Russian Journal of Nonlinear Dynamics, 2021, vol. 17, no. 3, pp. 321-334.
Full-texts are available at http://nd.ics.org.ru
DOI: 10.20537/nd210306

MATHEMATICAL PROBLEMS OF NONLINEARITY

MSC 2010: 37D05

Omega-classification of Surface Diffeomorphisms
Realizing Smale Diagrams

M. K. Barinova, E.Y.Gogulina, O. V. Pochinka

The present paper gives a partial answer to Smale’s question which diagrams can corre-
spond to (A, B)-diffeomorphisms. Model diffeomorphisms of the two-dimensional torus derived
by “Smale surgery” are considered, and necessary and sufficient conditions for their topological
conjugacy are found. Also, a class G of (A, B)-diffeomorphisms on surfaces which are the con-
nected sum of the model diffeomorphisms is introduced. Diffeomorphisms of the class G realize
any connected Hasse diagrams (abstract Smale graph). Examples of diffeomorphisms from G
with isomorphic labeled Smale diagrams which are not ambiently Q2-conjugated are constructed.
Moreover, a subset GG, C G of diffeomorphisms for which the isomorphism class of labeled Smale
diagrams is a complete invariant of the ambient ()-conjugacy is singled out.

Keywords: Smale diagram, (A,B)-diffeomorphism, 2-conjugacy

1. Introduction and formulation of the results

Let f be a diffcomorphism of a connected closed n-manifold M™. In 1967 S.Smale [1]
introduced a concept of A-diffeomorphism, i.e., a diffeomorphism whose nonwandering set is
hyperbolic and whose periodic points are dense in it. He proved that the nonwandering set N Wf
of an A-diffeomorphism f is a union of pairwise disjoint subsets A;, A,, ..., A, each of which is
compact, invariant, topologically transitive and is called basic set. Moreover,
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Basic sets A;, A, are said to be in Smale relation < (A; < A;) if

W3 N WXJ_ #* .

An A-diffeomorphism f satisfies axiom B (is an (A, B)-diffeomorphism) if from the condition
A, < Aj it follows that there exist periodic points p € A;, ¢ € Aj such that the manifolds W}
and W' have a transverse intersection point. For (A, B)-diffeomorphisms the Smale relation <
is a partial order relation.

A sequence of pairwise distinct basic sets A; = Aio’ Ail’ - Aim = A (m > 1) such that
Ai0 =< Ai1 < ... = Aim is called a chain with the length m € N connecting the basic sets A,
and Aj. Such a chain is called mazimal if no new basic set can be added to it.

The Smale diagram A of an (A, B)-diffeomorphism f: M™ — M™ is a graph whose vertices
correspond to the basic sets and whose directed edges sequentially connect vertices of maximal
chains. In fact, the Smale diagram is a special case of a Hasse diagram. Let us recall that a Hasse
diagram of a partially ordered set (X, <) is a graph whose vertices are elements of the set X,
and a pair (z, y) forms an edge if x < y and fz: z < 2, 2z < y.!

Lemma 1. A Smale diagram of any (A, B)-diffeomorphism is a connected Hasse diagram.

In [1] the following question is formulated as a problem (Problem 6.6a): which diagrams can
correspond to (A, B)-diffeomorphisms?

This paper provides a partial answer to this question. Namely, let us define a model diffeo-
morphism FC,OS,O“ : T? — T2 derived from an algebraic Anosov diffeomorphism C with a hyper-
bolic matrix C' by “Smale surgery” along invariant manifolds of a finite (possibly empty) set of
pairwise disjoint periodic orbits: along the stable manifolds of periodic orbits O° = {Of, ..., O;}
and along the unstable manifolds of periodic orbits O" = {OY, ..., O}'}.

Theorem 1. Model diffeomorphisms Fo s ouws Forors ot T2 — T2 are topologically con-
jugate iff there exists a matriz H € GL(2, Z) such that HC = C'H and H(O%) = O'%, H(O%) =
= O, where H 1is the induced automorphism of the 2-torus.

In Section 5, the class G of (A, B)-diffeomorphisms of closed orientable surfaces that are
the connected sum of model diffeomorphisms is introduced. In Section 6 we prove the following
result.

Theorem 2. Any connected Hasse diagram can be realized by some diffeomorphism from
the class G.?

A labeled Smale diagram is the Smale diagram in which the topological conjugacy class
of the restriction of the diffeomorphism to the corresponding basic set is additionally specified
near each vertex. Two labeled diagrams are called isomorphic if there is an isomorphism of the
corresponding graphs that preserves the incidence, the orientation of the edges, and the topolog-
ical conjugacy classes of the vertices. Thus, the isomorphism of the labeled diagrams A 2 A, of
(A, B)-diffeomorphisms f, g is a criterion for an Q-conjugacy, that is, for the existence of a home-
omorphism h: NW, — NW_ such that hf| NW, = gh| N W, But in general this homeomorphism

does not extend to the ambient manifold.

'For the first time this kind of visualization was systematically described by Birkhoff [2] in 1940; he
named it in honor of Helmut Hasse, who used similar diagrams, however, such drawings were found in
earlier works, for example, in the textbook of the French mathematician Henri Vogt [3], published in 1895.

2The idea of such a realization is developed in [13], but we present it here for completeness.
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Omega-classification of Surface Diffeomorphisms Realizing Smale Diagrams 323

Recall that diffeomorphisms f: M™ — M™, g: M'™ — M'™ are called ambiently Q-conjugate
if there exists a homeomorphism h: M™ — M'™ such that hf\NWf = gh\NWf.

In Section 7 examples of diffeomorphisms from G with isomorphic labeled Smale diagrams
which are not ambiently -conjugated are constructed. Let us single out a subclass G, C G of
diffeomorphisms in which any two model diffeomorphisms are connected by at most one orbit. For
such diffeomorphisms, the isomorphic class of the labeled Smale diagram is a complete invariant
of the ambient 2-conjugacy.

Theorem 3. Diffeomorphisms f, f' € G, are ambiently Q-conjugate iff their labeled dia-
grams are isomorphic.

2. Every Smale diagram is a connected Hasse diagram

The connectivity of a Smale diagram will be proved in this section.

Proof of Lemma 1.

Let f be an (A, B)-diffeomorphism given on a connected closed manifold M™ and let N W,
be the nonwandering set of f. Let < be a Smale partial order relation given on the set N W;.
Suppose the contrary: the Hasse diagram (N Wf, <) = I' is not connected, that is, there is
a connected component I'; of I', different from I'. Let L; = {A; , ..., A; } be the basic sets
corresponding to the vertices of I';. Since I'; is a connected component of the graph I, it follows
that 6 Wi, = Lnj Wy . Let Mj" = G Wi, = 6 Wy, . We show that M;" is an open subset

) = : = i ;

Jj=1 7 J J J
of M™.

To this end it is sufficient to show that every point x € M possesses an open neighbor-
hood U, C M" such that each point y € U, belongs to an intersection of W7  with W§

for some my(y), my(y) € {1, ..., m}. Indeed, if we suppose the contrary, then tlllere is a basizc
set A, which does not belong to the set L, and whose closure of the invariant manifolds contains
the invariant manifold of some basic set from L,. By virtue of the (A, B)-axiom we find that A,
is connected by the order relation < with a basic set from L, and, hence, belongs to L,, which
contradicts the assumption.

In the same way the complement of M in M™ is also open. Hence, the manifold M is
open and closed simultaneously and, therefore, coincides with the ambient manifold M™. Thus,
the connected component I'; coincides with I', which contradicts the assumption. O

3. Model diffeomorphisms on the torus

In this section model diffeomorphisms on the two-dimensional torus whose connected sums
realize an arbitrary Smale diagram will described.

3.1. Smale surgery

Let C' € SL(2, Z) be a hyperbolic matrix with eigenvalues A;, A, such that A = [\;| > 1
and |A\,] = 1/A. Since the matrix C' has a determinant equal to 1, it induces a hyperbolic

automorphism C: T2 — T2 with a fixed point O. According to [4], this diffeomorphism is an
Anosov diffeomorphism and has two transverse invariant foliations (stable and unstable), each

of which is dense on the torus. Moreover, the set of periodic points of the diffeomorphism Cis
also dense on T?.
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S. Smale [1] proposed a so-called “surgery” to obtain a diffeomorphism with a one-dimensional
attractor and a fixed source point. Let us provide one of possible versions of such a surgery (for
details, see [5]).

Let (z, y) be local coordinates in some neighborhood U(O) of the point O € T? such that
the diffeomorphism C: T2 — T2 in this coordinates can be represented as C(z, y) = (z/A, \y).
Then {y = const} and {z = const} are stable and unstable foliations of C. Let p: R — [0, 1] be
a C'°°-smooth function defined by the formula

0, z < A\73,
pu(x) =< plx), AP <<,
1, xz =21,

where fi(z): (A\™3, 1) — (0, 1) strongly monotonically increases (see Fig. 1a).

A

A (a) (b)

g
N
8

|G|

en)
>
w
RS FR A W

e N

Fig. 1. (a) The graph of the function pu(z); (b) The graph of the function v(x)

Define the function v: R — R by the formula v(x) = A\~20-#(1#0) g (see Fig. 1b). Let
D? = {(z, y) € R? | 22 + y? < 4}. A diffeomorphism Beos: D? — D? defined by the formula
Be os(z, y) = (v~1(z), y) has the form Be os(z, y) = (N2, ) if 22 + % < A7% and is identical
on OD?. R

Let Bi s T? — T? be a diffeomorphism which coincides with B os in U(0) and is identical
outside it. Then, according to [6], the diffeomorphism Foos = 30705 oCisa D A-diffeomorphism
whose nonwandering set consists of a one-dimensional attractor AC,OS with the so-called bunch
of degree 2 formed by two different boundary fixed points p,. and g, and a fixed source o,
(see Fig. 2).

The construction described above is called the Smale surgery along the stable manifold of
a fixed point. Since in the neighborhood of a source point in the local coordinates x, y the
diffeomorphism FC,OS is a linear extension, it follows that in the basin W4, there exists a pair
of transversal I, os-invariant foliations having the form {y = const} and {z = const} in the
local coordinates z, y. Thus, the diffeomorphism Faos has a pair of global transversal invariant
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Fig. 2. DA-diffeomorphism Fp, ;.

foliations L, s, L os containing the manifolds W7, x € Agos, W}, © € Ay os, respectively, as
leaves (see Fig. 2).

3.2. Generalization of the surgery

The surgery described above is performed in a neighborhood of any periodic orbit of the

Anosov diffeomorphism C. Tt can also be generalized to a surgery along the unstable manifold
of a periodic orbit.

A model diffeomorphism of the torus is a diffeomorphism Foos out T? — T2 obtained from
the algebraic Anosov diffeomorphism C by Smale surgery along invariant manifolds of a finite
(possibly empty) set of pairwise distinct periodic orbits: along the stable manifolds of orbits O% =
={07, ..., O}} of periods my, ..., m,, respectively, (s-orbits) and along the unstable manifolds
of periodic orbits O* = {O}, ..., O}'} of periods n, ..., n;, accordingly, (u-orbits).

By construction, the nonwandering set N WFc s o contains a unique nontrivial basic
set AC,OS’OU and the diffeomorphism Feo s ou has a pair of transversal invariant foliations
L¢ o5 ous Lty os ou containing, as leaves, stable and unstable manifolds, respectively, of points
from AC,OS,O“- The set oy = {aof, cee O‘O;} is a set of source periodic orbits and the set wy., =
= {wo%, e wolu} is a set of sink periodic orbits of the diffeomorphism F ns gu. Sets pps =
= {pOfv . pOZ}’ dos = {q0f7 . qOZ}’ Poyu = {po%, . pOZ‘}’ Qo = {qo%, ol qolu} consist
of boundary periodic points, such that for each i € {1, ..., k} there exist stable separatri-
ces lﬁos and l?os of the orbits p,s and s which belong to the basin of the same source periodic

orbit ans and for each j € {1, ..., 1} there exist unstable separatrices lz?ou and l?ou of the
! J J
orbits pyu and gy which belong to a basin of the same sink periodic orbit wgu.
J J J
In this case, the basic set AC’OS,OM has one of the following possible structures:

e has the topological dimension 2 and is an attractor and a repeller simultaneously if O° =
= Q0" = g,
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e has the topological dimension 1 (see Fig. 3) and is an attractor (repeller) if O° # @,
0= (0° =2, 0" # 2);

e has the topological dimension 0 (see Fig. 4) and is a saddle basic set if 0% # @ and O" # @.

FC,{O%OE‘}

Fig. 3. The diffeomorphism F, (05,05} with s-orbits with periods 2, 3 and the attractor A (05,05} the
diffeomorphism Fe {(ov,08} with u-orbits with periods 1, 2 and the repeller A, {ov,08}

Fe o110ty

Fig. 4. Diffeomorphism F|, (05}.{0%} with s-orbit of period 4, w-orbit of period 2, and saddle basic

set Mg qoiy.01)

4. Topological conjugacy of the model diffeomorphisms

In this section, we prove Theorem 1. Firstly, notice that necessary and sufficient conditions
for model Anosov diffeomorphisms follow from [7-9|. For the case where exactly one of the
sets 0%, O" is empty, Theorem 1 follows from [7].

Thus, everywhere below we suppose that both sets O°, O are not empty and, hence,
AC,OS’OU is a zero-dimensional basic set. Let us provide some necessary information and prove
auxiliary lemmas using ideas of the paper [10] and the book [11].

We say a point 2 € Ag s ou is s-dense (u-dense) if both connected components of the
set W7\ z (W' \ z) contain sets which are dense in a periodic component of the Ag s pu
containing the point x. A point z € AQOS’OH is said to be an s-boundary point (u-boundary
point) if one of the connected components of the set W7\ z (W;'\ z) is disjoint from Ay s ou-
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Any model diffeomorphism Feo 0s ou corresponds to a hyperbolic matrix C' and by construc-
tion this diffeomorphism has the form Foos ou = EC,OS,OM o (7, where EC,OS,O“: T? — T2 is
isotopic to the identical diffeomorphism. Thus, the diffeomorphism Fe s ou 1s isotopic to the
diffeomorphism C.

Proposition 1 ([11, Lemma 9.8]). Let f: T? — T? be a diffeomorphism such that the
induced isomorphism f,: m (T?) — 7,(T?) is hyperbolic and let C be the matriz that defines
the isomorphism f,. Then there is a unique continuous map h of the torus T2 which is ho-
motopic to the identity and such that it semiconjugates the diffeomorphism f to the algebraic
automorphism C.

Let 7: R? — T2 be a universal covering 7T_1(AC Os ou) = Acos ou- If z € T?, let T € R?
denote the point in the preimage 7~ (z). Denote by w?, § € {8 u} the curve on R? containing @
such that m(wd) = W2, z € A¢ s ou- For points 7, 7 € wl (7 # %) let [7, 2%, [7, 2)°, (¥, Z)°,
(7, Z)° denote the connected arcs on the manifold w% with the boundary points 7, z

By Proposition 1, there exists a unique continuous map h: T2 — T2 which is homotopic
to the identity and such that hFg n. ou = Ch. Let h: R2 — R2 be a lift of the map h. For
every z € T2 let W (/W“) denote the stable (unstable) manifold of the point x with respect
to the automorphism C and let w denote the connected component of the preimage of the
manifold Wg of the automorphism C which passes through the point 7.

Lemma 2. Let T,7 € Agpsou, ws = wd (Wi = wl) and (T, §)° N Agpsou # @

C, T v v
((Z, 9)" N Ag s ou # D). Then h(ZT) # h(Y).

Proof.

We consider the case w; = wy, (the case wy = wy is similar). By [11, Lemma 9.10] there

is 7 > 0 such that d(Z,, T,) <r for any two points T, Ty € Ag ps pu for which h(T,) = h(T,),
where d is the Euclidean metric on R?. Let p € Aaos’OM be an s-dense periodic point and let m
be the natural number for which F¥s: ou(p) = p. Then there are points z,, y, € (z, y)° such
that z,, y, € W2, where W¥* is one of the connected components of W\ p. Let p € Ag o on
be a point in the set 77 !(p) and let ¢, gbA be the lifts of the diffeomorphisms Flos ou, cm
such that ¢(p) = p, hé = qﬁaﬁ. Denote by 7,, T, the preimages of the points y,, x, belonging
to the curves wp+, wy , respectively. On the curve wj there are points 7', ¥ congruent to
the points 7, g, respectively, with respect to integer plane shifts. Since the arc (7', ¥')* C wj
contains the arc (7,, 7,)® C wy_, the points 7', §' are separated by the curve wj on R2. By the
A-lemma (see, for example, [12, A-lemma]), there is N > 0 such that d(¢~ ('), ng_N(y ) >
Suppose that, contrary to the assumption h(z) = h(y). Then h(_’) = W7, ho~N@)) =
— 6N (@) = 62 () = h(6~N (7)) and, thercfore, d(¢N (@), 6V (7)) < 7, which is
impossible. o

Lemma 3. If for a point x € Aaos,Ou its manifold W2 \  contains no 5-boundary points,

T(00) — 70
then h(wl) = W)

Proof.
Let us provide the proof for the case 6 = u (the proof for § = s is similar). First we show

that h(wd) C @%@. Let ¥ (y # T) be an arbitrary point on the curve w. The definition of an
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unstable manifold implies Em P(FE s oul®), FE s ou(y)) = 0 for z = p(Z), y = p(y) where
n — 00 ’ ’ I’ I’
p is the metric on the torus. Continuity of i implies lim p(h(FE ps pu()), h(FO 0s.0u(Y)) =
n——o0 ]

= ll)m p(C™(h(z)), C™(h(y))) = 0, therefore h(y) € /W“( » that is, h(W}E) C h( ) Since h is
a lift of h, we have h(wd) C w— . The curve h(w%) is a connected set on the curve wﬁ( ) and
it contains the point h(T)

We now show that h(w%) = f&% @)’ Suppose the contrary, h(wd) # {5% @’ Then, by Lemma 2,

the image of one of the connected components of the set w% \ T by the map h is a bounded set

on the line w—( X But, by Lemma [11, Lemma 9.9], the map A is proper, i.e., the preimage of

every compact set is compact, and this is a contradiction. U

Lemma 4. Let points p, q € AC,OS,O“ are d-boundary periodic points from the same bunch.
Then

1) the curves w%, w— where 6 = s if 6 =u and § = u if § = s, bound on R? a domain Qp7

disjoint from the set Aaos,Ou and W(Qﬁ@) is an injective immersion of the open disk to Tg,

2) h(p) = h(7Q);

Proof.

Let us provide the proof for the case § = s. The other case is analogous. Notice that all the
curves w¥, where T € Ag s ou and  is u-dense point, have the same asymptotic directions® [11,
Corollary 9.5]. Since the domain Qg7 is disjoint from the set KC7OS7OM and since there are
no congruent points on the curves w };, the domain contains no congruent points either.

p )
Therefore, F(Qﬁ’q) is an immersion of the open disk into T2.

We now prove items 2 and 3. Let m be the period of the points p. Since ¢ and p are from the
same bunch and F¢ 0s ou 1s an orientation-preserving diffeomorphism, their periods are equal.
Let ¢: R? — R? denote the lift of the diffeomorphism Filos ou such that ¢(p) = p and ¢(q) =
— 7 3 — m —_ m 3 3
= q. Since hFC,OS,Ou = Ch, we have hFC,OS,O“ = (C"™h, therefore there is a lift ¢@ of the

diffeomorphism O™ such that ho = qﬁéﬁ. Suppose now h(p) # h(g). Then the points h(p), h(q)
are distinct fixed points of the diffeomorphism gbA which is impossible.

We now show that E(Q ) C E(wf) Suppose the contrary: there is a point § € Q57 such

that h(y) ¢ E(wf) Lemma 3 implies that h(y) ¢ wy hp) . Then hm d(¢ "(h(7)), q%”(h(ﬁ))) =

= lim d(h(¢7"(®)), h(¢~"(P))) = +oc but d(¢~"(¥), qb_”(p)) < 1y for all n > 0, where 7 is

n——+o0o
some positive number since y belongs to the basin of some source. This contradiction completes

the proof of the lemma. Il

3Let z € Ac os0us t € R be a parameter on the curve w? such that wS(0) = Z. A curve wl® (wl™)
8
)

has the asymptotic direction 61 (62) t — +oo (t — —oc) and there is a finite limit 67 = lim

t—+oo0 T°(t)
oo
t—
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Lemma 5. The image of the set AaOS’Ou by h is the whole torus T?. The set EFco

s s,ou -
= {x € T?: h=1(x) consists of more than one point} is the union of unstable manifolds of points
from Of and stable manifolds of points from O of the algebraic automorphism C. Moreover,
h_l(ng) = W;‘Of U W;ois U W;‘Oi and h_l(Wgy) = WjO; U W;O; U W;O;.
Proof.
Let us prove that the image of the set AC’OS,OM by the map h is the whole torus T?. Let
z be a point from Ag s ou both components of whose unstable manifold are dense in A s ou-

u

Lemma 3 implies h(W}}) = /W;j( )" Since the automorphism Cis hyperbolic, the manifold /Wh(x)
is dense in T?. This and the continuity of A imply that h(Ac,0s 0v) = T2,

Let T be an arbitrary point from qus,ou. Two cases are possible: 1) w¥ is disjoint from
the preimage of any s-boundary and w3 is disjoint from the preimage of any u-boundary periodic
point of the set Ag ns ou, 2) wy (w3) intersects the preimage of an s-boundary (u-boundary)
periodic point p of the set AC7OS7OM at a point p.

In the former case there is no point 7 (7 # ) from Ag o« ou such that h(Z) = k(7). Indeed,
suppose the contrary. First, let ¥ € wi. But for all y € W', (z, y)* N Acps ou # TS0y #T

u
3
Pick a point Z on the curve w% such that the curve wi tends to infinity on R? in both possible
directions, then [11, Corollary 9.5] implies wiNwy # @. Let 2= wiNwg. By [11, Theorem 8.5],
Acos ou N Qzy # 9, therefore the open arc (7, Z')" intersects Acos ou and, by Lemma 2,
h(Z) # h(Z'). On the other hand, z € w¥, 7z € wg, by [11, Corollary 9.5], h(wd) = E(w%) and
we get h(Z) = h(Z’), which is a contradiction.

Consider another case. Suppose that w% intersects the preimage of an s-boundary periodic
point p of the set AC,OS’OU at a point P (another case is proved in a similar way). Let Qﬁ,é

by Lemma 2. So § ¢ wx. Consider the domain Qz7 on R? bounded by the curves wE, w

be the domain on R? satisfying item 1) of Lemma 4. If T = P, then by item 2) of Lemma 4
hZT) = h(y), where 7 = g. For all y € Wy (z, ¥)" N Ag s o« # D, so by Lemma 2 7 is the
unique point on R? for which T = 3. If T # P, then by [11, Corollary 9.5] ws N wy # 2. Let
Y = wg Nwg, then, since h(wd) = E(w%), we have h(T) = h(y). If simultaneously ws intersects
the preimage of an u-boundary periodic point p’ of the set Aaos’OM at a point P/, then there is
another point 7' = w% N w?,, where ¢ is from the same bunch as p’, such that 7/ = Z’. In this

case there are 4 points on R? with equal values of h. If wS is disjoint from the preimage of any
u-boundary periodic point, then 7 is the unique point such that h(7) = h(Z) by Lemma 2.
Since h is a lift of h, it follows that EFc or o is the union of unstable manifolds of

points from O° and stable manifolds of points from O" of the algebraic automorphism C
-1 U\ u u u -1 s _ s s s

and h (WOf) = Wo‘og U Wpof U quf and h (WO;) = Wwoy U Wpog U qu}t. OJ

Now let us prove Theorem 1: model diffeomorphisms Feo 05 ous FC’,O’S,O’“: T? — T? are

topologically conjugate if and only if there exists a matrix H € GL(2, Z) such that HC = C'H

and H(O%) = 0’5, H(O") = O"*, where H is the induced automorphism of a 2-torus.

Proof of Theorem 1.

For simplicity of notation, let ' = Fg s ou, F' = For s ons A = Agps ou, N =
= AC/7O/S,O/’LL) LY = Lqé’@s’ou; L/u - Lqév/’o/s7o/u; L= LSC‘,OS,O’M; L,s - LSC'/’O/s70/u-

Necessity. Let diffeomorphisms F, F': T? — T? be topologically conjugate by a homeomor-
phism h: T? — T2. The induced isomorphism A, : 7;(T?) — 7;(T?) is uniquely determined by
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330 M. K. Barinova, E. Y. Gogulina, O. V. Pochinka

a matrix H € GL(2, Z) which, by virtue of conjugacy, satisfies the condition HC = C'H and,
consequently, the condition HC = C"H holds.
Since h is a conjugating homeomorphism, it follows that h(ng@ y=WY¥ ie{l, ..., k}
B of*
S —_ S
and h(W‘*’og) = WMO;@

and hp, such that hpyF = Chy, hpF' = C'hy, and hF(W,;‘Of) = 0¥, hF(WjO;) = 03,

. j €A1, ...,1}. By Proposition 1 and Lemma 5, there exist maps hy

h F,(ngols) =0M h F’(Wjoxu) = Oj". Due to the uniqueness of h, and the equalities hF' = F"h,
i i

7O ATy _ I -1 u _ I u u _

HC = C'H we get hy, = Hhpyh™'. Then hF'h(Waof) = HhF(Waof)7 hence hF’(Waogs) =

I;T(O;“) Thus, O = ﬁ(@f) In a similar way it is possible to show that O} = ﬁ(@‘;)
Sufficiency. Suppose there is a matrix H € GL(2, Z) such that HC = C'H and ﬁ(@s) =

=0 H (O") = O™. Let us construct a homeomorphism h: T2 — T? which conjugates the
diffeomorphisms F' and F’.

Let W =W2 UWS UWS UWe W' =W UWE UWS UWS andA=A\W,

s s ou ou o’'s o’s olu olu
A= A"\ W'. By Lemma 5, the maps hy = hpl; : A — T2\ (W8 UWEa), by = hp
— T2\ (Wg,s U Wé,u) are bijections, moreover, since H is the algebraic automorphism of a torus

satisfying the conditions of the theorem, H (Wgs UWSa) = Wi UWE,.,. This means that the
map

K’:A/_>

TS e

is a homeomorphism conjugating F' \7\ and F’ Furthermore, by the invariance of the stable and

‘7\/‘
unstable foliations, the homeomorphism I can be extended to the whole A such that E(pog) =

= Pors and E(poy) =Po forallie {1,...,k},je{l,...,1}. Let us show how to extend h to

a homeomorphism h: T? — T2, conjugating F' and F’.
To do this, let us denote by W;® the union of the closures of stable separatrices lf@s and l?@s

lying in ngos and by W' the union of the closures of unstable separatrices lfou and lfou lying
in Wjou. Wi, Wi are similar notations for the diffeomorphism F”. Let us continue the homeo-
j

morphism h

to the homeomorphism h?: W7 — W/*, conjugating F|y,s with F’|y;.s and the
Pos i i

homeomorphism E‘ to the homeomorphism h¥: Wit — W* conjugating F|yw with [y
J J

Pou
J

k k
in an arbitrary way. Let W* = |J W7, W's = | W/5, W" =
i=1 i=1 j=
by h®: W5 — W’ a homeomorphism composed of h? and by h*: W* — W' a homeomorphism
composed of k.

! !
U wj, W = (J W Denote
=1 j=1

Let r; ; be an arbitrary point belonging to the set W;(ﬁ N Wlfou' Then (see Fig. 5) there is
i J

a unique path connected component of the set Woﬂ‘os N Wjjou, containing ; ; in its closure, which
i j

we denote by @)y, ;. The closure of a similar component for the point 7';7]- = E(r”) is denoted
by Q,, . Let us show how to extend the homeomorphism h to the set Q, , which completes the
] i,J

proof of the theorem.
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Ly

Fig. 5. Construction of a conjugating homeomorphism

Any point x € @, is the intersection point of the leaves L} € L* and L3 € L*®. Define
¥
the homeomorphism h: Qﬁ,j — QT;J_ by the formula h(z) = h*(L¥) N A*(L) N Qr;,j’ where

he: L — L', h: L5 — L' is the map of leaves induced by the map h*, h*, respectively. O

5. Connected sum of the model diffeomorphisms

Consider model diffeomorphisms F; s ous Fé’,O’S,O'u : T? — T2 such that O% # @, O # @
and periodic orbits O% € O, O’* € O’ have the same period. Since O" is a sink orbit and O'*
is a source orbit, there exists a diffeomorphism ¢: W§. \ O* — W, \ O such that
~1
@oF C,08,0u

== F// /s O s .
wg,\ou - 9hOT0 S‘)’VVou\O“

Let us say

Q — (T2 \ OU) L (T2 \ O/s)’ @ — (T2 \ Ou) U‘p (T2 \O/S)

and denote by p: @ — @ the natural projection.
A connected sum of model diffeomorphisms Fg os ous Fly oys o along the orbits O*, O
is a diffeomorphism ¢: Cj — @ which coincides with the diffeomorphism pF, . Oup_l \0%)
b b p u

on p(T?\ O%) and with the diffeomorphism pF! ,’O,S’O,up_1 S0 on p(T?\ O).

An example of a connected sum of model diffeomorphisms is shown in Fig. 6. Here @ is an
orientable surface of genus two (pretzel). The connected sum operation is naturally generalized
to the case of several model diffeomorphisms and several periodic orbits.
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Fig. 6. Connected sum of model diffeomorphisms

Denote by G a class of (A, B)-diffeomorphisms which are a connected sum of model diffeo-
morphisms on a torus.

6. Realization of a connected Hasse diagram by a connected sum
of the model diffeomorphisms

In this section, following [13]|, we realize any connected Hasse diagram by some diffeomor-
phism from class G. A scheme of the realization is provided below.

Uy Ug U3
3y
Uy
6 8
//7 \
Us Vg

Fig. 7. A Hasse diagram with numbered edges

Proof of Theorem 2.
Let I' be a connected Hasse diagram with vertices vy, v,, ..., v, and a set of oriented edges

by the form (v;, vj), i # j. Let us number all edges in an arbitrary order, that is, for each
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edge (v;, v ) let k; ; be a corresponding number, so that each edge is defined by triple ¢, ; =
= (v;, v; k )(see Flg 7).

Let v, be a vertex with [, incoming edges e” = (v;, v;”, km) jeA{l, ..., ;} and m; out-
going edges e"“t = (v;, v"“t k"”t) Jj AL, ..., m;} (I, and m,; can be zeros). Then consider a
model dlﬁeomorphlsm F FC Os Ous where the sets 0%, O“ consist of [; periodic orbits of the

out kout

periods kl L k”lL and m, periodic orbits of the periods kll - . respectively.

The resultlng dlﬁeomorphlm f € grealizing the graph I' is the connected sum of F, . Namely,

= (v, v;”, km) which coincides with an edge e"“t = (v, v§ pout k"”t) then

we connect F, with F,, along the s- and w-orbits of the same period k;’} = k‘;”z‘t O
i J 9 9

if there is an edge e

7. The labeled diagram is a complete invariant of the ambient
()-conjugacy

In this section we prove Theorem 3.

By virtue of Theorem 1, the labeled Smale diagram for a diffeomorphism f € G is a Hasse
diagram corresponding to the order of the basic sets of the diffeomorphism f, where each vertex
is equipped with a triple C', O%, O" corresponding to the basic set Aaos’OM topological conjugacy
class.

For diffeomorphisms f, f’ € G the isomorphism of their Hasse diagrams and the fulfilment of
the conditions of Theorem 1 on isomorphic labeled vertices is a necessary and sufficient condition
for their 2-conjugacy. However, in the general case the conjugating homeomorphism does not
extend from the basic sets to the ambient surface. For example, Fig. 8 shows two diffeomorphisms
obtained from the same set of model diffeomorphisms by different types of connected sums such
that the diffeomorphisms are not ambiently 2-conjugate (see Fig. 8).

Fig. 8. Diffeomorphisms f and f’ that are not ambiently Q-conjugate

Let us single out a subclass G, C G of diffeomorphisms in which any two model diffeomor-
phisms are connected along at most one orbit.

Let us prove that the diffeomorphisms f, f’ € G, are ambiently Q-conjugate if and only if
their labeled diagrams are isomorphic.

Proof of Theorem 3.

Necessity. Since any two model diffeomorphisms from class GG, are a connected sums where
any two model diffeomorphisms are connected along at most one orbit, it follows that the ambient
Q-conjugacy of the diffecomorphisms f, f’ € G, implies the isomorphism of their labeled Smale
diagrams.
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Sufficiency. The isomorphism of the labeled diagrams of the diffeomorphisms f, f' € G,
and Theorem 1 imply the existence of homeomorphisms conjugating model diffeomorphisms
corresponding to isomorphic vertices. The map composed of these homeomorphisms is defined
everywhere on the ambient surface except on the annuli connecting the two models. Continuing
the map to the annuli in an arbitrary way, we get the desired homeomorphism which executes
the ambient Q-conjugacy of the diffeomorphisms f, f’. OJ
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