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We study, both theoretically and experimentally, the features on the current-voltage characteristic
of a highly transparent Josephson junction caused by transition of the superconducting leads to the
normal state. These features appear due to the suppression of the Andreev excess current. We show
that by tracing the dependence of the voltages, at which the transition occurs, on the bath temper-
ature one can obtain valuable information about the cooling mechanisms in the junction. We verify
theory predictions by fabricating two highly transparent superconductor-graphene-superconductor
(SGS) Josephson junctions with suspended and non-suspended graphene as an interlayer between
Al leads. Applying the above mentioned technique we show that the cooling power of the sus-
pended junction depends on the bath temperature as ∝ T 3

bath close to the superconducting critical
temperature.

I. INTRODUCTION

Highly transparent Josephson junctions possess unique
properties distinguishing them from the usual low-
transparency junctions, in which two superconducting
leads are separated by a tunnel barrier. For exam-
ple, transparent junctions have a non-sinusoidal current-
phase relation [1, 2] and host Andreev levels, which can
be probed by microwave spectroscopy [3] and can be po-
tentially used for quantum information processing [4].
These junctions also exhibit a characteristic pattern of
multiple Andreev reflection peaks in the differential con-
ductance at sub-gap bias voltages eV < 2∆, where ∆
is the superconducting gap [5–8]. Two superconducting
leads of a transparent Josephson junction are usually con-
nected by a short section made of a non-superconducting
material, which forms good electric contacts to them. A
variety of materials have been used for this purpose: car-
bon nanotubes [9–11], graphene [12, 13], InAs nanowires
[3, 14, 15], 2d [16] and 3d [17, 18] topological insulators.

Here we consider yet another characteristic feature of
highly transparent Josephson junctions – the excess cur-
rent. More specifically, we investigate, both theoretically
and experimentally, the suppression of the excess cur-
rent by Joule heating. It is known that the I-V curve of
a transparent junction at high bias voltage approaches
the asymptotic form I = V/R + Iexc, where R is the
junction resistance in the normal state and Iexc is the ex-
cess current. This current is proportional to the value of
the gap ∆ in the leads and originates from Andreev re-
flection [19]. Joule heating of the superconducting leads
suppresses the gap ∆. At some bias point the tempera-
ture of the leads reaches the critical temperature of the
superconducting phase transition TC , and both the gap
and the excess current vanish. This bias point is marked

by a dip in the differential conductance of the junction.
Such dips are often observed in experiments, but, to the
best of our knowledge, they have not been yet systemati-
cally studied. We show that the position of the dip in the
differential conductance provides important information
about cooling mechanisms in the junction, and derive a
simple analytical expression for the differential conduc-
tance in the vicinity of the dip. Next, we test the theory
predictions experimentally by studying highly transpar-
ent superconductor - graphene - superconductor (SGS)
Josephson junctions with aluminum leads. Graphene is
known to be a very promising material for bolometry [20–
27]. Recently, bolometers based on SGS junctions similar
to ours and having the noise equivalent power at the level
10−20−10−18 W/

√
Hz in the microwave frequency range

have been demonstrated [28, 29]. We argue that the tech-
nique based on the suppression of the excess current by
Joule heating may provide an additional simple tool for
calibration of such bolometers.

The paper is organized as follows: in Sec. II we present
the theoretical model, in Sec. III we discuss the experi-
ment and in Sec. IV we summarize our results.

II. MODEL

In this section we present the theoretical model. We
assume that the bias voltage V applied to the junction
is positive and sufficiently large, eV > 2∆. In this limit
the I-V curve of a transparent Josephson junction can be
well approximated as

I(V ) =
V

R
+ α

∆L(TL) + ∆R(TR)

2eR
. (1)
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Here the second term in the right hand side is the excess
current and ∆L(TL) and ∆R(TR) are the superconduct-
ing gaps in the left and the right leads. They depend
on the temperatures of the leads at the contacts with
the central section, TL and TR. For a short Josephson
junction with the distance between the leads, Ljct, much
shorter than the superconducting coherence length ξ, i.e.
for Ljct � ξ, the pre-factor α is expressed as [30]

α =

∑
j

τ2
j

1−τj

(
1− τ2

j

2
√

1−τj(2−τj)
ln

1+
√

1−τj
1−
√

1−τj

)
∑
j τj

. (2)

Here τj is the transmission probability of j-th conduct-
ing channel and the sums run over all channels. The
parameter α varies between 0 and 8/3 and approaches
its maximum value in a highly transparent junction with
channel transmissions close to 1. In a tunnel junction
with very small transmissions τj � 1 one finds α � 1
and the excess current in Eq. (1) vanishes. Two other im-
portant cases - a normal metal diffusive interlayer and a
clean short and wide strip of graphene - are characterized
by Dorokhov’s distribution of transmission probabilities
[33, 34], which results in α = π2/4− 1 ≈ 1.4674. Finally,
in a junction having a long diffusive section with Ljct > ξ
the pre-factor α decreases with the length as [35]

α = 2.47 ξ/Ljct. (3)

We first consider a simple case of the two identical
superconducting leads, which are symmetrically coupled
to the central normal section. Accordingly, we put TL =
TR = T0 and ∆L(TL) = ∆R(TR) = ∆(T0). In order to
find the dependence of the temperature T0 on the bias
voltage V we need to solve the heat balance equation

P (T0, Tbath) = IV, (4)

where we have introduced the bath temperature Tbath
and the cooling power of the sample P (T0, Tbath), which
is, in general, unknown. The Joule heating power is par-
tially carried away to the superconducting leads, while
the rest of it goes to the substrate phonons and possibly
to some other cooling channels, see Fig. 1a. At cer-
tain bias voltage VC the contact temperature becomes
equal to the critical temperature of the superconductor,
T0 = TC . At this point the differential conductance
has a dip. Tracing the position of this dip at different
bath temperatures, one can restore the cooling power
P (TC , Tbath) = I(VC)VC as a function of Tbath.

We now find the shape of the dip close to the critical
voltage value VC . In the vicinity of this bias point one
can linearize Eq. (4) writing it in the form

Gth
C (T0 − TC) = IV − I(VC)VC . (5)

HereGth
C = ∂P (T0, Tbath)/∂T0|T0=TC

is the effective ther-
mal conductance of the structure at critical temperature.
According to the theory by Bardeen, Cooper and Schrief-
fer [36] (BCS), in the vicinity of the critical temperature

FIG. 1. (a) High transparency Josephson junction with
normal-conductor section connecting the two identical super-
conducting leads, fully residing in contact with the substrate.
Part of the Joule heat goes to the substrate (Psubstrate) and
the rest of it – to the left (PSL) and to the right (PSR) su-
perconducting leads. TL and TR are the temperatures of the
superconducting leads at the contacts with the central sec-
tion. (b) Josephson junction with a suspended interlayer, in
which the Joule heat escapes only through the superconduct-
ing leads.

the superconducting gap behaves as

∆(T0) = kBTC

√
8π2

7ζ(3)

TC − T0
TC

, (6)

where ζ(x) denotes Riemann’s zeta function. Combining
this expression with the expression for the I-V curve (1),
we transform Eq. (5) to the form

Gth
C (T0 − TC) =

V 2 − V 2
C

R
+
kBTCV

eR

√
8π2α2

7ζ(3)

TC − T0
TC

,

Solving this equation for T0, substituting the result in the
expression for the current (1) and taking the derivative
of it, we obtain a simple analytical expression for the
differential conductance

dI

dV
=

1

R
− 4θ(VC − V )

bR

(
(b− 4)V√

bV 2
C − (b− 4)V 2

+ 2

)
.(7)

Here θ(x) is the Heaviside step function and we have
introduced the dimensionless parameter

b =
14ζ(3)

π2α2

e2RGth
C

k2BTC
. (8)

The approximation (7) is formally valid if b � 1 and
|VC − V | . αkBTC/e. However, Eq. (7) can also be
used outside this voltage interval because the non-linear
correction to dI/dV almost vanishes there. Eq. (7) pre-
dicts strong dip in the differential conductance with the
negative minimum value −1/R achieved at V = VC . In
the experiment, the dip is smeared by the inhomogene-
ity of the hot spot in the contact area between the leads
and the central section, by the inverse proximity effect
suppressing the gap close to the contact, etc.

In reality the two superconducting leads of the junction
are never fully identical. They may have different critical
temperatures, different geometry, and different couplings
to the central section. As a result, a single dip in dI/dV
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FIG. 2. Black solid lines show: (a) the dependence of the contact temperature T0 on the bias voltage, (b) I-V curve of the
junction with the supeconducting branch at V = 0 not shown, and (c) the differential conductance obtianed by solving Eq. (12)
numerically. In panel (b) red dashed line indicates Ohm’s law I = V/R, and blue line – Ohm’s law with added excess current,
I = V/R+ α∆(0)/eR. In panel (c) red dashed line represents the approximate expression (7). The following parameters have
been chosen for this simulation: R = 100 Ω, RLS = 2 Ω, TC = 1.2 K, ∆(0) = 182 µeV, α = 0.5, Tbath = 10 mK.

splits into two dips occurring at different bias voltages
VCL and VCR, at which the left and the right leads switch
to the normal state. In this case Eq. (4) cannot be solved
analytically. However, in the limit b� 1 one can rather
accurately approximate the solution by the sum of two
independent dips,

dI

dV
=

1

R
− 2θ(VCL − V )

bR

(
(b− 1)V√

bV 2
CL − (b− 1)V 2

+ 1

)

− 2θ(VCR − V )

bR

(
(b− 1)V√

bV 2
CR − (b− 1)V 2

+ 1

)
. (9)

For a symmetric case VCL = VCR and for b � 1 Eq.
(9) coincides with the more accurate Eq. (7) everywhere
except a narrow interval close to the minimum of the dip.
Eq. (9) is valid if the two dips are sufficiently close and
one can use the same parameter b (8) for both of them.

A. Suspended symmetric junction

In this subsection we consider a suspended junction
in a symmetric configuration, in which the only cooling
mechanism is the removal of heat through the supercon-
ducting leads, see Fig. 1b. This model can be easily
solved numerically, and it allows us to test the analyti-
cal approximation (7). By symmetry, the power IV/2 is
dissipated in each lead. We assume that the right lead
has the shape of a one-dimensional wire with the cross-
sectional area S. Then, the temperature profile in the
right lead is determined by the heat diffusion equation

SκS(T )
dT

dx
= −IV

2
, (10)

where the themal conductivity of the leads is [37],

κS(T ) =
4k2Bσ

e2
T

∫ ∞
∆(T )
2kBT

x2

cosh2 x
dx. (11)

Here we have introduced the conductivity of the super-
conducting material in the normal state σ. We assume
that the contact with the interlayer is located at x = 0
so that T (0) = T0, and at x = L the superconducting
wire contacts the bulk lead with the bath temperature,
T (L) = Tbath. Integrating Eq. (10) from 0 to L, we
obtain the equation for the contact temperature T0,

PS(T0, Tbath) = I(V )V, (12)

where

PS =
8k2B

e2Rleads

∫ T0

Tbath

dT T

∫ ∞
∆(T )
2kBT

dx
x2

cosh2 x
(13)

is the power carried away by quasiparticles through both
superconducting leads. In Eq. (12) we introduced the
total resistance of the two leads in the normal state
Rleads = 2L/σS. In this model, the heat conductance at
critical temperature is determined by Wiedemann–Franz
law, Gth

C = 2π2k2BTC/3e
2Rleads, and the dimensionless

parameter (8) acquires the form

b =
28ζ(3)

3α2

R

Rleads
. (14)

Next, from Eq. (12) we find the value of the critical
voltage VC at low bath temperatures Tbath � TC ,

VC ≈
√
RPS(TC , 0) = 0.829

√
R

Rleads

∆(0)

e
, (15)

where we have numerically evaluated the cooling power
PS(TC , 0) assuming the BCS dependence ∆(T ).

In Fig. 2 we present numerically exact results obtained
from Eq. (12). We have chosen α = 0.5 and approxi-
mated the I-V curve as follows: I(V ) = (1 + α/2)V/R
for eV < 2∆, and I(V ) = (V + α∆/e)/R for eV > 2∆.
We ignored multiple Andreev reflection features at sub-
gap voltages because we focus at the voltages above the
gap, i.e. at eV > 2∆. Voltage dependence of the contact
temperature T0(V ) and of the current I(V ) are shown in
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type L W leads d (nm) Wlead N TC (K)

NS ML 0.30 6.0 Ti/Al/Ti 10/50/10 0.6 2 0.58

S BL 0.50 1.0 Ti/Al 10/70 1.2 4 0.77

TABLE I. Parameters of the two studied samples: NS - non-
suspended, S - suspended; the types ML and BL refer to
monolayer and bilayer graphene, respectively. L and W de-
note the sample length and width in micrometers, respec-
tively. Column d indicates the thickness of the metal lay-
ers evaporated for the contacts, while Wlead denotes the lead
width in µm and N is the effective number of leads for
hat transport. Critical temperature TC represents an aver-
age value of the superconducting transition temperatures ob-
served on different leads.

Figs. 2a and 2b respectively. In Fig. 2c we compare the
exact differential conductance with the approximate ex-
pression (7) and observe perfect agreement between them
for all voltages eV > 2∆.

III. EXPERIMENT

Our back-gated devices were fabricated using exfoli-
ated graphene on a SiO2/Si wafer. The substrate was
highly boron-doped Si (p++/B, ρ < 10 mΩcm) which re-
mains conducting down to mK temperatures. A layer of
dry oxide with a thickness of 250 − 270 nm was grown
thermally on the substrate at a temperature of 1000◦C.
Before depositing graphene, alignment markers were pat-
terned on the chips using optical lithography and evapo-
ration of Ti and Au.

For suspended samples, we made graphene exfoliation
on LOR resist [38]. After making the electrical con-
tacts using electron beam lithography, the area to be
suspended was irradiated using a high dose of electrons,
developed in ethyl lactate, and washed in hexane. The
electrical leads were made of aluminum/titanium sand-
wich structures. Titanium was evaporated at ultra high
vacuum conditions which resulted in high transparency
contacts to graphene. The presence of Ti lowered the su-
perconducting transition temperature of the leads: in our
second sample structure with a trilayer sandwich struc-
ture 10/50/10 nm of Ti/Al/Ti, the critical temperature
was suppressed to half of the bulk value. The normal
state resistance of the Al leads is < 1 Ω/µm, which means
that the Joule heating by the measurement current will
mostly take place in the SGS junction. For details of the
structure and dimensions of the two samples see Table I.

The suspended sample (S in Table I) with four mea-
surement leads is illustrated in Fig. 3. The width of
measurement leads is 1.2µm, i.e. the contact areas are
more than two times larger than the size of the actual
suspended part of the graphene. The bright looking
sections of the horizontal leads in Fig. 3 are also sus-
pended. Thus, the Joule heating generated in graphene
has to propagate along suspended metallic leads over a

distance of at least two microns before any cooling by
the substrate through the LOR resist may take place.
The arrows in the figure illustrate the flow of electri-
cal current as well as the main directions of Joule heat
escape from the sample. The critical temperature was
slightly different for the four leads and the obtained TC
values varied between TC = 760 − 780 mK (BCS gap
∆ = 115 . . . 118µeV).

Measurements were carried out using two dilution re-
frigerators: a BlueFors prototype cryostat BF-SD125 and
a commercial BlueFors BF-LD250. Most of the mea-
surements were performed on the BF-LD250 cryostat
with the lowest achievable base temperature of approx.
10 mK. Temperatures were measured with a RuO2 resis-
tor that had been calibrated against a Coulomb blockade
thermometer [39]. An electrically shielded room with fil-
tered power lines was employed to prevent electromag-
netic interference and low-frequency electrical noise from
affecting the weak signals before amplification. To limit
the amount of thermal noise entering from room tem-
perature to the sample, all dc lines were equipped with
three-stage RC low-pass filters at the base temperature
of the cryostat, with a cut-off frequency of fco ' 1 kHz.

The electrical characteristics were obtained using reg-
ular low-noise measurement methods and lock-in tech-
niques. We employed current bias through 1−100 MΩ re-
sistor, selected on the basis of the required current range
(dependent on gate voltage Vg). The voltage across the
sample was measured using an LI-75 low-noise preampli-
fier powered from lead batteries. Differential resistance
at small audio frequency (around 70 Hz) was measured
simultaneously with the DC characteristics using a Stan-

FIG. 3. Samples structure with the suspended (etched) part
visible in the center between the vertical borders of the LOR
resist seen as the darker background color. The Al/Ti mea-
surement leads are seen as horizontal lighter grey stripes, the
connection of which to the measurement system is displayed
in the upper right corner. The green arrow depicts the elec-
trical current flow in our experiments, while the red arrows
illustrate the heat flows to the metallic leads as assumed in
our analysis.
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ford SR830 lock-in amplifier.
In Fig. 4 we show the IV curve of the non-suspended

SGS junction. This junction has rather large excess cur-
rent, which exceeds the Josephson critical current. For
this reason, the suppression of the excess current at high
bias voltage is clearly visible. The experimental I-V curve
resembles the theoretical one plotted in Fig. 2b, although
in the experiment only one of the leads becomes normal
in presented range of bias voltages.

The superconducting-to-normal transition due to Joule
heating in a suspended bilayer SGS sample is depicted in
Fig. 5a for a temperature range of 10 . . . 800 mK (TC '
770 mK). Each resistance peak is clearly split into two
parts, presumably because of junction asymmetry. There
is also a small asymmetry between positive and negative
bias voltages, giving rise to a total of four peaks.

Heat flow in mesoscopic devices can typically be char-
acterized by a power law of the form

P = Σ(T γL,R − T
γ
bath) (16)

where Σ is a constant and γ is a characteristic exponent
which depends on the dissipation mechanism. The tran-
sition to the normal state occurs at the critical temper-
ature TL,R = TC and the corresponding critical powers
can be expressed as

PC =
PC,0
T γC

(T γC − T
γ
bath), (17)

where PC,0 is the critical power for Tbath = 0. The ob-
served peak positions from Fig. 5a are plotted in Fig.
5b, along with fits using Eq. (17) and the exponent γ as
a fit parameter. We obtain γ ≈ 3.1 for all four peaks.

FIG. 4. Measured IV curve of sample NS at gate voltage Vg =
30 V (n ' 6 × 1011 cm−2) with the normal state resistance
R = 128 Ω (indicated by the red line). Parameters of the
superconducting state: excess current just above the double

gap voltage I
(1)
exc = 0.455µA, excess current at high bias I

(2)
exc =

0.216µA, superconducting gap ∆ = 87.5µeV, critical current
IC = 260 nA, re-trapping current Ir = 175 nA.

The four resistance traces in Fig. 5b converge to two dif-
ferent critical temperatures, ∼ 760 mK and ∼ 780 mK,
corresponding to the two different peak components in
the resistance data. This supports the idea that the two
leads have slightly different critical temperatures.

IV. DISCUSSION AND CONCLUSIONS

In the previous section we have demonstrated how one
can find the dependence of the heat power emitted by the
junction on the bath temperature by measuring critical
voltage at which the leads switch to the normal state.
This simple technique is applicable to any highly trans-
parent Josephson junction and it might be useful for high-
flux calibration of bolometers containing such junctions.

Let us now discuss the specific case of an SGS Joseph-
son junction in more detail. We find that the critical
Joule heating PC becomes independent of the bath tem-
perature at Tbath � TC , see Fig. 5b. Such saturation
of the heat flow at low temperature is rather common in
systems with weak coupling between electrons and lat-
tice phonons. We find similar behavior in the theoreti-
cal electronic heat transport model of Sec. II A. Indeed,
for T0 = TC and at Tbath � TC , where the energy gap
of the superconductor does not depend on temperature,
the heat power (13) saturates.

According to Figs. 4 and 5, the saturated low-
temperature critical power amounts to PNS

C = 1.2 nW
and P S

C = 4.0 nW in our non-suspended and suspended
sample, respectively. If we scale these values by the
number of leads (see Table I) and the cross sectional
area of the sandwich conductors, d × Wleads, we ob-
tain the values PNS

C /(d × Wleads) = 10.4 kW/m2 and
P S
C/(d ×Wleads) = 13.7 kW/m2. The similarity of these

two critical power densities supports the conclusion that
thermal transport along the leads is the main mechanism
of heat relaxation in our devices.

The critical voltages amount to V NS
C = 0.38 mV and

V S
C = 3.0 mV for samples NS and S, respectively. We

have applied Eq. (15) at low T to investigate whether
these values scale according to the model. Since we do
not know exactly the lead resistance, we compare the
measured ratio of critical voltages to the theory by as-
suming that the lead resistance scales inversely propor-
tional to the cross sectional area of the leads [40]. With
the parameters from Table I, Eq. (15) yields for the crit-
ical voltage ratio V NS

C /V S
C = 8.5, while from the experi-

mental data in Figs. 4 and 5 we obtain V NS
C /V S

C = 7.9.
Thus, our theoretical model accounts for the variation of
the critical voltage within one order of magnitude.

The observed exponent in the temperature dependence
of the power for the suspended junction, γ = 3.1, is close
to the one found by Borzenets et al for SGS junctions
with Pb leads and graphene deposited on Si/SiO2 sub-
strate [41]. Lead has large superconducting gap, which
should effectively cut off electronic thermal conductance
below 1 K and leave only electron-phonon coupling for en-
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FIG. 5. Heating effects in a suspended bilayer SGS sample with the following parameters: normal state resistance R = 2.2 kΩ,
maximum excess current Iexc = 26.5 nA, superconducting gap ∆ ≈ 80µeV, α = 0.73. (a) Differential resistance as a function
of power at different bath temperatures (successive curves have been shifted vertically by 20 Ω. (b) Critical powers PC , i.e.
positions of the resistance peaks in frame 5(a), as a function of bath temperature. Continuous lines are fits using the heat
flow power law in Eq. (17) with the exponent γ as a fitting parameter. All these data were measured at Vg = −20 V which
corresponds to a hole carrier density of n = 2×1011 cm−2 Inset: Simulated results for the superconducting-to-normal transition
due to Joule heating, where the resistance peaks arise from a reduction of excess current. Solid lines have been smoothed by a
moving average, whereas the dashed blue line displays the unsmoothed result for Tbath = 100 mK.

ergy relaxation [42]. Power law thermal transport with
the exponent γ = 4.5 has also been observed in super-
conducting Nb at low temperatures kBT � ∆ [43].

The origing of the exponent γ ≈ 3 observed in our
suspended device is not fully clear. Let us briefly dis-
cuss several possible explanations for this observation.
In our experiment the ratio kBT/∆ extends to large val-
ues, and, therefore, energy relaxation should be domi-
nated by quasiparticles carrying heat through the leads.
For temperatures close to TC the quasiparticles behave
almost as normal state electrons obeying Wiedemann-
Franz law, which leads to γ = 2. The increase of the
exponent γ from 2 to 3 may be qualitatively explained
by several different effects or by their combination. First,
the quasiparticle heat current (13) is lower and more sen-
sitive to temperature than the normal state one in the
whole interval T < TC , including the temperatures close
to TC . Second, the parameter Rleads, appearing in the
cooling power (13), is the resistance of the part of an Al
lead in which thermalization between the quasiparticles
and the substrate phonons occurs. Since the correspond-
ing thermalization length LT is reduced with increasing
temperature, the resistance Rleads ∝ LT is also reduced.
Hence, the dependence of the power (13) on temperature
becomes stronger than it were in the model with fixed
Rleads. Yet another possibility for the increase of the ex-
ponent is the injection of strongly non-equilibrium quasi-
particles with non-thermal distribution in the Al leads at
high bias voltages. The propagation of such quasiparti-
cles should be described by the full set of kinetic equa-
tions with the inclusion of charge imbalance instead of

just one Eq. (10). Quantitative analysis of the effects
mentioned above goes beyond the scope of this paper.
At the moment, the similarity of the exponents observed
in our experiment and in Ref. [41] remains puzzling.

In conclusion, we have analyzed, both theoretically and
experimentally, the effect of Joule heating on the IV char-
acteristics of highly transparent Josephson junctions. We
have shown that the Joule heating supresses the excess
current and induces dips in the differential conductance
at bias voltages where the two leads switch to the normal
state. We have derived simple analytical expressions for
the shape of these dips and for their positions in a spe-
cific case of a suspended junction, which is cooled only
through the leads. We have experimentally tested predi-
tions of the theory by studing SGS junctions in both sus-
pended and non-suspended configurations. Good agree-
ment between the experiment and the theory is found
at T � TC . At higher temperatures we observe power
law temperature dependence of the heat current instead
of theoretically expected exponential dependence. Our
work also indicates that excess current can be employed
for thermometry in special cases.
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