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The Brownian motion on Aff(R) and quasi-local theorems

V. Konakov, S. Menozzi, and S. Molchanov

ABSTRACT. This paper is concerned with Random walk approximations of the
Brownian motion on the Affine group Aff(R). We are in particular interested
in the case where the innovations are discrete. In this framework, the return
probabilities of the walk have fractional exponential decay in large time, as
opposed to the polynomial one of the continuous object. We prove that in-
tegrating those return probabilities on a suitable neighborhood of the origin,
the expected polynomial decay is restored. This is what we call a Quasi-local
theorem.

1. Introduction

In his seminal paper [Yor92| (see also the related survey work [MY05]), M.
Yor studied the distribution density and the moments for the following particular
exponential functional of the Brownian motion (B;)s>o:

¢
(1.1) t”:/ exp(2B; + vs)ds,
0

which corresponds, up to a normalization in t~!, to the quantity appearing in the
Asian options in the Black and Scholes setting (see again [Yor92]). The general
case v # 0 can be reduced to v = 0 using the Girsanov theorem and the central
object will be from now on the functional 4; = fot exp(2B;)ds.

This functional appears in several different situations, including the study of
the Brownian motion on the group Aff(R) of the affine transformations of R : z —
ax+Db, a,b € R, a > 0. This group can be isomorphically represented in the upper

g 11) ] , a > 0. The affine group provides
the simplest example of solvable Lie group. We announced several results on the
Brownian motion z; := (at, b;) on Aff(R) in the short communication [KMMTI1]
which partly rely on the results by Yor [Yor92].

The central result of [KMM11] is the following Theorem.

triangular 2 x 2 matrices setting g =
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98 V. KONAKOV, S. MENOZZI, AND S. MOLCHANOV
THEOREM 1.1. Let p(t,-,-) be the transition density of the Brownian motion

Ty = (at, bt) on Aff(R) w.r.t. the corresponding Riemannian volume. Then, for all
g€ Af(R):

(12) p(tvgag) :p(tveae) ~t—~4o00

N
Ths|

where e = Iy is the neutral element of Aff(R).

The note [KMM11] contains similar results for other solvable Lie groups. We
also refer to [KMM17] for related topics. We will prove Theorem [[I]in Section

The most interesting fact in Theorem [[1lis the slow decay of p(t, g, ¢g), t — +o0,
which looks contradictory to the exponential growth of Aff(R). Observe that such
an exponential growth occurs for all finitely generated solvable groups that have
no nilpotent subgroups of finite index, i.e. that are not virtually nilpotent, by
Milnor’s theorem [Mil68] (see also [Wol68]). We will establish that the random
walks on the subgroups of Aff(R) cannot directly give a good approximation of
the Brownian motion (2¢);>¢ on Aff(R). There are several reasons for that. First,
Aff(R) is non-unimodular, i.e. it cannot be approximated with increasing accuracy
by discrete subgroups (lattices). Secondly, any such subgroup is typically dense and
chaotically distributed in Aff(R), see the results below, in particular Proposition
and Theorem These arguments potentially apply to much more general
situations.

More precisely, if (2% )nen is the Markov chain corresponding to a symmetric
exp(+e) 0 ] _

random walk on the subgroup G¢ C G generated by the matrices { 0 1

g1i6; [ (1) i15 ] = g2ig with step €2 in time, ¢ € Q, then for t = ne? € Rt we have

that:
(1.3) Pe(t,g,9) := P°(n,g,9) =Py(x;, = g) < exp(—cn% ln(n)%), geG®.

Let us stress that the exponential estimation P¢(n,g,g) < exp(—cn),c > 0,
which one could expect due to the exponential growth of the group cannot hold.
Indeed, the solvable groups are amenable and it therefore follows from Kesten
[Kes59] that P¢(n,g,g) decays at a sub-exponential rate. We will establish in
Section Bl by direct elementary arguments this estimate which is a particular case
of the typical asymptotics obtained for the return probabilities of random walks
on general solvable groups studied e.g. by Pittet and Saloff-Coste [PSC02] and
Tessera [Tes13]. The striking point is here that the return probability has fractional

exponential decay and does not behave as -5 as one could have expected from

Theorem [T The cause of this phenomenontizs the special nature of the subgroup
G* (which is dense but again highly chaotically distributed).

Note that for the nilpotent groups, like e.g. the Heisenberg one H?, the cor-
responding local limit theorems hold, see e.g. Breuillard [Bre05] (like in the case
of the random walk on Z< see e.g. [IL71], [Pet05], [BR76] or [LL10]). In the
nilpotent setting we refer as well to the work of Alexopoulos [Ale02], where the
most general local limit theorem on finitely generated groups of polynomial growth
(i.e. virtually nilpotent by Gromov [Gro81]) is given.
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We also mention that for absolutely continuous innovations, a local Theorem
on Aff(R), with the expected rate of order n~3/2, matching the diagonal decay of
the heat-kernel in (2] for large times, was proved by Bougerol [Bou83].

In this work, we will establish what we call quasi-local theorems for the pre-
viously described random walk on the discrete subgroup. Our first quasi-local
theorem gives the estimation of the probability that a5 belongs to a small neigh-
borhood of the unit element e = I which shrinks to e when n — +o00. We establish
that the corresponding limit theorem holds with the expected convergence rate (see
Section H). It will be specified as well in Section EIlhow this phenomenon, i.e. the
dramatic difference between the fractional exponential decay of return probabili-
ties stated in (L3]) and the polynomial one appearing when taking into account an
associated neighborhood (which precisely corresponds to the large time behavior
in (L2)), already appears for a specific simple random walk on the dense locally
uniformly distributed subgroup of R generated by finitely many rationally indepen-
dent numbers +a«;, i € {1,---, N}. Roughly speaking, this dichotomy emphasizes
that the paths of the random walk on the subgroup are quite dense. We will then
eventually show that introducing (partially) an absolutely continuous component
in the Markov chain 2% on Aff(R), one can check that the densities of the finite
dimensional distributions of %, converge uniformly to the corresponding densities
of the diffusion on Aff(R).

2. Diffusion on Aff(R) and similar groups

We briefly recall the construction of the Brownian motion on Aff(R), see e.g.
McKean [McKG69], Ibéro [Ib€76] or Rogers and Williams [RW85]. The Lie algebra

A(Aff(R)) consists of the matrices of the form , ¢,y € R. The metric on

Ty
0 0
this algebra (i.e. in each plane of the tangent bundle of Aff(R)) has the form
ds? = dx? + dy®. The exponential mapping Exp from the algebra A(Aff(R)) to the

group Aff(R) then writes:
x Yy a b 1Lz vy F et ey

ie. z =In(a),y = be™® = 2 so that

da® + db?

(2.2) ds? = da? + dy? = e

3

i.e. the Riemannian metric on Aff(R) is given by the same formula as the hyperbolic
metric on the Poincaré model of the Lobachevskii plane (i.e. upper half plane of
C):
Cy ={b+ia,a > 0}.

The ball of radius R in this metric has an exponentially growing volume, i.e.
Vol(B(R)) = 2 (cosh(R) — 1) (see e.g. Gruet [Gru96]).

In Section Bl we will consider the symmetric random walk on the finitely gener-
ated subgroups G° C G. We consider the simplest subgroups with two generators:

(2.3) gi—{ex%(g) (1)] QS—H i]
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100 V. KONAKOV, S. MENOZZI, AND S. MOLCHANOV

The number of different words of length n with the alphabet {¢5, g; ©, g5, 95 °} again
grows exponentially with n from Milnor [Mil68] (non-niplotent or non-abelian solv-
able groups with finite number of generators have exponential growth).

The symmetric Brownian motion on G can be constructed as the exponential
mapping in the Stratonovich sense of the Brownian motion (Bf, B?), i.e. B!, B
are two independent scalar Brownian motions, on A(Aff(R)):

(2.4)
t

o= [ “ blt } ~ ()N [ (1 +0de dfg? ] _ { eXpéBtl) fotexp(fi)dB? .
s=0

The generator of (a,b;),., writes for all o € C?*(R;\{0} x R,R):

1
(2.5) Ly(a,b) = 5 (a2 (85 + 85)30 + a@aga) (a,b) =: Aagmr)e(a,b),

where Aag(r) stands for the Laplace-Beltrami operator on Aff(R). Observe that
the diffusion matrix a?I, is indeed the inverse of the Riemannian metric tensor
(1_2[2.

To find the fundamental solution of the parabolic equation 0;p = Lp, i.e. the
transition density of the Brownian motion on Aff(R), we will apply the Doob trans-
form to the well known density of the Brownian diffusion on the hyperbolic space,
see Karpelevich et al. [KTS59] and Gruet [Gru96| for multi-dimensional gen-
eralizations. We also refer to Bougerol [Boul5| for other applications of Doob
transforms on algebraic structures.

PROPOSITION 2.1 (Transition Density of the Brownian Motion on the hyper-
bolic plane H?). The density of the diffusion with generator

Lo(a,h) = Ja*Ap(a,)

w.r.t. the corresponding Riemann volume dg;ﬂ’ is given by:

V2exp(—%) [T uexp(—g—:)
(2rt)3/2 . \/cosh(u) — cosh(r)

(2'6) DPmu2 (t’xay) =

where r = dy2(x,y) is the hyperbolic distance between x = (a1,b1),y = (aa,bs) €
H?, namely:

a2
dyz(x,y) = arcosh (1 + M) ,
2(11@2

where |v — y|> = a1 — aa|? + |by — ba|? is the usual squared Euclidean distance in
R2.

Now we want to use the Doob transform. The following Proposition holds, see
e.g. Pinsky [Pin95].

PROPOSITION 2.2 (Doob transform). Let M be a Riemannian manifold with
metric ds* = g;;dz'dz? and corresponding Laplace-Beltrami operator

At f(@) = maﬁ. (o7 Vet (9, £) (2).
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Let p(t,z,y) be the fundamental solution of the heal equation Oyp = %AMp =
—%Apr and ¥(x) > 0 be the positive A-harmonic function, i.e. it solves %AM’(/) =
M. Put

pr(t,0) = exp(A) L ),
Then, px(t,x,y) is the transition density of a new diffusion on M with generator:
_ 1AM(fY)(2) 1 _
Lif(z) = 3 w@ AM(z) = 2AMf(9U) + Vaf(z) - Vin(p(z)).

Here V; stands for the Riemannian gradient, and the densities are always intended
to be w.r.t. the corresponding Riemannian volume /det gdy.

Observe now that for ¢ (a,b) = a, simple computations give that

1

L A b)—a—Q( 5 = Ly, A= -1
2H2a’72a78a”78'

Combining Propositions 2.1 and and the above expression for v, we derive
that the density of the Brownian motion on Aff(R) can be expressed as the Doob-
transform of the density of the Brownian motion on H?Z.

THEOREM 2.3 (Density of the Brownian motion in Aff(R) and Diagonal behav-

ior in long time). The density pag(t,e,-) of the Brownian motion in Aff(R) writes
for all (t, g, h) € R% x Aff(R)?:
(2.7)

2 h 2 h 1
Pt ) =exp () P2y ) = () PRk g (a,0). = ).

with pyz as in Z6). For t — +o0o0 one has for all g € Aff(R):

(t.9) 1 /+°° v \/? 1
' I ~ . U = B :
Pag®)\" 9,9 (2rt)2 Jo  sinh(}) 2¢3

The previous theorem has an important application in spectral theory (together
with the remark that pagr)(t, 9,9) ~ % as t — 0, since dim(Aff(R)) = 2, see e.g.

[Mol75]).
THEOREM 2.4. Consider on Aff(R) the Schridinger operator with non-positive
fast decreasing potential W (g):
1 1
H = —Apgw) +W(9), Aagw) = §a2 (52 + 85) + §a5a,

and the spectral problem Hvy = M. Then, since operator H has at most a finite
negative spectrum {\; < 0}, one has:

No(W):=#{j: A <0} <

W (9)|%0(dg) + Cs / W (g)[o(dg),

a [
gEAT(R):0<|W (g)|<1 gEA(R):[W (g)|>1

where for g = (a,b), o(dg) = % is the Riemannian volume element on Aff(R).
Also, the constants C1,Cy here are independent of the considered potential W and

can be computed directly.
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102 V. KONAKOV, S. MENOZZI, AND S. MOLCHANOV

The previous Theorem is a direct consequence of the work by Molchanov and
Vainberg [MV0S].

Eventually, we can also refer to Melzi [Mel02] for a global upper bound of the
density of the Brownian motion on Aff(R). This work provides a tractable control
for the diagonal and off-diagonal behavior of the heat-kernel in large time.

3. Approximation of diffusion by random walks and associated return
probability estimates

In this section, we are interested in the approximation of the Brownian motion
on Aff(R) by a discrete random walk. Let now € be a given small parameter. The
time step of our random walk (z%),,>0 will be €2 (with the usual parabolic scaling).
In particular for a given time ¢ > 0, it makes

(31) n (1) =5

steps on the interval [0,¢]. Set xf§ = { (1) (1)

], and for all n > 1:

exp(eX ey,
me_l = xszE,n+1a As,n-i—l — |: p( 0 7L+1) 7{4,_1 :l ’

where the (X;)ien, (Yi)ien+ are independent symmetric random variables, defined
on some given probability space (€, .A,P), sharing the moment of the standard
Gaussian law up to order two. Hence, the above dynamics rewrites at time n:

oo e ] [ TN (XL, Yiepe YL X))
noo 0 1 o 0 1

S (3" Yiexp(eS;_1
(3.2) =: { 0 (Zizlyzlp( Si1)) ;

T

. 0 . . .
where we use the usual convention 3 ;_; = 0. We will consider here mainly two
cases.

- The Bernoulli Case: both (X;);en+, (Y;)ien are independent sequences of inde-
pendent Bernoulli random variables, i.e. P[X; = 1] =P[X; = -1] =P[Y; = 1] =
PY; =-1] = % In such case, it is easy to see that the random walk stays on the
subgroup et

- The mixed case: (X;)ien+, (Yi)ien+ are independent sequences. The (X;);en+ are
still Bernoulli random variables whereas the (Y;);ecn+ have an absolutely continuous
law.

For the rest of the section we focus on the Bernoulli case and the associated return
probability estimates (see (I3 and Theorem [B.I]). The mixed case is developed
in Section 4.3} since it can be handled rather directly from the proof of our main
results in Section In particular, we emphasize that for the mixed case, the
density assumption for the (V;);en+ is sufficient to restore the LLT (see Theorem

IS).

*Observe that this would as well be the case for any integer valued independent sequences
(Xi,Y:)ien+ of independent random variables sharing the two first moments of the Gaussian law.
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In the Bernoulli case, the idea is to express the non-diagonal element b}, in
B2) in terms of the local times L(a,n) of the random walk (Si)r>0 at level a €
[M;, M, where

M- :=minS; <0, M :=maxS; > 0.
" f<n F =" Hn k<n F =

We also precisely define:
L(n,a) :=t{k: S =a, 0 <k <n}.

With these notations, we readily derive from the definition in 2] the following
discrete occupation time formula:

Mt

n

(3.3) by, =¢ Z ( Z Yy) exp(ea).

a=M,;, k€[l,n]:Sk_1=a

The simplest (and yet very important) local theorem for zf concerns the as-
ymptotic behaviour of the return probability mo, = P.[z5, = ¢ = P[S2, =
0, 37", ViesSt—1 = 0]

The exact asymptotic convergence rates of s, can be found in [PSC02| (see
Theorem 3.11, i) therein). Precisely, the following result holds.

THEOREM 3.1 (Asymptotics of the return probabilities on the subgroup). As-
sume that e is transcendental. Then, there exists ¢ > 1 s.t. for n large enough:

c_ln%(ln(n))% < —lIn(mg,) < Cﬂ%(ln(n))%~

In the quoted article, the authors actually consider € = 1, which readily gives
the transcendence property. Actually, when e® is transcendental, the group gener-
ated by ¢ and g5 defined in (Z3)) is isomorphic to Z1Z, where g5 corresponds to the
walk generator on the base Z and g5 to the switch generator in the lamp group Z.
Hence, Theorem B.1lis again a direct consequence of Theorem 3.11, i) in [PSC02)].
The bounds follow from some properties of the local time of the simple random
walk on Z. For the sake of completeness, we prefer to give below a slightly different
proof of the lower bound of Theorem [B.I] which directly uses the transcendentality
of e®. We also hope that our approach might extend to higher order solvable matrix
groups for which the reduction to the random walk on the wreath product is less
clear.

In our work, we are indeed interested in Donsker-Prokhorov type results (see
Proposition 1] below), which will require the previous scaling of (BI)). This leads
us to consider the previous transcendence condition. Namely, if e is transcendent,
and since (.5;)ien is Z valued, we will have that:

2n
Z Y exp(eSi-1) = Z Z Yy exp(ea)
=1 a€[M;, My, ] kE[1,2n],5%—1=a
=0 <= Va € [M,,, M ], > Y, = 0.

kel,2n],Sk—1=a

We now mention that, from the Lindemann-Weierstrass theorem, a sufficient con-
dition for e to be transcendental is that ¢ is algebraic, which for instance happens
ife € Q.

Tfrom now on we denote by [-, -] intervals of integers.
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104 V. KONAKOV, S. MENOZZI, AND S. MOLCHANOV

We now provide a proof for this lower bound, which relies on stochastic analysis
arguments associated with some controls for the local time of the simple random
walk, see e.g. [Rev05].

PROPOSITION 3.2. If €° is transcendental then there exists ¢ > 1 s.t. for n
large enough:
Ton < exp(—ciln% ln(n)%).

In particular, the proof emphasizes that the upper bound of the return proba-
bility does not depend on € as soon as it is algebraic.

PROOF. The numbers ¢, k € Z being rationally independent the probability
Ton Tewrites:
Top = P Nacinmz, Mt ] L(2n—1,a)
(3.4) =0 Mod 2, 5,5,
=0Vae[M;, M, ] Y Y= o]
ke[1,n]:Sk—1=a
Set now, A := {mae[[M; w+ 1L(2n—1,a) =0 Mod 2,55, = 0}. We can thus

n—1"""2n—1
L(2n—1,a)
L(2n—1,a)
— 2
(35) Ton = E H 9L(2n—1,a) Ia
€My, 1M, 4]

n—17

write:

Observe that, on the considered event A, for a € [M,, _,, M, ], the local time
( L(2n —1,a) )
L(2n—1,a)
L(2n — 1,a) is even. The contribution 2L(2371,a) then corresponds to the
probability that a symmetric Binomial law with parameter L(2n — 1, a) is equal to
0. This exactly describes the event Zke[l,nﬂzsk_lza Y, =0.
Observe importantly that on A:

L(2n—1,a)
L(2n—1,a)
2

92L(2n—1,a)

1
< -
-2
Let us now localize w.r.t. the position of the minimum M, ; and maximum
M2t171' Namely, we want to get rid of the large deviations for our current problem.
Introduce the set D, := {M,, ; < —a}U{M,, _, > a}. Observe that

L(2n —1,a)
L(2n—1,a) 1\ ¢
DD{ Pp—
Iy = E 11 2L(2n2—1,a) Ip.na §(5> (M1 2 of
ae[[M;n717M2+n71

2

< 4exp(—aln?2) exp(—j—n),

using the Bernstein inequality for the last control. Now in order to equilibrate the
contributions of these large deviations w.r.t the stated bound in Proposition B.2] we
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want to solve the equation %2 +aln2=ns ln(n)%. It is then easily checked that

1 2
the positive root «, of the equation is s.t. a,, ~ niln(m)s _. m,,. It thus follows

that there exists C¢ s.t. for n large enough:
D,
Ty, < exp(—Camy,).

On the other hand, we can as well derive the required control provided the
extremas are small with the previously emphasized threshold. Namely, introducing;:

( L(2n—1,a) )
L(2n—1,a)
T =F 11 2 T, ma_ | gt mn Ia
n 92L(2n—1,a) M, 1 1Sy 1Mo 1 IS5y
a€[My, 1M, 4]

3.6

(3.6) <]P’“M7 |<&M+ <ﬂ5’2 _0}
— 2n—11 = 111(71)7 2n—1 — ln(n)’ n=

m m

Jat(n)’ Vi n(n)

To control the last inequality we use the following important Lemma concerning
tube estimates for the random walk:

< ]P’[Vk: e [0,2n], % -

LEMMA 3.3 (Tube Estimates for the Random Walk). There exists constants
c<1,C>1s.t:

may 1 2
< < —
PVk € [1,2n],|Sk] < ln(n)] < Cexp(—cn® In(n)3),
E P[L(2n — 1,a) > ¢ 'n% In(n)3] < C exp(—cn3 In(n)3).

The above result can be viewed as a discrete analogue of the tube estimates for
the Brownian motion that can be found in [IW8Q]. The proof is postponed to the
end of the Section for the sake of clarity.

From Lemma B3 and (30) we get T, < C exp(—cn? In(n)?). Thus, it suffices
to restrict to the study of:

L(2n—-1,a)
L(2n—1,a)
M 2
Iy = E[ II SL@n—Ta)  MM;,_,|<ma, Mg, <m,
a€[My, M3, |1

n—17

X (]IM;71>1;?—:) +H|M2n1>l,’(g—z))ﬂf‘]'
Fix now a § € (0,1) and introduce the random set:

As:={ac [[M{n_I,M;z_l]] :L(2n—1,a) > n‘s}.
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Let us now fix ¢ € (0,1). If A5 > Chn(ay» then:

L(2n—1,a)
M2+n—1 ( (L(anl,a) )

2
H 2L(2n—1,a) H‘M;LfllgmnvM;n,lSmn

ol = E

a=Mop_1

Tn(n) Tn(n)

X(HMSL,_? s T a1 )HﬂAPCl:?Z)]IA}

IN

1
CEIT] —— 1, .
[aga L(2n - 17 a)% (Mg Srmn, My S

X I mp I, - mp |1 my Il
(M;n71>ln(n/) + |M2n—1‘>1n(n’)) 1Aszerirs A]

IA

C’(i(;)clslﬁ7 = Cexp(—g In(n) x cﬂ) = CeXP(—gcmn),
n2

In(n)

where on the event As, we used the Stirling formula for the first inequality. It

remains to handle:
( L(2n—1,a) >
L(2n—1,a)

2
H 2L(2n—17a) ]I\M;n,ﬂﬁmmM;r",lSmn
a€[M,, M2+n—1]]

n—1s

M,2
T2n

= E

I mp I,,- my )1 mp Ty |.
( M;n71>ln(n/) + (M, 1 > 5ty fAs<crmy 4

The first point to note is that, on the event {fA; < Ch?%Z)} N A{|M,;,_4] <

My, |My || < my}, necessarily the occupation measure of As is large. Precisely,
we have that defining:

A5C = {a € [-mp,m,],a & As}, ﬁAg >2m, — ¢ Mn

In(n)
On the other hand, the total local time generated by the points in Ag is less

than 2m,n’ = 2n3t0In(n)3 < n, for § € (0, 2) and n large enough. Hence, the
occupation time of Ag is s.t.:

{ie[1,2n] : S; € As}| > n.

Since we also know that on the considered event {f4s < C%}7 we derive that
there necessarily exists a level a € A; s.t.

L(2n—1,a) > ——.
Cln(n)
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We obtain:
TM2 <P[|{i € [1,2n] : S; € As}| > n, §4s < cﬁ—z), (M, (| < min, M,y < m

<P[Fa € As,L(2n —1,a) > ¢ 'nd ln(n)%,

m —
fAs < Cﬁv | My, 1| < 1y M,y <y
< Z P[L(2n —1,a) > ¢ 'nd In(n)3] < Cexp(—cn% ln(n)g),
a=—my,

using again Lemma [3.3] for the last inequality. a

PrOOF OF LEMMA [33] (TUBES FOR THE RANDOM WALK). Let us begin the
proof observing that since,

My
<
PVk € [1,2n],|Sk] < ln(n)]
m m n
< PHa€[-—~,—=],L(2n,a) > ——]
In(n)’ In(n) )
() o
< > PIL(2n,a) > n5 In3(n)],

_Tma
A=""Ta(n)

it suffices to prove the second statement of the Lemma. To this end, observe first
that from Theorem 9.4 in Revesz [Rev05], we get for all a > 0,k € N:

1 2n—k+1 .
SR (2n+a)/2 ,if @ is even,

1 2n —k
2R @nta—1)/2

(3.7) P[L(2n,a) = k] =
,if a is odd.

By symmetry we also derive that for a < 0, the above expression holds replacing a
(law)

by |a| (recall indeed that L(2n,a) =" L(2n,—a)). Eventually, for a = 0, Theorem

9.3 in [Rev05] yields:

(3.8) P[L(2n,0) = k] = 27> ** < 2nn— ¢ > :
Hence,
P, = % P[L(2n,a) > ¢~ 'n? In(n)3]
= [P_[l:(Q:z,O) > ¢'nd In(n)3]

+ 22P[L(2n,a) > ¢ 'nf In(n)s).
a=1

Note as well from ([B7) that, in agreement with the intuition, P[L(2n,0) = k] >
P[L(2n,a) = k],a > 0,k € N. We therefore derive:

Prn. < (14 2my)P[L(2n,0) > ¢ 'n In(n)3].
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Write now from (B.8):

(3.9) P, < (14 2m,,) Zn: g—2nth ( 2n =k ) .

n
k= Lc*ln% ln(n)%J
By the Stirling formula, we obtain that for k € [[¢™'n3 In(n)3 |, n — 1],

P[L(2n,0) =k] = 272tk ( Znn— k )

< Vn__exp((Zn—k;)ln(l—%)—(n—k)ln(l—%)).

77\/% vVn—k

The contribution for k = n gives P[L(2n,0) = k] = 27" and therefore a negligible
term in the r.h.s. of B9). We will now split the summation in (3] according to
ke [len3 In(n)3 |,n* "] and k € [n'~",n] for n > 0 small enough to be specified
later on. Observing that P[L(2n,0) = k] is a decreasing function of k we obtain:
(3.10)

[\l

nt="

P, < (1+2mn)< Z P[L(2n,0) = k]+(n—n'""P[L(2n,0) = nln]>_

k=lc—1n3 In(n)3 |

From (??) it can be deduced from usual computations that there exists C' > 0 s.t.
uniformly on k € [[¢~'n% In(n)3 |, n*~"], for n large enough:

P[L(2n,0) = k] < %exp ( ’5“2) .

Plugging this estimate in (310) yields:

scoem F (M)

c™ 1n61n(n)3<\/_<n1/2 n

1—2n
+ (n% — n%_") exp <_n 5 ) >

72 nl-2n
<C(1+2my,) / exp(——)dx + ex (— )
( V2T Je=1n6 1n(n) 3 p( 5 ) P 6

<O+ 2m) (exp(_c—ln% In(n)?) + exp (_ n1:’7>>

2

< Cexp(—c_ln% In(n)3),

taking n € (0, 3) and up to modifications of C,c¢ for the last inequality. This
completes the proof. O

4. Quasi-Local Theorems

We first mention that the integral theorem (which is an obvious corollary of
the functional Donsker-Prokhorov Central Limit Theorem (CLT) for the random
walks) of course applies. Namely, we have the following result.
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PROPOSITION 4.1 (Donsker-Prokhorov approximation). Fiz t > 0. Ife — 0,
né(t) := [ £ ] = +o0, then
(law)
(a‘{isnf(t)J ) bfsni(t” )se[o,l] :) (G(St)a b(Sf))se[o,u,
where a and b are defined in (2Z4).

On the other hand, we are going to prove that some quasi-local Theorems
as well hold. By quasi-local Theorem, we mean here that we consider a suitable
renormalization of a neighborhood of the origin. Our main result in that direction
is the following Theorem.

THEOREM 4.2. Let ¢ be a smooth test function s.t. its Fourier transform is
compactly supported in [—1,1] and s.t. [, ¢(x)dx = 1. Denote, for a given § > 0,
by ps(x) = 5¢(%) its rescaling. Fizt > 0, posszbly large, and define for n € 2N,

1
En = (L)2. Then, for 6, = t%n*%+77~y e (0, %)’ we have:

n

(4.1) E

Is,=o0 ¢s, (En Z Y; exp(gnsjl))l ~p
j=1

Here, we denote for t > 0 by pa(t,) the density of the random wvariable by =
fot eB. dB? where (ésl)se[o 9 s a usual Brownian Bridge independent of the Brow-

nian motion B2. The subscript 2 in pa(t,-), is here to recall the considered random
variable is associated with the second component of the Brownian motion on the

group.
Also,
(42)  pa(t,0) =E| ! ] T pa(t,0) (t,e,e)
. 3 = ———-——— 7 ) = ,€,€).
p2 t——+oo t \/2_7]'tp2 pAff(R)

\/2m fot 2Bl ds

Hence, we find the expected asymptotics in large time. We have a normalization
in ,, and not in &3 in (@), because we have already normalized our approximation
of the stochastic integral in our scheme ([B:2)). We also specify that the threshold
0n has the above form, which equivalently rewrites 5> = n~7, in order that some
remainder terms in the analysis can be neglected w. r t. the intrinsic scaling of the
limit theorem in ¢=3/2. The previous condition equivalently expresses that the ratio
f;—: between the time step €, and the window size §, for the approximating Dirac
mass is negligible in n (window bigger than time step). We refer to the proof in
Section below for details (see in particular equation (Z20)).

To illustrate the phenomenon that appears on Aff(R), i.e. the tremendous
different rates between the pointwise return probabilities, and the quasi-local The-
orem, we consider a rather simple model which already enjoys such properties. Ba-
sically, this dichotomy emphasizes that, the discrete subgroups are somehow very
dense, in the sense that they allow to have the expected convergence rates towards
the densities of the limiting objects when integrated on a suitable neighborhood.

4.1. Quasi-local CLT: the toy model. We discuss in this section some
points related to the local CLT on a dense subgroup G. of a Lie group G in the
simplest possible case, taking G =R, Gy = {z: 2z = Zf\il n;o;} (or more generally

={z:2z= 62521 d;a;}, € > 0). Here, N € N is a fixed given integer, o =
(o1, -+ ,an) is s.t. the {ai,i € [[1,N]]} are rationally independent real numbers
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and d = (dy,- -+ ,dy) € Z" encodes the coordinates/displacements associated with
the entries of a.

The subgroup G; is not only dense in R but is also in some sense locally uni-
formly distributed. This can for instance be seen from Herman Weyl’s classical
result (see e.g. [SS03]). Consider for a fixed non negative integer L, the sequence

N
By = (Zaidi) Mod L = {a,d) Mod L,
=1

where here the notation Mod L stands for the remainder term of the division by L.
Then, for an arbitrary continuous and L periodic function f we have:

z
(4.3) lim ez JE) / fla
M—+oo #{d € ZN : |d| < M}
where | - | stands here for the Euclidean norm of RY.

Consider now the symmetric random walk (z,)neny on R, s.t. 2o = 0, x,, =
Z;L:1 u; where the (u;)jen+ are i.i.d. real-valued discrete random variables with
law:

N
44) w2 podo + = Zm Say +0-a,), Vie [LNLO<p <1, Y pi=1.
=0

We can as well consider the auxiliary random walk (X,)nen on RV st. Xy =0,
= >j—, U;j where the (Uj) en- are i.id. RN _valued discrete random variables
with law:

N N
(law) 1 .
Ur "= podo,y + 5 Z;p(zs +0-ge); Vi € [1LN],0<pi <1, Z;p =1
In the above expression the (e;);e[1,n7 denote the canonical basis vectors of RY.
Observe that the relation between the random variables (u;);jen- and (Uj) jen-,
and therefore between x and X is summarized as follows:

N
(4.5) Vi€ N*, uy = (U, Y ex) = (Uj,1), 2= (X, ¥ ex) = (X, 1),
k=1 k=1

where 1 := 211\;1 er=(1,---,1)*.

Introduce now for notational convenience:
Plx, = 0] =y,

i.e. r, denotes the return probability to 0 at time n. We want to emphasize the
following fact. Even though, from the standard CLT:

N
(46) = SR N(0,0), 0" =Bl = Y _pial,

we do not have r, ~, —= but instead 7, ~,, —7z. The result can be intuitively
justified from the fact that from the rational independence of the {a;}ic[1,n],

(4.7 rn = Pla, = 0] = P[X,, = Ogn].

For the latter event, this means that in each direction the number of positive and
negative transitions are the same, and the asymptotics for this return probability
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corresponds to the product of the return probabilities in each direction. This fact
can be formalized with the following proposition.

PROPOSITION 4.3 (Asymptotics for the return probability). As n — 400, the
following result holds:

- If po > 0, then:

C(p) 1
rn = Plr, =0] ~, —~, C ::Il .
[ ] ny () P V2D
- If po =0, then: r, =0 if n is odd and for n even:
Ty = Pla, =0] ~, 201(;1)).
nz

We point out that, since the underlying random walk X,, is actually a random
walk on Z~ with steps distributed on the standard generators, the results of Propo-
sition can be directly derived from the standard local limit theorem, see e.g.
Lawler and Limic [LL10]. We anyhow provide below a proof which together with
the deviation result of Proposition [£.4] gives a very simple one dimensional analytic
proof of a more general quasi-local theorem and also emphasizes the point we want
to stress: namely, for the considered scalar walk the dramatic dichotomy between
the behavior of the return probabilities and the integration on a neighborhood of
Theorem below.

PrOOF. Observe that X, is lattice valued. For a given n € N, defining .%,, :=
{(517"‘ Jén), Vi € [1,N],& € {—nay,- - ,nai}}, we have P[X,, € £,] = 1.
Actually supp(X,,) C .%,, where the inclusion is strict. Write then for all t € RY:

(4.8) Elexp(i(t, X)) = Y P[Xn = & exp(i(t, £)).

§€Ln

Introducing the rescaled torus T, := [~ 2-, I-], we get that for all

1
(fa C) € g’m ‘T—a

A exp(—i(t, £)) exp(+i(t, ¢))dt = ¢ c.

Hence, for any &y € supp(X,,):

(4.9) P[X, = &) = @ [ exp(=ilt, o) Blexp(ir, X,

N )
_ H(a?r—w | expl=itt.c)en e

o
N

where ¢(t) := Elexp(i(t, U1))] = po + Z;»V:l pjcos(tja;) =1+ Z;»V:l pj(cos(tjoy) —
1)=1- 22;\;1 pj sin? (tj%)
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Recalling ([@.7T), we thus readily get from the inversion formula (£9) taking
& =0, and changing variable to s; = a;t;, j € {1,---,N}

rp = P[X,, = Ogn]
_ ! / (g
@nN Jo, © e an

N . n
“ [, -2 () o

where Ty := [, w]™. For small values of |s|, and recalling that X,, has zero third
moments, we then get that:

(4.10) (51 S—N) —1+ij(——+0( )) = exp (——Zpgs +0(|s )

(€3] an

1/2 1/2
Set 0, := ¢ (M) , > <¢> . We now introduce By (6,) := {s €

n InlanIIl,N]] p]
Ty : [8loo < dn} (ball of radius 6, around the origin) and Cy(d,,) := {s € Ty :
Vj € [1,N], s; € [-m,—7 + 6,] U [m — 0p, 7|} (corners of radius 6, of the torus
Tn). Set My (0y,) := By (9,) UCN(6,). Observe that for s € Ty \Mpy (), we have
either:

(a) Jjo € [1, N], cos(s;,) — 1 = —2sin>(22) € [=2 + %2 + 0(82), =% + o(62)].
(b) Kg:={j €[1,N]:|sj] <6} and Kr :={j € [1,N] : (= —|s;]) < 0,} are non
empty.

) 2
In case (a), we readily get |1 — 2 Zj\;l pjsin® (3) ] < <1 —pjo%" + 0(5%)). In case

(b), we derive:

N
j 52 1
\I—Q;pjsilf (%)\§|1—2 Z pk|+7"—|—0(5,2b) =cr,s(n) <1—= min p;,

ot 2 je[1,N]

for n large enough. We can therefore rewrite:

Ty = (271)]\7 /MN(6 < QZp]sm (J))nds—FR?v,

5 n
(4.11) |IRYy| < C {(1 _pjo_ + 0(5 )) + cL,s(n)"} ds
T\ M (6,) 2

.2
<Cn % = o(n=N/?).

Let us discuss now the contribution associated with Cn(d,). For s € Cn(dy,), one
has for all j € [1, N]:

-2 (3) -2 (1 (5 ot o

; mT— |8, 2
so that 1 — 23N p;sin® () = —1+ 2po + 0, p; T 4 O((m — Is5)Y).
Hence,

- if pg #0, we thus readily get W fCN(én) (1—2 Eévzlpj sin2 (%ﬂ) ) ds=o(n=N/?).
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- if po =0, by symmetry, we get r,, = 0 if n is odd and

7 i, (2 (3)) 0

if n is even. Recall now from (LI0) that:

N . n
(271)N /Ban) (1 7 ij sin’ <%J) ) ds

1 Ns?
:—(27r)N /BN(&,, exp( {;pjgj—l—O )})ds
1 1 5 n)? ds
= ~ —_ = -+ ~
(2mn) % 11, /Py /nj-vl {\éﬂsm(n)l/‘z‘pj”} o ( 2 ; % )> (2m)%

This gives the stated result.

We can as well refer more generally to the proof of the classical local CLT (see e.g.
[Pet05], Chapter 5 in [BR76] for the multidimensional case or again Lawler and
Limic [LL10]).

Observe that the asymptotic of the return probability 7,, does not depend on the
rationally independent numbers () i, n7 chosen. We simply used the fact that,
to return to 0, we must have over the considered time interval, for all j € [1, N],
the same numbers of random variables taking the values —oje; and oje;. |

Hence, the bigger N, the smaller the exact return probability. Similarly, from
([#3) we can extend the previous proposition with the following result.

PROPOSITION 4.4 (Deviation bounds for the LLT). Let n — +oo and y €
RN M supp(X,) be s.t. its Buclidean norm |y| < ni=, v > 0 (which is meant to
be small). Then, for pg > 0, recalling as well that Xo = 0, we obtain:

2
exp(— yj )

5T

27ij )

Proor. We indicate that starting from (9], proceeding as in the previous
proof of Proposition and considering a localization with respect to a ball of
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radius 8, = n~(/47/2) we derive:

(4.12)
1 Y1 YN
PXn =yl = o= T an /)
[ y] (27T)N /B((S”)GXP( <(C¥1 OZN) 5>>
N
xexp( Z +O|| ))d5+RK7
1
(413) = N N /
(2mn)2 Hj:1 VD5 T {155 1<nt/a=7/2p1 /%y

X exp < —1 <(a1(py117,)1/2 T aN(]iJzirvn)l/2>,§>)

X ex (—1 3 §2+0(E))L + RY
PL7 3 ptl n ) (@m)Nz TN
where, as in (@I1)),
(4.14)
52 "
Ry < C {(1 2t 0(52)) n cL,s<n>"} ds < C exp(—en'/~7),
Tn\Mn (65)

using the current choice of §,, for the last inequality. Hence,

1
(4.15) P[X, = y] ~n - / 2
(2mn) = [[,=1 /Pj JTIL 1551 <nt/4=7/2p) %)
xexp(—i yil’...vyij\')vg )
i (pin)l/? (pnm)t/2
1 ds
j=1
Write then,
) : 1l Y %)
P.ly) = /exp(—i—s)exp ds + R}
" (2mn) ¥ I, iy 1 Je o (pn) 72
N 2
1 Y
(416) = N exp — Z 2—3 + 7]({7
(27”1)% Hj:l VPj j=1 2agpjn
C 5|2 C
Ryl < —= eXp(—ﬂ)dg < — exp(—ent/?77).
nE I, 5,1 <nt /402y 2 e 2 n

2

On the considered range set for y, i.e. |y| < n®/*=7, since exp(— Zjvzl 2;2{#) >
iPi

exp(—con/2727) and |R%| < Cexp(—cn'/277), the term RY; can indeed be seen

as a global remainder uniformly in y. Equations (15) and (@I7), (£I4) then yield

the result. Observe as well that for y € supp(X,), (y—l e ezZN. ]

oy’ ’OtN)
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Again those deviation results can be deduced from the proof of the more com-
plex Theorem 2.3.11 in [LL10]. We keep the proof for the sake of completeness
and its simplicity.

Observe now that from the previous definition of x,,, for any I' C R,

N
(4.17) Plz, €T]=P[(X,, 1) €)= Y  PX,=) aeil.
yeZN (y,a)eT =1

From equation (£I7) in Proposition [£4] we derive the following theorem.
THEOREM 4.5. For a given v € (0, %), and a positive sequence 8, —, 0 and
s.t. 0, >n~(277), we have for pg > 0:
1
27 (2n)o
where as in the usual CLT stated in ([E8), 02 = Zfil pia?.

Plzan € (=6, "0, 1)) ~n 26, ,

From Proposition 3] and Theorem 5], we precisely see that, the integrated
probability gives the expected usual rate in n~/2. Actually, this is precisely due to
the last part of Proposition 4] we integrate in a neighborhood of a hyperplane of
R, whereas the pointwise return probabilities might have arbitrarily polynomial
decay in function of the chosen N. We will show in the next subsection a similar
behavior for our random walk on Aff(R).

REMARK 4.1 (Alternative formulation of Theorem [L3]). Note that, we can as
well provide an upper bound of Theorem not only around 0 but also for points
a belonging to intervals whose size can as well go to infinity with n. Namely, for

On —n 0 s.t. 5nn% —, +o0o and ‘i;ll —, 0, one has:
In(62n2)
(4.18) P2 ¢ (4,0 4 61)] ~n 60— ( “2>
. ) n)| ~n On X - 5 |-
av2n V2 P 2
Defining for x € R, F,(z) := P[:?ﬁ < z] and F(x) := \/% I exp(—%)dy, write
from the Berry-Essen theorem:

T2on

Sy

€(a,a+0,)] = Fula+dn)—Fola) = (Fn(a+5n)_F(a+5n))

+(F(a+d,) — F(a))

+(F(a) = Fy(a)) =t F(a+ 6,) — F(a) + Ry,
2Cus3 B
03\/%7/13 =
with uy defined in (@4). On the considered ranges for 4, and a, R, is indeed

a remainder and ([@I8)) readily follows from the above equation and a first order
Taylor expansion.

[Rn| < Eflus]?],

4.2. Proof of Theorem We first need the following auxiliary lemma
concerning the maximum of the conditioned random walk.

LEMMA 4.6 (Maximum and Minimum of the conditioned random walk). Let

n > 0 be given and consider the conditioned random walk (Sj)jeﬂo nE S; =37 X,

s.t. 5’0 = S'n = 0. We recall here that (X;)ien+ is a sequence of i.i.d. Bernoulli
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random variables. Denoting by M,J[ = maX;e[o,n] 5'1-, Mn* = minge[o,n] S; we have
that for all @ > 0 there exists ¢ := c(0) > 1 s.t.
(4.19) [exp (9—)] + ]E{exp (ﬁﬁﬂ < cexp(ch?).

vn vn

PRrOOF. It is well known from the Donsker invariance principle that M;L“ , Mn_
respectively converge in law towards the maximum and the minimum of a standard
Brownian bridge on [0, 1] (see e.g. Liggett or Vervaat [Ver79]). For the
rest of the proof we focus on ]\;[,J[ , the results for M; can be derived similarly by
symmetry.

For any A > 0, denoting by M+ := SUP,eo,1 B, where (B)se[o,u is a standard
Brownian bridge, we get that for all § > 0:

M ! !
E exp (GW)HE A] T}E exp(@M*)H|M+‘§A SE{GXP(@M‘F)}
ﬁ =

Letting A — 0o, we then obtain by usual uniform integrability arguments that:

exp (9%)1 — ]E{exp(@M*)]

Therefore, there exists C := C(6) > 1 s.t. for all n > 0,

E

E lexp (9%)

where the last inequality simply follows from the exact expression of the joint law
of the Brownian motion and its running maximum, see e.g. [RY99]. O

< CIE[exp(OMJF)} < Cexp(ch?),

PROOF OF THEOREM (4.2l We have first, for even n:

Ls,=o ¢s,, ( En:Y exp(enSj— 1))1
l snzn:Y exp(enS;j— 1)>|Sn = 0]

Jj=1

E

3

=P[S, —O]Elqﬁan (en Y exp(enSj— ))]
j=1

where (Sj)je[[l,n]] stands for the random walk conditioned to be at 0 at time n.
Then:

E [Hsn_o b5, (20 D Y5 exp(snsjl))]

Jj=1

~p \/ﬁ lQW/QS (Onx exp(—zaanY exp EnSJ 1))d:c1

j=1
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Taking the conditional expectation w.r.t. to (S;);e[1,n) and using the symmetry of
the i.i.d random variables (Y});e[1,n], we derive:

E [Hsn_o b5, (20 D Y5 exp(snsjl))]

Jj=1

2 1 . n
s on /R¢(5nx)ElH cos (epz exp(e,5;-1)) | dz.

Jj=1

Let now 1\77; ,Mr‘f denote the respective minimum and maximum values of the
conditioned random walk (bridge) (S;);e[1,n]- We can assume w.l.o.g. that \Mni\ <
cn? ln(n)% for a sufficiently large constant c. Indeed,

E[H\M}\zcn% ln(n)% ]IS”ZO}

~4 1 1
— > 2 2| =
P[|M5| > en? In(n)?] B[S, = 0]

1

1 1 1
< CndP|| M| > cen? In(n)* ] P[S, = 04, p,g>1, P

using the lower bound of the control

c1 n 1 C
= SPS. =0) (nﬂ)%_\/ﬁ,c 1,

which follows from the Stirling formula, for the last inequality. The upper bound
and the Bernstein inequality@ for the standard random walk on Z then yield:

Y

_ 2 ) B
IP’[|Mni| > cn? ln(n)%} < Cexp <—§— ln(n)> nz=3) = Cn_%"'%(l_%),
p

which again gives a negligible contribution w.r.t. to the scale n=% for ¢ large
enough.

Recalling as well that we have assumed QAS to be compactly supported in [—1, 1],
we get that we only have to consider the integration variable x in the range || < %.

Recall from the statement of Theorem B2 that §= = n™7 for 0 <y < % Then, for
all j € [1,n], on the event {]T/[/;‘ <enzln(n)z}):

~ € ~
en|z| exp(enSj—1) < 6—” exp(enSj_1)
n

<n " exp(san:)

(4.20) <n7Yexp (ct% (In(n)) %) —p, 0.

fWe can also refer here to formula (2.16) of Theorem 2.13 in for a more precise
result which is not needed for our current purpose.
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On the associated sets, we will therefore obtain that the arguments in the cosines
are uniformly small. Precisely:

H cos (EanJ exp(sngj,l))]l
j=1

—_ 1 1
M,f<en?2 ln(n)2‘|

ﬁ (1 _ (enz)? exp(2e,,5-1) + O((snx)4 exp(4sn§j1)>>

2

x I — 1 1
M, <en2 In(n)2

exp ( Zn:{ exp (205;-1) + O((snx)4exp(4an5‘j_1)) })

J=1

X H]\’Z,Jfgcn% ln(n)%
Hence,
1 [ - .
7 /¢(5nx)IE H cos (g,2Y; exp(anSJ—l))] dx
(4.21) =1
~ x2 ~ ~
¢(5n$)]E eXp ( - ?(An(t) + Rn(t))>ﬂj\7:r<cné ln(n)%‘| dr =: Ina
where,
(4.22)  Au(t) =23 exp(2,5;-1), [Ralt)] < c( Zexp 42,55 1) )
j=1

where the constant C' in absolute constant, which in partlcular does not depend on
x, t or n. Now, we derive from ([£.20) that

2?e? exp (26,5;-1) <Cn~* exp (201&% (ln(n))%) 0.

n

Thus,
IR, ()] < C [ & Zexp 4e,5; ex
<C }L(t)n*?v exp (2¢t2 (In(n))?)
= CAu(t)Bn, B =0 0
We get that:

1 A 2 -
(4.23) 1, ~p 7 /¢(5nx)Elexp (— 7/1 n(t )) Tt <en ln(n)%]dm.

Indeed, for all A € [0, 1],
(4.24)

~ - n N - 1 1 -~
An () + AR, (t) > €2 Zexp(ZanSj_l) —|R,(t)] > 56721 Zexp(QanSj_l) = EA"(t)'

j=1 j=1
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so that:

[An(t,2)| =

Thus, exploiting that (;AS is bounded we get:
(4.25) ‘ / (o) E[An(t, o)y (n)%}dx’ < CBE[| A, (1) 2],

We now state a useful Proposition, whose proof is postponed to the end of the
section for the sake of clarity.

PROPOSITION 4.7. For 6 € {%, 1} and n > 1, there exists C > 1 s.t.:
(4.26) B[l (0]~ < Ct ",

Let us now prove that Proposition .7 and ([@.25]) yield ([@23).
We first split the term I,, introduced in ([@21]) and equivalent to the r.h.s. of
[#23) into two parts.

1 . 1, -
1. - _ 2
o= 5 )< 2 POn)BIexP(=52 An(O) iz (1 1y 3197
<A
3(0) - Efexp(~ 5 A, ()1 o = 1
n 0o | FOPEGT A G a1 = e
<A

Now, from the Fubini theorem, we get:

L 1, -
In = 0052 (E l{ /Re"p(_ixm"(t))df”} Hm@(mn(n»;]

1 5+
_/z|> 1 E[exp(—ix A”(t))HM,TQ(mn(n))é]dx)
Von

) ) 1A,(1), 1
_ (E[mﬂﬁigc(nln(n))%]>+O<E[exp(_z 5, )W]>

1 1/2 I -1
= (E[mﬂmgc(nln(n))%o +0<5,/ E[(A,(1)) ]).

From Propositions @] and .7 and Fatou’s lemma, we obtain:

b
2 A(t)

T
(4.27) I, ~, E =p2(t,0) ~5 400 7

where A(t) = fot exp(2Bl)ds and po(t,.) stands for the density of fot exp(Bl)dB?
at time ¢ and point 0 (see (2)). Indeed, conditionally to {(le)se[()’t]} the law of
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fot exp(Bl)dB? is a centered Gaussian with variance A(t) (Wiener integral). The
last equivalence in ([L27) can be derived directly from Proposition 6.6 in [MY05].
Another derivation, exploiting the explicit large time behavior of the return prob-
ability on Aff(R) given in Theorem [Z3] is proposed in equation [@31]) below. The
term I} ~,, I,, is the main contribution of I,,. The other contribution is small and
can be treated as the above remainder. Let us write:

1 - 1,5~
2 . )
|7 = p) |6 (0,2)| Elexp( 5% An(t))]IMf{SC(nln(n))%]dx
Von
1 Ap(t) 1 1/2m00 -1
< - — < .
<  CElexp( 10, )An(t)1/2] < 6,/ °E[(An(t)) 7]
This completes the proof of Theorem (4.2l O

PROOF OF PROPOSITION [L7l Recall from Donati-Martin et al. [DMMY00]
(see also Chaumont et al. [CHYO01]) that for a standard Brownian bridge (by)ueo,1]
on [0, 1], it holds that for o € RT,

([ exp@bu)du)‘l] .

We now detail how the indicated convergence rate in time can be deduced for § = 1
and the limit Brownian bridge from [#28). Recall that if (By),e[o,4 is a standard
Brownian bridge on [0, ¢], then

~ (law) “ dB,
Bu u = t— ’
(Bu)uefo,y (( “)/O t—v)ue[mt]

where (B,,)y>0 is a standard Brownian motion. Hence:

| ([ ewemian) | = 2 |( [ em (2w [ )a) |

(4.28) E

1 ut -1
dB,
(4.29) = t7'E (/ exp (2t(1 —u)/ )du) 1 .
0 0 t—wv
A usual covariance computation then shows that ((1 — ) Out %) o (law)
ue|0,
m (law)
tl%((l —u) Jo ?fz)ue[o | & ﬂ%(bu)ue[o,l]- Thus, from [@29) and [@28)):
t -1 1 -1
(4.30) E </ exp(?Bu)du> ] —+'E l(/ exp (2t1/2bu)du> 1 _——
0 0
On the other hand, recall that:
pag®)(t,e€) = P(py g exp(B;;)ng)(070) = P51 ()Pt exp(51)an2 (01B¢ = 0)
1 ¢ ) ~1/2 )
= —E |27 | exp(2B;)ds ‘B =0].
ot ( /0 p( ) ) t
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Hence, the asymptotic behavior of the return density for the Brownian motion on
the group given in Theorem 23] (see also ([{2)) yields:

t —1/2 T
(4.31) E l(% / exp(235)du> ] Niotoo T
0

Let us now detail how the statement (Z20) of Proposition 7 can be derived
from the previous controls ([€31]), (£30) on the continuous objects through con-
vergence in law arguments. Starting from our simple random walk Sy = 0,5, =
Z?zl X;, k > 1 we first introduce for any fixed n € N the random polygonal
function

Tp(u) == S|pu + (nu — [nu)) X |py), v € [0,1],

where we recall that |- | stands for the integer part. Introducing the rescaled condi-

tioned process (Hn(u))ue[o = ﬁ(mn(u)\Sn = O)ue[o \ we derive from Theorem

2 in [Ver79| that (Hn(u))ue[o y = (b“)ue[o ) standard Brownian bridge on [0,1]
)

with canonical measure p on C([0, 1]). Considering now the stepwise constant ap-

proximation:

jn(u) = SLnuJa u € [Oa 1]a
and its associated rescaled conditioned process (én(u))ue[o = ﬁ(:ﬁn(uﬂs =
O) we0]? it is easily seen that the corresponding measures fi,, on D([0,1]) converge

weakly in DJ0, 1] to the distribution u (canonical measure of the Brownian bridge on

C([0,1])). From the definition of A, (t) in [{22), recalling as well that &,, = (%)1/2,
we thus rewrite:

Ap(t):=e2 Zexp 26,55 1) Zexp (2151/2\/_~ (%)) —t/()lexp(2t1/2§n(u))du.

j=1

Hence, from the previous convergence in law A,,(t) (lay) tfol exp(2t1/2b, ) du (aw)

fot exp(2B,)du and for a given A > 0 and 6 € {3,1}:
E[(An(t))ieﬂA—lgA,L(t)gA] — E[(At)ieﬂA—lgﬁ(t)gA]'

The statement (£20) now follows from the above equation and the previously es-
tablished estimates ([@31]), (£30), noting as well that, since

-0 ox 12 My g
An(t)™" < (texp(2t \/ﬁ)) :

Lemmald.0] gives that the sequence (fln(t)_g)n>0 is bounded in L?(PP) and therefore
uniformly integrable. The proof is complete. |

REMARK 4.2 (Balance of n and ¢ for the approximation). Observe from the
previous proof of Theorem that one can actually consider at the same time n
and ¢ going to infinity provided inequality (£20) holds. This control is needed in
order to isolate the remainder terms, and basically imposes t < ¢y In(n) for ¢y small
enough which guarantees n~7 exp (ct% (In(n))'/2) =, 0.
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4.3. The Mixed Case. We consider in this Section that the random variables

(Y;)ien in the definition of the random walk approximation ([B2) are i.i.d. and have

1
common standard Gaussian law, i.e. Y; (law) N(0,1). This modification is precisely

enough to restore the “expected” local limit theorem.

=

THEOREM 4.8. For the previously described random walk, taking €, = (%)
and for n € 2N:

Pla., = 1,b., € [0,dx)]

= P[Sn =0,¢, ZYJ eXP(EnSj—l) € [O,dx)] ~n 26n * PAfE(R) (ta €, e)dm'

j=1

We indeed have a result similar to Theorem [£2] except that no integration
with respect to the previous mollifyer ¢5_ is needed.

ProOOF. Note that the random variable b.(n) now has a conditional Gaussian
density (for fixed trajectory (Sk)ren). We thus readily get:

2 1
P[asn = 1ab€n € [O;dx)] ~n E Sn =0| dx.

Vamn | fared ST exp(22,85 1)

Proposition 7 remains valid taking R,, = 0 in the definition @24). With the
notations used therein, this precisely gives A, (t) = &2 2?21 exp(2e,5j-1). We
then derive the statement from Propositions 4.1l B 7 and Fatou’s lemma. O
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