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ABSTRACT

In this paper, we present a generic framework that allows accelerating almost arbi-
trary non-accelerated deterministic and randomized algorithms for smooth convex
optimization problems. The major approach of our envelope is the same as in Cat-
alyst [28]: an accelerated proximal outer gradient method, which is used as an en-
velope for a non-accelerated inner method for the ¢ regularized auxiliary problem.
Our algorithm has two key differences: 1) easily verifiable stopping criteria for inner
algorithm; 2) the regularization parameter can be tuned along the way. As a result,
the main contribution of our work is a new framework that applies to adaptive inner
algorithms: Steepest Descent, Adaptive Coordinate Descent, Alternating Minimiza-
tion. Moreover, in the non-adaptive case, our approach allows obtaining Catalyst
without a logarithmic factor, which appears in the standard Catalyst [28, 29].
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1. Introduction

One of the main achievements in numerical methods for convex optimization is the
development of accelerated methods [35]. Until 2015 acceleration schemes for different
convex optimization problems seem to be quite different to unify them. But starting
from the work [28] in which universal acceleration technique (Catalyst) was proposed,
there appears a stream of subsequent works [27, 29, 39, 40] that allows spreading
Catalyst on monotone variational inequalities, non-convex problems, stochastic opti-
mization problems. In all these works, the basic idea is to use an accelerated proximal
algorithm as an outer envelope [43] with non-accelerated algorithms for inner auxiliary
problems. The main practical drawback of this approach is the requirement to choose
a regularization parameter such that the conditional number of the auxiliary problem
becomes became O(1). To do that, we need to know the smoothness parameters of the
target that are not typically free available.
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An alternative accelerated proximal envelop [41] was proposed in the paper [31].
The main difference with standard accelerated proximal envelops is the adaptability
of the scheme [31]. Note, that this scheme allows also to build (near) optimal tensor
(high-order) accelerated methods [14-16, 35, 47]. That is, the ‘acceleration’ potential
of this scheme seems to be the best known for us for the moment. So the main and
rather simple idea of this paper can be formulated briefly as follows: To develop
adaptive Catalyst, we replace the accelerated proximal envelope with a
fixed regularization parameter [29, 41] on the adaptive accelerated proximal
envelope from [31].

This replacement described in Section 2.

By using this adaptive accelerated proximal envelope, we propose in Section 3 an
accelerated variant of steepest descent [14, 42] as an alternative to A. Nemirovski
accelerated steepest descent (see [7, 36] and references therein), adaptive accelerated
variants of alternating minimization procedures [2] as an alternative to [6, 21, 46] and
adaptive accelerated coordinate descent [33]. For the last example, as far as we know,
there were no previously complete adaptive accelerated coordinate descent. The most
advanced result in this direction is the work [12] that applies only to the problems
with increasing smoothness parameter along the iteration process. For example, for
the target function like f(x) = 2%, this scheme doesn’t recognize that smoothness
parameters (in particular Lipschitz gradient constant) tend to zero along the iteration
process.

In Section 4 we describe numerical experiments with the steepest descent and adap-
tive coordinate descent.

We hope that the proposed approach allows accelerating not only adaptive on their
own procedures, but also many other different non-accelerated non-adaptive random-
ized schemes by settings on general smoothness parameters of target function that can
be difficult to analyze patently [17, 19, 20].

2. The Main Scheme

Let us consider the following minimization problem

min , 1
min /(1) )
where f(y) is a convex function, and its gradient is Lipschitz continuous w.r.t. || - ||2

with the constant L;:

IVi(@) = Villz < Lyllz = yl2-

To propose the main scheme of the algorithm we need to define the following functions:

Fraly) = f)+ 5lly— =3,
fo(z) = I;gélFL,m(y) = Fr.(yr(x)),

then the function Fp, ,(y) is L-strongly convex, and its gradient is Lipschitz continuous
w.r.t. || - ||2 with the constant (L + Ly). So, the following inequality holds

IVFLa(y2) = VFLz(y)ll2 < (L + Ly)llyr — vall2. (2)



Due to this definition, for all L > 0 we have that f(z) < f(z) and the convex function
fr(x) has a Lipschitz-continuous gradient with the Lipschitz constant L. Moreover,
according to [42] [Theorem 5, ch. 6], since

Ty € Argmin f7(x) = Argmin fr(x),
x z€Q

we obtain

Zy € Argmin f(z) and fr(xs) = f(ay).
zeQ

Thus, instead of the initial problem (1), we can consider the Moreau—Yosida regularized
problem

min f7,(z). (3)

z€Q

Note that the problem (3) is an ordinary problem of smooth convex optimization.
Then the complexity of solving the problem (3) up to the accuracy £ with respect to
the function using the Fast Gradient Method (FGM) [35] can be estimated as follows

O ( LfZ ) The ‘complexity’ means here the number of oracle calls. Each oracle call

means calculation of V f7(z) = L(x — yr(x)), where yr () is the exact solution of the
auxiliary problem miél Fr 2 (y).
ye

Note that the smaller the value of the parameter L we choose, the smaller is the
number of oracle calls (outer iterations). However, at the same time, this increases the
complexity of solving the auxiliary problem at each iteration.

At the end of this brief introduction to standard accelerated proximal point meth-
ods, let us describe the step of ordinary (proximal) gradient descent (for more details
see [41])

S %VfL(l”) -k _ %(:p —yr(x)) = yr(x).

To develop an adaptive proximal accelerated envelop, we should replace standard
FGM [35] on the following adaptive variant of FGM Algorithm 1, introduced by [31]
for smooth convex optimization problems. We also assume that @ = R".

The analysis of the algorithm is based on the following theorem.

Theorem 1 (Theorem 3.6 [31]). Let sequence (z¥,4*,2%), k > 0 be generated by

Algorithm 1 and define R := Hyo — m*Hz. Then, for all N > 0,

N
Y = A (7 ) = £ ) 3 Ak ot < 52



Algorithm 1 Monteiro-Svaiter algorithm

Parameters: 2°, 4%, 49 =0
for k=0,1,...,N —1do
Choose L1 and y**! such that

IV Fry s (05 ll2 < 252 [ — 2,

where

1/Lis1+ 1/L +1+4Ak/Lls+1

ak41
Apy1 = Ap+ apg1,
karl _ A ok + Ap i1 Zk

A9 T A

P Y Y v (ykﬂ)
end for
Output: yV

N 2
ZAkLkHyk—kaQ < 2R?. (4)
k=

We also need the following Lemma.

Lemma 1 (Lemma 3.7a [31]). Let sequences {Ay, Lr}, k > 0 be generated by Algo-

rithm 1. Then, for all N > 0,
2
1

Let us define non-accelerated method M that we will use to solve auxiliary problem.

Proposition 1. The convergence rate for the method M for problem

F
min F(y)

can be written in the general form as follows: with probability at least 1 — ¢ holds
(for randomized algorithms, like Algorithm 4, this estimates holds true with high
probability)

F(yN) = F(y,) = O(LFRyQIn%) min{?\,,exp <757FL]\;)},

where y, is the solution of the problem, R, = ||y° — y||2, function F is pp—strongly
convex and Ly is a constant which characterized smoothness of function F'.

Typically C,, = O(1) for the standard full gradient first order methods, C,, = O(p )
where p is a number of blocks, for alternating minimization with p blocks and C
O(n) for gradient free or coordinate descent methods, where n is dimension of y. See
the references in next Remark for details.



Remark 1. Let us clarify what we mean by a constant Lp which characterized
smoothness of function F'. Typically for the first order methods this is just the Lip-
schitz constant of gradient F' (see, [5, 42] for the steepest descent and [6, 25, 46] for
alternating minimization); for gradient free methods like Algorithm 4 this constant is
the average value of the directional smoothness parameters, for gradient free methods
see [1, 8-10, 13, 44], for coordinate descent methods see [33, 37, 49] and for more
general situations see [20].

Remark 2. Note that in proposition 1 the first estimate corresponds to the estimate
of the convergence rate of the method M for convex problems. And the second estimate
corresponds to the estimate for strongly convex problems.

Our main goal is to propose a scheme to accelerate methods of this type. But note
that we apply our scheme only to degenerate convex problems since it does not take
into account the strong convexity of the original problem.

Denote Fk'H() Fr,,, a#+(-). Based on Monteiro-Svaiter accelerated proximal
method we propose Algorithm 2.

Now let us prove the main theorem about the convergence rate of the proposed
scheme. Taking into account that O(-) means the same as O(-) up to a logarithmic
factor, based on the Monteiro—Svaiter Theorem 1 we can introduce the following the-
orem:

Theorem 2. Consider Algorithm 2 with 0 < Ly < L, for solving problem (1), where
@ = R", with auxiliary (inner) non-accelerated algorithm (method) M that satisfy
Proposition 1 with constants C,, and Ly such that Ly < Ly < L,,.

Then the total complexity” of the proposed Algorithm 2 with inner method M is

(o B} V)

with probability at least 1 — 4.

Proof. Note that the Monteiro-Svaiter (M-S) condition

L
IVESE G Il < 5 g™ — 2 (6)

instead of the exact solution y*+! =y, — (zF*1) of the auxiliary problem, for which
IVFLE ()2 =0,

allows to search inexact solution that satisfies the condition (6).
Since y**! the solution of the problem m?}n Ff;l (y), the VF]]fj;l (y¥+1) = 0. Then,

using inequality (2) we obtain

IVFES (5Dl < (L + LIy — o (7)

2The number of oracle calls (iterations) of auxiliary method M that required to find ¢ solution of (1) in terms
of functions value.



Algorithm 2 Adaptive Catalyst
0.

Parameters: Starting point 2% = ¢° = 2Y;
B >~ > 0; optimization method M, Ay = 0.
for k=0,1,...,N —1do

Liy1 =B -min{alg, L,}

initial guess Ly > 0; parameters a >

t=20

repeat
t:=t+1
Lk+1 = Imax {Lk+1/,8, Ld}
Compute

1/Lis1+y/1/L3  +4Ax /L

ag+1 = 2 )
Apr1 = Ag +agg1,

k+1 A,k art1 k
x T Arpa Yyt Api1 z

Compute an approximate solution of the following problem with auxiliary
non-accelerated method M
y**1 ~ argmin Ff;l (y) :
Y

By running M with starting point 2**1 and output point 3*+1 we wait N; iterations

to fulfill adaptive stopping criteria

L
IVELE @ 2 < 252yt — 2.

until ¢ > 1 and Ny > - Nt_q or Lg1 = Ly
P v (ykﬂ)

end for

Output: yV

Using the triangle inequality we have

e T P e | P | | (8)

Since r.h.s. of the inequality (8) coincide with the r.h.s. of the M-S condition and

Lh.s. of the inequality (7) coincide with the Lh.s. of the M-S condition up to a multi-
plicative factor Ly41/2, one can conclude that if the inequality

L
B A I =l | LA AR | 9)

|y wi1+2L;

holds, the M-S condition holds too.
To solve the auxiliary problem min F7, ,, ;++1(y) we use non-accelerated method M.
y

Using proposition (1) with probability > 1 — % (where N is the total number of the
Catalyst’s steps), we obtain that the convergence rate (after ¢ iterations of M, see
Proposition 1)



Lyt
Ff;l(yf—i—l) _ Ff;l( k+1y = 0 (Ly+ Li1)Ri o In At) exp (— C”(Lfki;kﬂ)).

Note, that Ry1 = |[zFT — yi+!||; since 25! is a starting point.
Since F f;l() is Lg41-strongly convex function, the following inequality holds [35]

L k k k k k k
el = IS < P ) - FLL ).

Thus,

k+1 k+1 (LfJFLkJrl)Ri-H Nt Lyt
”yt — Y H2 <0 (\/ Lyt4 th exp T 20, (Li+Lei) )°

From this, we obtain that the complexity of solving the auxiliary problem with prob-
ability at least 1 — % is

T =0 (C, L)), (10)

J

Since that we can consider T to be the estimate that include total complexity of
auxiliary problem including all inner restarts on Ly .
Substituting inequality (5) into estimation (4) we obtain

F™) = flan) < 752

(E4)

Since the complexity of the auxiliary problem with probability at least 1 — % is T we
assume that in the worst case all Ly, are equal. Then the worst case we can estimate
as the following optimization problem

2
max %, /@7
L4<L<L, €

Obviously, the maximum is reached at the border. So, using union bounds inequality
over all N iterations of the Catalyst we can estimate the complexity in the worst two
cases as follows:

o Ifall L1 = Lg < Ly (at each iteration we estimate the regularization parameter

as lower bound), then (L’“zilef ) ~ Lii - and total complexity with probability
>1-4is

0 <Cn§; Ldf) -0 (Cn\/? \/Lf7>

o Ifall Ly 1 = L, > Ly (at each iteration we estimate the regularization parameter
(Li1+Ly)
Lk+1

as upper bound), then ~ 1 and total complexity with probability



>1—-4is

ca<c¢\/bg¥>::<5<ch/g;. Lg*).

Then, using these two estimations we obtain the result of the theorem. O

Note that this result shows that such a procedure will works not worse than standard

Catalyst [28, 29] up to a factor 0 <max {, /%, . ﬁ}) independent on the stopping

criteria in the restarts on Ly, 1.
Since the complexity of solving the auxiliary problem is proportional to

)
when we reduce the parameter Ly, so that Ly 1 < Ly the complexity of solvmg an
auxiliary problem became growth exponentially. Therefore, as the stopping criterion
of the inner method, we select the number of iterations Ny compared to the number of
iterations N;_1 at the previous restart ¢ — 1. This means that if Ny < yNN;_; then the
complexity begins to grow exponentially and it is necessary to go to the next iteration
of the external method. By using such adaptive rule we try to recognize the best
possible value of Ly;q ~ Ly. The last facts are basis of standard Catalyst approach
[28, 29] and have very simple explanation. To minimize the total complexity we should
take parameter Ly, = L such that

mLin\/LTm-0~<Lf7L+L> .
This leads us to Lyy1 ~ Ly.

Note that also in non-adaptive case (if we choose all Lj1 = L) we can obtain the
following corollary from the Theorem 2.

Corollary 1. If we consider Algorithm 2 with Ly, = Ly for solving problem (1),
then the total complexity of the proposed Algorithm 2 with inner non-randomized
method M is

0<alij. (11)

Proof. Using inequality (9) one can obtain that the complexity of the auxiliary prob-
lem is (10), i.e

Lyt

T—=0 (Cn (LkZ:lLf) n (3Lk+1+2Lf)>

And since Ly < Ly < L,, we can estimate SLkZ;:QLf < 3Ld+2Lf < C, where the con-

stant C' does not depend on the accuracy e (accuracy of solvmg an auxiliary problem).
Then the complexity of the auxiliary problem is T = O <C’n%> Using this

estimate and that L,y = Ly, we obtain that the total complexity is (11). O

Note that in the standard Catalyst approach [28, 29] the total complexity is
O (C’

-In 5), where § is the accuracy of solving the auxiliary problem at each

iteration. From this we get that choosing the stopping criterion for the inner method



as the criterion from the Algorithm 2 we can get the Catalyst without a logarithmic
cost. It seems that such variant of Catalyst can be useful in many applications. For ex-
ample, as universal envelope for non accelerated asynchronized centralized distributed
algorithms [30].

3. Applications

In this section, we present a few examples of algorithms that we consider as inner
solvers. All of them have an adaptive structure, so it makes little sense to use Catalyst
algorithm to accelerate them.

3.1. Steepest Descent

Consider the following problem

min f(z),

where f(x) is a Ly-smooth convex function (its gradient is Lipschitz continuous w.r.t.
|| - ||l2 with the constant Ly).
To solve this problem, let us consider the general gradient descent update rule

2* =2k — p V().

In [42] it was proposed an adaptive way to select hy as following (see also [5] for precise
rates of convergence)

hy, = argmin f(z* — AV f(z")).
heR

Algorithm 3 Steepest descent

Parameters: Starting point 2°.

for k=0,1,...,N —1do
Choose hy = argmin,,cp f(z¥ — AV f(2F))
Set 2F*+! = 2k — bV f ()

end for

Output: 2V

In contrast with the standard selection hy = L% for L-smooth functions f, in this
method there is no need to know smoothness constant of the function. It allows to use
this method for the smooth functions f when L is unknown (or expensive to compute)
or when the global Ly is much bigger than the local ones along the trajectory.

On the other hand, as far as we concern, there is no direct acceleration of the steepest
descent algorithm. Moreover, it is hard to use Catalyst with it as far as acceleration
happens if Lj (x in Catalyst article notations) is selected with respect to Ly and the
scheme does not support adaptivity out of the box. Even if global Ly is known, the
local smoothness constant could be significantly different from it that will lead to the
worse speed of convergence.



Note that for Algorithm 3 the proposition 1 holds with C,, = O(1) and Ly is the
Lipschitz constant of the gradient of function f.

3.2. Random Adaptive Coordinate Descent Method

Consider the following unconstrained problem

min f(z).

Now we assume directional smoothness for f, that is there exists (51, ..., 8, such that
for any z € R, u € R

\Vif (x4 uei) = Vif(z)| < Bilul, i=1,...,n,
where V;f(x) = 0f(x)/0x;. For twice differentiable f it equals to (V2f(z)):; < B;.

Due to the fact that we consider the situation when smoothness constants are not
known, we use such a dynamic adjustment scheme from [33, 49].

Algorithm 4 RACDM

Parameters: Starting point z°;
lower bounds §; := B e (0,8],i=1,...,n
for k=0,1,...,N —1do
Sample i, ~ U], ..., n]
Set zFtl = gk — B;l -V; (l‘k) - e,
1

While V;, f(z*) -

Set Bi, = 3B,
end for
Output: 2V

Note that for Algorithm 4 the proposition 1 holds with C;, = O(n) (for z € R™) and

Ly=Lys:= 1% B (the average value of the directional smoothness parameters).
i=1
As one of the motivational example, consider the following minimization problem

min  f(z) =~vIn <Zi1 exp (%)) — (b, @),

where A € R™™ b € R". We denote the i** row of the matrix A by A;. A is sparse,
i.e. average number of nonzero elements in A; is less than s. f is Ly-smooth w.r.t.
| - l2 with Ly = max;—1,__, || 4|3 and its gradient is component-wise /3;-continuous
with 5]' = mMaX;=1,...m ‘AZ]‘

Fast Gradient Method (FGM) [36] requires O <\/ Lf€R2> iterations with the com-

plexity of each iteration O (ns).

10



Coordinate Descent Method (CDM) [3] requires O (nff€R2> iterations with the com-
plexity of each iteration® O (s).
Accelerated Coordinate Descent Method (ACDM) [37] requires O (n Lf€R2> iter-

~ 1 <&
ations with the complexity of each iteration O (n), where Ly = — E V Bj-
n
i=1

For proposed in this paper approach we have O <n LfeRz iterations of CGM

with complexity of each inner iteration O(s) and complexity of each outer iteration
O(ns). However, outer iteration executes ones per ~ n inner iterations, so average-case
iteration complexity is O(s).

We combine all these results in the table below. From the table one can conclude
that if ff < Ly, then our approach has better theoretical complexity.

Algorithm Complexity Reference
FGM o) (ns LR [36]
CDM 0 (ns Lff) [3]

ACDM | O <n2\/ Eff) 37]
Catalyst CDM | O (ns \/ LfERz) this paper

Note that the use of Component Descent Method allows us to improve con-
vergence estimate by factor /n compared to Fast Gradient Method. Indeed, for
this problem we have L; = maxj—i, . m |4;|l3 = O(n), and on the other hand
Ly = %ijl’m’n max;—1, .m |Aij| = O(1). Therefore, the total convergence estimate
for Fast Gradient Method can be written as

o).

and for proposed in this paper method factor \/n is reduced to O(1) and could be

omitted:
2
O (ns- R) .
€

The best complexity improvement is achieved if Ly = n, which means there is at
least one row in the matrix such that A; = 1™, even though all other rows can be
arbitrary sparse.

3Here one should use a following trick in recalculation of In (371", exp ([Az];)) and its gradient (partial
derivative). From the structure of the method we know that x™* = z°¢ 4 de;, where e; is i-th orth. So if
we’ve already calculate Az°'¢ then to recalculate Az™*" = Az°! 4§ A; requires only O(s) additional operations
independently of n and m.

11



3.3. Alternating Minimization

Consider the following problem

,in f(x),

where f(x) is a Ly-smooth convex function (its gradient is Lipschitz continuous w.r.t.
|| - |l2 with the constant Lf), Q@ = ®%_,Q; C E, with Q; C E;, i = 1,..., p being closed
convex sets.

For the general case of number of blocks p > 2 the Alternating Minimization al-
gorithm may be written as Algorithm 5. There are multiple common block selection
rules, such as the cyclic rule or the Gauss—Southwell rule [2, 6, 25, 46].

Algorithm 5 Alternating Minimization

Parameters: Starting point zV.
for k=0,1,...,N —1do
Choose i € {1,...,p}
Set 2**+! = argmin f(x)
x€S;(z*)
end for
Output: 2V

Note that for Algorithm 5 the proposition 1 holds with C,, = O(p) (p — number of
blocks) and Ly is the Lipschitz constant of the gradient of function f.

3.4. Local Stochastic Gradient Descent

Local SGD [26] becomes popular first of all due to the application in federated learning
[24]. In the core of the approach lies a very simple idea [11, 26, 34, 45]: to solve con-
sidered stochastic convex optimization problem in parallel on M nodes via Adaptive
Stochastic Gradient Descent (SGD) [38] with synchronization after each 7 iterations
of SGD and sharing an average point. The large we want to choose M the smaller we
should choose 7 to conserve the total (optimal) number of oracle 7" (stochastic gradi-
ent) calls (on M nodes). Say, for strongly convex case M7 ~ T [26]. It is well known
that for stochastic convex optimization problems from the oracle complexity point of
view there is no difference between accelerated schemes and non-accelerated ones [32].
On the other hand, if we reduce the variance by batching acceleration could play a
significant role [18, 48]. That is in parallelized architecture the accelerated schemes
are dominant. So, the natural question: Can we accelerate local SGD? Below we’ll try
to demonstrate the numerical possibility of acceleration local SGD by proposed M-S
Catalyst scheme.

3.5. Theoretical Guarantees

Let us present the table that establishes the comparison of rates of convergence for
the above algorithms before and after acceleration via Algorithm 2. In non-accelerated
case these algorithms apply to the convex but non-strongly convex problem, therefore,
we use estimates for the convex case from proposition 1. But in the case of acceleration
of these methods, we apply them to a regularized function which is strongly convex.

12



Algorithm 6 Local SGD algorithm

Parameters: 2° € R", w — number of workers, L, y,
Sy — set of synchronization steps indices
7 — maximum difference between two consequent integers in Sy
Initialize variables 29 = 20 for h € [1, w]
for k=0,1,...,N —1do
for h € {1,...,w} do in parallel
Sample i uniformly in [1,m]
if K4+ 1€ Sy then
it = L3 (ah = Vg (ah))
else
o = ok 0V fs ()
end if
end for

end for
Output: 2V = ﬁ S S ekak where €6 = (max{16L/u, 7} + k)%, Sx =

Yiso &

Denote o = max (, / %, ME), then we represent the following table.

non-accelerated | M-S accelerated
L;R? LR?
Steepest Descent = a\/ =
Random Adaptive Coordinate Descent Method n- Lf€R2 n- a\/ LfTRz
. e L,R? LR?
Alternating Minimization pr =L p- a\/ =

4. Experiments

In this section, we perform experiments for justifying the acceleration of the aforemen-
tioned methods in practice. For all figures below, the vertical axis measures functional
suboptimality f(x) — f(x,) in the logarithmic scale.

4.1. Steepest Descent Acceleration

In this experimental setup we consider logistic loss minimization problem

1 m
i = —) log(1+exp(—y;z; 12
min f(z) mZ; g(1+exp(—y;z; 7)) (12)
]:

with two different datasets from LIBSVM [4] repository (rcvi_train and ala) We
selected logistic regression as the objective as far as logistic regression converges with
sub-linear rate like general non-strongly function that is important assumption for
accelerated versions of algorithm to be provable.

13



—— Steepest Descent
: Monteiro-Svaiter SD
100 A a=2p3=13~v=14

— Gradient Descent (GD)
----- Steepest Descent (SD)

Monteiro-Svaiter SD
% 4 a=20=157=13 Aa=28=13y=14
1% a=3,8=20vy=14 cv-a=3,8=2,y=14
10 % a=6,8=30v=20 «ea=6,8=3~=2
¢ ¢-a=2L=15~y=13

functional suboptimality(log-scale)
functional suboptimality (log-scale)

1074 I I | | ‘ ‘ :
0 500 1,000 1,500 2,000 0 500 1,000 1,500 2,000
iterations iterations
(a) Logistic regression (12) with rcvl_train dataset. (b) Logistic regression (12) with ala dataset.

Figure 1. Results of Steepest Descent acceleration for different problems

In this setup we present our experimental results for Steepest Descent (Algorithm 3)
and its accelerated via Algorithm 2 versions with different tuples of parameters («, 3, 7)
to show the dependence of the algorithm on parameters.*

In Figure la we present functional suboptimality vs aggregated amount of gradient
computations (oracle calls) in logarithmic scale. To be more precise, we present the
following: for every “restart” we split all the points into two groups. First group - points
from the inner algorithm run with “optimal” L. Second group is for the points, that
are extra (cost of adaptation) and for this points we plot the value in point y* from
the previous restart (to have the horizontal lines on plots in cases when adaptation
takes so long). In the end of the day, for each restart we, first, plot “horizontal line”
for all points from the second group and after we present points from the first group
with the corresponding to them values.

As we could see from the plot, acceleration happens when M-S acceleration scheme
is used together with steepest descent algorithm but is highly dependent on the pa-
rameters of Monteiro-Svaiter algorithm. For instance, big a and 5 makes it harder to
algorithm to adapt to the current “optimal” value of Lj that makes algorithm slower.
Second, selecting big v is not reasonable too as far as it corresponds to the big fluctu-
ation of Ly during every restart. Moreover, selecting o and 8 close to each other also
tends to slow down the convergence process.

In Figure 1b, we add also Gradient Descent algorithm to the list of presented al-
gorithms. To be precise enough, we use Monteiro-Svaiter acceleration without any
adaptation for Lj. It means, that fixed constant Ly = Ly is used during algorithm
run.

As we could see from the set of hyper parameters («, 3,7) = (6, 3,2) again leads to
the slowest version of accelerated algorithm. All the other set ups, also have roughly the
same behavior. Finally, for Gradient Descent acceleration also takes place and even
makes it faster than Steepest Descent without acceleration. An important thing to
notice is the following: Monteiro-Svaiter acceleration for adaptive algorithms (Steepest
Descent) makes them faster than acceleration of non-adaptive (Gradient Descent) in
spite of cost for adaptation.

4For all runs with steepest descent we used Ly = 0.0001Ly and L, = Ly, where Ly is a real Lipschitz constant
of Vf.
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4.2. RACDM Acceleration

Let us consider quadratic optimization 10° 4 —_RACDM

problem ; Monteiro-Svaiter RACDM
-A-a=28=15y=11
4a=5 =3 v=18

: 15
min f(z) = 2% Az, (13)

H

T
~
|

e

for Hilbert matrix [22] with such entries

1 ‘o 1076 %
Aij = 75 T Th1§ is an example of a Hf%n— A2,
kel matrix and is known to be very ill- A SR
10-8 - SR R

conditioned (e.g. for n = 6 condition num-
ber‘m.l.f)-‘lo7 [42]). It leads‘ to a degenerate 500 Looo 1500 2,000
optimization problem, typically very hard iterations
for gradient methods.

In Figure 2 we compare the performance
of the method 4 and its M-S accelerated Figure 2. Results of RACDM acceleration for
version with different sets of parameters ;‘gggratic problem (13) with Hilbert matrix, n =
(e, B,7y) for problem (13). '

For the horizontal axis we use number of
partial derivative evaluations divided by dimensionality n of the problem. Our warm
start strategy includes running inner method from the last point yx and with estimates
Bi of smoothness constants obtained from the previous outer (M-S) iteration. The
initial points yg = 2o entries were sampled from the standard uniform distribution
U(0,1). Ly was initialized as 0.5Ly and Ly = 0.001L¢, L, = 100L¢, 3 = 1/Ly.

functional suboptimality (log-scale)

(=)

Consider a simple case of quadratic optimization problem (13) with matrix A =
STDS such that S is a random orthogonal matrix. The elements of diagonal matrix D
are sampled from standard uniform distribution ¢/(0, 1) and one random Dj; is assigned
to zero to guarantee that the smallest eigenvalue of the resulting matrix A is smaller
than 107!® and thus the optimization problem is convex but not strongly-convex (up
to machine precision).’

In Figure 3a we compare the performance of RACDM and its M-S accelerated
version with different sets of parameters (o, 3,7).

For the horizontal axis we use number of partial derivative evaluations divided
by dimensionality n of the problem. Our warm start strategy includes running inner
method from the last point ¥y, and with estimates 3; of smoothness constants obtained
from the previous iteration. The initial points yg = z¢ are sampled from the standard
uniform distribution ¢(0,1). Lo was initialized as 1.6L; and Lq = 0.005Ls, L, =
10Ly, ,BZQ = 1/Ly. We observe that clear acceleration can be achieved not for all sets
of parameters. Concretely, both 8 and 7y affected convergence as one can see from the
plot. Besides, we find out that for higher accuracy the proposed method can show
unstable performance.

Note, that we can obtain provable acceleration by the proposed Adaptive Catalyst
procedure only for convex problems. For strongly convex problems, this is no longer
true either in theory or in our experiments. The reason is that the proposed M-S
accelerated envelop doesn’t take in to account possible strong convexity. Moreover, as

5Frankly speaking, for such objective functions we observe that non-accelerated gradient descent based algo-
rithms converge with linear rate, because of the quadratic nature of the problem and specificity of spectrum.
Since n = 100 in these experiments we typically have that the next eigenvalue after zero is about 0.01. This
value determined the real rate of convergence
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(a) Synthetic quadratic problem (13) with matrix
A,n = 100.
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(b) Logistic regression problem (14) for madelon
dataset.

Figure 3. Results of RACDM acceleration for different problems

far as we know, this is still an open problem, to propose a fully adaptive accelerated
algorithm for strongly convex problems. The problem is in the strong convexity
parameter. In practice, we met this problem in different places. For example, when
we choose the restart parameter for conjugate gradient methods or try to propose
accelerated (fast) gradient methods that do not require any information about strong
convexity parameter but know all other characteristics of the problem.

Consider logistic loss minimization problem

. 1 & -
min - f(z) = m;bg(lﬂxp(—yﬂj z)). (14)

In Figure 3a we compare the performance of RACDM and its M-S accelerated ver-
sion with different sets of parameters (a,f,7) for logistic regression problem with
madelon dataset from LIBSVM [4] repository. Initial parameters for this set up are
Ly = Ly, Lg = 1075, L, = 100Ly. Warm start strategy and depicted values for
theot horizontal axis are the same as for the quadratic problem. It is important
to mention that gradient norm computation for checking Monteiro-Svaiter condition

HVFf;l (yF+1) H2 < % |yt — mk“HQ and full gradient step from the outer loop

A=k VS (yk“) (according to Algorithm 2) were counted as evaluation
of n partial derivative. For this case, we also noted that Lg initialization affects the
convergence significantly at the beginning and it has to be chosen lower than in the
previous cases.

Consider also the following softmax function minimization problem
m
. o [Az],
min  f(z) =vIn <Z; exp ( 5 — (b, x), (15)
1=

where matrix A € R"™*" is such that average number of nonzero elements in A; is
less than s < m and one of the rows A is non-sparse. f is Lipschitz smooth with
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the constant Ly = max;—1,_m ||4;||3 and has component-wise Lipschitz continuous
gradient with constants ; = max;—1,__m |Ai;|.

In figures 4 and 5 we compare the performance of the Accelerated Coordinate
Descent Method (ACDM), Gradient Method (GM), Fast Gradient Method (FGM),
and proposed approach — accelerated via Algorithm 2 variant of Coordinate Descent
Method [37] (Catalyst CDM) for strongly convex w.r.t. || - ||2 auxiliary problem, in
which ¢ is drawn from the distribution 7 defined by

mlik =4) = Zﬁﬁ

In the case of randomly-generated A with A;; € {0,1}, s = 0.2m, non-sparse row Ay,
with uniformly random components and v = 0.6 proposed method converges faster
(in terms of working time) than all comparable methods except FGM. However, in
other setting, for the smaller count of nonzero elements in the matrix (s ~ 0.75m),
non-sparse row A = 1", and with higher variation in the sparsity of the rows of A
(0.9m rows with 0.1n nonzero elements and 0.1m rows with 0.9n nonzero elements)
— proposed method converges faster than FGM due to ff < Ly.

n = 15000, m = 10000 n = 15000, m = 10000

— —~ 10* e -

7‘03 % \“ ...........

8 2

g g

z =

£ £

S 2

2 2

7 2

E = — ACDM

kS .S e M

g g —FGM

& £ 102 - = Catalyst CDM
| | | |
0 50 100 150

T,s

Figure 4. Softmax problem (15) with random

Figure 5. Softmax problem (15) with heteroge-
sparse matrix.

neous sparse matrix.

4.3. Alternating Least Squares Acceleration

Consider the typical collaborative filtering problem: completion of the user-item pref-
erences matrix with estimated values based on a little count of observed ratings made
by other users on other items. The considered being accelerated AM algorithm is in-
duced by the idea of preferences matrix factorization and estimating unknown rating
ryi associated with the user u and the item ¢ as a product :EJ yi, where the vectors z,
and y; are being optimized variables. Following the approach set out in [23], formulate
such an optimization problem:
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where c¢,; is confidence in observing r,;, in our case expressed as cy; = 1 + 57y, Pui
is binarized rating:

o 1 rm->0,
PU= 0 ru =0,

and A (3, ||zull3 + X2, ||yil|3) — regularization term preventing overfitting during the
learning process (in our case, the regularization coefficient is set to A = 0.1).

For described objective functional optimization we used modified Algorithm 5 in
that on every iteration functional optimizing with relation to x and ¥y consistently
(for that functional we can get the explicit expression for the solutions of equations
Vef(z,y) = 0 and V,f(z,y) = 0, computational effective matrix expressions for
solutions of these auxiliary problems are presented in [23]).

The considered objective function is not convex, so instead of the described Adaptive
Catalyst scheme for accelerating should be used the modified one, in which the step
of updating variable y; replaced with such construction:

Jk+1 A argmin F}f;l (y)
Y

Yrt1 = argmin { f(y) | ¥ € {yr, Jrs1}}

Used in experiments sparse matrix {7y}, ; generated from radio dataset® with rat-
ings made by listeners on compositions of certain artists. Count of considered users
was 70, count of artists — 100, and sparsity coefficient of the matrix was near the 2%.

In Figure 6 we compare the performance of the modified Algorithm 5 and their accel-
erated via Algorithm 2 versions (with a different choice of hyperparameters (o, 3,7)).

The horizontal axis measures the number of variables recomputations. The plot
show that there was the acceleration of the base algorithm and both parameters g
and v had an impact on the convergence rate.

In addition, consider the performance of the Alternating Least Squares algorithm
for the problem with a larger being estimated matrix {ry;}u,i-

In Figure 7 we compare the performance of the Alternating Least Squares algorithm
and its accelerated via Monteiro-Svaiter algorithm versions for problem 16 with A =5
and matrix {7y}, of the size 150 users x 300 artists, generated from radio dataset.
The horizontal axis measures the number of variables recomputations. The plot shows
that there was the acceleration of the base algorithm and both parameters g and ~
had an impact on the convergence rate.

Shttps://www.upf.edu/web/mtg/lastfm360k

18



o 102 A — Alternating Least Squares ) — Alternating Least Squares
§ 3 Monteiro-Svaiter ALS § Monteiro-Svaiter ALS
‘c:'x)n v -A-0=12,8=1.19,v=1.03 éﬂ ) -A-a=23=16,7y=25
= 10t \} ~4ra=133=12y=11 = 10 : 4 a=203=18~=3
& a=115 =112, y=1.1 =y |
£ 100 2
3 5
= 2
£ 107! - E
.2 8
E <
£ R =
1072 I I | | "\ - | | | | I |
0 300 600 900 1,200 1,500 0 1,000 2,000 3,000 4,000 5,000
iterations iterations
Figure 6. Matrix completion problem (16) with Figure 7. Matrix completion problem (16) with

different (v, 3,7). big matrix.

4.-4. Local SGD Acceleration

Consider the following 12-regularized logistic loss minimization problem:

1 m T

in F _—7§1 1 —ix P 1

ek (z) m.log( +exp (—y;z pj)) + g(z) (17)
J:

where the features matrix P € R"*™ labels y € {0,1}" and g is a regularization
term, aggregated by two different regularizers for the sparse features Is C [1,n] (with
coefficient A1) and the dense features Ip C [1,n],Is N Ip = @ (with coefficient A2):

g(x) = )\12113?-1—)\2 Zx?

i€lg i€lp

In this experiment, we use the adults dataset with one-hot encoded categorial features
and binarized ‘work class‘ feature as a label, m = 40000, n = 100, A\; = 1.1, Ay = 2.1,
the sparsity coefficient (percentage of features with a fraction of zeros less than 0.2)
is equal to 4%. Also, the initial value of the model’s weights randomly generated from
the uniform distribution zg; ~ U(0,1) Vi € [1,n].

In Figure 8 we compare the performance of the Local SGD and its accelerated via
Algorithm 2 versions. Parameters used: w = 20 (amount of computing nodes), varying
7 (number of iterations between two consequent synchronization steps), o = 1.15, 8 =
1.12,y = 1.1 (for Monteiro-Svaiter).

The horizontal axis measures the number of outer iterations (one outer iteration
includes recomputation of the variables in all computing nodes). The plot shows that
there was the acceleration of the base algorithm and synchronization interval had an
impact on the convergence rate.

In Figure 9 we compare the performance of the Algorithm 6 and its Monteiro-Svaiter
(with parameters a = 1.15, 8 = 1.12,y = 1.1 and 7 = 200) accelerated versions (w =
20 and 7 € {200,400}) for problem (17) with applying the minibatch technique. The
horizontal axis measures the number of outer iterations (one outer iteration includes
the recomputation of the variables in all the computing nodes). The plot shows that
there was the acceleration of the base algorithm and, moreover, that using a batch of
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samples instead of one sample for calculating the stochastic gradient can improve the
convergence rate.

5 Local SGD M-S L-SGD
—A—-7=200 -A& 7=200
—4-7=10 -4-7=10
T=2 T=2

= =
: g
@ ¢
g g
; 10° i =
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= L e B g Wi~ : = 10-3 - =T =200 -
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Figure 8. Regularized logistic loss (17) for differ-

e Figure 9. Logistic loss (17) minimization with
ent synchronization intervals 7.

minibatching.

Conclusion

In this work we present the universal framework for accelerating the non-accelerated
adaptive methods such as Steepest Descent, Alternating Least Squares Minimization
and RACDM and show that acceleration works in practice (code is available online on
GitHub). Moreover, we show theoretically that for nonadaptive run proposed in this
paper acceleration has a better rate than via Catalyst.
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