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The dynamics of a multiplex heterogeneous network of oscillators is studied. Two types of similar models based on the
Hodgkin-Huxley formalism are used as the basic elements of the networks. The first type model demonstrates bursting
oscillations. The second model demonstrates bistability between bursting attractor and stable steady state. Basin of
attraction of the stable equilibrium in the model is very small. Bistabilty is a result taking into account an additional ion
channel, which has a non-monotonic characteristic and can be interpreted as a channel with a communication defect.
Suggested multiplex networks assumed more active communication between models with a defect as a result in such
networks it is enough to have one element with a communication defect in the subnetworks in order to stabilize the
state of equilibrium in the entire network.

I. INTRODUCTION

Networks of interacting oscillators are one of the most im-
portant research objects of the dynamics of complex systems
in various fields of science1–6. One of the most interesting
areas is the study of the interaction of models of neurons de-
scribed by the Hodgkin-Huxley formalism7, since it is directly
related to the study of the interaction of biological cells, and
is also important for the development of artificial intelligence
and machine learning8,9.

Typical behavior corresponding to the normal mode of
cell functioning described by the Hodgkin-Huxley formalism,
such as neurons, pancreatic beta cells, cardiomyocytes, and
others, is a dynamic mode corresponding to the bursting at-
tractor. Bistability can be observed in such systems9. More-
over, different types of attractors can coexist, various types
of multistability are discussed in the papers10,11. One of the
most interesting options is the multistability between a burst-
ing attractor and a stable equilibrium state. In12, a modifi-
cation of the well-known Sherman model13,14 is proposed, in
which, in addition to a typical bursting attractor, an equilib-
rium state is stabilized. The modification of the model con-
sists in taking into account an additional ion channel with a
non-monotonic characteristic, which locally changes the null-
cline of the model’s fast manifold, i.e. the model retains all
of its basic properties. A new ion channel can be interpreted
as a defect in cell communication, since the probability of its
opening is lower than that of a conventional channel. The
presence of similar models makes it possible to model het-
erogeneous networks, some of the elements of which have a
communication defect, and some do not15. From the point of
view of dynamical systems, such a situation will correspond to
the fact that some of the elements of the network will demon-
strate only a burst attractor, while the equilibrium state will
be unstable. And some of them will also mainly demonstrate
bursting oscillations, while a stable state of equilibrium with a
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small basin of attraction will coexist with them. The study of
the dynamics of a heterogeneous network of interacting mod-
els showed15 that with a ratio of elements with and without
pathology in a ratio of 1:1, the state of equilibrium will be un-
stable and pathology will not appear in the system. With an
increase in the number of pathological elements (with bista-
bility), the equilibrium state can be stabilized, however, the
stabilization threshold for the coupling strength parameter in-
creases with a decrease in the ratio of normal elements to el-
ements with pathology, which indicates the presence of resis-
tive properties in such systems and preservation of the normal
mode of cell functioning.

In this work, we will consider a multiplex heterogeneous
network. We will assume that abnormal elements (with bista-
bility) may behave more actively than normal ones. In the
context of such an assumption, the ratio of defective and non-
defective elements can change to manifest pathological be-
havior.

The work is structured as follows. In Section 2, we describe
a model with and without a communication defect and demon-
strate typical dynamic modes. In Section 3, we present the
results of numerical modeling of a multiplex heterogeneous
network with the same number of elements in a subnetwork,
describe the assumptions of a more active behavior of cells
with pathology, and present the results of modeling the dy-
namics of rather small networks of this type. In Section 4,
we present the results of a study of networks with different
numbers of elements in subnetwork.

II. OBJECT OF INVESTIGATION

To depict the bursting dynamics as observed under physio-
logical conditions, as well as to simultaneously model silent
dynamics caused upon ion channel disregulation, we use a
model based on the Hodgkin-Huxley formalism with modi-
fications proposed in12:
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τV̇ =−ICa(V )− IK(V,n)− kIK2(V )− IS(V,S)
τ ṅ = σ(n∞(V )−n)
τSṠ = S∞(V )−S

(1)

where V represents the membrane potential of the cell, the
functions ICa(V ), IK(V,n), IS(V,S) define the three intrinsic
currents, fast calcium, potassium and slow potassium respec-
tively, such that:

ICa(V ) = gCam∞(V )(V −VCa) (2)

IK(V,n) = gKn(V −VK) (3)

IS(V,n) = gSS(V −VK). (4)

The gating variables for n and S are the opening probabili-
ties of the fast and slow potassium currents:

ω∞(V ) = [1+ exp
Vω −V

Θω

]−1,ω = m,n,S (5)

The function IK2(V ) on the other hand defines an additional
voltage-dependent potassium current. It has been previously
demonstrated that a single oscillator, in absence of IK2 (when
k = 0), is characterized with a bursting attractor that is born
via a Hopf bifurcation for VS = −44.7mV . At this parame-
ter value the equilibrium point looses its stability. Although
the bursting attractor is born in the vicinity of the equilibrium
point, this point moves away from the bursting attractor for in-
crease in VS. Even more, the two dimensional projection of the
phase portrait together with the fast and slow manifolds when
VS =−35mV (Fig. 1a) demonstrates that the periodic trajecto-
ries do not intersect the neighborhood of the steady state and
the bursting attractor terminates in a homoclininc bifurcation
as the trajectory hits the slow manifold8.

In the presence of IK2(V ) (k 6= 0) that varies strongly with
the membrane potential in the vicinity of the equilibrium point
however, the unstable node is stabilized without affecting the
global flow of the model (Fig. 1b)12. IK2(V ) is given in the
form:

IK2(V ) = gK2 p∞(V )(V −VK) (6)

where

p∞(V ) = [exp
V −Vp

Θp
+ exp

Vp−V
Θp

]−1 (7)

represents the opening probability of this channel. In con-
trast to the other potassium channel (Eqs. 3, 5) which opens
with probability n∞ = 1 when the membrane voltage reaches a
threshold value, the opening probability of the modified chan-
nel will be equal only to 0.5. From physiological point of
view, this can be interpreted as an ion channel disfunction, as

FIG. 1. Dynamical structure of the model (1) in the regime bursting
(a.) and bistability (b.). Fast and slow manifolds (black solid and
dashed lines, respectively), attractors, and their basins of attraction
are shown for k = 0 (a.) and k = 1 (b.). Parameters: τ = 0.02, τS =
35, σ = 0.93, gCa = 3.6, gK = 10.0, gK2 = 0.2, gS = 4.0, VCa = 25.0,
VK = -75.0, Vm = -20.0, θm = 12.0, Vn = -16.0, θn = 5.6, VS = -35, θS
= 10.0, VP = -47.0, θp = 1.0.

for instance blocking of the potassium channel or its inactiva-
tion [ref], and thereby a stable silent state emerges. Between
the stable node and the bursting attractor there is a reject-
ing current which enables the system to remain in the stable
steady state when starting from initial conditions in its vicin-
ity. Generally, the modified model (k 6= 0) depicts bistability
between physiological, bursting dynamics and a pathological
silent state dynamics.

III. SYMMETRIC MULTIPLEX NETWORK

To investigate the global dynamics of a network cells of
model (1), we introduced electrical coupling by adding the
following gap- junctional coupling term to the equation for V
in Eq. (1) that describes bidirectional transport of ions be-
tween the cells
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IC(V (i)) = ∑
j∈Γi

gCe(V (i)−V ( j)) (8)

with gCe being the coupling conductance (coupling strength).
In this way, only electrical coupling of the cells is considered.
The sum is taken over the whole population, assuming global
coupling. As already noted, if k = 0 and in the absence of
coupling, the isolated oscillators display a single stable state-
bursting dynamics (Fig. 1a), if k = 1 and in the absence of
coupling, the isolated oscillators display a bistability between
bursting dynamics and stable steady state (Fig. 1b).

In the present work we will consider multiplex heteroge-
neous network. For it we will introduce two types of coupling,
one is intra-subnetwork and the other is between subnetwork.
Moreover, our assumption that elements with pathology be-
have more actively is that communication between subnet-
works is carried out only through elements with a defect. The
model of such a network can be written as follows:

IC(V (i)) = ∑ j∈Γ1i gIn
Ce(V

(i)−V ( j))+

∑ j∈Γ2i gIn
Ce(V

(i)−V ( j))+∑ j∈Γ3i gOut
Ce (V (i)−V ( j))

(9)

with gIn
Ce being the coupling strength inside subnetworks Γ1

and Γ2 and gOut
Ce being the coupling strength between subnet-

works implemented with elements with defect from another
subnetwork Γ3.

A. Minimal network: N = 4

The minimal network of interacting oscillators consists of
two interacting elements in15, the main types of behavior of
two coupled oscillators (1) were considered and described.
Moreover, all variants of interacting oscillators were consid-
ered depending on the coefficient k. Stable equilibrium is pos-
sible only in the case of interaction of two oscillators with
bistability (k1 = k2 = 1). If one oscillator has a communication
defect (k1 = 1), and the other does not (k2 = 0), then the equi-
librium state is always unstable. We will use such a minimal
heterogeneous network of different elements as a subnetwork
and consider the interaction of two such subnetworks. Thus,
the complete network will consist of four elements, two of
which have communication defect and two have not. In such
a network with a global coupling, it is impossible to stabilize
the equilibrium state, it will always be unstable.

We developed multiplex heterogeneous network, in corre-
sponding assumption (9) we introduced two types of cou-
plings, one is intra-subnetworks and the other is between
subnetwork. Moreover, our assumption that elements with
pathology behave more actively is that communication be-
tween subnets is carried out only through elements with a de-
fect. Figure 2 shows a schematic representation of such a net-
work. The model of such a network can be written as follows:

FIG. 2. Schematic representation of coupled networks (a.) and bi-
furcation diagram for model (10) (b.). Parameters: τ = 0.02, τS = 35,
σ = 0.93, gCa = 3.6, gK = 10.0, gK2 = 0.2, gS = 4.0, VCa = 25.0,
VK = -75.0, Vm = -20.0, θm = 12.0, Vn = -16.0, θn = 5.6, VS = -35,
θS = 10.0, VP = -47.0, θp = 1.0. k1 = 0, k2 = 1, k3 = 0, k4 = 1.
Red notes have communication defect and demonstrate bistability
between silent state and bursting oscillations.

FIG. 3. One-parametric bifurcation diagram (a.) and probability of
coexisting attractors (b.) for model (10). Parameters: τ = 0.02, τS
= 35, σ = 0.93, gCa = 3.6, gK = 10.0, gK2 = 0.2, gS = 4.0, VCa =
25.0, VK = -75.0, Vm = -20.0, θm = 12.0, Vn = -16.0, θn = 5.6, VS =
-35, θS = 10.0, VP = -47.0, θp = 1.0. k1 = 0, k2 = 1, k3 = 0, k4 = 1,
gin

Ce = 0.2.. Red notes have communication defect and demonstrate
bistability between silent state and bursting oscillations.



4

τV̇1 =−ICa(V1)− IK(V1,n1)− k1IK2(V1)− IS(V1,S1)
−gIn

Ce(V2−V1)−gOut
Ce (V4−V1),

τV̇2 =−ICa(V2)− IK(V2,n2)− k2IK2(V2)− IS(V2,S2)
−gIn

Ce(V1−V2)−gOut
Ce (V4−V2),

τV̇3 =−ICa(V3)− IK(V3,n3)− k3IK2(V3)− IS(V3,S3)
−gIn

Ce(V4−V3)−gOut
Ce (V2−V3),

τV̇4 =−ICa(V4)− IK(V4,n4)− k4IK2(V4)− IS(V4,S4)
−gIn

Ce(V3−V4)−gOut
Ce (V2−V4),

(10)

where k1 = k3 = 0.0 the first and the third models (one of
the cells in subnetworks) have not defect communication and
manifest only bursting oscillations, k2 = k4 = 1.0 the second
and the forth models have defect and demonstrate bistability
between stable steady state and bursting attractor.

An analysis of the stability of the equilibrium state was car-
ried out using the XPPAUT software package16 depending on
the coupling coefficients. Figure 2b shows the bifurcation di-
agram for model (10); the area where the equilibrium state
is stable is marked in pink. The abscissa shows the parame-
ter responsible for the strength of communication within the
subnetwork, and the ordinate shows the parameter responsible
for the communication between subnets, implemented by el-
ements with pathology. Figure 2b clearly shows that the area
of equilibrium stabilization has a threshold in terms of the pa-
rameter of communication between subnets, for gin

Ce = 0, the
least strength of communication between subnets is required
to stabilize the equilibrium. With an increase in communica-
tion within the subnets, the stabilization threshold increases.
Thus, the interaction within the subsystems interferes with
stabilization and stronger interaction between the subnets is
required for stabilization. At the same time, as we see, stabi-
lization is possible in a large area of the parameter space of
communication. Thus, in a heterogeneous globally coupled
network only unstable equilibrium will be observed. More
active behavior of elements with pathology can contribute to
the occurrence of pathological conditions in a network with
the same number of elements with and without pathology. If
the pathological element is replaced with a normal one in one
of the subnets, the equilibrium state will destabilize. Thus, for
a model of 4 cells, at least 50% of elements with pathology
are required for it to manifest itself in the entire network.

In Fig. 3a one parametric bifurcation diagram is presented.
Stable equilibrium lost stability as a result Andronov-Hopf bi-
furcation at gout

Ce ≈ 0.96 and a limit cycle is born. With further
decreasing in coupling strength between subnets there is one
more Andronov-Hopf bifurcation at gout

Ce ≈ 0.22, which gives
saddle cycle. This two cycles form bursting attractor. Fig. 3b
probability characteristic of coexistence attractors shows. For
each value of coupling strength gout

Ce we take 50 random initial
conditions inside the phase space volume covering coexisting
attractors, and calculate probability to get stable equilibrium.
Probability of stable equilibrium less the 20%.

B. Bigger network: N = 6

Next, we will increase the size of the subnets by one ele-
ment. Thus, there will be three elements in the subnet. In
such a subnet, we can already implement pathological behav-
ior in the presence of 2 elements with pathology and one nor-
mal one. In order to stabilize the state of equilibrium in such
a system with global coupling parameter of coupling strength
more than 1.028 is required15. As in the previous section, we
will develop a multiplex heterogeneous network, in which the
interaction between subsystems will be mediated only by el-
ements with pathology. Thus, we get a system consisting of
6 nodes, among which 4 elements with pathology and 2 with-
out. In15, a study of such a system with a global coupling is
presented and it is shown that stabilization will be observed at
gCe = 0.514. We write the multiplex network as follows:

τV̇1 =−ICa(V1)− IK(V1,n1)− k1IK2(V1)− IS(V1,S1)−
gIn

Ce(V2 +V3−2V1)−gOut
Ce (k4V4 + k5V5 + k6V6− (k4 + k5 + k6)V1),

τV̇2 =−ICa(V2)− IK(V2,n2)− k2IK2(V2)− IS(V2,S2)−
gIn

Ce(V1 +V3−2V2)−gOut
Ce (k4V4 + k5V5 + k6V6− (k4 + k5 + k6)V2),

τV̇3 =−ICa(V3)− IK(V3,n3)− k3IK2(V3)− IS(V3,S3)−
gIn

Ce(V1 +V2−2V3)−gOut
Ce (k4V4 + k5V5 + k6V6− (k4 + k5 + k6)V3),

τV̇4 =−ICa(V4)− IK(V4,n4)− k4IK2(V4)− IS(V4,S4)−
gIn

Ce(V5 +V6−2V4)−gOut
Ce (k1V1 + k2V2 + k3V3− (k1 + k2 + k3)V4),

τV̇5 =−ICa(V5)− IK(V5,n5)− k5IK2(V5)− IS(V4,S4)−
gIn

Ce(V4 +V6−2V5)−gOut
Ce (k1V1 + k2V2 + k3V3− (k1 + k2 + k3)V5),

τV̇6 =−ICa(V6)− IK(V6,n6)− k6IK2(V6)− IS(V6,S6)−
gIn

Ce(V4 +V5−2V6)−gOut
Ce (k1V1 + k2V2 + k3V3− (k1 + k2 + k3)V6),

(11)
Figure 4a shows a schematic representation of a network

for k1 = 0, k2 = 1, k3 = 1, k4 = 0, k5 = 1, k6 = 1, as well as a
bifurcation diagram for such a network. As expected, there is
no stabilization threshold for such a network even at gout

Ce = 0,
with an increase in the coupling strength within the clusters,
the equilibrium state is stabilized at gin

Ce ≈ 1. This threshold is
two times larger then for globally coupled similar network.

Now let us change the subnets in such a way that two will
be normal, and one will remain with pathology, in model (11)
it corresponds to k1 = 0, k2 = 0, k3 = 1, k4 = 0, k5 = 0, k6 = 1.
Figure 4b shows a schematic representation of interacting el-
ements, as well as a bifurcation diagram. Thus, in this case,
despite the fact that in the complete network the number of el-
ements with pathology is two times less than the normal ones,
stabilization of the pathological equilibrium state is possible.
The shape of the region in the parameter space is similar to
that was for 4-cell model (10) in Fig. 2.

IV. ASYMMETRIC MULTIPLEX NETWORK

Now let us consider the cases when the number of elements
in the subsystems is different. The simplest such situation can
be implemented in the interaction of subsystems from two and
three models. In this case, the nodes in the first subsystem
will be different: one with a communication defect, the other
without. And in the second subsystem, we can consider two
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FIG. 4. Schematic representation of coupled networks and bifurcation diagram for model (11). Parameters: τ = 0.02, τS = 35, σ = 0.93,
gCa = 3.6, gK = 10.0, gK2 = 0.2, gS = 4.0, VCa = 25.0, VK = -75.0, Vm = -20.0, θm = 12.0, Vn = -16.0, θn = 5.6, VS = -35, θS = 10.0, VP = -47.0,
θp = 1.0. k1 = 0, k2 = 1, k3 = 0, k4 = 1. a. k1 = 0, k2 = 1, k3 = 0, k4 = 1. b.Red notes have communication defect and demonstrate bistability
between silent state and bursting oscillations.

FIG. 5. Schematic representation of coupled networks and bifurcation diagram for model (11). Parameters: τ = 0.02, τS = 35, σ = 0.93,
gCa = 3.6, gK = 10.0, gK2 = 0.2, gS = 4.0, VCa = 25.0, VK = -75.0, Vm = -20.0, θm = 12.0, Vn = -16.0, θn = 5.6, VS = -35, θS = 10.0, VP = -47.0,
θp = 1.0. k1 = 0, k2 = 1, k3 = 0, k4 = 1. a. k1 = 0, k2 = 1, k3 = 0, k4 = 1. b.Red notes have communication defect and demonstrate bistability
between silent state and bursting oscillations.

cases: (i) 1 node with a defect and 2 without (Fig. 5a), and
vice versa (ii) 2 nodes with a defect and 1 without (Fig. 5b).
In the second situation, the number of defective elements will
exceed normal ones, and stabilization in the global network

is also possible. Figure 5 shows the results of a numerical
bifurcation analysis of such a system. Equilibrium state sta-
bilization is possible in such a network, as well as for subnets
of the same size. The area on the plane of communication
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parameters in the case when there are fewer elements without
pathology than elements with pathology are less. The equi-
librium stabilization threshold in a globally coupled network
is 2.334. Taking into account the multiplexity of the network,
this threshold becomes even higher.

Figure 5c shows illustrations for a larger network (N = 7),
but with a minimum number of nodes in the network (under
one in the subnets and, accordingly, 2 in the whole network).
In such a network, it is also possible to stabilize a stable equi-
librium state. The stabilization threshold increases with an
increase in the size of the network, the area in the space of
parameters decreases.

V. CONCLUSIONS

The paper presents a study of the dynamics of a network
of oscillators. Two types of very similar models based on
the Hodgkin-Huxley formalism are used as the basic elements
of the network. The first type model demonstrates bursting
oscillations. The second model, like the first, demonstrates
bursting oscillations, but in the phase space of a system with a
bursting attractor, a stable equilibrium state coexists; this fea-
ture is caused by taking into account an additional ion channel,
which has a non-monotonic characteristic and can be inter-
preted as a channel with a communication defect. The work
investigated heterogeneous networks, some of the nodes of
which had a communication defect, and some did not. In pre-
vious works, it was shown that heterogeneous networks of this
type are quite resistant to the influence of nodes with a com-
munication defect. Stabilization of the equilibrium state is
possible only if the number of network elements with a de-
fect dominates. In this paper, multiplex networks were devel-
oped and investigated, assuming more active communication
between models with a defect. The work shows that with such
a connection, it is enough to have one element with a com-
munication defect in the subnetworks in order to stabilize the
state of equilibrium in the entire network.
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