., Solitar D. Combinatorial Group Theory:
Presentations of groups in terms of generators and relations. Interscience
Publishers, 1966.

[140] Maier A. G. Rough transformation of a circle into circle. Science Notes
of Gorky university, 1939, 12, 215–229 (Russian).

[141] Maier A. G. Des trajectoires sur les surfaces orientées. C.R. Acad. Sci.
USSR, 24 (1939), 673–675.

[142] Maier A. G. On trajectories on orientable surfaces Mat. Sb., 12 (1943),
71–84.

[143] Manning A. Axiom A diffeomorphisms have rational zeta functions.
Bull. of London Math. Soc. 3 (1971), 215–220.

[144] Manning A. Anosov diffeomorphisms on nilmanifolds. Proc. Amer.
Math. Soc. 38 (1973), 423–426.

[145] Manning A. There are no new Anosov diffeomorphisms on tori. Amer.
Journ. of Math. 96 (1974), 422–429.

[146] Manning A. Topological Entropy and the First Homology Group, Lec-
ture Notes in Mathematics, Vol. 468, Springer-Verlag, Heidelberg, Berlin,
New York, 1975.

[147] Markley N. G. The structure of flows on two-dimensional manifolds.
These. Yale University, 1966.



BIBLIOGRAPHY 493

[148] Markley N. G. The Poincare –Bendixon theorem for the Klein bottle.
Trans. Amer. Math. Soc., 135 (1969), 159–165.

[149] Markley N. G. Homeomorphisms of the circle without periodic points.
J. London Math. Soc., 20 (1970), 688–698.

[150] Markley N. G. Invariant simple closed curves on the torus. Michigan
Math. J. 25 (1978), № 1, 45–52.

[151] Markley N. G. Princeples of Differential Equations. A John Wiley Pub-
lication, 2004.

[152] Markley N. G., Vanderschoot M. H. An exotic flows on a compact
surface. Colloq. Math. 84/85 (2000), 235–243.

[153] Markley N. G., Vanderschoot M. H. Remote limit points on surfaces.
Journ. Diff. Equat. 188 (2003), 221–241.

[154] Massey W. S. Algebraic Topology. Springer-Verlag, NY, Berlin, 1967.
[155] McSwiggen P. Diffeomorphisms of the torus with wandering domains.

Proc. AMS, 117 (1993), № 4, 1175–1186.
[156] McSwiggen P. Diffeomorphisms of k-torus with wandering domains.

Ergod. Th. and Dynam. Syst., 15 (1995), 1189–1205.
[157] Medvedev V., Zhuzhoma E. Structurally stable diffeomorphisms have

no codimension one Plykin attractors on 3-manifolds. Proc. of Foliations:
Geometry and Dynamics (held in Warsaw, May 29 – June 9, 2000), World
Scientific, Singapore, 2002, 355–370.

[158] Medvedev V., Zhuzhoma E. On the existence of codimension one non-
orientable expanding attractors. Journ. Dyn. Contr. Syst., 11 (2005), № 3,
405–411.

[159] de Melo W., van Strien S. One-dimensional dynamics: the Schwarzian
derivative and beyond. Bull. AMS, 18 (1988), 159–162.

[160] de Melo W., van Strien S. A structure theorem in one-dymensional
dynamics. Annals of Math., 129 (1989), 519–546.

[161] de Melo W., van Strien S. One-Dimensional Dynamics. Springer-Ver-
lag, Berlin, Heidelberg, NY, 1993.

[162] Miller R. Geodesic laminations from Nielsen’s viewpoint. Advances
Math., 45 (1982), 189–212.

[163] Misiurewicz M., Ziemian K. Rotation sets of maps of tori. J. London
Math. Soc., (2) 40 (1980), № 3, 490–506.

[164] Moise E. Geometric Topology in Dimensions 2 and 3. Springer-Verlag,
Graduate Texts Math., 47.



494 BIBLIOGRAPHY

[165] Morgan J. W., Shalen P. Valuations, Trees, and Degenerations of Hy-
perbolic Structure. II: Measured Laminations in 3-Manifolds. Ann. Math.,
127 (1988), 403–465.

[166] Morse M. A one-to-one representation of geodesics on a surface of neg-
ative curvature. Amer. J. Math., 43 (1921), 33–51; Symbolic dynamics.
Institute of Advanced Study Notes, Princeton, 1966.

[167] Myrberg P. J. Ein Approximationssatz fur die Fuchsschen Gruppen. Acta
Math. 57 (1931), 389–409.

[168] Nemytskii V. V., Stepanov V. V. Qualitative Theory of Differential Equa-
tions. Princeton, NJ, Princeton Univ. Press, 1960.

[169] Nestorovich N. M. Geometrical constructions in the Lobachevsky Plane
(in Russian). Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow, Leningrad.
1951. 304 p.

[170] Newhouse S. E. On codimension one Anosov diffeomorphisms. Amer. J.
Math., 92 (1970), 761–770.

[171] Newhouse S., Palis J., Takens F. Bifurcations and stability of families
of diffeomorphisms, Inst. Hautes Etudes Sci. Publ. Math. 57 (1983),
5–71.

[172] Nikolaev I., Zhuzhoma E. Flows on 2-dimensional manifolds. Springer,
Lect. Notes in Math., 1705 (1999).

[173] Nielsen J. Untersuchungen zur Topologie der geshlosseenen zweiseitigen
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List of standard notations

Here is the list of standard notations that are used (sometimes without
commentary):

R (resp. C) is the set of real (complex) numbers; R+ is the set of
nonnegative real numbers;

Z+ = Z ∩ R+ is the set of non-negative integers.

R
n is the n-dimensional (n � 2) Euclidean space; Rn

+ = R
+ × R

n−1 is
a half-space;

Z
n is the integer n-dimensional (n � 1) lattice (vectors of Rn with integer

coordinates);

S1 is a circle;

f ◦g is the composition of functions f and g defined by the rule f ◦g(x) =
= f(g(x)).

If f : N → N is one-to-one, fn means n-th iteration, fn = f ◦ f ◦ . . . ◦ f
︸ ︷︷ ︸

n

,

n ∈ Z.
If f : N → N is not invertable, f−1(D) means the full preimage

of D ⊂ N .

The end of a proof of statements (theorems, lemmas, so on) is marked
by �.

The end of examples is sometimes marked by ♦.

closN = clos(N) is a topological closure of a set N ; intN = int(N) is
an interior of N .

Uε(N) is an ε-neighborhood of subset N .



Index

A-diffeomorphism, 60
absolute, 129
AG-hyperbolic homeomorphism, 435
Aranson-Grines hyperbolic homeo-

morphism, 435
asymptotic direction, 446
asymptotic direction irrational, 229
asymptotic direction rational, 229
attractor, 65
attractor expanding, 66
automorphism hyperbolic, 403

basic set, 60
basic set C-dense, 63
basic set nontrivial, 60
basic set trivial, 60
Bendixson extension, 193
branched point, 137
branched set, 137
bunch, 452

chain recurrent set, 29
Cherry flow on the torus, 150
Cherry-type foliation on the torus, 150
circle at infinity, 129
congruent points, 12, 226, 447
covering group, 12
covering map, 11
covering projection, 11
covering projection branched, 137
covering sheeted map, 11

covering space, 11
covering universal space, 11
curve, 114
curve bounded, 228
curve closed, 114
curve goes to infinity, 228
curve has an asymptotic direction, 228
curve infinite, 113
curve nontrivially recurrent, 154
curve semi-infinite, 150
curve simple, 113
curve unbounded, 228
curve widely disposed with respect to,

211

deck transformation, 12
degree of a bunch, 452
degree of circle map, 86
Denjoy flow, 149
Denjoy foliation, 149
densely situated connected component,

67
directive sequence, 450
disconnected group, 132
dynamical system, 16
dynamical system minimal, 32

entropy algebraic, 36
entropy topological, 35

fake saddle, 117
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first return map, 22
fixed point, 16, 20
flow, 16
foliation, 116
foliation Cherry on the torus, 150
foliation highly transitive, 124, 353
foliation irrational, 125, 353
foliation irrational on a disk, 126
foliation non-orientable, 119
foliation orientable, 119
foliation standard on a half-disk, 148
foliation strongly irrational, 167
foliation transitive, 124
foliation widely disposed, 216
freely acting group, 132
full limit set, 28

geodesic B-recurrent, 182
geodesic boundary, 408
geodesic co-asymptotic, 229
geodesic corresponding, 229
geodesic flow, 177
geodesic framework, 283
geodesic interior, 408
geodesic lamination, 175
geodesic lamination nontrivial, 179
geodesic lamination strongly nontriv-

ial, 180
geodesic lamination trivial, 176
geodesic lamination weakly irrational,

180
geodesic recurrent in Birkhoff sense,

182
group disconnected, 132
group freely acting, 132

homeomorphism mixing, 32
homeomorphism transitive, 31

hyperbolic surface, 132

ideal endpoints, 129
index of basic set, 60
index of fixed point, 168
index of singularity, 166
index unstable, 60
irrational, 225, 226

lamination, 116
lamination local, 114
leaf closed, 118
leaf generalized, 197
leaf local, 115
leaves, 115
limit point, 27
limit set, 27, 150
limit set at infinity, 227

Maier quasiminimal set, 174
manifold, 9
manifold closed, 9

Nielsen classes, 393

orbit, 20
orbit space, 12

periodic orbit, 20
periodic point, 20
point accessible by the curve, 229
point irrational, 234
point non-wandering, 28
point rational, 234
point reached by the curve, 229
point wandering, 28
points chain equivalent, 30

quasi-transversal of a periodic compo-
nent of a basic set, 446

quotient space, 12
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rational, 225, 226
regular point, 17
repeller, 65
repeller contracting, 66
representative of geodesic, 228
rotation number, 93, 348

separable 1-dimensional attractor (re-
peller), 470

separatrix connection, 171
set backward invariant, 27
set forward invariant, 27
set invariant, 27, 116
set minimal, 168
set non-wandering, 28
set quasiminimal, 170
set saturated, 116
set transitive, 31
singularity, 16
sink (source) point, 457
stable foliation, 24
surface, 10

surface hyperbolic, 132
surface non-oriented, 11
surface oriented, 10
suspension, 21

thorn, 117
trajectory, 16
trajectory B-recurrent, 169
trajectory recurrent, 169
trajectory recurrent in the Birkhoff

sense, 169
transversal, 115
transversal closed, 115
tripod, 117

unstable foliation, 24

web, 370
web irrational, 370
web strongly irrational, 370
web topologically equivalent, 370
webs consistent, 372
widely disposed basic set, 446
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