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A B S T R A C T

The process of structural relaxation in disordered solids subjected to repeated tension-compression loading is
studied using molecular dynamics simulations. The binary glass is prepared by rapid cooling well below the glass
transition temperature and then periodically strained at constant volume. We find that the amorphous system is
relocated to progressively lower potential energy states during hundreds of cycles, and the energy levels become
deeper upon approaching critical strain amplitude from below. The decrease in potential energy is associated
with collective nonaffine rearrangements of atoms, and their rescaled probability distribution becomes in-
dependent of the cycle number at sufficiently large time intervals. It is also shown that yielding during startup
shear deformation occurs at larger values of the stress overshoot in samples that were cyclically loaded at higher
strain amplitudes. These results might be useful for mechanical processing of amorphous alloys in order to
reduce their energy and increase chemical resistivity and resistance to crystallization.

1. Introduction

The advancement of processing methods and characterization
techniques is crucial for the rational design of amorphous alloys with a
combination of desired properties, involving strength, plasticity, cor-
rosion resistance, and wear resistance [1]. It is well realized that the
exceptionally high strength, thermoplastic formability, and excellent
magnetic properties make metallic glasses suitable for numerous
structural, biomedical, and magnetic applications [1]. In contrast to
crystalline materials, metallic glasses are characterized by an amor-
phous structure, and their elementary plastic deformation involves
swift rearrangements of small groups of atoms, or shear transforma-
tions [2,3]. A major obstacle for the widespread use of metallic glasses,
however, is the strain localization within narrow bands, and, as a result,
a failure of the material under applied strain [4]. Depending on a
technological application, various thermo-mechanical processing
methods might be required to either relax the system to lower energy
states or rejuvenate the glass to higher energies [5]. Examples of the
most common methods include high-pressure torsion, wire drawing,
shot peening, cryogenic thermal cycling, elastostatic loading, and cyclic
loading [5]. However, despite significant progress, it remains unclear if

extreme relaxation or rejuvenation can be achieved using a combina-
tion of these methods; for example, alternating mechanical agitation
and thermal cycling.

During the last decade, a number of atomistic simulation studies
were carried out to investigate the relaxation dynamics, the range of
accessible energy states, and mechanical properties of periodically de-
formed amorphous materials [6–32]. In general, it was found that the
yielding transition occurs after a number of transient cycles, depending
on the preparation history, strain amplitude and temperature, and, in
addition, it is accompanied by the formation of the system-spanning
shear band and a sudden decrease in the stress ampli-
tude [13,18,20,25,32]. On the other hand, cyclic loading at strain
amplitudes below the critical value can be termed as ‘mechanical an-
nealing’, which leads to progressively lower potential energy states over
consecutive cycles [9,23,25,26,31]. In the limiting case of athermal
quasistatic periodic loading, amorphous systems eventually reach the
state with the lowest energy, the so-called limit cycle, where the par-
ticle dynamics becomes exactly reversible [9,10]. Interestingly, it was
recently shown that structural relaxation in amorphous solids is ac-
celerated when an additional shear orientation is introduced in the
periodic deformation protocol, which leads to the increase in strength
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and shear-modulus anisotropy [31]. Nevertheless, a detailed descrip-
tion of the structural relaxation process during cyclic loading is still
missing.

In this paper, the influence of time-periodic tension-compression
loading on structural relaxation in amorphous alloys is investigated
using molecular dynamics simulations. The binary alloy is first rapidly
cooled from the liquid state to a temperature well below the glass
transition point, and then periodically strained at constant volume
during hundreds of cycles. It will be shown that cyclic loading in the
elastic range results in lower energy states when samples are strained at
higher strain amplitudes. The relaxation proceeds via large-scale col-
lective nonaffine displacements of atoms, and their rescaled probability
distribution becomes independent of the cycle number. The mechanical
tests during startup deformation indicate that the stress overshoot and
shear modulus are increased for samples cyclically loaded at larger
strain amplitudes.

The reminder of the paper is structured as follows. The details of the
simulation model and deformation protocol are described in the next
section. The time evolution of the potential energy, as well as the
analysis of nonaffine displacements, and the effect of cyclic loading on
mechanical properties are presented in Section 3. The results are briefly
summarized in the last section.

2. Molecular dynamics simulations

The three-dimensional amorphous material is modeled via the Kob-
Andersen (KA) binary (80:20) Lennard-Jones (LJ) mixture [33]. In the
KA model, the interaction between atoms of different types is strongly
non-additive, which impedes crystallization at low temperatures [33].
The phase diagram of the KA mixture is well known, and the model is
frequently employed to study the structural and dynamical properties
of glass formers [33]. More specifically, the LJ interaction between
atoms of types =α β A B, , is defined as follows:

⎜ ⎟ ⎜ ⎟= ⎡

⎣
⎢

⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠

⎤

⎦
⎥V r ε

σ
r

σ
r

( ) 4 ,αβ αβ
αβ αβ12 6

(1)

where =ε 1.0,AA =ε 1.5,AB =ε 0.5,BB =σ 1.0,AA =σ 0.8,AB =σ 0.88,BB and
=m mA B [33]. All MD simulations were performed using the LAMMPS

parallel code and a relatively large system of 60,000 atoms [34]. In
order to reduce the computational time, we use the cutoff radius

=r σ2.5c αβ αβ, . Unless noted otherwise, the physical quantities are ex-
pressed in the reduced LJ units of length, mass, and energy =σ σ ,AA

=m m ,A =ε ε ,AA and, consequently, time =τ σ m ε/ . The integration
time step in the velocity-Verlet scheme is ▵ =t τ0.005MD .

The preparation of the poorly annealed glass was performed as
follows. First, the LJ mixture was equilibrated at the high temperature

=T ε k1.0 /LJ B and density = + = −ρ ρ ρ σ1.2A B
3. In the following, the

parameters kB and TLJ denote the Boltzmann constant and temperature,
respectively. The system temperature was regulated through the Nosé-
Hoover thermostat [34,35]. The critical temperature of the KA model is

=T ε k0.435 /c B at = −ρ σ1.2 ,3 which was determined by fitting the dif-
fusion coefficient to a power-law function upon approaching the glass
transition [33]. The linear size of the undeformed cubic box is

=L σ36.84 at the density = −ρ σ1.2 3. Following the equilibration
period, the binary mixture was rapidly cooled to the temperature

=T ε k0.01 /LJ B with the rate − ε k τ10 / ,B
2 while keeping the volume con-

stant. This preparation procedure is identical to the one considered in
the recent study on cyclic loading with alternating shear orienta-
tion [31].

After the preparation phase, the glass was periodically strained
along the ẑ direction as follows:

=ε t ε πt T( ) sin(2 / ),0 (2)

where ε0 is the strain amplitude and the oscillation period is =T τ5000 .
The deformation of the simulation cell involved continuous expansion

and contraction of the lateral dimensions (along the x̂ and ŷ axes), so
that the total volume remained constant, the so-called pure shear de-
formation. The simulations were performed at strain amplitudes,
ε0 ≤ 0.04, in the elastic range at = −ρ σ1.2 3 and =T ε k0.01 /LJ B. For
each value of the strain amplitude, the glass was subjected to 1400
back-and-forth cycles. During production runs, the potential energy,
stress components, and atomic positions were periodically saved for
further analysis. The data were collected only for one realization of
disorder due to computational constraints.

3. Results

It is well known that dynamic response of disordered solids to ap-
plied mechanical stress or strain depends crucially on the sample pro-
cessing history [5]. In general, after extended time intervals at tem-
peratures not far below the glass transition temperature, the amorphous
samples become denser and relocate to lower energy states, whereas
rapid cooling from the liquid phase to low temperatures usually leads to
higher energy, less dense states [5]. The characteristic feature of me-
chanical deformation of relaxed glasses is the appearance of the stress
overshoot at the yielding transition [36]. It was originally shown that
during one subyield shear cycle, the potential energy landscape be-
comes tilted, which allows for a collective rearrangement of groups of
atoms to nearby minima, thus leading to a lower energy state upon
strain reversal [37]. In the present study, we explore the relaxation
process in binary alloys during repeated tension-compression de-
formation and examine the resulting changes in mechanical properties.

The time dependence of the potential energy minima (at the end of
each cycle) is presented in Fig. 1 for the strain amplitudes,
0 ≤ ε0 ≤ 0.04, in the elastic range. The data for the undeformed glass
(at =ε 00 ) represent the aging process at constant volume, and it shows
that the potential energy remains essentially constant during the time
interval of 1400 T. By contrast, it can be clearly observed that periodic
deformation at larger strain amplitudes results in deeper energy
minima. The lowest value of the potential energy, ≈ −U ε8.284 , is at-
tained at =ε 0.040 at t ≈ 1400 T. Interestingly, this value is nearly the
same as the potential energy level reported in the previous study on
periodic shear strain along a single plane at the strain amplitude,

=γ 0.065,0 just below the yielding strain [31]. We also find that the
strain amplitude =ε 0.050 is greater than the critical strain amplitude,
and the periodic deformation of the glassy material involves extended
plastic flow and shear band formation after about 20 cycles (not
shown).

ε

Fig. 1. (Color online) The potential energy minima at the end of each cycle for
the strain amplitudes =ε 00 (black), 0.01 (red), 0.02 (blue), 0.03 (green), and
0.04 (violet), from top to bottom. The period of cyclic deformation is =T τ5000
and the system temperature is =T ε k0.01 /LJ B. The data for =ε 00 correspond to
the quiescent glass annealed during the time interval 1400 T.
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It should be noted that the potential energy minima are plotted in
Fig. 1 starting from the first cycle, i.e., =t T . The potential energy right
after rapid cooling but before cyclic loading is ≈ −U ε8.20 (not shown),
and after the first cycle it is reduced to ≈ −U ε8.24 , depending on the
strain amplitude (see Fig. 1). In other words, upon rapid cooling, the
glass is settled at a relatively high energy state, and during the first
period (either at mechanical equilibrium, =ε 0,0 or periodically
strained, ε0 > 0) the samples relax to ≈ −U ε8.24 via large-scale par-
ticle rearrangements, and only then a more gradual relaxation process
begins (as shown in Fig. 1). Therefore, in the following analysis of the
relaxation dynamics, the reference configuration of atoms is taken at

=t T for each value of the strain amplitude.
The microscopic details of the structural relaxation dynamics during

cyclic loading can be inspected via the analysis of the so-called non-
affine displacements of atoms. Recall that atomic displacements in
deformed crystalline solids is defined with respect to the periodic lat-
tice. By contrast, the local displacement of atoms in disordered mate-
rials can be measured with respect to their neighbors. In this case, the
displacement consists of two parts, i.e., affine and nonaffine compo-
nents. In turn, the nonaffine part can be computed numerically using
the transformation matrix Ji, which linearly transforms a group of
neighbors around the atom i during the time interval Δt and, at the
same time, minimizes the quantity:
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where the summation is carried over the neighboring atoms within a
sphere of radius 1.5 σ located at ri(t). In the original study, Falk and
Langer showed that the nonaffine measure, given by Eq. (3), is an ex-
cellent diagnostic for detecting local shear transformations when the
time interval Δt is properly chosen [38]. In the last several years, the
analysis on nonaffine displacements was applied to amorphous mate-
rials subjected to time periodic deformation [15,17,20,23,25,26,31],
elastostatic loading [43], and thermal cycling [39–42]. In particular, it
was found that during periodic shear deformation at strain amplitudes
above the critical value, both well and poorly annealed glasses undergo
a yielding transition after a number of transient cycles [20,25]. More-
over, the spatial distribution of nonaffine displacements changes from a
set of disconnected clusters of mobile atoms to a localized shear
band [20,25,32].

The data for the potential energy reported in Fig. 1 indicate that the
relaxation dynamics for each value of the strain amplitude slows down
as the cycle number increases. This, in turn, implies that the typical size
of regions, where atoms undergo irreversible displacements to lower
energy states, should also be reduced over time. The sequence of
snapshots of atoms with relatively large nonaffine displacements,
D2(nT, T) > 0.04 σ2, are shown in Fig. 2 for the strain amplitude

=ε 0.030 and in Fig. 3 for =ε 0.040 . Here, the nonaffine displacements,
Eq. (3), were computed for pairs of configurations at zero strain sepa-
rated by the time interval =t TΔ , where =T τ5000 is the oscillation
period. It can be clearly observed in Figs. 2 and 3 that the initial stage of
relaxation involves percolating clusters of mobile atoms, and their ty-
pical size is gradually reduced as the cycle number increases. Note that
after 1000 cycles at =ε 0.03,0 shown in Fig. 2 (d), almost all atoms
remained inside cages formed by their neighbors during one cycle. For
reference, the cage size at = −ρ σ1.2 3 is about 0.1 σ [15,17,33]. This
behavior is consistent with the results of previous MD studies on peri-
odic shear deformation of poorly annealed binary glasses, where it was
shown that the volume occupied by atoms with large nonaffine dis-
placements is decreased over time if the strain amplitude is below the
critical value [23,25].

The probability distribution functions of nonaffine displacements
are plotted in Figs. 4 and 5 for the strain amplitude =ε 0.030 and in
Figs. 6 and 7 for =ε 0.040 . In both cases, the nonaffine displacements
were computed with respect to the configurations at =t T1 during time

intervals when the decay of the potential energy in Fig. 1 is roughly
linear (on the log-normal scale). More specifically, the time interval is
Δt ≲ 200 T for =ε 0.030 and Δt ≲ 600 T for =ε 0.040 . It can be seen in
Figs. 4(a) and 6(a) that the distributions become relatively broad al-
ready at =t TΔ , which correlates well with the appearance of large
clusters in Figs. 2(a) and 3(a). As expected, the width of the distribu-
tions increases at larger time intervals (see Figs. 4 and 6), which reflects
larger displacements of atoms with respect to their neighbors at time

=t T1 . Interestingly, the probability distribution of the nonaffine mea-
sure divided by its averaged value gradually evolves towards a function
that does not depend on the cycle number, as shown in Figs. 5 and 7.
The common shape of the distribution functions of D2/⟨D2⟩ is most

Fig. 2. (Color online) The positions of atoms with large nonaffine measure (a)
D2(T, T) > 0.04 σ2, (b) D2(10T, T) > 0.04 σ2, (c) D2(100T, T) > 0.04 σ2, and (d)
D2(1000T, T) > 0.04 σ2. The color code for D2(nT, T) is defined in the legend.
The strain amplitude is =ε 0.030 and the oscillation period is =T τ5000 .

Fig. 3. (Color online) The sequence of snapshots of atoms with the nonaffine
measure (a) D2(T, T) > 0.04 σ2, (b) D2(10T, T) > 0.04 σ2, (c) D2(100T,
T) > 0.04 σ2, and (d) D2(1000T, T) > 0.04 σ2. The atoms are colored according
to the legend. The oscillation period is =T τ5000 and the strain amplitude is

=ε 0.040 .

P.K. Jana and N.V. Priezjev Journal of Non-Crystalline Solids 540 (2020) 120098

3



probably related to a weak correlation between atomic configurations
separated by a large time interval Δt. In other words, most of the atoms
undergo multiple cage jumps, and the neighbors of an atom at =t T1 are
displaced independently over sufficiently large Δt. Note, however, that
the slopes of the power-law decay are slightly different for =ε 0.030 and
0.04.

We next discuss the effect of cyclic loading at different strain am-
plitudes on the mechanical properties of binary glasses. As shown in
Fig. 1, upon increasing strain amplitude within the elastic range, the
systems are gradually relocated to lower energy states. After 1400 cy-
cles, the glass was subjected to startup shear deformation along the yz
plane with the computationally slow rate = − −γ τ˙ 10yz

5 1. The shear

stress-strain curves are reported in Fig. 8 for glasses that were annealed
during 1400 T and loaded during 1400 cycles at =T ε k0.01 /LJ B. It can
be observed that with increasing strain amplitude of the cyclic loading,
ε0, the initial slope of the shear stress increases and a pronounced
yielding peak is developed at the shear strain γyz ≈ 0.09. These trends
are consistent with the dependence of the mechanical response of dis-
ordered solids on the degree of relaxation; namely, more relaxed glasses
are stronger and more brittle [5].

The dependence of the yielding peak, σY, and shear modulus, G, as
functions of the strain amplitude is summarized in the insets of Fig. 8.
Here, the shear modulus was computed from the slope of the linear fit
of the stress-strain curves at γyz ≤ 0.01, and the data were averaged
over three mutually perpendicular planes of shear. In the insets, the

Δ

ε

Fig. 4. (Color online) The distribution of nonaffine quantity D2(t1, Δt) for the
strain amplitude =ε 0.030 . The legend shows time intervals Δt, measured in
oscillation periods ( =T τ5000 ), with respect to the atomic configuration at

=t T1 .

〈 〉

〈
〉)

Δ

〈
〉

ε

Fig. 5. (Color online) The rescaled distribution of D2(t1, Δt) for the strain am-
plitude =ε 0.030 . The same data and color code as in Fig. 4. The dashed line
indicates the slope − 1.5. The inset shows the average of D2(t1, Δt) as a function
of the time interval Δt.

Δε

Fig. 6. (Color online) The probability distribution of the nonaffine measure
D2(t1, Δt) for the strain amplitude =ε 0.040 . The values of the time interval Δt
are listed in the table. The reference state is =t T,1 where =T τ5000 is the
period of cyclic loading.

〈 〉

〈
〉)

Δ

〈
〉

ε

Fig. 7. (Color online) The distribution of D2(t1, Δt) divided by its average for
the strain amplitude =ε 0.040 . The color code is the same as in Fig. 6. The slope
− 2 is shown for reference. The average value of D2(t1, Δt) versus Δt is reported
in the inset.
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dashed lines indicate the averaged values of σY and G before the cyclic
loading was applied, whereas the data for =ε 00 were taken in quies-
cent samples annealed during the time interval 1400 T. It can be clearly
seen that both the stress overshoot and the shear modulus increase at
larger strain amplitudes, which is in agreement with the trend reported
for the potential energy in Fig. 1. Furthermore, the spatial distributions
of nonaffine displacements during startup shear deformation are shown
for the annealed sample in Fig. 9 and for the periodically deformed
glass in Fig. 10. As is evident, the processing history results in a distinct
difference in the deformation pattern, i.e., a nearly homogeneous de-
formation of rapidly quenched and then thermally annealed sample,
and the appearance of the shear band in the cyclicly annealed glass.

4. Conclusions

In summary, we carried out molecular dynamics simulations to

study the relaxation dynamics in disordered solids subjected to tension-
compression cyclic loading and its effect on mechanical properties. The
model glass was represented via a binary mixture with strongly non-
additive cross interactions that prevent crystallization upon cooling.
The binary mixture was rapidly quenched from the liquid phase to the
glass phase at a temperature well below the glass transition tempera-
ture. The deformation protocol included periodic tension-compression
deformation at constant volume during hundreds of cycles. During
cyclic loading, the amorphous systems were driven to progressively
lower potential energy states via collective nonaffine rearrangements of
atoms. Moreover, it was shown that the shape of the rescaled prob-
ability distribution function becomes time independent after suffi-
ciently large number of cycles. After cyclic loading, the mechanical
properties were probed during startup shear deformation at a constant
strain rate. The results of numerical simulations indicate that both the
shear modulus and the peak value of the stress overshoot increase in
glasses that were periodically loaded with larger strain amplitudes
within the elastic range.
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Fig. 8. (Color online) The variation of shear stress, σyz (in units of −εσ 3) during
steady strain with the rate − −τ10 5 1. The glasses were strained after 1400 ten-
sion-compression cycles with the indicated strain amplitudes. The insets show
the yielding peak, σY (in units of −εσ 3), and the shear modulus, G (in units of

−εσ 3), as functions of the strain amplitude. The horizontal dashed lines in the
insets indicate σY and G before periodic loading was applied.

Fig. 9. (Color online) The snapshots of the binary glass that was annealed
during 1400 T at =T ε k0.01 /LJ B and then sheared along the yz plane with the
rate of − −τ10 5 1. The shear strain is (a) 0.05, (b) 0.10, (c) 0.15, and (d) 0.20. The
color denotes D2 with respect to the atomic configuration at zero strain.

Fig. 10. (Color online) The atomic configurations of the strained glass after
1400 tension-compression cycles with the strain amplitude =ε 0.040 . The shear
strain, γyz, is (a) 0.05, (b) 0.10, (c) 0.15, and (d) 0.20. The color of atoms in-
dicates their nonaffine displacements with respect to =γ 0,yz see the legend.
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