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DUAL QUADRANGLES IN THE PLANE

IRINA BUSJATSKAJA AND YURY KOCHETKOV

ABSTRACT. We consider quadrangles of perimeter 2 in the plane with marked
directed edge. To such quadrangle Q a two-dimensional plane II € R* with
orthonormal base is corresponded. Orthogonal plane IT+ defines a plane quad-
rangle Q° of perimeter 2 and with marked directed edge. This quadrangle is
defined uniquely (up to rotation and symmetry). Quadrangles @ and Q° will
be called dual to each other. The following properties of duality are proved:
a) duality preserves convexity, non convexity and self-intersection; b) duality
preserves the length of diagonals; ¢) the sum of lengths of corresponding edges
in Q and Q° is 1.

1. INTRODUCTION

We follow the work [1] (see also the bibliography there). Let @ be a quadrangle
with perimeter 2 and with marked directed edge in plane R2. It means that we
indicate the first vertex and the direction of going around of Q.

Remark 1.1. If perimeter of a quadrangle is not 2, then we made a dilation with
some positive a.

Let Q = ABCD and A be the first vertex. Vectors AB, BC, CD and DA we will
consider as complex numbers 271, zo9, z3 and 24, respectively. Then

zi+ze+23+20=0, and |zi] + 22| +|zs] + |2l = 2.

Remark 1.2. The above complex description of @ is invariant with respect to a
translation.

In what follows we will consider only non degenerate quadrangles (with one excep-
tion in Section 4), i.e. quadrangles with non-collinear successive edges.

Let’s define complex numbers wuy,us, us,uq in the following way: a) ui = 2z,
k=1,2,3,4; b) u; we choose arbitrarily; ¢) the rotation from uy to ug4+1, ¥ =1,2,3
is in the same direction as the rotation from z; to zpy1. Let up = ap + @by,
k=1,2,3,4, then

Z(ai +b2)=2 and Z[ai —b2) + 2iapby) = 0,
k k

ie. a= (ay,ay, a3, as) and b = (by,by, b3, by) are a pair of orthonormal vectors in
R*. Let IT = (@, b) be the linear hull. The two-dimensional plane IT uniquely defines
its orthogonal complement — the two-dimensional plane II+. An orthonormal base
(¢,d) of TI* in its turn defines a quadrangle Q° of perimeter 2, which will be called
the quadrangle dual to the quadrangle Q.

We will prove the following properties of the quadrangle duality.
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e The dual quadrangle Q° is defined uniquely up to rotation and reflection
(Theorem 2.1).

e The change of the first vertex and the direction of the going around of @
does not change the dual quadrangle Q° (Theorem 2.2).

e The duality preserves: a) convexity (Corollary 5.1); b) non-convexity (The-
orem 5.1); ¢) self-intersection (Theorem 4.1).

e The sum of lengths of corresponding edges (in the sense of Section 3) of @
and @° is 1 (Theorem 6.1).

e The lengths of the corresponding diagonals of Q and @Q° are equal (Theorem
7.1).

e Parallelograms are self-dual (Theorem 8.1).

2. GENERAL REMARKS

Our definition of the dual quadrangle ° is not strictly correct, because the base
(¢,d) of IT* is not unique: it is defined up to a rotation and up to the order of base
vectors.

Theorem 2.1. The plane II+ uniquely defines the dual quadrangle up to a rotation
and up to a reflection.

Proof. Let a base (€, f) of II+ be obtained by the rotation of (¢,d) on an angle a.
Thus,

er = ¢ cos(a) — dsin(a),  fr = cpsin(a) + di cos(a), k = 1,2, 3,4,
ie.
ex +ifr = (cx +idp)e"™ = (ex +i fr)? = (cr +idg)’e®™, k=1,2,3,4.
Hence, the rotation of base of I+ on angle a implies the rotation of Q° on angle
2av.
Let us now consider the base (d, ¢), instead of the base (,d), then
Re ((d;C +ick)?) = —Re ((ck +1 dk)2)
Im ((dk +1 ck)2) =Im ((ck +1 dk)Q)
i.e. this change of base implies the reflection of ° with respect to the axis OY. 0O

Let ABCD be the quadrangle @), where A is the first vertex and the order ABC' D
defines the direction of going around. Let (¢, d) be the base of II* and KLM N be
vertices of Q° (K is the first vertex and the order KLM N defines the direction of
going around).

k=1,2,3,4,

Theorem 2.2. The dual of quadrangle (Q does not depend on the choice of the first
vertex and on the direction of the going around.

Proof. Let us consider the going around of Q = ABCD in the same direction, but

the first vertex be B, i.e. @ = BCDA. Complex numbers 21, 22, 23, 24 are the same,

but in order 29, z3, 24, 21. Complex numbers us, us, u4 are the same, but the last one
may be u; or —uj. If the last number is uq, then I = ((ag, as, a4, a1), (b2, b3, ba, b1))

and IT+ = ((cz,c3,c4,c1), (d2,d3,dy,dy)). Thus, if KLMN is the original dual
quadrangle, then LM N K is the new one, but the same. If the last number is —uy,
then Il = <(CL2, as, a4, —CLl), (bQ, bg, b4, —b1)> and 1_1L = <(CQ, Cc3,C3, —Cl), (d2, dg, d4, —d1)>,
i.e. the result is the same because (—c; —id;)? = (c1 +idp)>
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Now let us consider the going around in the opposite direction, hence, Q = ADCB.
In this case we must consider complex numbers —z4, —z3, — 22, —21 and their square
roots 41 uy, +4ug, +ius, +iuq. Thus

IT = (F(aq, a3, az,a1), £(bs, b3, ba, b1))
and
I = ((ca, c3, 02, 1), (da, d3, da, dy)),
ie. Q° = KNML. 0

Remark 2.1. The rotation of ) does not change the plane II.
Corollary 2.1. Let Q° is dual to Q and (Q°)° is dual to Q°, then Q = (Q°)° u

to a rotation and up to a reflection.

3. THE MAIN CONSTRUCTION

In this section, using the knowledge of lengths of edges and angles of the quadrangle
Q we will construct the base of the plane ITt.

Let @ = ABCD be positioned in the following way: A is at the origin, B is
in the positive real axis, C and D are in the upper half-plane. Let |AB| = sy,
|BC| = s2, |CD| = s3 and |DA| = s4. 4-dimensional vectors a = (a1, az, az, as) and
b= (0, bg, b3, b4) Will be considered as quaternions a and b. Let v = (0, az, a3, aq),
lv]? = a2 + a3 +a3 =1—a? =1—s;. We consider quaternion products g =a-v =
(—a3 —a3 — a3, a1a2,a1a3a1a4) = (s1—1,a1a2,a1a3,a1a4) and h = b-v = (0, bgay —
byasz, byaz — baay,baas — bsas). The corresponding vectors g and h constitute an
orthogonal base of IT+ (not orthonormal, because |g| = |h| = /T — s1).

Let @ be a convex quadrangle

A| B X

Figure 1
Then

21 = 81, 22 = Spexp(m — fB2), 23 = s3exp(2m — P2 — (3), 24 = saexp(m + PB1),

where ZDAB = 3y, ZABC = 35, ZBCD = 33 and ZCDA = 4. Thus,

a = [\/s1,/s280(72), /33 cos(y2 + 73), —/5asin(11)],
b =10, /52 cos(v2),/53sin(v2 + ¥3), /54 cos(71)],

where v, = 8 /2, k= 1,2,3,4, and

g =[s1—1,\/51528in(72), —/5153 cos(y2 +73), —/5154 sin(y1)], (1)
h =0, \/@COS(%) Vs2sasin(y1 + 72), —1/5253 cos(73)]
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If our quadrangle @) is non convex

Figure 2

then
21 = 81, 22 = S2exp(m — f2), 23 = s3exp(fs — PB2), 24 = s4exp(180 + f1),
where ZDAB = 8y, ZABC = 35, ZBCD = 33 and ZCDA = 4. And

a = [\/51,/525in(72), /53 cos(y3 — 72), —/Sasin(71)],
b= [0, /s2co8(72), /s35in(y3 — 72), /54 cos(71)]-

Thus

g =I[s1 —1,\/s1525in(72), /5153 cos(y3 — 72), —/5154 sin(1)], 2)
h = [0, —\/s354 cos(Y4), /S284 sin(y1 + ¥2), /5253 cos(73)].

If at last our quadrangle @ is self-intersecting

y

A B

Figure 3

then
z1 = S1, 22 = Saexp(m — P2), 23 = sz exp(B3 — P2), 24 = saexp(f1 — m),
where ZABC = 3, /BCD = Bs. /CDA = B,, /DAB = ;. And

a = [\/s1,/s25in(72), /33 cos(y3 — 72), /31 sin(71)],
b =10, /52 cos(72), \/s3sin(v3 — 72), —v/54 cos(71)].

Thus,

g =[s1—1,\/s1525in(72), /5153 cos(y3 — 72), /5154 sin(y1)], ()
h =10, /3354 cos(V4), —+/S254 sin(y1 + 72), /5253 cos(73)].



DUAL QUADRANGLES IN THE PLANE 5
4. SELF-INTERSECTING QUADRANGLES

Theorem 4.1. The quadrangle, dual to a self-intersecting quadrangle, is also self-
intersecting.

Proof. Let @ be a self-intersecting quadrangle ABCD (see Figure 3) and Q° =
KLMN — its dual. As z belongs to the upper half-plane, then as > 0 and go > 0.
As agbs — agbz < 0, because of the clockwise turn from z3 to z4, then hy > 0 and
(g2 + i ha)? belongs to the upper half-plane. Thus, M also belongs to the upper
half-plane (K is at origin and L = (1 — s1,0)).

As the turn from z5 to z3 is clockwise, then asbs — aszbs < 0 and hy > 0. As g4 > 0,
then (g4 + i h4)? belongs to the upper half-plane. Thus, N belongs to the lower
half-plane (the direction of the vector NK is up), i.e. Q° cannot be convex — M
and N belong to different half-planes with respect to K L.

Now we will demonstrate that QQ° is self-intersecting. Let us consider the following
highly symmetric quadrangle Qo = ABCD

y
C D

Figure 4

where all angles B, k = 1,2,3,4, are 7/3 (see Figure 3). Its dual Qf = KLMN

y M

N

Figure 5

is the same quadrangle, rotated clockwise on 7/3. Let us assume that there exists
a self-intersecting quadrangle ()1 with non-convex dual (see below)

Figure 6
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Let @, 0 < t < 1, be a continuous family of non-degenerate self-intersecting
quadrangles, that connects Qg with Q1. We construct this family by moving vertices
B, C and D. Then the continuous family ()7 connects Qg with Q)7. Hence, for some
a, 0 < a < 1, the dual quadrangle Q¢ must be degenerate:

M M
K L K L
N
N7 Qa
Figure 7

Now we will consider quadrangles (Q7)° and take the limit for ¢ — «. Let us
consider the quadrangle Q9 in the left part of Figure 7 and let (with some abusing
of the notation) |KL| = s1, |[LM| = s2, |MN| = s3, INK| = s4, ZNKL = py,
LKLM = B9, ZLMN = B3, ZMNK = 4. Then

ar = [\/51,/528i0(72), —/53 cos(y2 + 73), /52 sin(y2 + v3 — 74)],
by = [0, /52 cos(V2), /53 sin(v2 + 73), /52 cos(v2 + 73 — V4)]-

When t — «, then Q7 on the left (Figure 7) is transformed into Qg, on the right,
with angles ZMKL = p1, ZKLM = 3 and ZLMK = f83. When ¢t — «, then
Ba =0, Bo = Ba, B3 = B3 and B1 — 7 — B1. Hence,

Ao = [\/51,/528I0(%2), —\/538in(31), /51 cos(71)],
bo = [0, /52 cos(72), /53 cos(F1), /54 sin(y1)].

Thus,

Jo = [V1 = s1,/51528in(2), —\/5153 8in(71), /5151 cos(71)],
ha = [0, /5351, —/5251 cos(F1 + F2), —\/5283 sin(y1 + 72)].

The quadrangle, constructed with the use of vectors g, and he, belongs to our
family @Q; (Corollary 2.1). Now let us consider complex numbers (gq)s + i(ha)s,
(9a)a + i(ha)s and compute the product

_ VEesacos(Yi+92)  VEasssin(n+92) _ sesin(By)

V/S183sin(1) /5184 cos (1) s18in(f1)

(because in triangle the ratio of an edge to the sine of the opposite angle is constant
and equal to the diameter of the circumscribed circle). As this product is —1
then the corresponding vectors are orthogonal. Thus the squaring of this complex
numbers produces collinear vectors. Hence, the quadrangle (Q2)° is degenerate.
But it cannot be so, because it belongs to our non-degenerate family. O
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5. NON-CONVEX QUADRANGLES

Theorem 5.1. If QQ is non-convex quadrangle, then its dual is also non convex.

Proof. Let @ be a quadrangle in Figure 2. As 29 belongs to the upper half-plane,
then as > 0, thus g2 > 0. As azby — asbs > 0, because of the counter clockwise turn
from 23 to z4, then hy < 0, i.e. (g2 +ih2)? belongs to the lower half-plane. Thus,
the vertex M lies in the lower half-plane.

As z4 belongs to the lower half-plane, then a4 < 0, by > 0, thus g4 < 0. As
asbs — agby < 0, because of the clockwise turn from 2z to z3, then hy > 0, i.e.
(ga + i hy)? belongs to the lower half-plane. Thus, the vertex N lies in the upper
half-plane, i.e. vertices M and N lie in different half-planes with respect to edge
K L. Hence, the quadrangle K LM N cannot be convex. But by Theorem 4.1. it
cannot be self-intersecting, so it is non-convex. ([

Corollary 5.1. The dual to a conver quadrangle is also convex.

6. EDGES

Theorem 6.1. Let Q = ABCD be a conver quadrangle and Q° = KLMN be
its dual. Then |AB| + |KL| = 1, |BC|+ |LM| = 1, |CD| + |[MN| = 1 and
|DA|+ |[NK| = 1.

Proof. As |g| = |h| = v/1T — s1, then have to prove that |(ga +ih2)?| = g5 + h3 =
(1 —51)(1 — s2). Let |[AC| =, then

g3 + h3 = 5189 sin2(”yg) + 8354 cos%(y4) =
[s182 — 8182 cos(B2) + S384 + 8384 c0s(B4)]/2 =
[s182 4+ (1 — 53 — s3)/2) + s3s4 — (I — 53 — s3)/2] /2 =
[(s3 +54)% = (51— 52)%]/4 = [(s3 + 54+ 51— 52) (83 + 84 — 51+ 52)] =
= (1 — 82)(1 — 81).

The same reasoning proves that |[NK| =1 — s4. As perimeters of @ and @Q° are 2,
then |[MN| =1 — s3. O

Remark 6.1. The same reasoning proves the theorem for non-convex and self-
intersecting quadrangles.

7. DIAGONALS

Theorem 7.1. Let Q = ABCD be a conver quadrangle and Q° = KLMN be its
dual, then |AC| = |KM| and |BD| = |LN|, i.e. the duality preserves lengths of
diagonals.

roof. Let [ = = |21 + 22| = |23+ z4|. We will prove, that + (g2 +1ho)?| =
Proof. Let I = [AC| = | | = |23+ 24]. We will prove, that [g7 + (g2 +i h2)?|
(1 — s1)l. At first we will find the real part of the complex number (g + i ha)?:
Re(ga +ihy)? = g% — h% = 5159 sin2(72) — 5354 €082 () =
[s152(1 — cos(B2) — s384(1 + cos(B4)]/2 =
= 25189 + 1% — 57 — 553 — 28354 + 1> — 55 — 53] /4 =

= [20% — (51 — 52)? — (3 + 84)%] /4.
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Now the real part of g7 + (g2 + i he)? is
(1—51)” 4+ [20* = (s1 — 52) — (53 + 54)%] /4 =
= [4(1 = 51)2 + 202 — (51 — 52)% — (53 + 54)7] /4 =
=[2(1 —s1)% + 212 + (1 — 251 + 52)(1 — s2)+
+(1 =51+ 83+ 54)(1 — 51— 53 —54)]/4 =
=[2(1 —51)2 + 21 + (1 — 251 + 82)(1 — 53) + (52 — 1)(3 — 251 — 82)]/4 =
=[2(1 —s1)% + 212 —2(1 — 59)?] /4 = [I> — (51 — 52)(53 + 54)]/2.

Now we will find the square of the imaginary part of g% + (g2 + i ha)?:

481595354 8in?(72) cos?(4) =
= $152(1 — cos(B2)s384(1 4 cos(B4)) =
= (28159 + 1% — 57 — 53)(28354 + 55 + 55 — %) /4 =
= (1> = (51— 52)%)((s3 + 54)> — I?) /4.
At last we can find |g7 + (g2 + i ha)?|*:
[(12 = (51— s2)(s3 + 54))° + (12 = (51 = 52)*)((s3 + 84)" = I*)] /A =
= [12(—2(s1 — 82) (83 + 84) + (83 + 54)> + (81 — 52)?)] /4 =
=1?[(s3 + 54 — 51+ 82)%]/4 = 12(1 — 51)%.
Analogously, we can prove that |7 4+ (g4 + i ha)?| = (1 — s1) - |BD. O

Remark 7.1. The statement of this theorem is also valid for non-convex and self-
intersecting quadrangles. The reasoning is the same.

8. SPECIAL CASES
Theorem 8.1. The dual to a trapezoid is a trapezoid.

Proof. Let Q = ABCD be a trapezoid, where AB || CD:

y
D C

Figure 8

Here z3 is a negative real number, hence, us = a4, a > 0, hence, g3 = 0, hence
) b b) b ) b
(g3 + i h3)? is a negative real number. O

Theorem 8.2. The dual to a parallelogram is the same parallelogram.

Proof. Let Q@ = ABCD be a parallelogram. As |AB|+|BC| =1, then |KL| = |BC]|
and |[LM| = |AB|. It remains to note that |[AC| = |KM|. O
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9. THE GEOMETRIC CONSTRUCTION
Given a convex quadrangle @) it is easy to construct the dual Q°, using ruler and
compass.
Let @ = ABCD be a convex quadrangle

D

Figure 9

with diagonal AC. Let |AB| = s1, |BC| = sa, |CD| = s3 and |DA| = s4. Using
compass we construct the point Bj: a) it is in the same half-plane (with respect to
AC) as point B; b) |B1A| = (sa+53+54—31)/2; ¢) |B1C| = (s1+83+54—52)/2. In
the same way we construct the point Dy: a) it is in the same half-plane (with respect
to AC) as point D; b) |[D1A| = (s1+s2+53—54)/2; ¢) |D1C| = (s1+S2+54—$3)/2.
Then AB;C'D; will be the required dual.
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