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ABSTRACT. We propose a remarkably simple and explicit conjectural formula for a bihamilto-
nian structure of the double ramification hierarchy corresponding to an arbitrary homogeneous
cohomological field theory. Various checks are presented to support the conjecture.
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Cohomological field theories (or CohFTs for brevity) are systems of cohomology classes on
the moduli space M, , of stable algbraic curves of genus g with n marked points. They were in-
troduced by Kontsevich and Manin in [KM94] to axiomatize the properties of Gromov—-Witten
classes of a given target variety. Their compatibility with the strata structure and natural mor-
phisms between moduli spaces makes them powerful tools for probing the cohomology of M,

and its tautological ring in particular.

Since the Kontsevich-Witten theorem [Wit91l [Kon92] stating that the generating series of
integrals over M, ,, of monomials in psi classes (the Chern classes of tautological line bundles)
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is the logarithm of the tau function of a special solution to the Korteweg—de Vries (KdV) hier-
archy, it is well known that integrable hierarchies of evolutionary, Hamiltonian, tau-symmetric
PDEs control the intersection theory of CohFTs.

Dubrovin and Zhang [DZ01] give a systematic construction of such integrable hierarchy start-
ing from a semisimple cohomological field theory. Their framework gives, among other things,
the language for stating the analogue of the Kontsevich—-Witten theorem for any semisimple
CohFT, where the KdV hierarchy is replaced by the relevant Dubrovin—Zhang (DZ) hierarchy.

In fact, Dubrovin and Zhang’s method postulates the existence of a bihamiltonian structure
(a pair of compatible Poisson structure producing the flows by a recursive procedure) for the
DZ hierarchy of a homogeneous semisimple CohFTs. While one of the two Poisson structures
was proved to exist (in the differential polynomial class) in [BPS12al BPS12b], the existence
of the second Hamiltonian structure is still an open problem. Notice that the approach of
[BPS12al, BPS12b| also clarifies how the construction of the DZ hierarchy (as a Hamiltonian
system with respect to the first Poisson bracket) can be based on the axioms and properties
of CohFTs together with semisimplicity, without requiring the existence of the second Poisson
structure or homogeneity. Nonetheless, the existence of this second Hamiltonian structure in
the homogeneous case remains an important unproven feature of the DZ hierarchy.

In [Burl5] a novel approach to constructing integrable hierarchies starting from CohFTs was
introduced. This approach does not require semisimplicity of the CohFT and, although based
again on the intersection theory on /Vg,n, it employs different tautological classes, notably the
double ramification cycle (an appropriate compactification of the locus of smooth curves whose
marked points support a principal divisor), which explains why this hierarchy was called the
double ramification (DR) hierarchy.

The DR hierarchy is always Hamiltonian with respect to a very simple Poisson structure,
which, as opposed to the one for the DZ hierarchy, does not essentially depend on the underlying
CohFT. The two hierarchies coincide by definition in the dispersionless (genus 0) limit and, by a
conjecture in [Burlb] called the DR/DZ equivalence conjecture, in the semisimple case they are
related by a Miura transformation, which was completely identified in [BDGRI18|]. Although
still unproven, the DR/DZ equivalence conjecture has accumulated a remarkable amount of
evidence and verifications (see e.g. [BG16, BDGRIS, BDGR19, BGR19, [DR19]).

In this paper we propose a very simple formula for a second Poisson structure and collect
some evidence for it to give a bihamiltonian structure for the DR hierarchy. These Poisson
brackets do depend on the homogeneous CohFT under consideration in a remarkably explicit
way. We also compute the central invariants of the resulting bihamiltonian structure, finding
that it is Miura equivalent to the conjectured DZ bihamiltonian structure. Finally, we confirm
that in several well-known examples of CohFTs our formula does give the expected bihamilto-
nian structure of the corresponding hierarchy.

Notice that, assuming that our conjectural second Poisson bracket gives a bihamiltonian
structure for the DR hierarchy, the existence of a bihamiltonian structure for the DZ hierarchy
follows from the DR/DZ equivalence conjecture. In fact, this means that the Miura transfor-
mation mapping the DZ hierarchy to the DR hierarchy would simplify not only the first Poisson
structure (making it virtually independent of the CohFT), but also the second one, for which
no explicit formula was previously known.
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Organization of the paper. In Section [I| we present our explicit formula and the main con-
jecture that it gives a bihamiltonian structure for the DR hierarchy of a homogeneous CohFT.

In Section [2| we verify our conjecture in genus 0. Then we prove that the level 0 (primary)
flows of the hierarchy can be obtained by bihamiltonian recursion from the level —1 integrals
of motion (the Casimir functionals of the first Poisson bracket). Moreover, assuming our con-
jectural second Poisson bracket satisfies the Jacobi identity, we prove that it is compatible with
the first one (i.e., their Schouten—Nijenhuis bracket vanishes).

In Section [3] assuming again that our conjectural second Poisson bracket satisfies the Jacobi
identity, we compute the central invariants of the Poisson pencil formed by the two Hamil-
tonian structures. Under mild hypotheses these central invariants classify bihamiltonian struc-
tures of the type relevant for the DR and DZ hierarchies up to Miura transformations. For the
Dubrovin—Zhang bihamiltonian structure these invariants have been computed (see e.g. [Liul§])
and in this paper we show that they coincide with the ones for the DR bihamiltonian structure,
as expected in light of the DR/DZ equivalence conjecture.

Finally, in Section [4 we prove our main conjecture for several important examples of CohFTs,
including the trivial and r-spin CohFTs (for » < 5) and the Gromov—Witten theory of the pro-
jective line.

Notation and conventions. Throughout the text we use the Einstein summation convention for
repeated upper and lower Greek indices.

When it doesn’t lead to a confusion, we use the symbol * to indicate any value, in the
appropriate range, of a sub- or superscript.

For a topological space X let H*(X) denote the cohomology ring of X with the coefficients
in C.

Acknowledgements. We are grateful to A. Arsie and P. Lorenzoni for valuable remarks about
the preliminary version of the paper. We would like to thank G. Carlet and F. Hernandez
Iglesias for useful discussions on closely related topics.

The work of A. B. (Sections 1 and 4) was supported by the grant no. 20-11-20214 of the
Russian Science Foundation. S. S. was supported by the Netherlands Organization for Scientific
Research.

1. DOUBLE RAMIFICATION HIERARCHY AND THE MAIN CONJECTURE

In this section, after recalling the notion of cohomological field theory and the construction
of the double ramification hierarchy, we present our conjectural formula for a bihamiltonian
structure of the double ramification hierarchy.

1.1. Cohomological field theories. Let Mg,n be the Deligne-Mumford moduli space of sta-
ble curves of genus g with n marked points, g > 0, n > 0, 29 —2+n > 0. Note that M, 3 = pt,
and throughout the text we silently use the identification H*(M,3) = C. Recall the following
system of standard maps between these spaces:

® Tyni1: Myni1 — M,y is the map that forgets the last marked point.

® gl Ll My, i1 X Mgy i1 = My, s gsmiiny, is the gluing map that identifies the
last marked points of curves of genus ¢g; and g, and turns them into a node. The sets I;
and I, of cardinality ny and ng, Iy U Iy = {1,...,n1 + na}, keep track of the relabelling
of the remaining marked points.

° gligr;I 4o Mg,mrg — mg_A,_Ln is the gluing map that identifies the last two marked points
and turns them into a node.
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Abusing notation we denote these maps by m, gl,, and gl;, respectively.

Let V be a finite dimensional vector space of dimension N with a distinguished vector e € V/,
called the wunit, and a symmetric nondegenerate bilinear form (-,-) on V', called the metric.
We fix a basis ej,...,ey in V and let (7,5) denote the matrix of the metric in this basis,
Nap = (€a,€p), and A, the coordinates of e in this basis, e = A%,. As usual, n®” denotes the
entries of the inverse matrix, (n°%) = (n.5)~".

Definition 1.1 ([KM94]). A cohomological field theory (CohFT) is a system of linear maps
Com: VO — HY(M,,), 29—2+n>0,

such that the following axioms are satisfied:

i) The maps ¢, , are equivariant with respect to the S,-action permuting the n copies of V'
PS Cg, q p p g p
in V®" and the n marked points in M, ,, respectively;
(i) T cyn(®F 1€0;) = Cont1(RF_1€q, ® €) and co3(en; ® €ay @ €) = Nayas;
(iil) el5¢g +go,m1+ns (®?=1Tn26ai) = Cgy i +1(Dien oy @ €4) @ Cgy ny11(Ricr,Ca; @ €,)NH;
(iv) glicgt1n(®iii€a;) = Coni2(®iiea, @ €, ® €)nH.
In all axioms above we assume «; € {1,..., N} forany i = 1,2,....

For an arbitrary CohF'T the formal power series

n

n>3 1<a1, Lon<N i=1
satisfies the equations
3
A”%:%fh 1<a,B<N,
PF i PF PF u PF
georor! oworon . ronon oraror’
Thus, the formal power series F' defines a Dubrovin—Frobenius manifold structure on a formal
neighbourhood of 0 in V.

Definition 1.2. A CohFT {c,,} is called semisimple (at the origin) if the algebra defined by

1<a,8,v,0 <N.

the structure constants c¢g | ._, where cg, = na“(w‘?;’%, doesn’t have nilpotents.
1.1.1. Homogeneity. Let V be a graded vector space and assume the basis ey, ..., ey is homo-

geneous with dege, = ¢o, @ = 1,..., N. Assume also that dege = 0. By Deg: H*(M,,) —
H*(M,,,) we denote the operator that acts on H*(M,,) by multiplication by %.

Definition 1.3. A CohFT {c,,} is called homogeneous, or conformal, if there exist complex
constants 7*, a = 1,..., N, and ¢ such that

(L.1)  Degcyn(®iii€a;) + TuConi1 (®ii€a;, ®T7€) (Z Ga; +0(g — 1) ) Cgn(®i1€ay)-

The constant 9 is called the conformal dimension of CohFT.

For a homogeneous CohFT the formal power series F(t, ... t) satisfies the property
oF 1
(1 = ga)t™ + 1) — o =(3—0)F+ §Aa5tat5,

where A, = r*cyos(e, ® eg ® e,). Thus, the associated Dubrovin-Frobenius manifold on a
formal neighbourhood of 0 in V' is also homogeneous, with the Euler vector field given by

E=FE"— 0 =((1 = qu)t*+ 1) =—

oo ot
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1.2. Double ramification hierarchy.

1.2.1. Formal loop space, differential polynomials, and local functionals. Introduce formal vari-
ablesu®, o =1,...,N,i=0,1,.... Following [DZ01] (see also [Ros17]) we define the ring of dif-
ferential polynomials A° in the variables u!, ..., u" as the ring of polynomials f(u*,u, u?_,...)

) x? xTax
in the variables u{*, ¢« > 0, with coefficients in the ring of formal power series in the variables
ua _ uOé.
= ug:

AY = Cl[u][us, ]

Remark 1.4. This way we define a model of the loop space of the vector space V' by describing
its ring of functions. In particular, it is useful to think of the variables u® = u{ as the
components u®(z) of a formal loop u: S' — V in the basis e,...,ey. Then the variables
. are the components of the iterated x-derivatives of a formal loop.

o . « [6 Zary— e}
uf = ug,ug = ug,, ..

The standard gradation on A°, which we denote by deg, is introduced by degu = i. The
homogeneous component of A" of standard degree d is denoted by AJ. The operator

0
Op = Z Uiy Juc

i>0
increases the standard degree by 1. Therefore, the quotient
A? = AO/ (C®»Ima,),
called the space of local functionals, inherits the standard gradation. The homogeneous com-
ponent of A” of standard degree d is denoted by Aj. The natural projection A” — A” assigns
to a differential polynomial f the local functional f = [ f dz.
The variational derivative 2=: A° — A%, o =1,..., N, is defined by

ou®™
) , 0
S Z(_&”) ° S
>0
Since it vanishes on C & Im 0,, it is well defined on the space of local functionals and abusing
notation we denote it by the same symbol, Mia: A° — A
We associate with a differential polynomial f € A° a sequence of differential operators
indexed by a =1,..., N and k& > O:

k . i af i—k
La(f) T Z (k’) au?az :

i>k

We often use the notation L, (f) := L%(f). These operators satisfy the property
Lo(0:f) = 0w o LE(f) + Ly~ (f), k>0,
where we adopt the convention L. (f) := 0 for [ < 0. R
We associate with a local functional h = [hdx € A® a sequence of N x N matrices QF(h) =
(ﬁk (E)Oﬁ) of differential operators, indexed by k > 0, defined as

~ oh
QF(h)*? = n**n L <W> :

We often use the notation Q(%) = Q°(R).
Consider an N x N matrix K = (K*) of differential operators of the form K* = 3" K}"0],

where K ]“ ¥ ¢ A° and the sum is finite. The conjugate matrix of differential operators K* =
((K*)*) is defined by
(K*)W — Z(_@x)J o K]'-/”.

320

Lemma 1.5. For any h € A° we have Q%(h)* = (—1)*Q*(R).
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Proof. 1t is a straightforward computation. We have to check that

Sh\\ h
L* =(—DFLE [ — ).
(5 (5e)) =0 (5)
To this end, we compute

(3(8)) 501 eore 2B (5 corg B

i=0 i.j=0 b Uk yig
= i (k+it+i+l ; o  Oh .
= 3 e (T oy S0y
G20 %, ], Ukt 4541 OU
(k+j\ O O0h _ Sh
— (=1 =~k ().
R (T et - ()

Here, in order to pass to the second line in the computation we use the identity
0 9 [+t )
) M (A (R
ul du ; t uy, duk

(cf. [LZ11, Lemma 2.1.5(i)]), and in the third line we use that for any ¢t > 1

Z %(_1)2‘(_80%#1 —0.

i+l=t

O

Differential polynomials and local functionals can also be described using another set of formal
variables, corresponding heuristically to the Fourier components pj, k € Z, of the functions
u® = u®(x). We define a change of variables

12) W = S (kPpe,
keZ

which allows us to express a differential polynomial f(u, g, Uz, -..) € A° as a formal Fourier
series in 2. In the latter expression the coefficient of e?** is a power series in the variables p§ with

the sum of the subscripts in each monomial in p} equal to k. Moreover, the local functional f
corresponds to the constant term of the Fourier series of f.

1.2.2. Poisson brackets and Hamiltonian hierarchies. Let us describe a natural class of Poisson
brackets on the space of local functionals. Given an N x N matrix K = (K*) of differential
operators of the form K* =37 Ki"0], where K}” € A° and the sum is finite, we define

- Sf 0g
{f, 9tk = / <#K‘“’§—ugy) dz.

The bracket {-, -}k is skew-symmetric if and only if K* = —K. The bracket {-, -} x satisfies the
Jacobi identity if and only if the Schouten—Nijenhuis bracket of the bracket with itself vanishes,

[{'7 '}Ka {'7 }K] = 07
which is discussed in details in Section 2.3|

Definition 1.6. An operator K is called Poisson, if the bracket {-, -} is skew-symmetric and
satisfies the Jacobi identity.

Example 1.7. A standard example of a Poisson operator is given by the operator n7'd,. The
corresponding Poisson bracket has a nice expression in terms of the variables pj:

(02,0 bum10, = 1k 014 s0.
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Consider the extensions A° = A° ® C[[¢]] and A° == A’ ® C[[e]] of the spaces A and A°
with a new variable € of standard gradation dege = —1. Let AO and AO denote the subspaces
of degree k of A and /A\O, respectively. Abusing the terminology we still call their elements
differential polynomaials and local functionals.

We can also define a bracket {-,-}x: A x A® — A° as above starting from an operator
K= (K"W), K" =37 K][.i]’wsiﬁg, Kj[i]’“” € A°, where for each i > 0 the sum )., K}””‘”ag;
is finite. An operator K = (K%°) and the corresponding bracket {,-}x have degree d if
Kof =Y K95 where K2 € A° .,

Definition 1.8. A Hamiltonian hierarchy of PDEs is a system of the form

8uo‘ 5E2
1.3 =K% — 1<a<N, i>1
( ) 87—1 57]1“’ - o i 3 7 - b
where h; € JA\S, K = (K") is a Poisson operator of degree 1, and the compatibility condition
{hi,h;}k =0 for i, j > 1 is satisfied.
The local functionals h; are called the Hamiltonians of the system (I.3)).

Consider Hamiltonian hierarchies of the form
ou® oh
(1.4) S gl < B<N, ¢>0,
ot out
equipped with N linearly independent Casimirs Eoc,—h 1 < a < N, of the Poisson bracket {-, -}k, .
Two Poisson operators K, and K, are said to be compatible if the linear combination Ky — AK;
is a Poisson operator for any A € C.

Definition 1.9. A Hamiltonian hierarchy ((1.4) is said to be bihamiltonian if it is endowed with
a Poisson operator Ky of degree 1 compatible with the operator K; and such that

(15) {'7Ea,i—l}K2 - ZR‘ZZS{aEB,z—]}KU 1 S « S N7 Z Z 07

where R} = (ng), 0 < j <1, are constant N x N matrices.
The relation (1.5)) is called a bihamiltonian recursion.

Remark 1.10. Note that if the matrices R, i > 0, are invertible, then the bihamiltonian recur-
sion determines the local functionals EM, i > 0, uniquely up to a triangular transformation
i+1
Boi = hai+ Y AlPhgij, 1<a<N, i>0, A)fecC
j=1
In the bihamiltonian hierarchies considered below all but finitely many matrices RY are
invertible.

1.2.3. Construction of the double ramification hierarchy. Denote by ¢; € H?*(M,,) the first
Chern class of the line bundle over M, formed by the cotangent lines at the i-th marked
point. Denote by E the rank g Hodge vector bundle over Hg,n whose fibers are the spaces of
holomorphic one-forms on stable curves. Let \; = ¢;(E) € H¥(M,.,).

For any ay, . ..,a, € Z, > i, a; = 0, denote by DR,(ay, ..., a,) € H*(M,,) the double ram-
ification (DR) cycle We refer the reader, for example to [BSSZlE)] for the definition of the DR
cycle on ./\/lg », which is based on the notion of a stable map to CP' relative to 0 and oco. If not
all the multiplicities a; are equal to zero, then one can think of the class DRy (a,. .., a,) as the
Poincaré dual to a compactification in ﬂgyn of the locus of pointed smooth curves (C; py, ..., pn)
satisfying Oc (3_i; aip;) = Oc¢. Consider the Poincaré dual to the double ramification cy-
cle DRy(a4,...,a,) in the space Mg,n. It is an element of Hyag—34n) (Mg,n), and abusing
notation it is also denoted by DRy (a, ..., an).
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Consider a CohFT {c,,,: V& — H®*"(M,,,)}. The Hamiltonians of the double ramification
hierarchy are defined as follows:

_ —e2)9 . L
(1.6) WEDY ( , ) > ( / Aiey nii(ea ® ®izlea,.)> II»
n DRg(0,a1,-.,an) i=1

g>0 ’ al,...,an €L
n>2 ZU‘ZZO

fora=1,...,Nandd=0,1,2,....
The expression on the right-hand side of (1.6 can be uniquely written as a local functional
from A using the change of variables (1.2]). Concretely, it can be done in the following way. The

restriction DR, (ay, . .. ,an)’ et » Where M, is the moduli space of stable curves of compact
g,n ’

type, is a homogeneous polynomial in ay, . . ., a, of degree 2¢g with the coefficients in H?9 (M;tn)
This follows from Hain’s formula [Hail3] for the version of the DR cycle defined using the
universal Jacobian over M;tn and the result of the paper [MW13], where it is proved that the
two versions of the DR cycle coincide on /\/l;tn (the polynomiality of the DR cycle on Mg,n is
proved in [JPPZIT]). The polynomiality of the DR cycle on M, together with the fact that
A vanishes on Mg, \ MZ (see e.g. [FP00, Section 0.4]) imply that the integral

d n

(1.7) / Ag¥iConi1(€a ® ®€q,)
DRy (0,a1,...,an)
is a homogeneous polynomial in aq, ..., a, of degree 2¢g, which we denote by
_ bl ----- bn bl b
Pa7dﬂg;a17"-7an (ah cee 7an) - § : Pa,d,g;al,.‘.,anal cee
b17~~~7bn20
b+ 4br=2g

Then we have

Z % Z bib
— _ 1--+y0n aq Qn
ga,d - / n! Pa,d,g;al,...,anuln T ubn dx.

g>0 " b1,..,bp>0

Note that the integral is defined only when ay + --- 4+ a, = 0. Therefore, the poly-
nomial Py gg.as,....0, 18 D0t uniquely defined. However, the resulting local functional g, , € 7\3
doesn’t depend on this ambiguity, see [Burl5|. In fact, in [BR16a] a special choice of the differ-
ential polynomial densities g, 4 € ./21\8 for g, 4 = J ga,adx is proposed. The densities are defined
in terms of the p-variables as

(_52)9 n - «; —lagT
Ja,d = Z | Z Ag¢fcg,n+1 (eoc ® ®i:1€ai) Hpaze 0
n DRg(aO7a17"'7a’ﬂ) =1

g>0,n>1 " ag,..,an€Z
2g—1+4n>0 > a;=0

and converted unequivocally to differential polynomials using the change of variables ((1.2)).
It is proved in [Burl5| that the local functionals g, , mutually commute with respect to the
standard bracket {-,-},-15,.

Definition 1.11. The system of local functionals g, 4, for a = 1,...,N, d =0,1,2,..., and
the corresponding system of Hamiltonian PDEs with respect to the Poisson bracket {-,-},-14,,
ou® o 0G5 4

o2 s

l<a,f<N, ¢=0,

is called the double ramification hierarchy (or the DR hierarchy for brevity).
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1.2.4. Eztra structures for the double ramification hierarchy. We can equip the DR hierarchy
with the following N linearly independent Casimirs of its Poisson bracket {-,-},-14,:

Go1 = /na,guﬁdx, 1<a<N.

Another important object related to the DR hierarchy is the local functional g defined in

terms of the p-variables as
AgCon (@i €a;) Pa,
/DRg(a1 ..... an) H

- (=€)*
i= ) a2
We have the following relations [Burl5l Section 4.2.5]:

g,n>0 A1 ,eeey an €7
2g—2+n>0 > a;=0

93 _

(1-8) Ju1 = (D - 2)? and 8u°‘ = 90,05

where D ==} ~q(n+ 1)u; ug 2 = and gy y = A%, ;.

1.3. Bihamiltonian structure for the double ramification hierarchy. Consider a homo-
geneous cohomological field theory and the associated DR hierarchy. Let

MazZQa_§

and define a diagonal matrix u by

p=diag(pin, - .., pin)-
Note that

(1.9) pn +np = 0.

Introduce an operator E by

E = Z((l — Qo) U + Op o)

n>0

0 1-6 0
E—.

dus T2 “oe

Definition 1.12. Define an operator K, of degree 1 by
~ fm . 1 .
Ko =E (Q(g)) 09y + Q(F)a 0 (5 - M) +8,00'(g) 00,
where the notation & (Q(?)) (respectively, Q(g)x) means that we apply the operator E (respec-

tively, 0,) to the coefficients of the operator €2(g).

Conjecture 1.13.

(1) The operator Ky is Poisson and compatible with the operator K, = n='0,.
(2) The Poisson brackets {-, -}k, and {-, -}k, give a bihamiltonian structure for the DR
hierarchy with the following bihamiltonian recursion:

3
110 {Faddiy = (445 h0) CTuanib, + AL Toad e 42 -1
where AP = 0P A,,

Lemma 1.14. The operator Ko has the following alternative expression:

(1.11) Ky=0,0 @(g) o (% - ,u) + (% - ,u) o ﬁ(g_]) 00, +n A9, + 0, 0 ﬁl(g) 0 Oy,

where A = (Aanp).
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Proof. Equation ({1.11)) is equivalent to

£(0) 00 (5-n) + (3-n) o0+ 0"

which is equivalent to

~ 0g og
E <La (W)) :(qa + qs +1-— 5)La <W) -+ Acxﬁ~

Note that, since [E, 8] = 0, the operator E acts on A°. It is easy to see that Equation (T.1)
implies that

~ 1
Eg=(3—-0)g+ / EAaﬁuo‘uﬁdx.

Using this property we get

() - (87) e (2

as required. O

Remark 1.15. Formula (1.11]) together with Lemmaimmediately imply that the operator Ky
is skew-symmetric.

2. EVIDENCE I: CHECKS FOR A GENERAL COHFT

In this section we check some parts of Conjecture for an arbitrary homogeneous CohFT {¢,, }:
we prove it in genus 0, examine the first step of the bihamiltonian recursion, and compute the
Schouten—Nijenhuis bracket of {-, -}k, and {-, -}, (considered as bivector fields).

2.1. Genus 0. By reduction to genus 0 we mean the reduction to the dispertionless part of the
hierarchy, that is, we set ¢ = 0.

Proposition 2.1. Conjecture|1.15 is true in genus 0.

Proof. Recall that F'= F(t',... t") denotes the Dubrovin—Frobenius manifold potential asso-
ciated to a CohFT {c,,}. We have

g’sz() = /F(Ul, B ,UN)d:L’.

Therefore,
e o 1
KQ[OL g = KQ/B = gaﬁax + aan’B (5 - Mﬁ) )
e=0
where
PF O*F

2.1 s/l D — d Q= gy —— .
@ = |, T T

The fact that the operators 10, and Kgﬂ form a pair of compatible Poisson operators is well
known (see e.g. [DZ99, page 443]). This proves the first part of the conjecture in genus 0.

Now we check the second part of the conjecture. Let tJ, 1 < a < N, a > 0, be formal
variables, where we identify ¢ = ¢t*. Consider the genus 0 potential of {c,,}:

R =Y Y ( / cO,n<®?:1eai>Hw?i>Ht3;e@[[tzn.

n>3  1<an,..,an<N \YMon i=1 i=1
d1,erydn >0
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It satisfies the string equation

8fo afo 1 B8
2.2 ST =D = st
(2.2) ot £ i Gpa o 'lastoto
where we use the notation 8‘? = A” a?a’ and the topological recursion relations
0
P Fo KR uw P Fo

(2.3)

= n , <a,B,y<N, a,byc>0.
oo, ot ot OOty " otyot,) ot)

Also, the homogeneity condition (|1.1]) implies that

o 0 1 o
(24) (Z(l — (o — n)tn% +7r ato‘ ZA/B n+1 ote > FO = (3 - (S)FO + §Aaﬁt0t0.

n>0
Denote
9 F
a,a;8,b — B
otaot, =, gur
We obtain
OF &
-0 = / 0 dx Fa £ /Qﬂ,o;a,d—i—ldx‘
8td td=d¢,0uY
Note that by Equation ([2.2) we have
aQ]1,0;01,d-|-1
(25) T - Q'y,O;a,dy d Z _]-a
where we adopt the convention €2, o.o,—1 = 7yo. We need to check that for d > —1 we have
_ 3 _ _
(26) Gl = (443 40 ) Clgssdyra, + AL Baabya,

Equation (2.6)) is equivalent to

(2.7) Kgolﬁvagla»i;;,dﬂ _ (d+ g +Ma) 19, aQ]la(;jdH + %8, aQILaO,;dJrlAM

Using Equation (2.5)) and the skew-symmetry of the operator K 7 e have

0 00
KMttt = KM, o0 = (890 0 g™ + (u/s - —) 0:2 ”) Q) 00.a

11

By (2.3) we have ¢, 0.0.0 = 777 (1 — g, )u” +1” )% and 9,277 00,0 = 177 0:0 050,041-

Recall also that un + nu = 0. Therefore, the left-hand side of Equation (2.7)) is equal to

0 0. 1
77578:0 (((1 — qy)uV + TV)gTM + (_,U’Y — 5) 6x9770;a’d+1) .

Using Equation (2.5)) we rewrite the right-hand side of Equation ({2.7)) as

3
nm&( <d + 5 + ,Ua) Q 0:0,d41 + Q'y,O;p,dAg> .

Therefore, Equation (2.7 would follow from

O 0:a
(2.8) (1 —q)u” + TV)BOTM =(d+2+ pia + Nv) Qy 00dt1 + Q%O;u,dAZ-

Applying #ig“ to both sides of Equation ([2.4) and setting ¢ = 6, ou” we prove Equation ({2.8)),

hence Equation (2.7, hence Equation (2.6)). This completes the proof of the proposition.

O
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Remark 2.2. The genus 0 part of the DR hierarchy coincides with a principal hierarchy (a
genus 0 hierarchy in the language of [DZ98]) associated to the Dubrovin—Frobenius manifold
given by the potential F' [Burl5, Section 4.2.2]. The family of principal hierarchies associ-
ated to a Dubrovin—Frobenius manifold is parameterized by the choice of deformed flat co-
ordinates 6*(t*,z) for a certain flat connection on a formal neighbourhood of 0 € CV (see
e.g. [DZ98, Equation (2.38)]). In the literature the deformed flat coordinates are often cho-
sen in such a way that they satisfy an additional quasihomogeneity constraint (see e.g. [DZ98),
Equation (2.74)]). An analogue of relation for the corresponding principal hierarchy is
well known [DZ98, Proposition 2 and Equation (2.75)]. The genus 0 part of the DR hierarchy
corresponds to a unique choice of the deformed flat coordinates 6°(t*, z) = t* + Zp>1 o5 (t*)2P

= 0.

t*=0

satisfying g%
2.2. The first equation of the bihamiltonian recursion.
Proposition 2.3. Equation 1s true for d = —1.

Proof. For d = —1 Equation is equivalent to

) , 1 0Gq ” 0
KQB’Y% (/ Now U d{L‘) = <,ua + 5) nﬁwaac 5U’YO A 67@ 5_7 (/ Uyeuedx) .

The variational derivative of [wu*dx is constant, therefore, expanding the definition of K, we
see that the latter equation is equivalent to

- 1 1 57,
Q9)2 ((5 - Nv) ma) = (ua + 5) nﬁvaxﬁ-

Expanding the definition of Q) and using the skew-symmetry of p with respect to n we see that
the latter equation is equivalent to

1 0 0g 1 0G40,0
i o' ~J ) - By a,
(Ma+2)n v (5m) (ua+2>n Ops =

This last equation holds, since
0 (6g\ _ 5 (07 el o
oue \dur ) dur \ Ju~ our

2.3. The Schouten—Nijenhuis bracket of two skew-symmetric operators. In this sec-
tion we prove that the Schouten—Nijenhuis bracket of the brackets {-, -} k, and {-, -} , considered
as bivector fields vanishes. In order to formulate and prove this result, we recall the necessary
background regarding the Schouten—Nijenhuis bracket following [LZ13].

O

2.3.1. Local multivector fields. The space of densities of local multivector fields (on the formal
loop space of V) is the associative graded commutative algebra

A = Cl[u]][uly, 0] [[e]],
where the range of the indexes of the new formal variables 6, is 1 < o < N, &k > 0. The

algebra A is graded commutative with respect to the super gradation, denoted by deg,, which
is defined by degy 0, = 1 and deg, uj = degye := 0. Note that the super degree 0 homoge-
neous component coincides Wlth the space of dlfferentlal polynomials A°. The super degree p
homogeneous component of A is denoted by Ap

The standard gradation is extended from A c Ato A by as&gnmg degblyr = k. The
homogeneous component of A of standard degree d is denoted by Ad, and we also denote

AP = Ay AP,
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The operator 0, is extended from ./Zl\o to ﬁ by
S IS S
uy
£>0 k>0

It increases the standard degree by 1 and preserves the super degree. Therefore, the space
A=A/ (Cle]] @ may),

called the space of local multivector fields, still possesses both gradations. The corresponding
homogeneous components are denoted by Ap Iffe .A its image in A is denoted by f = [ fdx.

The variational derivatives 6_‘1 and 5 5 on A are defined by

5 i 6 5 9
(SU_Oé = Z(—@m) e} % and E = Z(—@x) o a€a7i7

i>0 ? @ i>0

and, since they vanish on C[[¢]] @ Im ,, they restrict to A:
o 90
Sue’ 56,
Theg\e is a bijection between the space of N-tuples @ = (Q',...,QY), Q* € -/21\0, and the
space A! (the space of local vector fields) given by

Qr Vg = /Q“Qadas e AL

There is also a bijection between the space of skew-symmetric operators K = (K%), K% =
Zszo K93, K* = —K, and the space A? (the space of local bivector fields) given by

‘A= A

1 -~
K= By = / > K0,005.dr € A,

s>0

Definition 2.4. The Schouten—Nijenhuis bracket [-,-]: AP x A9 — AP*9=1 is defined by
o P 0Q P 6Q
7.Q) '_/(59a5ua+( V' 5 50, )dx

Lemma 2.5 (|[LZ11]). For any P € AP, Q € N, R € A" the Schouten-Nijenhuis bracket
satisfies the properties

[P, Q) = (=1)"Q, P,
(=D, Q, Rl + (=1)™[[R, P],Q] + (=1)™[[Q, R], P] = 0.
A skew—symmetri(z\ operator K is Poisson if and only if [Bg, Bx] = 0. For a Poisson opera-
tor K and any R € A we have
(2.9) [[R, Bk], Bk] = 0.

For a skew-symmetric operator K, an N-tuple Q € (.,Zl\O)N , and a local functional f € A° we
have the following properties:

0Bg of ~
50, :ZKS 95,56./4,
s>0
[f.Bx] = V5, P*=> K¥oi—— of
y PDK| — P s x5 ﬁ’
s>0
2.1 V. Bkl = =B, K“ =1,0% 0 K" + Ko L*(Q° or WaKgﬁas
(2.10)  [Vg, Bg] = —Bg, =L, (Q%)o + o L(Q%) = > (o7 )8—1@"”
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Note that {f,g}x = [[Bxk, f], 9] for any f,g € A,

2.3.2. The Schouten—Nijenhuis bracket of K1 and K5. The fact that the skew-symmetric oper-
ator K5 is Poisson and is compatible with the operator K; is equivalent to the system of the
following two equations:

[BKQ,BKQ] =0 and [BK27BK1] = 0.
Proposition 2.6. We have [Bg,, Bxk,] = 0.

Proof. Equation (2.9)) implies that it is sufficient to represent B, as [V, Bk, for some local
vector field. We do it below in Lemma [2.7] O

Introduce the higher Euler operators 7o p: A0 - jo’ 1<a<N,k>0,by
n 0
ak = E —0,)" Fo —.
TJ{ n>k (k)( ) ’ au%

Clearly, Tao = 6%. The operators T, satisfy the property T i1 00 = Tak, £ > 0 (see
[IKMGZT70], [BPS12bl, Section 5.1}, [LZ11l, Section 2.1]).

Let us choose a representative g € A° for the local functional ge A° and define an N -tuple

R=(R',... R")e (AN
1 0g 1
RY = 7)0‘5 ((—5 — ,U,g) _555 — 51457”7 + 827'5,1(.9)) :

Lemma 2.7. We have Bk, = [V, Bk, |.
Proof. Split R* into the sum R* = R + RS + R$, where

RS == —nF (5 —I—,ug) Sub’ RS = —§A7u7, and RS =00, T5.1(g).

Using Equation ([1.11) we split K5 into the sum of skew-symmetric operators, Ky = Kél) +
KQ(Z) + K§3)7 where

1) :zaxoﬁ(g)o (%—lu> -+ (%—u) oﬁ@)o@x,
K(Z) — n_lAn_lﬁx,
)= 8, 00'(g) 0 0,.

We prove below for i = 1,2,3 that B, .« = [Vz,, Bk,]-
2 T
For i = 1 we have

0= (0o (3-0) + (30) P00 @)
og (1 0g
_ av * B -
- a’”OL”(W(suv (2 ”B)> ( w
g ot (09 (L _g P
77 x v 77 5u,y 2 IU/’Y (5 :LL’Y 77 xX-

Then Equation (2.10)) implies that B KD = [V, Br, |-
For i = 2 we have

w1
K = 2 (A5 00fP0, + 10, 0 AT)

which implies B, . = [Vg,, Br, |-
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For ¢ = 3 we have (cf. the computation in the proof of Lemma

N > o (67 .
K =00 S e () o
1=0

ouy, , \ our
> m+k+1 02g
— O 1% . 1) (=1 I+1 . m+1 i+1+k
g Y S e nen (T oo (e
i,k,m=0 1=0 119Ut i
g d%g
— O BY -9 m+1 1 o 1 8n+1
e Z( o)™ e ((m—l— )8u51+18u7’; (n+ )8u“m0u7”1+1) ° %
m,n>0
0
B (Z(m +1)(=0,)" o L, (77% Mg )) o n"’0,
aum—‘,—l
m>0
ap * Bv ag n+1
+n**0, o ZLM n"'=——]o(n+1)0;
=1L, (_nauaﬂflﬁhl(g)) © nyﬁax + Ua”ar © L; <_77/8Va:677/,1(9)) )
which implies B s = [VE, Bk, ]. In this computation we pass from the second line to the third

one using the following straightforward combinatorial identity:

> i+ 1= <m ZT z>

_(n+1>2(_1> <m+k+l> Zk (mz,kzﬂ)

k+l=p
k+l=p k+l=p
—(n+1)op0+ (m+1)0p1.

3. EVIDENCE II: CENTRAL INVARIANTS

In this section, assuming that the first part of Conjecture [1.13] is true we compute the
central invariants of the pair of operators (Kj, K3). We also discuss the relation between
Conjecture [I.13] the conjecture on the equivalence of the DR hierarchy and the Dubrovin—
Zhang hierarchy, and the Dubrovin—Zhang conjecture on existence of a bihamiltonian structure
for the Dubrovin-Zhang hierarchy.

3.1. Miura transformations. Let us discuss changes of coordinates on the formal loop space.
In order to distinguish rings of differential polynomials in different variables, let A% denote the
ring of differential polynomials in variables w* ,w" . The same notation is adopted for the
extension AO and for the spaces of local functlonals A0 and AO

Definition 3.1. Changes of variables of the form
(3.1)

u® — u” Zafk ), 1<a<N, where f2 G.Auk, det(afo)

B
k>0 Ou

3&07

u*=0

are called Miura transformations.

We say that a Miura transformation is close to identity if f§ = u®.

Under a Miura transformation any differential polynomial P(u*,e) € A% can be rewritten
as a formal power series in ¢ whose coeflicients are polynomials in the variables uf*, i > 0,



16 ALEXANDR BURYAK, PAOLO ROSSI, AND SERGEY SHADRIN

with coefficients in the ring of formal power series in the shifted variables u® — u2. , where

orig’
Uy, = U (U, €) _o- We introduce the notation

uf=e=0 — fO

Aa"“g; = Cl[[u* — ﬂﬁrig]][@lmd]a Zorig = (atl)rig7 cee va{)\iig)’

orig ;0

and still call the elements of the ring AAU; differential polynomials. Let /A\g‘"ig;o denote the

corresponding space of local functionals. A differential polynomial P(uf,e) € ﬁg rewritten in

the variables u® is denoted by P(uf,¢) € f/l\g"“g;o. The condition f € A, guarantees that if

P(u,) € AS,, then P(ii:,) € Ay,

0
isomorphism Au PR Af“g )

This means that a Miura transformation defines an
. . . N Norig;0 .
It also induces an isomorphism A%, ~ A", The image of a

local functional hfu] € Ag; , under this isomorphism is denoted by h[u] € Kgf’;ig;o.

Let us describe the action of Miura transformations on Hamiltonian hierarchies. Consider a
Hamiltonian hierarchy (1.3)) and a Miura transformation (3.1). Then in the new variables u®
the system ([1.3) reads:
ou* Fon Shi[u]

g =~ K T K = Lu@(uh9) o KM o L@ (ul 9)).

3.2. The central invariants of a pair of compatible Poisson operators. Consider a pair
of compatible Poisson operators (P, P,) of degree 1:

PO = g0, + 1201 + O(e), g2/, T% e Cllu’)), a=1.2.

ayy Yz
Assume that

det(gi”)] . #0

and that there exist formal power series u'(u*) € C[[u*]], 1 < i < N, such that

det( mg5>:o, 1<i<N,

o w (2

Clearly, if such an N-tuple (@',...,a" ) exists, then it is unique up to permutations. Con-
dition implies that the functions u'(u*) can be used as a system of coordinates. These
coordinates are called the canonical coordinates of the pair of operators (P, P»).

Let us use Latin superscripts to indicate components of the operators P;, P, in canonical coor-
dinates, P¥ := P” The operators P, and P, have the following form in canonical coordinates

(see e.g. [DLZO6])

k+1
(3.3) Pi=Y"c¢ Z PIIL,  where
k>0 1=0
) 7 0],i5 ) 7 ~7 ~j %
(34) Pl;l = 5ZJf ) P2[,1] T = 5ZJa’L-f ) f € CHU] orlg” ug)rig = u (U ) u*=0"

The central invariants of the pair of operators (P, P,) are the formal power series ¢;(u?) €

Cl[a" — Uy,l], 1 <4 < N, defined by (see e.g. [DLZ06])
ki~ pllki) 2
} 1 y <P2;2 _UP1;2 )
3.5 (T = —— A T S ———
(3.5) (@) = 35 | P — TP %; )

Remark 3.2. In [DLZ06] the proof that the right-hand side of this formula is a formal power
serles that doesn’t depend on @’ with j # i uses the assumption that @’ . # 0 for all j and

Uiy 7 Usyig for all j # k. Note, however, that the same argument allows to prove that gg; =0

orig
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for j # ¢ without this assumption. Also, Equation (3.5 implies that ¢; = l%(zl(—Jw for some
YER]

gi(@',...,u") e Cl[a' — Uy, ..., u" —ul,]]. For any fixed j # i, the fact that O =0

implies that g; = (W — @)gv‘“. Therefore, g; is divisible by @/ — @* for any j # i in the ring

Cllu' — g, - .., a™ —ul,]]. Thus, the quotient I?IJ(:T” belongs to the ring C[[i" — @,]].

The central invariants of the pair (P, P,) are invariant under Miura transformations of the
variables U’ close to identity. Moreover, in case Ul 7# 0 and U, # W, for i # j, the
central invariants classify pairs of compatible Poisson operators of the form . . with
fixed functions f* under Miura transformations of the variables @’ close to identity (see [LLZ05,

DLZ06, ILZ13, [CPS18, [CKS1g]).

3.3. The central invariants of the pair (K7, K5). Consider a homogeneous semisimple
CohFT. There exist canonical coordinates @'(t*) € C[[t*]], 1 < i < N, for the associated
Dubrovin—Frobenius manifold: P

—~ O —— = 51‘ i A~
out  ou T out’
where by o we denote here the multiplication in the tangent spaces of the Dubrovin—Frobenius
manifold. After an appropriate shift @ — u' + a*, a* € C, the Euler vector field E written in
canonical coordinates is given by
E = Z u aul

Moreover, det (gaﬂ uin™P ) =0forl1<i< N where ¢*# is given by Equation and we
identify t7 = u”.

Therefore, if we assume that the operator K5 is Poisson, then by Proposition the opera-
tors K7 and K5 form a pair of compatible Poisson operators and we can compute the associated
central invariants.

Q

Proposition 3.3. Suppose that the operator Ky corresponding to our homogeneous semisimple
CohFT is Poisson. Then all the central invariants of the pair of operators (K1, Ks3) are equal
to L.

24

Proof. In canonical coordinates the operators K; and K, have the form

KP =Ko, + K KO =, el i)
) 2%k+1 N
K;J K [0] Ua 4 KQ[OOz] + Z €2k Z Kz[Qlk] Z]aglw Kg;)]lﬂj — 5Ua’bfz
k>1 1=0
Therefore,
9],ii
K3
G = 3rrine:
3(f%)
Consider the expansion
Z g[2g] 29 [291 c AO
g>0

We have

i
10,0 L) (59—) o @;) ,
out

K35 = (3 = pta — pg) 1™ ==

which implies that
o 59[2]
oul Sum
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In [BDGRI8, Lemma 8.1] it is proved that

1
=02 — _ _~ 0 £ ,a fB
97 = —5 | Coclaplatiy dz,
where we recall that ¢, = no‘“w?;% and we use the identification t = w’. Therefore,
_0_ o _ 3 d, h
oE D = cogc and, hence,
2af _ 9
where we raise the indices in the tensor ¢3, using the metric 7.
Note that o
2 _ O 0w Jas
27 Gue guP ’

],

which means that the collection of functions K£;3’ is transformed to the canonical coordinates
as a tensor. We use Latin indices for the expressions of the operator u, the metric 7, and the
tensor ¢ in canonical coordinates. We have 79 = 6, f*, ¢, = 0505, and ¢7% = (f*)%0;;0;.
Therefore,

Kz%’” = i (35ij(fi)2 - M;(fj>2 - (fl>2/d) :

Equation ((1.9) implies that ,ué- 7+ f’uf = 0, hence ui = 0. We conclude that Kﬂ“ = (f;)Q,

hence ¢; = i. O

3.4. Relation with the Dubrovin—-Zhang hierarchy. Beside the DR hierarchy, which we
we discuss in this paper, there is another Hamiltonian hierarchy associated to a semisimple
homogeneous CohFT, called the Dubrovin-Zhang (DZ) hierarchy or the hierarchy of topolog-
ical type [DZ01, BPS12b]. It has the same dispersionless part as the DR hierarchy. By a
conjecture in [Burlb|, called the DR/DZ equivalence conjecture (see also a stronger version
n [BDGRI1S]), it is related to the DR hierarchy by a Miura transformation that is close to
identity. A long-standing open conjecture proposed by Dubrovin and Zhang claims that the
DZ hierarchy possesses a bihamiltonian structure.

We see that the Dubrovin—Zhang conjecture follows from the DR/DZ equivalence conjecture
and Conjecture [1.13] The Dubrovin—Zhang conjecture is checked at the approximation up
to €2 [DZ9]], and the central invariants of the resulting pair of compatible Poisson operators
are all equal to 5; (see e.g. [Liul8]), which agrees with Proposition

4. EVIDENCE III: EXPLICIT EXAMPLES

In this section we prove Conjecture [1.13] in several special cases, for particular semisimple
homogeneous CohFTs.

4.1. The trivial cohomological field theory. Consider the trivial CthT with N = 1,
V={e1),e=e1,mi=1and (") =1 € H*(M,,). Let u, denote u),. The Correspondlng
DR hierarchy coincides Wlth the KAV hierarchy,

gld_hilidva dZ —1

(see [Burlhl Section 4.3.1]), where the sequence of Hamiltonians E?dv € A2, d > —1, of the
KdV hierarchy is uniquely determined by the properties

3
—KdV u® o Ullyy
hy _/(6 +€—24 )da:,

Efdv_/((d“f; +0(e ))d L od> 1,


Alexandr
Выделение


TOWARDS A BIHAMILTONIAN STRUCTURE FOR THE DOUBLE RAMIFICATION HIERARCHY 19

and the commutation relations

{hffdv,h?dv}a —0, d> -1,

with respect to the Poisson bracket {-,-}s,.
The trivial CohF'T is homogeneous with ¢ =0, =0, A =0, pu; = O We have
2

3 — 2
_ U o Ullgy 0g u o Ugy ~ ~ €
— _ d _— = — —_ Q — Q == T

which, using formula (1.11)), gives
1 g

The fact that the pair (0,, ud, + %uw + %82’) is a pair of compatible Poisson operators and that

e . KAV .
the Hamiltonians h; = satisfy the relations

—KdV 3 —KdV
(Y = (erd) (R, 0z

is a standard fact in the theory of the KdV hierarchy (see e.g. [Dic03]). Thus, Conjecture [1.13]
holds for the trivial CohF'T.

4.2. Higher r-spin theories. Let r > 2 and consider an (r — 1)-dimensional complex vector
space V' with a fixed basis ey, ... ,e,—1. Let 1o = 0atp,. There exists a unique CohFT (see
e.g. [PPZ15]) c;sP: V& — HV™(My,) satisfying the following properties:

(1) ’”Spm(®? 1€0,) =01 r [ (g = 1)(r —2) + 3 7 (a; — 1);

(2) deg cP™(@1 eq,) = 2UD2HED D i 1 | (g — 1)(r — 2) + 10, (s — 1);

(3) c, Spm(ea ® €5 ® €y) = Oatpiqri1 € H'(Moz) = C;

(4) CS,ipm(eém ® ;%)) = ;[pt] € H*(Moa) if r > 3.
Here [pt] denotes the cohomology class dual to a point in Mo 4- This CohFT is called the r-spin
CohFT. 1t is homogeneous with ¢, = % =0,0="7, o = 2‘;”, Anp = 0. The 2-spin
CohFT coincides with the trivial CohFT.

In this section we check Conjecture for the r-spin CohFT for r = 3,4,5. To this end,
we first describe the construction of the Gelfand-Dickey hierarchy, then we present its relation
(through the Dubrovin—Zhang hierarchy) to the DR hierarchy for the r-spin theory for r = 3,4, 5
proved in [BG16], and then we finally check Conjecture for the r-spin CohFT for these
values of 7.

Remark 4.1. Note that for any differential polynomial f € A" there exists a unique differential
polynomial f € _,21\0 such that ﬂ = f. This gives a natural inclusion A° — _,21\0 The

=0
same remark is true for local functionals. Regarding Poisson brackets, note that any Poisson
operator K, K% = > is0 K9 K e A° can be expressed in a unique way as the sum of

homogeneous operators: K% =37 <ZZ vma K K7 81) where K a’B e AY .. If its degree zero
part vanishes, i.e., if KS‘ o = 0, then we can naturally associate to Such a Poisson operator K the
Poisson operator K = = a1 gd-t (Zl Yy of 8“) that gives a Poisson bracket of degree 1
on the space A%, We silently use this correspondence throughout this section.

4.2.1. Gelfand-Dickey hierarchy. We review the construction of the Gelfand—Dickey hierarchy
and its bihamiltonian structure following [Dic03].
Consider variables fo, fi,..., fr—2. A pseudo-differential operator A is a Laurent series

A=Y a0,

n=—oo
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where m is an arbitrary integer and a,, € A} ;. Let
m
Ay = Z an0y, resA =a_;.
n=0

The product of pseudo-differential operators is defined by the following commutation rule:

o

—1)...(k— 1
PFoqg=S FEZD (E=lHD) o yget e g0  kew
x ! x x fosf1yeenfr—2
=0

For any m > 2 and a pseudo-differential operator A of the form
[e.e]
A=+ a0
n=1

there exists a unique pseudo-differential operator Aw of the form
oo
1 ~
Am =0, —|—Zan3;”
n=0

such that (A%>m = A. Let

Li=0" 4 fr 2024+ ...+ f10. + fo.
The r-th Gelfand-Dickey (GD) hierarchy is the following system of partial differential equations:
oL
T

Let us describe a Hamiltonian structure for the GD hierarchy. Let Xo, X1,...,X,_2 €
A?co’n_, f._, be some differential polynomials. Consider a pseudo-differential operator

(4.1) :[(La+%)+,L}, l<a<r—1, a>0.

X=0,"VoX, y4...+0;" 0 X,.
It is easy to see that the operator [X, L], has the form

L= > (KPP0 o

0<a,B<r—2
where
GD; GD; i GD; 0
KPP =3 K00, Ky e AL g
>0
' ' GD GD;af : . :
and the sum is finite. The operator K" = (Kl > is Poisson and its degree zero
0<a,B<r—2

part vanishes.
Consider the local functionals

Fos = ¥ Dr T a /resmﬂﬂdw, 1<a<r—1, a>-1.
’ (a+1Dr+«
We have
—GD —GD
{ha7a7h,6,b }ch,D :O7 1 SO{,/BST—l’ (Z’bzo’

. -G . . . .
and the local functionals hoe,]ih 1 < a < N, are linearly independent Casimirs of the Poisson

bracket {-, -} gep. For a local functional he AS, ;.. define a pseudo-differential operator Sh

5L
by
oh oh oh
L Y, o iy
oL v ° 0fr—o Tt Oo 0 fo
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Then the right-hand side of (4.1) can be written in the following way:

—GD —GD
5h 5h
a+e _ a,a _ GD;By ” "asa 8
[(L )+,L} léL ,LL > (Kl 57 )az.

0<By<r—2

Therefore, the sequence of local functionals ESE together with the Poisson operator KCP define
a Hamiltonian structure of the GD hierarchy .

The GD hierarchy is endowed with a bihamiltonian structure, which can be described in the
following way. Let

X=0"0X, 1+ VoX, o+.. +087"0X,.

It is easy to see that the operator <L o )?) oL—Lo <)? o L) has the form

+ +

(Lo)?) oL—LO()?oL) = E (f?aﬁXﬁ)&?»
- -
0<a,B<r—1

where
ral 1B gi 1o 0
K = Z K70, K7€ Ap g
i>0
and the sum is finite. There is the following result:

r—1

~ e - . - 1
D OKTMYXg=res|X, L] =0, [ ) ( j& )8§‘1(fj+an) )

8=0 0<j<r—1
1<a<r—j

where we adopt the conventions f, =1 and f,_; := 0. Let

f(Xo, X1, ..., Xys) ::% > (_j_l)ag-l(fj+axj)

: a
0<j<r—2
1<a<lr—j
Define an operator K$P = <K2GD;O‘5> by the equation
0<a,f<r—2
S (Kaﬂxg) e +y (K&H F(Xo,- .. ,XH)) r= 3 (KSDW)(B) ae.
0<aq,B<r—2 a=0 0<a,f<r—2

The operator K$ is Poisson and compatible with the operator K©P. It is easy to see that the
degree zero part of the operator K vanishes.
Consider the local functionals

. r o —GD
QSE = ar+oz/resL“+rdSU=—ha,a+17 l<a<r—1, a=0.

The right-hand side of (4.1]) can be written in the following way using the local functionals ESB
and the Poisson operator K$P:

[(LaJr%) L]: Z KGD;M@ o°
4 2 5f7 T

0<B,y<r—2

or, equivalently,

-—GD —GD
{.,hw} GD:_{.,th} o 1<a<r—1, a>-1,
KQ Kl

which endows the GD hierarchy with a bihamiltonian structure.
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4.2.2. Relation with the DR hierarchy. As it is mentioned in Section there is another
bihamiltonian hierarchy associated, in particular, to the r-spin CohFT, the Dubrovin-Zhang
(DZ) hierarchy. In this section, we recall the relation between the r-th GD hierarchy and the
DZ hierarchy for the r-spin CohFT, and then present a relation between the DR hierarchy and
the DZ hierarchy for r = 3, 4, and 5.

Introduce new variables w!, ..., w"~! and consider the following Miura transformation:
1
fi = wa(f*y*) = r—a—1 res L(T_a)/r'
(r—a)(—r)
Define Poisson operators K| ™" = (K{'Spin;aﬁ ) , K — (K;’Spin;aﬁ ) , and
1<, f<r—1 1<a,f<r—1

local functionals E;—;pin €Ay -1, 1 <a<r—1,d>—1, by
K7™ =(—r)z KCD

Liw»
Kr—Spin '—KGD
2 T

2w
—r-spin 1 —GD
p
ha,d = a—1tr(d+) ha,d [w]a
(—r) = (a+rd)!,
where
d . .
(o + rd)l, = [Lio(a +79), %f d>0,
1, ifd=—1.
Recall that K ﬁ% denotes the Miura transform of the operator KP. The local functionals EZZpin
together with the Poisson operator K™ define the Hamiltonian hierarchy
awa r-spin;a _;-zpm
_:K1p7u—77 1§C¥,BSN, bzoa
oty dwh
which is bihamiltonian with the bihamiltonian recursion given by
—7r-spin a4+ (d+1)r —r-spin
(42) {'7hozdp } o :¥{3h‘adz-l} in ! 1§Oé§7'—1, dZ—l
) Kg—spm r ) K;ﬂ—spln

This bihamiltonian hierarchy is the Dubrovin-Zhang hierarchy corresponding to the r-spin
CohFT [DZ01) [FSZ10].

In [BGI6] it is proved that for r = 3, 4, and 5 the local functionals g, , and the Poisson
operator K; = 119, of the DR hierarchy are related to the local functionals EZ;pm and the
Poisson operator K| "™ by the following Miura transformations:

w' = u'
4.3 ’ for r = 3;
(4.3) e
( 2
1 1,83
W =u + Uy,
96 Trx
(4.4) w? = 2, for r = 4;
w® = u®
\ )
( 2
2
£
(4.5) w? =’ + @Uixa for r = 5.
w® = u®
wt = u?,
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4.2.3. Proof of Conjecture[1.13 for v = 3,4,5. For the first part of the conjecture it is sufficient
to check that the operators Ky and K5 "™ are related by the Miura transformations given by

equations (4 , and ( .

For r = 3 we have the following formula for K5 "™

2(w?)20, + 2wPw? + ? (Zw?d + Zw?d? + Lw?, 0, + Luw?,) + S50 ) w18x1+ %
wlam —|— 311}m §w28$ + gwg + 58283

On the other hand, from [BG16, Proposition 3.7]) and (|1.8) we obtain

N AN G e I A
_ d
g /( > T T\ T ) Trmett)

Computing the operator K5 using this expression (and identifying u® = w®) we get exactly the
operator K "™,

For r = 4 the operator Ky ™™ is given by
- 3\3 3(w2)2 3,w2w2 3(w3)2w3
K4—sp1n,1,1 _ (w ) 6w T T
2 < 2 16 T T 64
T(w3)?  w! wl  21wdw? 5(w3)?  13wdw?,  wl
2 3 x T 2 T TT TT
——+— |0 4+ —=10 Oy
e (( 256 +48 e 32+ 256 )T\ T8 T 256w
128 64 256
Tw 35w3 91w 133w? A7w?3 ws
4 5 x a4 zz 3 TTr 02 4 5
o> + o, + 0, + ———0 Oy
te (1152 T 2304 ¢ 4608 9216 * 9216 + 1536)
17
6 7
——0
HRETTRCE
K;L—spin;l,Q 4 spin;2, 1)
Sww? w3w ww? Tw? Tw? 17w w?
— 830 x 2 83 x 82 x:r a TXrT
T : 8 +5<64 1 192 T )

- a1\ 1 7
K;L—spm,l,?: _ <K24—sp1n,3,1> _ wlax + % +e (192 ai 19;82) c ﬁai,

o 3)\2 1 3,,,3 3 3w3 w3 ’LU3
K4—sp1n,272 _ (w ) ax w_ w wac 2 w_a?; aca2 Tx 8m TTT 65
2 R R T T T T +64 &

2
Kg-spin;2,3 — <K§-spin;3,2> _ 3w a 4 Y w;,

4 4"’
3 3
K4—spin;3,3 :w—8$ % _83
2 g Ur T T

On the other hand, from [BG16, Proposition 3.8]) and (|1.8) we obtain

_ (U1)2U3 ul(u2)2 (u2)2(u3>2 (u3)5
9= / { > T2 T 16 o0 "
1,1 3(,,2\2 3,,2 1(,,3\2 3\3,,3
o (Wuy | up(u®) wutuy | uy(u®) (u”) usy
e < 6 102 48 102 768 )

2,2 3V2,3 3103 3,,3
et uu4+(u)u4+ wug\ UG |
640 4096 2560 49152

Computing the operator K using this expression and performing the Miura transformation (4.4)
we obtain the operator K, "™
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For r = 5 the first part of Conjecture [1.13]is proved using the same scheme: we compute
the operator Ko™ explicitly, then we compute the operator K, using the expression for the
local functional g, ; from [BG16, Proposition 3.10] and the first equation in (L.8), and finally
we check that the resulting two operators are related by the Miura transformation (4.5). This
computation is performed in Mathematica and is not presented here, since the computations
and even the expressions for the Poisson operators get too involved.

After we have proved the first part of the conjecture, the second part becomes easy in all
three cases. Indeed, since p, = 2‘12;7", one can easily check that Equations (1.10) and ( .
agree.

4.3. The Gromov—Witten theory of CP'. Consider the CohFT controlling the Gromov-
Witten theory of CP' (see e.g. [BR16a), Section 6]). For simplicity, we set the degree parameter
(typically denoted by ¢) equal to 1. This CohFT has rank 2 and is homogeneous with

- 1 o\ - (0 1 - —% 0 (2 0
(qlaq2)_(071)7 (7',7")—(0,2), 6_17 77_(1 0/’ H= 0 % ) A= 0 2/
The corresponding DR hierarchy is studied in [BR16a]. In particular, it is related to the

extended Toda hierarchy (see e.g. [CDZ04]).

Notation 4.2. In computations we use the following two formal power series:

z/2 _ —2z/2 " z/2 —z/2
S(z) = e e’ and S(z) = %
z

Let us compute the operator Ky for the DR hierarchy.
Lemma 4.3. We have

(4 6) — / + 29 + S(e0g)u? 2 (u2)2 d
. = E u u (& v - U — — T

where Byg are the Bernoull numbers.

Proof. By [BR16b] we have

_ ul)?u? B ~ 52
g1 = / <( ; + 2529(2—;3’!#@9 + <S(581)u2 — 2) eS(Ede)u” 4 u2> dx.
g>1

Denote by f the expression under the integral sign on the right-hand side of (4.6). Note that
fle=o € Cl[u',u?]] starts from cubic terms in the variables u',u?. Therefore, it is sufficient to
check that

_ (U1)2U2 2g By 11 S (205 )u> 2
(D—-2)f = 5 + ;e (29)'u Us, + (S(ee@ u? 2> + u”,

where we recall that D =3 _(n + 1)ug8%. Since

(D —2) (u ;2 = (u1;2u27 (D — 2)u' U,Qg = 2qu’ U2g,
(D —2) (“;)2 =0, (D - 2)u? = —u2,

it is sufficient to check that

DeS(EaI)UQ = S(ﬁ@z)?ﬂ . eS(Eaz)UQ’

which follows from

DS = (20, 0 S'(e0,) + S(e0,)) u? - €5 = §(ed, )u® - €50
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We further compute

0g o0g _ (u)’ .
(5u1 —u1u2+2629 u29, S 2> + S(0,)e5E0 1 — 42,
g>1
Therefore,
o S(£0,) 0 e5E%)u"§(£9,) — ut
Q(g) = 1 B2g o
° u? + Zg>1 92 (5 )%
3') (s (S(d)x) 0 S0 §(0,) + §'(28,) o € €8z>u25(gax)) 0 )
g) = ) ]
0 3o € 02
Finally, we obtain
S(£8,)0, 0 €5 §(£0,) + S(s@ ) 0 30" §(£9,), ulo,
K, = 0 oul S e 2B2g 529+1
x g>0 (29)! 7
921 o 1—e—%9%2 o
9, o ul ezgi+i 82

On the other hand, consider the extended Toda hierarchy from [CDZ04]. The dependent
variables of the extended Toda hierarchy are denoted by v and u in [CDZ04]. Following [BR16al
we denote v! = v and v? = u. The extended Toda hierarchy is bihamiltonian with the pair of
compatible Poisson operators (K9, KJ9) given by

Td _ 0 8_1 (688”” — 1)
Kl - (5—1 (1 _ e—aaw) 0 ;

2 2
KTd B (61 <6581 oeV —ev 67581-> 6711)1 ( edy 1) )
2 — .

8_1 (1 _ 6—581) o Ul 5—1 (6889; _ 6—581)
It is straightforward to check that the Miura transformation

6693 8833
ul = € ’Ul u2 g —’U2

0 _gdg

e 2 —e 2
takes the pair (K14, K39) to the pair (K, K3). Thus, Part 1 of Conjecture holds for the
CohFT of the Gromov-Witten theory of CP'.

Let us check Part 2 of Conjecture |1.13| Let Egi denote the Hamiltonians of the extended
Toda hierarchy. In [BR16a] it is proved that

d+1

(4.7) Goa = D (=D (S ehpglu],  d > -1,

1=0

where SF, i > 0, are certain matrices described in [BR16a, Section 6]. The bihamiltonian
recursion for the extended Toda hierarchy is given by (see [CDZ04, Theorem 3.1])

—Td 3 —Td —Td
. - b . 8. _
{ Jh‘a,d}K;:d - <d+ 2 +1U’a) { 7ha,d+1}K1Td +Ra{ ’hﬁ’d}K;Fd’ dZ 17

0 0
_ BY .
Rey = (3 0)
Using (4.7) and the property
AL(SH)S = (SPAR] + (S:)ali + 1+ o — pig), 120,

where
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which is a standard fact in Gromov—Witten theory (or can be checked using the explicit formula
for the matrices S} given in [BR16al Section 6]), we obtain (|1.10]) in this case.
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