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ABSTRACT

A notion of quantum matrix (QM-) algebra generalizes and unifies two famous families of
algebras from the theory of quantum groups: the RT T-algebras and the reflection equation
(RE-) algebras. These algebras being generated by the components of a ‘quantum’ matrix M
possess certain properties which resemble structure theorems of the ordinary matrix theory.
It turns out that such structure results are naturally derived in a more general framework
of the QM-algebras. In this work we consider a family of Birman-Murakami-Wenzl (BMW)
type QM-algebras. These algebras are defined with the use of R-matrix representations of
the BMW algebras. Particular series of such algebras include orthogonal and symplectic
types RTT- and RE- algebras, as well as their super-partners.

For a family of BMW type QM-algebras, we investigate the structure of their ‘charac-
teristic subalgebras’ — the subalgebras where the coefficients of characteristic polynomials
take values. We define three sets of generating elements of the characteristic subalgebra and
derive recursive Newton and Wronski relations between them. We also define an associative
*-product for the matrix M of generators of the QM-algebra which is a proper generalization
of the classical matrix multiplication. We determine the set of all matrix 'descendants’ of
the quantum matrix M, and prove the x-commutativity of this set in the BMW type.
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1 Introduction

A notion of a quantum matrix group, also called the RTT-algebra, is implicit in the quantum inverse
scattering method. A formal definition has been given in the works of V. Drinfel’d, L. Faddeev,
N. Reshetikhin and L. Takhtajan [7, 48]. Since then, various aspects of the quantum matrix group
theory have been elaborated, especially in attempts to define differential geometric structures on non-
commutative spaces (see, e.g., [37, 49]). In particular, a different family of algebras generated by
matrix components, the so-called reflection equation (RE-) algebras [5, 34], has been brought into
consideration. Soon it was realized that, for both the RTT- and the RE-algebras, some of the basic
concepts of the classical matrix algebra, like the notion of the spectral invariants and the characteristic
identity (the Cayley-Hamilton theorem) can be properly generalized (see [10, 42, 45, 52]). So, it
comes out that the matrix notation used for the definition of the RTT- and the RE-algebras is not
only technically convenient, but it dictates certain structure properties for the algebras themselves.
It is then natural to search for a possibly most general algebraic setting for the matrix-type objects.
Such family of algebras was introduced in refs.[18] and [24], and in the latter case the definition was
dictated by a condition that the standard matrix theory statements should have their appropriate
generalizations. These algebras were called quantum matrix (QM-) algebras although one should have



in mind that the QM-algebras are generated by the matrix components rather than by the matrix
itself.

The RTT- and the RE-algebras are probably the most important subfamilies in the variety of QM-
algebras. They are distinguished both from the algebraic point of view (the presence of additional
non-braided bi-algebra and bi-comodule structures) and from the geometric point of view (their inter-
pretation as, respectively, the algebras of quantized functions and of quantized invariant differential
operators on a group); also, the RE-algebras naturally appear in the representation theory, in the
description of the diagonal reduction algebras [33]. However, for the generalization of the basic matrix
algebra statements, it is not only possible but often more clarifying to use a weaker structure settings
of the QM-algebras.

So far, the program of generalizing the Cayley-Hamilton theorem was fully accomplished for the
linear’ (or Iwahori-Hecke) type QM-algebras. For the GL(m)-type algebras, the results were described
in [14, 27, 24] and for the GL(m/|n)-type algebras in [15, 16]. These works generalize earlier results
on characteristic identities by A.J. Bracken, H.S. Green, et. al., in the Lie (super)algebra case [3, 13,
2, 12, 29] (for a review see [20]) and in the quantized universal enveloping algebra case [17], and by I.
Kantor and I. Trishin in the matrix superalgebra case [31, 32].

The similar investigation program for the QM-algebras of Birman-Murakami-Wenzl (BMW) type
(for their definition see section 4.1) was initiated in [44]. In the present and forthconimng works we
continue and complement this program. The family of BMW type QM-algebras serves as a unifying set-
up for the description of the orthogonal and symplectic QM-algebras as well as for their supersymmetric
partners. Some partial results about specific examples of such algebras and their limiting cases were
already derived. In particular, the characteristic identities for the generators of the orthogonal and
symplectic Lie algebras have been considered at the representation theoretical and at the abstract
algebraic levels in [3, 13] and in [2, 12, 38]. The characteristic identities for the canonical Drinfeld-
Jimbo quantizations of the orthogonal and symplectic universal enveloping algebras were obtained
in [39] and their images in the series of highest weight representations were discussed in details in
[40]. So, it is pretty clear that proper generalizations of the Cayley-Hamilton theorems do exist for
the families of orthogonal and symplectic QM-algebras. However, in a derivation of these results one
meets serious technical complications. The reason is that the structure of the Birman-Murakami-Wenzl
algebras is substantially more sophisticated then that of the Iwahori-Hecke algebras (Iwahori-Hecke
and Birman-Murakami-Wenzl algebras play similar roles in the construction of the QM-algebras of
linear and BMW types). In the present work we develop an appropriate techniques to deal with these
complications.

In sections 2 and 3 we collect necessary results concerning the Birman-Murakami-Wenzl (BMW)
algebras and their R-matrix representations. In the beginning of section 2 we define the BMW alge-
bras in terms of generators and relations, describe few helpful morphisms between these algebras, and
introduce the baxterized elements. These elements are used in subsection 2.2 for the definition of three
sets of idempotents called antisymmetrizers, symmetrizers and contractors. Necessary properties of
these idempotents are proved in proposition 2.2. All the material of this section, except the construc-
tion and properties of the contractors is fairly well known and we present it to make the presentation
self-contained.

In section 3 we consider the R-matrix representations of the BMW algebras. We define stan-
dard notions of the R-trace !, skew-invertibility, compatible pair of R-matrices and R-matrix twist
(subsection 3.1). In subsection 3.2 we collect necessary formulas and statements relating the notions
introduced before. To investigate the skew-invertibility of the R-matrix after a twist, in subsection
3.3 we derive an expression for the twisted R-matrix, which is different from the standard one. Next
we describe the BMW type R-matrices (subsection 3.4). The major part of a technical preparatory
work is done in subsections 3.2—3.4, and 3.5, 3.6. Here we develop the R-matrix technique, which is
later used in the main sections 4, 5.

In the beginning of section 4 we introduce the QM-algebras of general and BMW types. We then

define the characteristic subalgebra of the QM-algebra. In the Iwahori-Hecke case, it is the subalgebra
where the coefficients of the Cayley-Hamilton identity take their values. As it was shown in [24],

I This operation is also called a quantum trace or, shortly, a g-trace in the literature.



the characteristic subalgebra is abelian. In subsection 4.2 we describe three generating sets for the
characteristic subalgebra of the BMW type QM-algebra. As compared to the linear QM-algebras,
all these generating sets contain a single additional element — the 2-contraction g — which at the
classical level gives rise to bilinear invariant 2-forms for the orthogonal and symplectic groups.

Next, in subsection 4.3, we construct a proper analogue of the matrix multiplication for the quan-
tum matrices. We call it the quantum matrix product ‘x’. In general, the x-product is different
from the usual matrix product. It is worth noting that for the family of RE-algebras, the x-product
coincides with the matrix product. The x-product is proven to be associative and hence the x-powers
of the same quantum matrix M commute. We determine then the set of all ‘descendants’ of the
quantum matrix M in the BMW case and prove that this set is x-commutative. It turns out that,
unlike the linear QM-algebra case, it is not possible to express all these descendants in terms of the
*-powers of M only. The expressions include also a new operation ‘T’, which can be treated as a
‘matrix multiplication with a transposition’.

In subsection 4.5 we define an extension of the BMW type QM-algebra by the element ¢g~' which
is the inverse to the 2-contraction. Then we construct in the extended algebra the inverse x-power of
the quantum matrix M.

The last section 5 contains the principal result of the present work, theorem 5.2, which establishes,
for the BMW type QM-algebras, recursive relations between the elements of the three generating
sets of their characteristic subalgebras. These formulas generalize the classical Newton and Wronsky
relations for the sets of the power sums, elementary and complete symmetric polynomials (see [36])
to the case of quantum matrices and simultaneously, to the situation where additional element of
the characteristic subalgebra, the 2-contraction, is present. To prove this result we first derive the
matrix relations among the descendants of the BMW type quantum matrix M (see lemma 5.1). These
relations can be viewed as the matrix counterparts of the Newton relations, and they are expected to
be important ingredients in a future derivation of the characteristic identities for the QM-algebras of
the BMW type.

Some auxilliary results, which are interesting in themselves, although not necessary for considera-
tions in the main text, are collected in the appendices. In appendix A we prove the primitivity of the
contractors from subsection 2.4. In appendix B their further properties are discussed. Appendix C is
devoted to a discussion of universal counterparts of the matrix relations given in subsections 3.2, 3.3.

In forthcoming papers we are going to construct the Cayley-Hamilton identities, and, more gener-
ally Cayley-Hamilton-Newton identities in the spirit of [23], for the series of orthogonal and symplectic
QM-algebras and, further on, for their super-partners.

2 Some facts about Birman-Murakami-Wenzl algebras

In this preparatory section we collect definitions and derive few results on the Birman-Murakami-
Wenzl algebras. We give a minimal information, which is required for the main part of the paper. In
particular, in sec.2.2 we describe series of morphisms of the braid groups and their quotient BMW
algebras; in sec.2.3 we introduce baxterized elements which are then used in the sec.2.4 to define
three series of idempotents in the BMW algerbas, the so called symmetrizers, antisymmetrizers and
contractors.

The reader will find a more detailed presentation of the Birman-Murakami-Wenzl algebras in, e.g.,
papers [51] and [35].

2.1 Definition
The braid group B,,, n > 2, in Artin presentation, is defined by generators {o; ?:_11 and relations

0;0;4+10; = 0i4+10i04+1 Vi= 1,2,...,71— 1, (2.1)

gio; = 0j0; Vi, j:li—j]>1.

We put, by definition, By := {1}.



The Birman-Murakami-Wenzl (BMW) algebra Wy (q, 1) [4, 41] is a finite dimensional quotient
algebra of the group algebra CB,,. It depends on two complex parameters ¢ and p. Let

1—0)(g 1+ oy
PR U’)(q_lJral), i=1,2,...,n—1. (2.3)
(g —qt)

The quotient algebra W,,(q, ) is specified by conditions
Ok = Ri0; = UK;, (2.4
RiOi 1 Ki = U “Ki, (2.5)
where € is the sign 2, e = £1.
Eqs.(2.3) and (2.4) imply that the characteristic polynomial for the generator o; has degree three,
(oi — q1)(oi +q 1) (o; — pul) =0 . (2.6)

The relations (2.4) — (2.5) imply also

OiKit10, = 0O Kio,,1, where o =o0—(q— a1, (2.7)

KiOiin = KiKign0; Ofinki = O “Kigrhi, (2.8)

Kikitnki = Ki, (2.9)

K2 = Nk, where 7 := U N)(q_i 1) (2.10)
mlg—q7t)

Here € and 7 are the signs: e = £1 and 7 = +1.
The parameters g and p of the BMW algebra are taken in domains®

q € C\{0,+1}, peC\{0,q,—¢ '}, (2.11)

so that the elements x; are well defined and non-nilpotent. Further restrictions on ¢ and p will be
imposed in subsection 2.3.

2.2 Natural morphisms

e The braid groups and their quotient BMW algebras admit a chain of monomophisms

By — ... B, = Byy1— ...

)

(2.12)
WQ‘-)...‘—)Wn‘—)Wn_H‘—)...

defined on the generators as
B, (or Wy) 30+ 0i41 € Byy1 (or Wyyr) Vi=1,...,n—1. (2.13)

We denote by a1 € B, (or Wp+i) an image of an element a™ e B, (or W,,) under a composition
of the mappings (2.12)—(2.13). Conversely, if for some j < (n—1), an element ™ belongs to the image
of B,_j (or W,_;) in By, (or W),) then by a{™¥ we denote the preimage of o™ in B,_; (or W,_;).

This notation will be helpful in subsection 2.4 where we discuss three distinguished sequences of
idempotents in the BMW algebras.

e Consider series of elements 7(™ € B,, defined inductively

rW=1, 70D .= 70 Oj0j—1...01. (2.14)

2If 4 # ¢ — g ! then it is enough to impose only one of the relations (2.5), the relation with another sign follows (see
[26]).

3For particular values u = £¢°, i € Z, the limiting cases ¢ — %1 to the Brauer algebra [1] can be consistently defined.



7(") is the lift of the longest element of the symmetric group S,. The inner B, (and, hence, W,,)
automorphism
o T (7)) =0, (2.15)

will be used below in derivations in sections 2.4 and 4.

e One has three algebra isomorphisms:
i Walg, ) = Wal=q ) s s Walg,p) = Walg Hp™") and "2 Wa(g, 1) = Wal—q,—p)

defined on generators by

N R (2.16)

Voo ot (2.17)

S o —oy (2.18)

The map ¢ interchanges the two sets of baxterized elements o*(z) and the series of symmetrlzers a™

and antysimmetrizers s: 1(a(™) = s(® (see subsections 2.3 and 2.4 below). For the maps ¢/, /" one
has: /(0% (z)) = xzo®(z7'), (6% (x)) = oF(x). The series of (anti)symmetrizers are stable under
maps ¢/ and (. One also has t(k;) = (/(k;) = " (ki) = K.

e. There exists an algebra antiautomorphism ¢ : W, (q, 1) = Wy(q, 1) (s(zy) = <(y)s(z)), defined
on generators as
o or (219

This morphism will be used later in the proofs of Propositions 2.2 and 4.11.

2.3 Baxterized elements

A set of elements o;(x), i =1,2,. — 1, depending on a complex parameter x, in a quotient of the
group algebra CB,, is called a set of baxterized elements if

oi(x) oiv1(wy) 0i(y) = oiy1(y) oi(wy) oiv1(z) (2.20)
fori=1,2,...,n—1 and

oi(x) 0j(y) = oj(y)oi(z) (2.21)
if i — 5] > 1.
Lemma 2.1 [30, 21] For the algebra W, (q, i), the bazterized elements exist. There are two sets of
the bazterized elements {of}, e = £1, given by
r—1 r—1

o) = 1+ o+ L,

(2.22)

where o == —eq L.

The complex argument x, traditionally called the spectral parameter, is chosen in a domain
c\ {-as1}.
2.4 Symmetrizers, antisymmetrizers and contractors

In terms of the baxterized generators we construct two series of elements a(? and s, i =1,2,...,n,
in the algebra W, (¢, u). They are defined iteratively in two ways:

aV:=1 and sW =1, (2.23)
(i+1) ._ qi (8) —(,—2iy (i) (i+1) ._ q' (O _—/ =2 ()11

a =G, 1)qa o, (") a or a =Tt 1)qa oy (%) a", (2.24)
(1) o ) b (g2 50 (1) 9 (11 (g2 1

s =TT, s\ ol (q) s or s = G, s\ ol (™) s , (2.25)



where i, are usual g-numbers, i, := (¢ — ¢~%)/(q — ¢~ '). Below we show that in each of eqs. (2.24),
(2.25) the two definitions coincide. We note that the factorized formula for the (anti)symmetrizers, in
the spirit of the fusion procedure for the BMW algebra [22], follows from the egs. (2.24), (2.25).

To avoid singularities in the definition of a(*) (respectively, s)), i = 1,2,...,n, we impose further
restrictions on the parameters of W, (g, u):

Jg #0, p# —q U3 (respectively, p#¢¥™3) Vj=2.3,...,n. (2.26)

The elements a9 and s are called an i-th order antisymmetrizer and an i-th order symmetrizer,
respectively.

The second order antisymmetrizer and symmetrizer

gy = ool o) o) 0 ey (TR o)lmo) g

a® — lgl 7 4
24 2¢(n+q71) 24 2,(p—q)

are the idempotents participating in a resolution of unity in the algebra Whs(q,n) (c.f. with the

property (2.6)),
1=a® 4@ 41k, (2.28)

Likewise for a® and s®, one can introduce higher order analogues for the third idempotent
entering the resolution. Namely, define iteratively

2 = n k1, 2it2) = 20T K1K2i+1 2T (2.29)

The element ¢®9 is called an (2i)-th order contractor. Main properties of the (anti)symmetrizers and
contractors are summarized below.

Proposition 2.2 Two expressions given for the antisymmetrizers and symmetrizers in eqs.(2.24)
and (2.25) are identical. The elements ™ and s are central primitive idempotents in the algebra
Wh(q, ). One has

aeo; = 0;a™ = —¢g~1a™, sMa; = ;5™ = gs™ Vi=12,...,n—1 (2.30)
and ' ' ' '
aMqmte — q(mtig(n) — o) g gm)ti — (m)tig(n) — o(n) if m+i<n. (2.31)
The antisymmetrizers o™, for all n = 2,3,..., are orthogonal to the symmetrizers s, for all
m=2,3,...,
a™sm = ¢ (2.32)
The element ¢®™) is a primitive idempotent in the algebra Wan(q, ) and in the algebra Wan11(q, ).
One has
) Ritn—i — (20)Tn—i (2n) — (2n) Vi=1,2,...,n; (2.33)
g, = Mg, , o, = oo 2 Vi=12,...,n—1, (2.34)
and

(2n)

e, =0, PV = pc® (2.35)

(2n)

The contractors c are orthogonal to the antisymmetrizers a™ and to the symmetrizers s™ for all

m > n.

Proof. The explicit formula (2.24) for idempotents, which we call antisymmetrizers here, appears in
[50], although without referring to the baxterized elements (see the proof of the lemma 7.6 in [50]).*
Our proof of the formulas (2.30) and (2.31) relies on the relations (2.20) for the baxterized generators.

ADifferent expressions for the antisymmetrizers and symmetrizers, which are less suitable for our applications, were
derived in [19].



We first check that the elements a( defined iteratively by the first formula in (2.24) satisfy the
relations (2.30) and (2.31). The equalities (2.30) for the antisymmetrizers are equivalent to

(M g@Ti=1 _ (211, (n) — () 21 _ (2)ti-1,(n) _ ., Vi=1,2,...n—1,

which, in turn, are equivalent to
oo (¢*) = o7 (¢°)a™ = 0. (2.36)

Indeed, the spectral decomposition of o; (¢?) contains (with nonzero coefficients) only two idempotents,
s@Mi—1 41 @1i—1.

_ . 14+ qu i

2y = @ri-1 4 = TR (2)1i-1

o; = q24(s + c .

i (@) = a2q( pra )
To avoid a singularity in the expression for o; (¢?), we have to assume additionally p # —¢> for the
rest of the proof. However, the expressions entering the relations (2.30) and (2.31) are well defined
and continuous at the point u = —¢® (unless —¢® coincides with one of the forbidden by eq.(2.26)
values of 1), so the validity of the relations (2.30) and (2.31) at the point u = —g¢> follows by the
continuity.

Notice that the equalities a™o; = —¢~1a(™ are equivalent to the equalities o;a(™ = —g~ta(™ due
to the antiautomorphism (2.19) since ¢(a™) = a(™ by construction.

We now prove the equalities (2.30) and (2.31) by induction on n.

For n =2, a®o; = —¢~'a®, by (2.27) and (2.6).

Let us check the equalities for some fixed n > 2 assuming that they are valid for all smaller
values of n. Notice that as a byproduct of the definition (2.24) (the first equality) and the induction
assumption, the relations (2.36) and (2.31) are satisfied, respectively, for all i = 1,2,...,n — 2 and for

all m,i: m+i<n—1. It remains to check the relation (2.36) for ¢ = n — 1 and the relation (2.31)
for m = n — i. Respectively, we calculate

at™ o1 (q®) ~ a(n—1)01:_1 (g2 2)a=D) on_1(q%)

~ (a(n—l)a(n—2)) U;—l (q—2n+2)0,;_2(q—2n+4)0.;_1 (q2) a(n—2)

= (@ Vo (@) or_i (g " oy o(a ) e =0,

(‘~” means ‘proportional’) and

. . n_i_l . . . . .
a(n) a(n—z)Tz — (n — Z) (a(n)a(n—z—l)TZ) O,;_l(q—2(n—z—1)) a(n—z—l)Tl
q
qn—i—l ) e
= L g = 1) =
q

Here in both cases, the definition of antisymmetrizers (2.24) (the first equality), induction assumption
and relation (2.20) were used. The centrality and primitivity of the idempotents a™ € W, (q, ) follow
then from the relations (2.30).

To prove equivalence of the two expressions for the antisymmetrizers given in the formulas (2.24),
notice that under conjugation by 7(+1 (2.14) the first expression in the formulas (2.24) gets trans-
formed into the second one. However, the elements a("*1) are central in Wit1, so they do not change
under the conjugation which proves the consistency of the equalities (2.24).

All the assertions concerning the symmetrizers follow from the relations for the antisymmetrizers
by an application of the map ¢ (2.16)

Wa™) = ™), (s = o™, (M) = )



the latter formulas are direct consequences of the definitions.

The orthogonality of the antisymmetrizers and the symmetrizers is a byproduct of the relations
(2.30):
—qg ta™sm) = (a(")al)s(m) - a(")(als(m)) = ga™s(m)

The equalities (2.33) can be proved by induction on n. They are obvious in the case n = 1. Let
us check them for some fixed n > 2, assuming they are valid for all smaller values of n. Notice that
the iterative definition (2.29) together with the induction assumption approve the relations (2.33) for
all values of index 7, except ¢ = n. Checking the case i = n splits in two subcases: n = 2 and n > 2.
In the subcase i = n = 2, we have W = N 2kokgk1 ko and

2
4 —4 2 -3 -3 -2 4
(C( )) =1 R2R3K1RkoR3R1KR2 = 1] /{2/{3(/{1/42/{1)/63/62 =1 "KR2R3K1R3K2 =1 KoR3K1k2 = C( ) 5
while in the subcase i = n > 2, the calculation is carried out as follows

2
(C(2n)) _ C(2n—2)T1Kll/{2n_lc(2n—2)Tl/{1/{2n_lc(2n—2)T1

_ (C(2n—2)Tlc(2n—4)T2) (K1K2k1) (Kan_1Kon_2Km_1) (C(2n—4)T2C(2n—2)T1)

1R1%2n_1c(2n—2)T1 — c(2n) )
Here in both calculations we used the definition (2.29), the induction assumption and the relations
(2.9) and (2.10).

Taking into account the relations (2.33), one can derive an alternative expression for the contractors

(2i—2)11 2i—2)1

(@) = M e e — Uy ki1 21200 o ((2i=4)12

(C(2i—2)T1 C(2i_4)T2)/€1/£2i_1/£2 H2i—2c(2i_4)T2 — c(2i—2)T1 H2i—lﬂ2i—2H1520(2i_4)T2
' ' (2.37)
= ... = C<2Z_2)T1 (/421'_1/621'_2 PN /Qi+1) (/{1/{2 PN /fi—l) 6(2)T2_1

_ -1 .(2i-2)11
= n C( -2t (/{22'_1/{22'_2 PN ’{i—l—l) (/41/{2 PN /QZ') .
Now, using this expression and noticing that, by the relations (2.8),
_ -1 _ -1 _
Ri+1Ri—1KRi0i—1 = Ri4+1Ki—10; = KRj—1KRi+10; = Ri4+1Ki—-1Ki0i+1 ,

we conclude that the equality (2.34) is satisfied for ¢ = n — 1. In particular, the relations (2.34) hold
for n = 2 and ¢ = 1. It is enough (by induction on n) to prove the relations (2.34) for ¢ = 1. Then
observe, again by the relation (2.8), that

-1
RiRi+1Ki+2 05 = RiRi+10; Kit2 = Ri0; 41 Ki+2 = 042 KiKit1Ri+2 -

Now, for n > 2,

C(2n) Ron—1Roan—2 ... /Qn—l—l) (/{1/{2 e /{n) 01

o1 = gl

-1 c(2n—2)T1 (

= Kon—1K2n—2 - - - Knt1) 03 (K1k2 . . . Kp)

—1,.(2n-2)11

=7 03 (Kon—1K2n—2 - - - Knt1) (K1k2 . . . Kp)

—1,(2n=2)11

=7 Oon—3 (Kan—1K2n—2 - . . knt1) (K1K2 . .. Kp)

~1 (2n-2)11 2
DM (g i kon—2 . K1) Oan—t (K1ka .. ki) = Mgy .

=7

The relation (2.35) follows from the property (2.4) and the expression (2.37) (with ¢ = n) for the

contractor. Then, orthogonality of the contractors ¢™ with the antisymmetrizers and the symmetriz-
ers (™ (™ m > n is a corollary of the relations (2.30) and (2.35).



A statement of the primitivity of the idempotent (2™ € Wi(q, p), i = 2n,2n + 1, goes beyond the
needs of the present paper, we mention it for a sake of completeness and postpone a purely algebraic
proof till the appendix A. (]

Since the family of higher contractors does not appear to have been previously discussed in the
literature, we include Appendix B, which contains their additional properties.

3 R-matrices

Let V' denote a finite dimensional C-linear space, dimV = N. Fixing some basis {vi}i) in V we
identify elements X € End(V®™) with matrices X772~ 7",

2112...0n
In this section we investigate properties of certain elements in Aut(V©?) generating representations
of the braid groups B,, or, more specifically, of the Birman-Murakami-Wenzl algebras W,,(q, 1) on the
spaces V&, Traditionally such operators are called R-matrices.

R-matrices and compatible pairs of R-matrices are introduced in subsection 3.1. We aslo discuss
there the notions of the skew-invertibility and the R-trace. Some basic technique, useful in the work
with the R-matrices, is presented in subsection 3.2.

A twist operation which associates a new R-matrix to a compatible pair of R-matrices, is discussed
in subsection 3.3. We derive there an alternative expression for the twisted R-matrix and study its
skew-invertibility.

Starting from subsection 3.4, we concentrate on the R-matrices of the BMW type. In subsections
3.5, 3.6 important ingredients appear: a matrix G and the linear maps ¢ and £. As it will be explained
in section 4, the matrix G is responsible for the commutation relation of the quantum matrix with
a special element, called 2-contraction, of the quantum matrix algebra. The two maps ¢ and &, in
turn, are necessary for the definition of the x-product of the BMW type quantum matrices, which is
a proper generalization of the usual matrix multiplication to the case of matrices with noncommuting
entries.

3.1 Definition and notation

Let X € End(V®?). For any n = 2,3,... and 1 < m < n — 1, denote by X,,, an operator whose action
on the space V®" is given by the matrix
j1---Jn P .7 ~~-jm7 jmjm ]m ]n
(Xm)‘zll:ljn T [ill---'imfll )Cim'im;rl1 I'lmjjln :

Here I denotes the identity operator. In some formulas below (see, for instance, the equations (3.1))
we will also use a notation X, € End(V®"), 1 <m < r <n — 1, referring to an operator given by a
matrix

j ]n J— ]m]r J1eeJm—1Jm+1---Jr—1Jr+1---Jn

(Xm"‘)lllzn T Ximir i11...im,11i7,LJ:F11...iT,11iT-+t?..in

Clearly, X,, = Ximm—1-
We reserve the symbol P for the permutation operator: P(u®v) =v®u Y u,v € V. Below we
repeatedly make use of relations
P2 = [; P12X12 = X21P12 V X € End(V & V) N Tr (1)P12 =Tr (3)P23 = IQ,
where the symbol Tr(;) stands for the trace over an i-th component space in the tensor power of the
space V.

An operator X € End(V®?) is called skew invertible if there exists an operator Wx € End(V®?)
such that
Tr 2)X12¥ x93 = Tr (2)Ux12X023 = P13 (3.1)

Define two elements of End(V')

Cx = Tl"(l)\I’Xlg s Dx = Tr(2)\IjX12 : (3'2)



By (3.1),
Tr(l)Cxleg = IQ, Tr (Q)DX2X12 = Il . (33)

A skew invertible operator X is called strict skew invertible if one of the matrices, C'x or Dy, is
invertible (by lemma 3.5 below, if one of the matrices, Cx or Dx, is invertible then they are both
invertible).

An equation
RiRy Ry = RaR1 Ry .
for an element R € Aut(V®2) is called the Yang-Baater equation.
An element R € Aut(V®2) that fulfills the Yang-Baxter equation is called an R-matriz.
All R-matrices in this text are assumed to be invertible.

Clearly, the permutation operator P is the R-matrix; R~' is the R-matrix iff R is. Any R-matrix
R generates representations pg of the series of braid groups B,, n = 2,3, ...

pr: By — Awt(VE") | o; prloi) =R;, 1<i<n-—1. (3.4)

If additionally the R-matrix R satisfies a third order minimal characteristic polynomial (c.f. with the
relation (2.6))

(¢ — R) (g™ I + R)(ul — R) =0, (3.5)
and an element
K:=pa—q ) (eI -R) (g 'T+R) (3.6)
fulfills conditions
Ky K, = Rf'RI' K, (3.7)
and
K KyKy = Ky, (3.8)

then we call R an R-matrix of a BMW type (c.f. with eqs.(2.3)-(2.10); we make a different but
equivalent choice of defining relations).

For an R-matrix of the BMWtype, the formulas (3.4) define representations of the algebras
Wi(q, 1) — End(VE"), n = 2,3,... . In particular, pg(x;) = K;.

An ordered pair {R, F} of two operators R and F from End(V®2) is called a compatible pair if
conditions
RiF Py = Fa PRy, Ry Iy = Fy Fy Ry, (3.9)

are satisfied. If, in addition, R and F are R-matrices, the pair {R, F'} is called a compatible pair of
R-matrices. The equalities (3.9) are called twist relations (on the notion of the twist see [8, 47, 25]).
Clearly, {R, P} and {R, R} are compatible pairs of R-matrices; pairs {R™!, F} and {R, F~!} are
compatible iff the pair {R, F'} is.

Definition 3.1 Consider a space of N x N matrices Maty (W), whose entries belong to some C-linear
space W. Let R be a skew invertible R-matriz. A linear map

N
Trp, : Maty(W) — W, Tr,(M)= Y (Dr)!M;, M € Maty(W),
ij=1
1s called an R-trace.

The relation (3.3) in this notation reads

TI‘R(Q) R12 = [1 . (310)



3.2 R-technique

In this and the next subsections we develop a technique for dealing with the R-matrices, their compat-
ible pairs and the R-trace. Most of results reported here, like lemma 3.5 and, in a particular case of a
compatible pair {R, R} — lemmas 3.2 and 3.3 and the corollary 3.4 — are rather well known (see, e.g.,
[21, 43]). However, we often use them in a more general setting and so, when necessary, we present
sketches of proofs.

Proposition 3.6 contains new results. Here we derive an expression, different from the standard
one, for the twisted R-matrix, which helps to investigate its skew-invertibility.

A universal (i.e., quasi-triangular Hopf algebraic) content of the matrix relations derived in this
and the next subsections is discussed in the appendix C.

Lemma 3.2 Let {X, F'} be a compatible pair, where X is skew invertible. Let Matx(W) be as in the
definition 3.1. For any M € Matx(W), one has

Trq) (CXlFf2M2F1_2€) = LTr(CxM), (3.11)

Tr (3 (Dx2Fig Mi FRy) = I Tr (Dx M) (3.12)
fore =4+1.
Proof. We use the twist relations (3.9) in a form
FS Xay Fof = Fyf Xos FS,, e=+1.
Multiplying it by (VU x5V x,5) and taking the traces in the spaces 2 and 4, we get
Tr o) (U x12 Fo3 Pss Fg7) = Trwy(Wxas Fyi® Pi3 Fyy) (3.13)

Here the relation (3.1), defining the operator ¥y, was applied to calculate the traces. Now taking the
trace in the space number 1 or number 5, we obtain (after relabeling)

Tr1)(Cx1 Fip Pos Fry') = Cxsla, (3.14)

Tr3)(Dx3 Fo3® Pia F53) = Dxila. (3.15)

These two relations are equivalent forms of the relations (3.11) and (3.12). For example, the formula
(3.11) is obtained by multiplying the relation (3.14) by the operator M3 and taking the trace in the
space 3. |

Lemma 3.3 Let {X, F'} be a compatible pair of skew invertible operators X and F. Then the following
relations

Cx1Vp1g = Fyy' Cxo, Up1yCxy = Cxo Fyit, (3.16)

Ur1p Dxy = Dxy Fy'y  DxoVpo = Fyy' Dy (3.17)
hold.

Proof. For a skew invertible operator F', the relations (3.16) and (3.17) are equivalent to the
relations (3.14) and (3.15). Let us demonstrate how the left one of the relations (3.16) is derived from
the relation (3.14) with ¢ = 1.

Multiply the relation (3.14) by a combination (Pa3Wro,) from the right, take the trace in the space
2 and simplify the result using the relation (3.1) for X = F' and the properties of the permutation

Tr (1)(Cx1 P Fi5') = Cx3Tr (9)(Pa3 Uprag) = Cx3 Wz .
Then simplify the left hand side of the equality using the cyclic property of the trace
Tr (1)(Cx1 P Fi3') = Tr()(PuF5' Cxy) = Fg' Cxy TrPu = Fi3' Cxy.
This proves the left relation in (3.16). [ |



Corollary 3.4 Let {X,F} and {Y,F} be compatible pairs of skew invertible operators X, Y and F'.
Then the following relations

Fi3Cx1C0yq = CyCxoFa Fi3Dx1Dyy = Dy DxoFia (3.18)
Fi2(CxDy)s = (CxDy)1 Fia Fi2(DyCx)1 = (DyCx)2 Fia, (3.19)
Tr (1y(Cx1Fi5") = (CxDp)2 = (DpCx)s (3.20)

Tt (2)(Dx2Fp3') = (CrDx)1 = (DxCr)h (3.21)

hold.

Proof. A calculation (F1_210Y1)0X2 = Cy9(Vpy1Cxo) = CngXlFl_Ql = CX1CY2F1_21 proves the
left one of the relations (3.18). Here the relations (3.16) were applied.

A calculation (Fﬁlel)Dyl = Cxo (VL Dyq) = CX2Dy2F1_21 proves the left one of the relations
(3.19). Here one uses subsequently the left equations from (3.16) and (3.17).

The relations (3.20) follow by taking Tr () of the equations (3.16).
The rest of the relations in (3.18)—(3.21) are derived in a similar way. |

Lemma 3.5 Let X be a skew invertible R-matriz. Then statements
a) the R-matriz X 1 is skew invertible;
b) the R-matriz X is strict skew invertible,
are equivalent.
Provided these statements are satisfied, both Cx and Dx are invertible and one has

Cx-1=Dy', Dyxy1=Cy'. (3.22)

Proof. See [43], section 4.1, statements after eq.(4.1.77), or [21], proposition 2 in section 3.1. [ |

Under an assumption of an existence, for an R-matrix X, of the operators X', Uy and Uy-1,
the relations (3.22) were proved in [46].

Since, for a compatible pair {X, F'}, the pair {X, F~'} is also compatible, the formulas (3.22)
together with the relations (3.20-3.21) imply that CxCp = CpCx and DxDp = DpDx.

3.3 Twists
Let {R, F'} be a compatible pair of R-matrices. Define a twisted operator
R;:=F'RF. (3.23)

It is well known that Ry is an R-matrix and the pair {Ry, F'} is compatible. Therefore, one can twist
again; in [24] it was shown that if F' is skew invertible then

Dp1 Dpy ((Rf)f)12 = Ri2Dpy Dpy and  Cpy Cray ((Rf)f)12 = R12Crq Cra - (3.24)
A comparison of two equalities in eq.(3.24) shows that
[Ria, (Ci' Dr)1 (Cp' Dp)a] =0. (3.25)
Proposition 3.6 Let {R, F'} be a compatible pair of R-matrices. The following statements hold:

a) if ' is strict skew invertible then the twisted R-matriz Ry, defined by the formula (3.23), can be
expressed in a form
Rppy = Tr (F3_210F*13R34DF4F14) ; (3.26)



b) if R is skew invertible and F' is strict skew invertible then Ry is skew invertible; its skew inverse

is

Vrspp = Cr-12Tr 3y (F2_31‘I’R34F41) Dpy; (3.27)
moreover, Yg, can be expressed in a form

Uy, = Cp-13F01Dp-15YR 190k F3y' Dy 5 (3.28)

c¢) under the conditions in b),
CRf :CF*LDRCFa DRf :DFflCRDF (329)

(thus, if, in addition to the conditions in b), R is strict skew invertible then Ry is strict skew
invertible as well).

Proof. To verify the assertion a) we calculate

Ry, = (FT'RF)1p=Fpy (Tf (4)F4_110F*14) (RF)12
— Try ((RF)MFl—;E;ll(Jp1 4) - (Tr (3)P13) Tr (4 ((RF)41F1_210F711\IIF14) (3.30)

= Tr(gy ((RF)43F3510F*13P13‘PF14) =Tr 3 (F3310F713P13Tr (4)‘1/F14(RF)43) ;

where in the second equality we used the relation (3.3) for X = F~!; in the third equality we applied
the twist relations for the compatible pairs {R, F'} and {F, F'}; in the fourth equality we applied the
relations (3.16) for X = F~! and inserted the identity operator Tr 3yP13; in the fifth equality we
permuted the operator Pj3 rightwards and then, in the sixth equality, used the cyclic property of the
trace to move the combination (RF')43 to the right.

To complete the transformation, we derive an alternative form for the underlined expression in the
last line in eq.(3.30). Multiplying the twist relation RoF3Fy = F3FyR3 by a combination (¥ p19Dpy)
and taking the traces in the spaces 2 and 4, we obtain (using the formulas (3.1) and (3.3) for X = F)

Tr () (Vp12(RF)23) = Tr gy (DpaF34P13R34)
which is equivalent (multiply by Pj3 from the left and use the cyclic property of the trace) to
P13Tr (2) (\prlg(RF)Qg) =Tr 4) (R34DF4F14) . (331)

Now, substituting the equality (3.31) into the last line of the calculation (3.30), we finish the trans-
formation and obtain the formula (3.26).

Given the formula for Ry, the calculation of ¥z, becomes straightforward and one finds the formula
(3.27).
Thus, the skew invertibility of Ry is established.

Now we derive the expression (3.28) for Wg,. Multiplying the equality (3.13) with e = 1 by a
combination P35Dp-15 from the right and taking the trace in the space 5, we obtain

Tr o) (VR12F23) = Tr (a5)(VRasFy;' PisFsaP3s Dp-15)

= Tr@(Fsy PsF3uDp-13Vpas) -
Substituting this into the expression (3.27), we find
Urppy = Cr-12Tr (F2_31F1_41P13F14DF*11\IIR41) Dpy

= CF*12 Tr (4) (F1_41Tr (3)(F2_31P13)F14DF711\I’R41> DF1
= CpoiyTr gy (Fiy' Fy' FuDp1 W4y ) Diry (3.32)
= Cpo1g Bt Tr gy (Fi3' Fyy' Dp1, Wy ) Diny

= Cp-19F5 Dp-1,Tr (y) (Fﬂ;l‘l’Fu‘I’Ru) Dpy .



We used the Yang-Baxter equation for the operator F' in the fourth equality and the relations (3.16)
in the fifth equality.

Multiplying eq.(3.13) with e = —1 by Wpg P13 from the left and by P35V pse from the right and
taking the traces in the spaces 1 and 5, we find

Fii'WppUpy = Yr1oWrg Fy '
Substituting this into the last line of the calculation (3.32), we obtain the equality (3.28).

Finally, the expressions (3.29) for the operators Cr ; and Dpg, are obtained by taking the trace in
the space 1 or the space 2 of the expression (3.27) for the skew inverse of the twisted R-matrix and
the subsequent use of the relations (3.3) for X = F*! and the relations (3.2), (3.20) and (3.21) for
X =R. [ |

Remark 3.7 If one uses the expression (3.26) for the twisted R-matrix then the relation (3.24)
becomes straightforward:

((Ry)f)12 = Tr (3456) (F3_21(DEl)3F521(D51)5R56DF6F36DF4F14)
= 'Ir (3456) (FsilDF4F14(D1?1)5R56DF6F3_21(D51)3F36)
= Tr (56) (P15DF1(DEl)sR%DFG(DEI)zP%)
= (Dp")2Tr (36) (Pis (D)5 Ros Dr6 Pas ) Dy

= (D" )1(DF")2R12Dp Dy -

In the first equality we applied the formula (3.26) twice and replaced the operators Cp-1 by D;l by
the relation (3.22); in the second equality we collected together the terms involving the space number
3 (they are underlined) and the terms involving the space number 4 (they are underlined twice); in
the third equality we evaluated the traces in the spaces 3 and 4 using the relations from lemma 3.3;
in the fourth equality we moved the operator (DEl)g leftwards out of the trace and the operator D
rightwards out of the trace; in the fifth equality we transported the operator P;5 rightwards and the
operator Pyg leftwards under the trace and then evaluated the remaining traces in the spaces 5 and 6.

3.4 BMW type R-matrices

In this subsection we discuss the R-matrices of the BMW type in more detail.

In lemma 3.8 we collect additional relations specific to the BMW type R-matrices. Based on these
formulas, we will introduce later, in subsections 3.5 and 3.6, an invertible operator G € Aut(V') and
linear maps ¢ and &, which will be used in section 4 for a definition of a product of quantum matrices
and for a quantum matrix inversion.

Lemma 3.8 Let R be a skew invertible R-matriz of the BMW type. Then

e the operator R is strict skew invertible;
e the rank of the operator K equals one, Tk K = 1;

e the following relations

Tr(o K12 =p 'Dry , TrqyKiz =p 'Cra , (3.33)
TrR(2) Klg = Nll s (334)
_ -1
Tepl = pn = (¢ —n)(q _1+ 1) 7 (3.35)
(¢—q7)
CrDg = pi*I, (3.36)
K12Dr1Dry = DriDpaKiz = p*Kia (3.37)

hold.



Proof. The proof of all the statements in the lemma but the last one is given in [26].

The last relation (3.37) (which, in another form, figures in [26], in proposition 2) can be established
in the following way.
The first equality in (3.37) is a consequence of a relation

R12DR1 DRy = DR DgoRi2, (3.38)

which is just the equality (3.18) written for the pair {R, R}. Then the conditions K? ~ K and
rk K = 1 together imply K19Dgr1Dgroy ~ K19Dgr1DgroK12 ~ Ki5. A coefficient of proportionality in
this relation is recovered by taking the trace of it in the space 2 and the subsequent use of the relations
(3.33) and (3.34). [ |

In [26], a pair of mutually inverse matrices
By :=Tr (1) (K12P12) and E;':=Tr (5 (K12Pr2) (3.39)

was introduced (see eqs.(32) and (33) and proposition 2 in [26]).

We shall now collect several useful identities involving the operators K and F.
Lemma 3.9 (a) The following relations

K12Ky3 = B3 K19P3Piy , Ky3Kip = BT K3 PiaPas (3.40)
Ki3Kag = ' Dy K13P1y , K12Ki3 = 17 'Cry K12Pas (3.41)
KosK14P1aP3y = Koz K1a , KosK14P13Poy = Koz K14 Po3 Py
KB = ' K12PiaDgy , E1Kip = = Dy PiaKio

hold.

(b) We have
KioF1\Ey = E1Ea K2 = Ko .

(¢) The operator K is skew invertible, its skew inverse is
Ui1p = EyK12Ey = p~ DR K21 Dry -

Proof. (a) All these identities follow from the rank one property of the operator K (written explicitly,
with indices, they become evident).

(b) To verify, for instance, that K12 F;'Ey! = K9, use the definition (3.39) of the matrix E;*,
E;t=Tr (3)(K23P3), and then the relation (3.40) to remove the trace.

(c) This follows from the identities in (a) in the lemma. [
Remark 3.10 The relations (3.40) admit the following generalizations:
Ki\Ky...K; = B3E,...Ejy1- (PLPy... Pj)?K;
Kj... KoK, = ET'Ey' . EC LK - (P PP
The relations (3.41) admit the following generalizations:
KKy ... Kjo = "7/ (DpaDgs ... D) - (PP ... Pi_1) Kjo |

KoKoz ... Koj = 11"/ (CroChrs ... Crj) - (PLPy... Pi_1) Ko; .

In all four formulas above j is an arbitrary positive integer. These relations can be proved by induction
on j.



3.5 Operator GG

In the following lemma, we define analogues of the matrices £ and E~! for a compatible pair {R, F'}
of R-matrices. When the operator F' is the permutation operator, F' = P, the matrix G of the
definition-lemma 3.11 coincides with the matrix FE.

Definition-Lemma 3.11 Let {R, F'} be a compatible pair of R-matrices, where R is skew-invertible
of the BMW type and F is strict skew-invertible. Define an element G € End(V) by

G1 = TI‘(23)K2F1_1F2_1 . (342)

The operator G is invertible, the inverse operator reads

Gi' = Tr o3 PR FIKs . (3.43)
The following relations
R12G1G2 = G1Ga Ry, (3.44)
F,G1 = GoFfy  for e = £1, (3.45)
[Dr,G] = 0, (3.46)
[Cr,G] = [Dp,G] = 0, (3.47)
[E,G] =0,

[Cr,E] = [Dp,E] =0
are satisfied.

Proof. A check of the invertibility of G is a direct calculation

G1GT" = (Tr (o5 KoFy  Fy ) (Tr (93 Fo F1 Ko) = Tr 93y Ko Fy ' Fy " Ko Py Fy .
3.48
= Tr (23)K2F1_1Kf2F1 = Tr (23)K2F2Kf1F2_1 = Tr (23)Kf2Kf1 =1T.

Here in the first line we used the formulas (3.42) and (3.43) and the property rk K = 1: if II = |{) (|
is a rank one projector then Tr (ITA) = (10| A|() for any operator A and

Tr (ITA) Tr (ILB) = (¢|A|¢) (¢|B[¢) = (¥[AILB[() = Tr (ILAILB)

for any A and B; in the second line of the calculation (3.48) we passed from K to Ky = F~!KF and
applied the twist relations (for the operators K; and F') and the cyclic property of the trace. In the
last equality of (3.48) we evaluated the traces using the relations (3.33) and then the relation (3.34)
for the operator Ky (we are allowed to use these relations because the operator Ry is skew-invertible
by proposition 3.6).

Notice that, in view of the relation (3.37), we can rewrite the formula for the operator G using the
R-traces instead of the ordinary ones

Gi = 2 Try s Koy VFy ! (3.49)

Applying the formula (3.12) (written for F© = X = R) twice to this equality, we begin our next
calculation

Gily = p 2 Tryaay (ReRs) Ko Fy ' Fy N(Ry 'Ry Y) = 2 Trpy sy K Ko Fy ' Fy 'Ry 'Ry
(3.50)
= P Tryea Ko Fy 'Ry T Ko K = ! Trg) Ko Fy Ry K

e



Here we used the relation (3.7) in the last equality of the first line. In the second line we again applied
the relation (3.7) after moving the operator K3 to the right (for that we need the relation (3.37) and
the cyclicity of the trace) and then we evaluated one R-trace with the help of the relation (3.34).

Now we use the formula (3.50) for the product G;Gz in a transformation

G1GoR, = p2 Tr,(34) (K3Fy ' Fy ' K3) (Ko Fy Fy P K) Ry
2 —1 -1 —1 -1 2 1111
= U TFR(34)F2 F3 K2K3K2F1 F2 K2R1 = U TFR(34)F2 F3 Fl F2 K1K2R1
= P Trpan By Py KGRy = i T K By ' Fy F Ry Ry
= ,u_2 TI‘R(34)F2_1F1_1F3_1F2_1R3K2K3 = ,u_2R1 TI‘R(34)F2_1F1_1F3_1F2_1K2K3

= 2Ry Tryaqy KaFy ' Fy ' FyUFy 'Ky = RiGhGa,

which demonstrates the relation (3.44). While doing the above calculation, we repeatedly used the
twist relations for the pairs { K, F~'} and {R, F~'}, applied the formulas (3.7) and (3.7) and exploited
the cyclic property of the trace to move the operator K3 to the right/left in the fourth/fifth line,
respectively.

Due to the expression (3.49) for the operator G, we can write
Gily = =2 Tryqay) ((Fy °Fy ) Ko Py Py (F5F) )

by the formula (3.12).

The relation (3.45) is now proved as follows

G Ff = p2 Trp (34 ((Fz_EFg_a)K2F1_1F2_1(F?szE)) Ff (351)
= 2 Traa) (Fy “Fy ) FS FS FEKa By 'yt = Fipm? Tr o KaFy 'Fy ' = Gy

Here we subsequently used the twist relations for the pair {K, F*}, the Yang-Baxter equations for F’
and again the expression (3.49) for the operator G.

Vanishing of the commutators [Cr,G] and [Dp,G] in eq.(3.47) follow from the above proved
equality. To find these commutators, transform eq.(3.51) to

G1¥ria = VUpaGa, GoVrip = VoG,

(multiply the relation (3.51) by a combination Wry; Va3 and take Tr (;2)) and then apply the trace
in the space 1 or the space 2 to these relations and compare results.

The relation (3.46) is approved by a calculation

GiDpy = p °Tryog) Koy 'Fy "Dy = p72 Tr 93y Ko Fy ' Fy ' Dpy Dy Ds

= W 2Tr (93 DR1DroDr3KoFy 'Fy ' = DGy .

Here the expression (3.49) for the operator G, the relations (3.18) for X =Y = R and the relation
(3.37) were used.

To prove the relation [E, G] = 0, we rewrite the expression for G:

G = Tr (g3) (K2 Fy ' Fy ') = 7 T (o) (Ko Ko PV Fy ) = T ) (Ko Fy ) 552
3.52
= ?’]_1TI‘ (23)(F1_1F2_1K1K2) = n‘lTr (23)(F1_1F2_1K1P23P12)E1 .



In the second equality we used the relation K2 = nK; in the third equality we used the twist relation;
in the fourth equality we moved the operator Ko cyclically under the trace; in the fifth equality we
used the first of the relations (3.40).

Due to the relation (3.45), the combination Tr (23) (FT ' Fy K1 Py3 Pyy) commutes with the operator
G1. Therefore the operators G and F commute.

We have already shown that the operators Cr and Dp commute with the operator G. It follows
then from the expression (3.52) for the operator G that to prove that the operators Cr and Dp
commute with the operator E it is enough to prove that the operators Cr and Dr commute with the
combination =i := Tr(23)(F1_1F2_1K1P23P12). We have

E1Dp-1q = Tr (93)(Fy ' Fy ' Dp-13K1 Pa3 Pro) = Tr (93)(Fy ' Fy ' Dp-13CRr3Cry ' K1 PagPr2)
(3.53)
= Tt (93)(F} 'Dp-15,CroFy ' K1 Po3P12)Cry " = Dp—1,Cp1Z1CRr1 ' = Dp-11Z .

In the first equality we moved the operator Dp-1 leftwards through the permutation operators; in the
second equality we inserted C’RgC’Rgl; in the third equlity we used the relations (3.19) and moved the
operator CRl_l rightwards out of the trace; in the fourth equality we used again the relations (3.19).
The operator Cr commutes with the operators G and E by the already proved relation (3.46) for the
compatible pairs {R, F'} and {R, P}; therefore, due to the expression (3.52) for the operator G, the
operator C'gr commutes with the operator =, which is used in the fifth equality.

The calculation (3.53) establishes the relation [C'r, E] = 0; the proof of the relation [Dp, E] = 0 is
similar, we do not repeat details. |

Remark 3.12 One can rewrite further the expression (3.49) for G:

G = p? Trp (23 F' Ry Ky = M_szR(2)F1_10F2DR2K1
= Tr o) F; 'CraDg' K1 = = Tr o) Fy ' CraCri Ko

= u2CpiTry o) CraFy K1 = Cpy Tr (o F K

Here we used subsequently: the twist relation, the relations (3.21), (3.37), (3.36), (3.18) and then
again (3.36).

Similarly,

Gi'=Tr o) (K1F1)DR'

3.6 Two linear maps

The next lemma introduces two linear maps which will be important in the study of the matrix
*-product.

Definition-Lemma 3.13 Let {R, F'} be a compatible pair of skew invertible R-matrices, where the
operator R is of the BMW type and the operator F is strict skew invertible. Define two endomorphisms
¢ and & of the space Maty(W):

O(M)1 = Ty (FMiFR'Ris), M € Maty (W), (3.54)
and

EM)y = Ty (F12M1 fart K12> . M e Maty(W). (3.55)
The mappings ¢ and & are invertible; their inverse mappings read

oMy = pTTE (Fro' MiRyy Fio) (3.56)
f



and

MM = T ) (P! MiK12Fys ) (3.57)
f

The following relations for the R-traces

Ter(b(M) = Tr, M, Terg(M) = pTr, M. (3.58)

are satisfied.

Proof. The expressions in the right hand sides of the formulas (3.56) and (3.57) are well defined,
since, by proposition 3.6 b), the R-matrix Ry is skew invertible.

Let us check the relation ¢~ (¢(M)) = M directly.

Using the formulas (3.54) and (3.56) and applying the relation (3.12) for the pair {R, F'} we begin
a calculation

o (G(M)), = M_szR@) (Fl_zl(TfR(y)F12'M1F1_2}R12')Rl_21F12)
7

- M—2ﬁR;2)TrR(3) (PP MG Ry B RTFY)

In the next step we move the element [}, underlined in the expression above, to the left and it
becomes F5 due to the Yang-Baxter equation; then we transport the operator to the right using the
cyclic property of the trace (when F, moves cyclically, Tr (2) Tr =(3) becomes Tr (2 )Tr (3) due to the

relations (3.18)). Applying the Yang-Baxter equation for the operator F' and the relatlons (3.18) in
the case X = R and Y = Ry, we continue the calculation

¢_1(¢(M))1 = 2Tr (Q)Tr (3) (Fl 1F2 1M1F1 R1F2R1 FlFQ)

= 2Tr (Q)Tr (3)(F1 M1F2 1Rf1F1 FgFlRfl Fg)

3.99
= 2Tr (2)Tr (3)(F1 M1F2 Rf1F2F1F2 Rfl Fg) ( )

= ,U_2 TI‘R(Q) <F1_1M1F1(TFR(3)Rf2F1Rf2_1 )F1_1> .
f

Here we consequently transformed the underlined expressions using the definition of the twisted R-
matrix Ry, the Yang-Baxter equation for the operator F' and the twist relations for the compatible
pair {Ry, F'}. To calculate the trace underlined in the last line of eq.(3.59), we apply the relation
(3.12) for the compatible pair {Rs, Ry} and then use the relation (3.21) written for the compatible
pair {Ry, F~'}. The result reads

6N O(M)), = 2Ty (FT MUF (D, Cro )i L)

Now, using the relations (3.19), written for the compatible pairs {Rs, F'} and {F~!, F'}, the relations
(3.29) and (3.22) for X = F, the relations (3.36) and the (3.3) for X = F~! we complete the
calculation

6 (G(M))y = 2 Tr (o)((Dr, Cp1 DR)2Fy ') My
= w2 Tr 3)((Dp1 CRDpCpa DR)oFy )My = Tr (5) (D1 Fyy )My = My .
A proof of the equality £¢71(£(M)) = M proceeds quite similarly until the line (3.59), where one

has to use a relation
Tr, o) (K1 M1 K1) = (TegM)T -V M € Maty (W)



instead of the relation (3.12). This in turn follows from the relations (3.33) and (3.34) and the property
tk K = 1.

The relations (3.58) can be directly checked starting from the definitions (3.54) and (3.55), applying
the relation (3.18) in the case X = R and Y = Ry and then using the formulas (3.10) and (3.34). ®

Remark 3.14 For the mapping ¢, the statement of lemma 3.13 remains valid if one weakens the
conditions, imposed on the R-matrix R, replacing the BMW type condition by the strict skew invert-
ibility. In this case, one should substitute the term p=2Dpg ; by D R in the expression (3.56) for the

inverse mapping ¢~'. The proof repeats the proof of the formula (3.56).

4 Quantum matrix algebra

In this section we deal with the main objects of our study, the quantum matrix algebras, and construct
the x-product for them. We mainly discuss the quantum matrix algebras of the type BMW.

In subsection 4.2 we introduce a characteristic subalgebra of the quantum matrix algebra. In the
theory of the polynomial identities, a ring, generated by the traces of products of generic matrices,
is known as the ring of matrix invariants (see, e.g., [11]). The characteristic subalgebra can be
understood as a generalization of the ring of matrix invariants (in the simplest case of a single matrix)
to the setting of the quantum matrix algebras and, simultaneously, to a situation when the invariants
can be formed not only by taking a trace (on the quantum level, the invariants can be conveniently
formed by taking the R-trace of a product of a ‘string’ M7Ms ... Mz by a matrix image of a word in
the braid group B,).

In propositions 4.7, 4.8 we exhibit three generating sets of the characteristic subalgebra in the
BMW case. Explicit relations between the generators of these sets will be constructed in section 5.
Some preparatory work for this constructions is performed in the rest of section 4.

In subsection 4.3 we introduce an algebra P(R, F') for the quantum matrix algebras of the general
type. The algebra P(R, F') has the same relationship to the characteristic subalgebra as the trace ring
(see, e.g., [11]) to the ring of matrix invariants.

In subsection 4.4 we prove the commutativity of the algebra P(R, F) in the case of the quantum
matrix algebras of the BMW type.

In subsection 4.5 we define an extended quantum matrix algebra of the BMW type by adding an
inverse of the quantum matrix.

4.1 Definition

Consider a linear space Maty (W), introduced in the definition 3.1. For a fixed element F' € Aut(V®V),
we consider series of ‘copies” Mz, i = 1,2,...,n, of a matrix M € Maty(W). They are defined
recursively by
—1
My = My, M;:=F,_ | M—F_; . (4.1)
For F' = P, these are usual copies, M; = M;, but, in general, M; can be nontrivial in all the spaces
We shall, slightly abusing notation, denote by the same symbol M; an element in Maty (W)®F for
any k > ¢, which is defined by an inclusion of the spaces

Maty (W)®7 < Maty (W)U . Maty(W)® 5 X 5 X ® I € Maty(W)20HD

From now on we specify W to be the associative C-algebra freely generated by the unity and by
N2 elements MY, W :=C(1,M?), 1 <a,b<N.

Definition 4.1 Let {R, F'} be a compatible pair of strict skew invertible R-matrices (see section 3.1).
A quantum matriz algebra M(R, F) is a quotient algebra of the algebra W = C(1, M?) by a two-sided
ideal generated by entries of the matriz relation

Ry M;M; = MyM5R; (4.2)



where M = ‘|M3Hg,b:1 is a matriz of the generators of M(R,F') and the matriz copies M; are con-
structed with the help of the R-matriz F' as in eq.(4.1).

If R is an R-matriz of the BMW type (see eqs.(3.5)-(3.8)) then M(R, F) is called a BMW type
quantum matriz algebra.

Remark 4.2 The quantum matrix algebras were introduced in Ref. [18] under the name ‘quantized
braided groups’. In the context of the present paper they have been first investigated in [24]. The
matrix M’ of the generators of the algebra M(R, F') used in [24] is different from the matrix M that we
use here. A relation between these two matrices is explained in section 3 of [25]: M’ = DrM (Dp)~!.

Lemma 4.3 [24] The matriz copies of the matriz M = HMZ;HZI’bzl of the generators of the algebra
M(R, F) satisfy relations

RiM; = MsR; for j#i,i+1, (4.4)

4.2 Characteristic subalgebra

From now on we assume that M is the matrix of generators of the quantum matrix algebra M(R, F)
and its copies My are calculated by the rule (4.1).

Denote by C(R, F') a vector subspace of the quantum matrix algebra M(R, F') linearly spanned by
the unity and elements

ch(a™) :=Tr . ny(Mp... Mzpr(a™)), n=12..., (4.7)

where a(™ is an arbitrary element of the braid group By,.

Notice that elements of the space C(R, F') satisfy a cyclic property
ch(a™ ™)y = chn(B™a™) vao MW eB,, n=12,..., (4.8)

which is a direct consequence of the relations (4.4), (4.5) and (3.38) and the cyclic property of the
trace.

Definition-Proposition 4.4 [24] The space C(R, F) is a commutative subalgebra of the quantum
matriz algebra M(R, F):

ch(a™) ch(BW) = ch(a ™ O = ch(al™T g0)) (4.9)

Recall that o™ denotes the image of an element o™ under the embedding B, — Bp; defined in
(2.13). We shall call C(R, F) the characteristic subalgebra of M(R, F).

A proof of the proposition given in [24] is based in particular on the following lemma:

Lemma 4.5 [24] Consider an arbitrary element o™ of the braid group B,,. Let {R, F} be a compatible
pair of R-matrices, where R is skew invertible. Then relations

Trpi+ 1, ivn) (Mg Mg pr(@™M) = Lo ch(a™) (4.10)

hold for any matriz M € Maty(W)>.

®Here there is no need to specify M to be the matrix of the generators of the algebra M(R, F).



We will make use of lemma 4.5 several times below.

Let us introduce a shorthand notation for certain elements of C(R, F')

po = TrrlI (= pn in the BMW case), p1:=Trg M, (4.11)

pi = ch(oj_1...0001) =ch(o102...0i—1), 1=2,3,.... (4.12)

The last equality in eq.(4.12) is due to the inner automorphism (2.15) and the cyclic property (4.8).
The elements p; are called traces of powers of M or, shortly, power sums.

From now on in this subsection we assume the R-matrix R and, hence, the algebra M(R, F') to
be of the BMW type. Denote

g = ch(c(2)) = nteh(ky) = n7t TrR(LQ) (M7M5 K,) . (4.13)

The notation used here was introduced in the formulas (2.3), (2.10), (2.29) and (3.6). We call the
element g a contraction of two matrices M or, simply, a 2-contraction.

Lemma 4.6 Let M be the matriz of generators of the BMW type quantum matriz algebra M(R, F).
Then its copies, defined in eq.(4.1), fulfill relations

Ky MgMyg = MMy Ky = 0 °Kyg Yn>1. (4.14)

Proof. We employ induction on n. Due to the property rk K = 1, one has
Ky MMz = MzM5 K, = Kit,

where t € M(R, F) is a scalar. Evaluating the R-trace of this equality in the spaces 1 and 2 and using
the relations (3.34) and (3.35), one finds t = u~2g, which proves the relation (4.14) in the case i = 1.
It remains to check the induction step n — (n + 1):

KniiMegMes = Kp(FMeFy YMas = Ky Fy Ma(Fop M F ) E
= (Kps1FFpi)MgMeeg F N F7Y = FyFo (K Ma M) F L F

= WP Fo KnF L Filg = 72K g

Here eqgs.(4.1) and (4.3), the twist relation (3.9) for the pair {K, F'} and the induction assumption
were used for the transformation. [ |

Proposition 4.7 Let M(R, F) be the quantum matriz algebra of the BMW type. Its characteristic
subalgebra C(R, F) is generated by the set {g,p; }i>o-

Proof. Consider the chain of the BMW algebras monomorphisms (2.12)—(2.13). We adapt, for n > 3,
the following presentation for an element o™ € W,

= /80’1/8/ =+ ’Y,‘il’yl + (5, (415)

where 3, 8',7v,7,8 € Im(W,,—1) C W,. For n = 3, the formula (4.15) follows from the relations (2.1)—
(2.7). For n > 3, it can be proved by induction on n (one has to prove that the expressions of the form
(4.15) form an algebra, for which it is enough to show that the products 01801, 018k1, k1501 and k1 Bk
with 8 € Im(W,,—1) C W, can be rewritten in the form (4.15); this is done by further decomposing
8, using the induction assumption, 3 = Bo2f + ko + 0, where 3, 8,75,7,6 € Im(Wy—2) C Wy).

Using the expression (4.15) for a(™® and the cyclic property (4.8), we conclude that, in the BMW
case, any element (4.7) of the characteristic subalgebra can be expressed as a linear combination of
terms

ch(anag...an—1), where «a; € {1,04kK;}. (4.16)



Let us analyze the expressions (4.16) for different choices of «;.
i) If o = 1 for some value of i, then, applying the relation (4.10), we get
ch(aq ...aj1@iq1 ... ap—1) =ch(ay ... a;—1) ch((aiy1 - .. an_l)“) , (4.17)

where (41 ... an_1)¥ € W, _; is the preimage of (ai1...0n_1) € Wh.

ii) In the case when a1 = k,_1, we apply the relation (4.14) and then the relations (3.10), (3.34)
or (3.35) to reduce the expression (4.16) to

ch(aq ...ap—okn—1) = flap—2)ch(a ... an-3)9g, (4.18)
where f(an—2) = N_ly f('%n—2) =1 and f(l) =1
ili) In the case when a; = k; for some ¢, and a; = oj for all j =i+ 1,...,n — 1, we perform the

following transformations

-1
ch(al e OG1R0410442 - - . Un—l) = ch(al - OG220, OG_1RiRi41042 ... Un—l)

(4.19)

=...= ch(al v ai_2(077_12 ‘e O’i_l)ai_lliilii+1 v Hn—l)'

Here the relations (2.8) and the cyclic property (4.8) are repeatedly used; expressions suffering a

transformation are underlined.

Now, depending on a value of o;_1, we proceed in different ways.
If a;_1 = K;—1 then by eqs.(2.8) and (4.18) we have

(4.19) = Ch(()él...Ozi_QUi_ldi...Un_glin_Qlin_l)

= Ch(Oél 20104 ... O'n_g) g.

1

Ifo; 1 =021 = 0'2-__11 +(g—q 1) (1 — K;_1) then, using the relations o} ai__ll/{i = K;_1K; and applying

the previous results (4.18) and (4.17), we obtain
(4.19) = ch(ay...q;—2Ki—10;...0n-3)g
+(qg—qgYptehlon.. . ai2)pn—i-1yg
—(q—q YHeh(ag...q5 20, 10;...0,3) 9.

Iterating transformations i)—iii) finitely many times, we eventually prove the assertion of the propo-
sition. [

We keep considering the BMW type quantum matrix algebra M(R,F) with the R-matrix R
generating representations of the algebras W, (q, ), n = 1,2,.... Assume that the antisymmetrizers
a and symmetrizers s in these latter algebras are consistently defined (see eqs.(2.24), (2.25) and
(2.26) ). In this case, we can introduce two following sets of elements in the characteristic subalgebra

C(R,F)
ap := 1 and sp:= 1; (4.20)
a; = ch(a?) and s; = ch(sD), i=1,2,.... (4.21)
Proposition 4.8 Let M(R, F) be the quantum matriz algebra of the BMW type. Assume that j, #
0, p # —q 2+ (respectively, Jg # 0, n # q%73) for all j = 2,3,... . Then the characteristic

subalgebra C(R, F') is generated by the set {g,a;}i>o (respectively, {g, si}i>0).

Proof. These statements are byproducts of the previous proposition and the Newton relations, which
are proved in section 5, theorem 5.2. [ |



4.3 Matrix x-product, general case
Consider the quantum matrix algebra M(R, F') of the general type (no additional conditions on an
R-matrix R).

Denote by P(R, F) a linear subspace of Maty(M(R, F)) spanned by C(R, F')-multiples of the
identity matrix, I ch Vch € C(R, F), and by elements

MU=M, (M) =Ty (M Mepr(a™)), n=2.3,... (4.22)

where o™ belongs to the braid group B,. The space P(R, F) inherits a structure of a right C(R, F)-

module
MO en(BD) = ME@WEY oM e B, O B, ni=1,2,..., (4.23)

which is just a component-wise multiplication of the matrix M al™) by the element ch(8®) (use the
relation (4.10) to check this). The C(R, F')-module structure agrees with an R-trace map Trgr (which
means that Trr(Xa) = Trr(X)a VX € P(R,F) and V a € C(R, F))

T M ch(a™),
P(R,F) 5 C(R,F) : (4.24)
Ich(a™) +— (Trgl)ch(a™),

where o™ € B,, n=1,2,...
Besides, elements of the space P(R, F') satisfy a reduced cyclic property

M(a(n)ﬁ(nfl)Tl) _ M(ﬁ(nfl)'fla(n)) va(n) e Bny B(n—l) c Bn—l7 n = 2737 o (425)

Definition-Proposition 4.9 Formulas

Mo MY = M) (4.26)
where
o™« g0 = QMO (G ooyt oY), (4.27)
(Tch(BDY) « M = M™% (Ich(BD)) = M ch(BD)), (4.28)
(I ch(@)) % (Tch(B™)) = T (ch(a™)ch(B™)), (4.29)

define an associative multiplication on the space P(R, F'), which agrees with the C(R, F)—module struc-
ture (4.23).9

Proof. To prove the associativity of the multiplication (4.26), it is enough to check
(a(") % ﬁ(i)) x (™ = o) (5(2') % 7(m)) 7

which is a staightforward exercise in an application of the relations (2.1) and (2.2).

It is less trivial to prove a compatibility condition for the formulas (4.26) and (4.28)
{5 (Leh(B) }x M = o™ o {(1eh(B9)) % M0
which, in terms of the matrix ‘exponents’, amounts to

o™ O (6, gyoio5 ok )

4.
mod (4.25) ( 30)

= Myt g@Otmtn) (5 gooioyt. . 0 t).

SIn other words, a map ch(a™) — Ich(a™) is an algebra monomorphism C(R,F) < P(R, F).



0dﬁl.25

Here the symbol " ) means the equality modulo the reduced cyclic property (4.25).

To check eq.(4.30), we apply a technique, which was used in [24] to prove the commutativity of
the characteristic subalgebra. Consider an element

(i+m)

ui’m = (O'Z'...O'QO'l)(O'H_l...O'30'2)...(O'i+m_1...O'm+10'm)
(4.31)
= (Uio'i+1 e O'i+m—1)(0'i—10i e O'i+m—2) e (0'10'2 e Um) s
which intertwines certain elements of the braid group B;ypm):

Substitute an expression (ugf;m)T",y(m)Tn BN (n+m) (ugf:;m)m)_l) for the factor ()T~T(+)) in the
left hand side of the equation (4.30), move the element u(’i:—%m)Tn cyclically to the right and then use

an equality

7

(o7 oyt o7 Hu

(i+m) _  (i+m—1)11 (4‘33)

i,m - Yim—1
to cancel it on the right hand side. Such transformation results in the right hand side of the equation
(4.30).

Consistency of the multiplication and the C(R, F')-module structures on P(R, F') follows obviously
from the last equality in (4.28). n

To illustrate the relation between the x-product and the usual matrix multiplication, we present
formulas (4.26) and (4.27) in the case n = 1 (a(!) = 1) in a form
MxN=M-¢(N) VN e P(R,F), (4.34)

where - denotes the usual matrix multiplication and the map ¢ is defined by the formula (3.54) in
subsection 3.6.

The noncommutative analogue of the matrix power is given by a repeated * -multiplication by the
matrix M

MY:=T, M":= M*Mx*.. M= M192-on-1) — pf(on-1.0201) (4.35)

n times

Here we introduce symbol M™ for the n-th power of the matrizx M. The standard matrix powers
multiplication formula follows immediately from the definition

M7 M = M (4.36)

Proposition 4.10 A C(R, F)-module, generated by the matriz powers M™, n = 0,1,..., belongs to
the center of the algebra P(R, F).

Proof. It is sufficient to check a relation M « M = M « M , which, in turn, follows from a

calculation

_q1 mod (4.25)

a(i)ai...a20102_1...0i_ :Ji...a201a(i)“az_ .0y

a1 o1 . [ |

4.4 Matrix x-product, BMW case

It is natural to expect that the algebra P(R, F') is commutative as all of its elements are generated by
the matrix M alone. We can prove the commutativity in the BMW case. Notice that (in contrast to
the Iwahori-Hecke case), in the BMW case, the algebra P(R, F') cannot be generated by the x-powers
of M only.

By an analogy with formula (4.34), we define a C(R, F')-module map MT:P(R,F) — P(R,F)
MT(N) := M -£(N), N e P(R,F), (4.37)
where the endomorphism ¢ is defined by formula (3.55) in subsection 3.6. Equivalently, we can write

MT(M™"y = M)y ew, n=1,2,.... (4.38)



Proposition 4.11 Let the quantum matriz algebra M(R, F') be of the BMW type. Then the algebra
P(R, F) is commutative. As a C(R, F)-module, it is spanned by matrices

M" and MT(M"™?), n=0,1,.... (4.39)

Proof. A proof of the last statement of the proposition goes essentially along the same lines as the
proof of proposition 4.7 and we will not repeat it. The only modification is a reduction of the cyclic
property (c.f., eqs.(4.8) and (4.25) ), which finally leads to an appearance of the additional elements
{MT(M™)},>2 in the generating set.

To prove the commutativity of P(R, F'), we derive an alternative expression for the exponent in
the matrix product formula (4.26)

o™ % g0 = (o7 .. .05 0100 .. o:)a™T g0 (4.40)
The calculation proceeds as follows

o™ & g0 = MG oot o) = u,(lilji)a(")“ﬂ(i) (ugfji))_l(an ooy togh

mod(4.25)

+i—1)M\—1, _—1 -1
= (Ugfi—ll : ) oy .oy u

(n'h) a(n)Tl/B(z) _ (u(n—H_l)Tl)_10-1u("f"i_1)T1 a(n)T’B(Z)

n,i n,i—1 n,i—1

=(o;t... 02_1)(usl"H._z%m)_laluﬁf_ﬁfﬁ%m(@ ...03)a™T 30 — right hand side of eq.(4.40).

Here we applied again the intertwining operators (4.31) and used their properties (4.32) and (4.33)
and the reduced cyclicity. One more property

L) (i1

n,i n—1,i (0102 cee Ui)

is used in the last line of the calculation.

Due to proposition 4.10, to prove the commutativity of the algebra P(R, F'), it remains to check
the commutativity of the set {MT(M™)},>2.

Notice that the factors of the exponents of the matrices MT(M™) can be taken in an opposite
order, MT(M™) = M(<10203.-0n) — )f(on-.030251) This observation, together with formula (4.40),
allow us to choose the exponents of two matrices MT(M™) x MT(M?®) and MT(M?) x MT(M™) to be
mirror (left-right) images of each other. Finally, M o™ — §(°‘(n)), Vo™ € W, (q, 1), where < is the
antiautomorpism (2.19), since both sides of this equality can be expanded into linear combinations of
the generators (4.39), which are invariant with respect to the mirror reflection of their exponents, and
since the expansion rules (i.e. the defining relations for the BMW algebras) are mirror symmetric. W

Lemma 4.12 For the BMW type quantum matriz algebra M(R, F'), one has
MT(I) = pM,  MT(M) = pu"'Ig, (4.41)
MT(MT(N)) = Ng VN €ePR,F). (4.42)

Proof. Therelations (4.41) follow immediately from the relations (4.14) and (3.34) and the definitions
(4.37) and (3.55).

As for the equality (4.42), it is enough to check it in the case when the matrix N is a power of the
matrix M.

To evaluate the expression MT(MT(M™)) = M(F15203--7n+1)  we transform its exponent, using the
relations (2.8) in the BMW algebra and the reduced cyclic property, to

1 mod (4.25) 1
K1K203 ...0n41 = Ki1(Kekgoy )04 ...0p41 = (05 "K1K2)K304 ... Opy1
(4.43)
mod (4.25)

= O01K2R304...0p4+1 = ... = 0102 ...0pn-1KnKn+1 -

P



For the exponent (4.43), the matrix power is easily calculated, again with the help of the relations
(4.14) and (3.34), and gives the expression M™g. [ |

The last relation in (4.41) shows that to introduce the inverse matrix to the matrix M it is sufficient
to add the inverse g~! of the 2-contraction g to the algebra M(R, F). This is realized in the next
subsection.

4.5 Matrix inversion

In this subsection we define an extended quantum matrix algebra, to which the inverse of the quantum
matrix belongs.

Lemma 4.13 Let M(R, F) be the BMW type quantum matriz algebra. Its 2-contraction g fulfills a
relation

Mg = g(G'MG), (4.44)
where G is defined by formula (3.42).

Proof. The proof consists of a calculation

M (gK2) = p?MiMzMzKy = p>MpMzMzKoK 1Ky = p?Ky (M7M5K7) MzKs

= gKQKlMgKQ = (gKg)TI‘(Q’:;) (KQKlMg)
(4.45)
= (9K2) Tr (o3 (Ko Py LK My FFy )

= (9K2) Tr (2,3 (FaF1Ka) My Tr (0.3) (Ko Fy ' Fy 1) = (gK2) (GT'MG),.

Here the relations (4.14) and (2.9) were used in the first two lines; the property rk X' = 1 was used
in the last/first equality of the second/fourth line; the definition of Mz was substituted and the twist
relation for the pair {K, F'} was used in the third line; the formulas (3.42) and (3.43) for G and G~!
were substituted in the last equality. [

Definition-Proposition 4.14 Let M(R, F') be the BMW type quantum matriz algebra. Consider an
extension of the algebra M(R, F) by a generator g=* subject to relations

glg=9g ' =1, ¢g'M=(G'MG)g". (4.46)

The extended algebra, which we shall further denote by M"(R, F), contains an inverse matriz to the
matric M
M= = peM)gt M-Mt=M"'M=1. (4.47)

Proof. Lemma 4.13 ensures the consistency of the relations (4.46). The equality M - M~! = I for
the inverse matrix (4.47) follows immediately from the formulas (4.41) and (4.37).

To prove the equality M~ - M = I, consider a mirror partner of the map &:
O(M) = p~ 2 Tr ) K1 My (4.48)

By the (left-right) symmetry arguments in the assumptions of lemma 3.13, the map 6 is invertible and
the inverse map reads

-1 _ -1
0 (M) = TI‘Rf(g) (Fl KlMlFl) . (4.49)

Applying in a standard way the transformation formula (3.12), we calculate a composition of the maps
& and 6,

EO(M))1 = 0(E(M)1 = p2 T, 5 Ko K My = Tr (5,3 Ko K1 Mg = (G~ MG); . (4.50)

Here the relation (3.37) was used to substitute the R-traces by the usual traces; the last equality
follows from a comparison of the second and the last lines in the calculation (4.45).

Now we observe that, in view of the relations (4.14) and (3.34), a matrix (T'M) := pg='71(M)
fulfills the relation (T'M)- M = I. The identity (T*M) = M ~! follows then from the relations (4.50)
and (4.44). [ |



Remark 4.15 One can generalize the definitions of the characteristic subalgebra and of the matrix
powers to the case of the extended quantum matrix algebra M"(R, F). Not going into details, we just
mention that the extended characteristic subalgebra C'(R, F) is generated by the set {g, g, p;}i>0
and the extended algebra P*(R, F), as a C"(R, F)-module, is spanned by matrices

M™ and MT(M™) VYncz.

Here inverse powers of M are defined through the repeated *-multiplication by M __1, which is given
by
M7 %N :=N«M"':=¢"(M ' N) VNeP(RF). (4.51)

Explicitly, one has

M~ = M Tx.. .« M %1 = Try
f

n times

(Mz_lMgl .. 'Mn__—l}lpRjjl(O-” .. .0'201)) N

(2,...,n+1)
where the copies M[l of the matrix M~! are defined as (c.f. with eq.(4.1))

My := My, My == F7'M; F, i=2,3,.... (4.52)

Notice that in general M1 ¢ 1 (M~1) #£ M~'. Here are some particular examples of the multipli-

cation by M -1

MM =M™, M 1M1 = ch(a™)].

5 Relations for generating sets of the characteristic subalgebra: BMW
case.
In this last section we use the basic identities from subsection 5.1 to establish relations between the

three sets of elements in the characteristic subalgebra — {g,a;}i>0, {9, si}i>0 and the power sums
{9,pi}i>0. As a byproduct, we prove the proposition 4.8.

Before we proceed, let us recall the initial data of the construction.

e Given a compatible pair of R-matrices {R, F'}, in which the operator F' is strict skew invertible
and the operator R is skew invertible of the BMW type (and, hence, strict skew invertible), we
introduce the BMW type quantum matrix algebra M(R, F') (see definition 4.1);

e Assuming additionally that the eigenvalues ¢ and p of the R-matrix R (i.e., the parameters of
the BMW algebras, whose representations are generated by the matrix R) satisfy conditions
ig #0, p#—q3% Vi=23,...,n (see (2.26)) we can consistently define the antisymmetrizers

a™ and introduce skew powers of the quantum matrix M: M “(i), 0<2<n.

5.1 Basic identities

In this subsection we establish relations between ‘descendants’ of the matrices M in the algebra
P(R, F). These relations are used later in a derivation of the Newton relations.

For 1 <i<n and m > 0, we consider two series of descendants of M al®,

W B = M (M. (5.1)

A = G M™ o« M@
It is suitable to define A% and B for boundary values of their indices
ACED = iy 67 (Trpo sy MM .. Mypr(a)) , BOD = iy~ (g(M”))  (5.2)

and

A0 =0 and BM™O =0 VYm>0. (5.3)



Notice that although the elements A~ and B(®% do not, in general, belong to the algebra P(R,F),
their descendants A=) g and B9 g do (see eqs.(5.4) and (5.5) in the case m = 0).
In the case when the contraction ¢ (and, hence, the matrix M) is invertible, the formulas (5.1),

with m now an arbitrary integer, can be used to define descendants of M o™ ip the extended algebra
P°(R, F) (see the remark 4.15). In this case, the matrices A(-1%) and B(%) are expressed uniformly:
ACLD) = M e BOD — g M1 MT(MY).

Lemma 5.1 For 0<i<n—1 and m >0, the matrices A1 gnd Bm+1it1) gatisfy recurrent
relations

2i—1 -1
Am=Litl) i A(ma) Hq (q_.q ) Bmi) 4
q a T p ; (5.4)
—1
(m+1,i+1)  _ —1 —iygm q9—4q (m,i) _ p(myi)
B = (p ' M™a; + =i Bmi)g. (5.5)

Proof. For ¢ = 0 relations (5.4) and (5.5) by (5.3) simplify to
A(m—l,l) — Mm7 B(m+1,1) — M_leg’

They follow from egs. (4.36), (4.41).
Let us check (5.4) for i > 0. For m > 0, we calculate

A(m’i+1) _ (’L + 1)qM(a(i+1)Tm Om...0201) _ qiM(a(i)T(erl) 0;L+1(q72i)o.m“.0.201)

22'—1(

-1
q9—q ) Bm+1i)

— M g AmtLi) P
=q¢M" a; — AT 1+ pg@1

Here in the first line we used the second formula from (2.24) for a(+1)™™ and applied the reduced
cyclic property (4.25) and the relations (2.31) to cancel one of two terms a(¥1(™+1) In the second line
we substituted the formula (2.22) for the baxterized elements o,, +1(q_2k) and applied the relation
(4.10) to simplify the first term in the sum.

For A=1#+1) "the relations (5.4) are verified similarly

ACLHD = gl (TFR(2,3,...i+1)M§M§- o MmpR(a(ime(q_%)))

2i—1 -1
i o ali e U o)
= ¢ ¢ 'I)a; — iq @ YoM ())) - 1+ g2t iq ¢ LEme™))
2i—1 -1
_ i C A0 _ M4 (q_q ) (0,9)
¢ la; — A 15 gt B

Here the definitions (3.54) and (3.55) of the endomorphisms ¢ and £ were additionally taken into
account.

To prove (5.5) for i > 0 we proceed in the same way

B(m+1Li+1) _ (Z + 1)qM(a(i+1)Tm+1 Kmt10m...0201) qz'M(a(i)Tm+2 O-;L+2(q72i) Kot 10m ...02071)

(5.6)

i o

) _ — gt — i
= MR MT(M)a; — igM @ Omiaimsiom-.o1) ﬁquz — M MT(MT(M™)).

Here in the second line we used another expression for the baxterized generators

x—1 1  oax(z—1)
o - =~ @ 7
g—q 1" a:x + 1

Ki ,

which follows by a substitution o; = o; ' + (¢ — ¢~')(1 — &;) into the original expression (2.22).



Now, notice that

1 1 _1 mod (4.25) 1 -1
03 K201 = 03 K2KR109 = 09 03 K2R1 = K3K2K1, (57)
and, hence, in the case m > 1, the second term in the last line of the equality (5.6) can be expressed
as
a(D)tm+2 0_*1

—iqM( g2 BmA10m . 01) —iqu*MT(MT(MT(Ma(i)))). (5.8)

Applying then the formulas (4.41) and (4.42) to the expressions (5.6) and (5.8), we complete verification
of (5.5) for m > 1.
For the case m = 0, the transformation of the second term in (5.6) should be slightly modified.
Notice that by eq.(5.7),
oy = g(T(MT ().
Inverting the endomorphism ¢ in this formula and using the relation (4.42) and the definition of B (04)
(5.2), we complete the transformation of the second term in (5.6) and, again, get the equality (5.5). B

5.2 Newton and Wronski relations

Theorem 5.2 Let M(R, F) be a BMW type quantum matriz algebra. Assume that its two parameters
q and p satisfy the conditions (2.26), which allow to introduce either the set {a;}I'_, or, respectively,
the set {s;}i_ in the characteristic subalgebra C(R,F') (see the definitions (4.20) and (4.21)). Then
the following Newton recurrent formulas relating, respectively, the sets {ai,g}l'_, or {si, g}l to the
set of the power sums (see the definitions (4.11) and (4.12))

n—1 [n/2]
Z(_Q)Zaipn—i — (_1)n—1nq an + (_1)n Z (Nqn—2z o ql—n+2z) Upy—9; gz (59)
=0 i=1
and
1 nf2) | |
> Sipn—i = ngsn + Y (quzz—n + q"_ZZ_l> Spn—2i g’ (5.10)
=0 =1
are fulfilled.

In the case, when both sets {ai, g}i—, and {si, g}i— are consistently defined, they satisfy the Wron-
ski relations

n
> (=1)'ai sn—i = 0no—0n29, (5.11)
i=0

where 0; j is a Kronecker symbol.

Remark 5.3 One can use the formulas (5.9) and (5.10) for an iterative definition of the elements
a; and s; for ¢ > 1, with initial conditions ag = sg = 1. In this case, the elements a, and s, are
well defined, assuming that ¢, # 0 Vi = 2,3,...n. The additional restrictions on the parameter p,
which appeared in their initial definition (4.21), are artifacts of the use of the antisymmetrizers and
symmetrizers a(™, s € W, (q).

Proof. We prove the relation (5.9). Denote

i—1 _
JO =0, JO .= Z(—q)le_]aj, i=1,2,...,n.
j=0

We are going to find an expression for the matrix J in terms of the matrices A% and B,
1< <n.

As we shall see, there exist matrices H®, which fulfill equations
(1= HD g = (JO 4 (=1)’A0D) | i=0,1,...,n. (5.12)



To calculate the matrices H®, we substitute repeatedly the relations (5.4) for the elements A0
A=Y - AG=LY) iy the right hand side of eq.(5.12). It then transforms to

i1 2j-1
i — j q 1—7,7 .
HOg = —pg ' Yo (-1 e B =01 (5.13)
=1

Now, using the expressions (5.5) for the elements B(*~77), one can check that matrices

HO = HWY =0, (5.14)
- _ _ »
(O R— (—q)’ i—j—2, . ne’ (g — g )A(i_j_z,j) B2\ =9
H® . jz::OlJruq?j“( 5+ 1 pi o, ) i=2,...,n.

satisfy eq.(5.13).
Next, consider a combination (H(*2) — H(®g). Using eq.(5.14) for the first term and eq.(5.13) for
the second term, we calculate

i1 . o . .
F(i+2) _H(i)g _ Z (—Q)]‘ (Mi—jaj + Mq](q—q )(A(i—j,j) _q—lB(i—j,j)))

= 1+ ng T L+ pg?!
(—q)° ng'(q—q7") 0. : (0,0) -
1+ pg2itt (I“i T ¥ i1 A — gt BO ) , Vi=0,...,n.
To continue, we need the following auxiliary result:
Lemma 5.4 For1l <i<mn, one has
VMO e (Vi s i) g gli
T+ 21 ]z_: 1+ gt (M aj + W(A -q¢ B )). (5.15)

Proof. Use the recursion (5.4) for AG=7=13+1) to calculate

_ g, PN T4 ) A(i=5,0) _ —1R(i—5.])
1+ gt T ¥ g1 1+ pgdtl (M 4+ g1 (4 ¢ B )) :

Compose an alternating sum of the above relations for 0 < j7 < ¢ — 1 and take into account the
condition A®0) = . [ |

Using the relation (5.15), we finish the calculation
HF2) _HOg = (14 pg?+H)~! ((—q)ilai + (=1)HH A0 4 ,uqziB(O’i))) Vi=0,...,n—2. (5.16)
Now it is straightforward to get

[¢/2 i—1 . ,
H® = —( 1), (A(()’ %) 4 =% p0i=2j) _ q’_ZJIai_gj) ¢t Vi=0,...,n, (5.17)

where [k] denotes the integer part of the number k. Finally, substituting the expression (5.17) back
into eq.(5.12), we obtain a formula

[1/2]
. 1 o o L L .
J(z) — ( z IA (0,9) + Z - +)qu ( (il) (A(0,2—2]) + Mq2(2—2j)B(0,Z—2j) o ql_zjlai—2j)g]7 (518)
which is valid for 0 < ¢ < n.

Taking the R-trace of eq.(5.18), we obtain the Newton relations (5.9). Here, in the calculation of
the R-trace of B(%#~21) we took into account the formulas (3.58).



The formulas (5.10) can be deduced from the relations (5.9) by a substitution ¢ — —¢~%, a; —

sj. This is justified by the existence of the BMW algebras homomorphism (2.16) ¢ : Wy(q, p) —
Wi (—q~!, 1) and a fact that one and the same R-matrix R generates representations of both algebras
Wal(q, 1) and Wi (=g, ).

The relation (5.11) is proved by induction on n. The cases n = 0, 1,2 are easily checked with the
use of eqs.(5.9) and (5.10). Then, making an induction assumption, we derive the Wronski relations
for arbitrary n > 2. To this end, we take a difference of egs.(5.10) and (5.9)

n—1

Z(q_isipn_i — (—q)iaipn_i) = ng(sn, + (=1)"a,) + terms proportional to g

i=0
and substitute for p,_; in the first/second term of the left hand side its expression from the Newton
relation (5.9)/(5.10) (with n replaced by n — 7). As a result, all terms, containing the power sums,
cancel and, after rearranging the summations, we get

ng Z(_l)laisn—i - _ Z (ql—n+2z + qn—1—2z)gz Z (_1)]aj3n—2i—j .
1=0 i=1 j=0

By the induction assumption, the double sum in the right hand side of this relation vanishes identically:
when n is odd, the second sum vanishes for all values of the index i; when n is even, the second sum
is different from zero only for two values of the index i, i = n/2 and i = n/2 — 1, and these two
summands cancel. [ |

A Primitivity of contractors

In this appendix we return to the consideration of the contractors in the BMW algebra. We shall
establish useful properties of the contractors in lemmas A.1, A.2 and then use it to demonstrate their
primitivity (announced in proposition 2.2 in subsection 2.4) in proposition A.3.

In this appendix we shall denote by W(o4, 0441, ..., 0;), where i < j, the BMW algebra with the

generators 0;,0;41,...,0; (the values of the parameters ¢ and 1 are fixed).
Lemma A.1  Let o € W(o1,09,...,0;), where j > n. Then there exists an element & €
W(0n+t1,0n+2,--.,0;) such that

g = Mg

Proof. Assume that o € W(04,0441,...,0;5) and o € W(0i41,...,05). If i > n then there is nothing
to prove.

For i < n, we shall prove that there exists an element o € W(0i41,...,0;) such that

Ao =My

Given this statement, the proof follows by induction on 3.

Due to the formula (4.15), we can express the element « as a linear combination of elements of the
form zu;z, where z,z € W(0i41,...,0;) and u; is equal to 1, o; or ;. The terms with u; = 1 belong
already to W(0i41,...,0;) so we may assume that the element u; is non-trivial (that is, equals o; or
/iz').

We express now the element x as a linear combination of the elements of the form yu; 1y, where
Y,y € W(0it2,...,05) and u;q1 is equal to 1, o;41 or ki11. Each element § commutes with the
element wu; thus the element a becomes a linear combination of elements of the form yu; iu;x with
y € W(oiy2,...,05) and T € W(0i41,...,0;). In the terms with u;4; = 1 we move the element y
rightwards through the element u; and continue the process for the terms with u;41 equal to g;41 or
ki+1. After a finite number of steps the process terminates and we will have an expression for the
element « as a linear combination of terms

Uitk -« - Uip1UG2 (A1)



where the element z belongs to W(o;1,...,0;) and each of the elements u;;s, s =0,1,...k, is equal
to 045 OT Kiys.

Let us first analyze expressions (A.1) with i+k > n. The contractor ¢" is divisible by the element

kpn from the right due to the relation (2.33). The element k, can move rightwards in the product
c(2n)u,-+k ... uj+1u;z until it reaches the element wu,,+1 and we arrive at the expression ... KpUpt1Uy - - ..
For all four possibilities (0y,410n, On+1kn, Knt10n OF Knt1ky) for the product w,4iuy,, the expression
KpUn+1Uy can be rewritten, with the help of the relations (2.5)—(2.9), in a form k,v,+1, where v,41
is a polynomial in ¢,,1. Moving the element , back to the contractor ¢2"), we obtain

2 2 2
ot ")qu U U E = o ")qu e UpaoUpa Up_q ... U2 = A2y wE

with some other Z € W(0i41,...,0j).

Thus we can rewrite the product of the contractor ¢(*®) by an expression (A.1) with i +k > n as
a product of ¢®® with an expression of the same form (A.1) but with i + k < n.

Now using the relations (2.34) we remove the elements u;, one by one to the right:

2 2 2
s = P e e = P g

At the end we will obtain for the product ¢?” « an expression of the form ¢/, where the element
o' belongs to W(oit1,...,0;), as stated. [ |

Lemma A.2 Relations (2.5) and (2.9) involving the elements k; have the following analogues for the
higher contractors:

P g ) = 7y : (A.2)

) ki ) = 712 (A.3)

Proof. We prove the identity (A.3) by induction on i (the base of induction, ¢ = 1, is the relation
(2.9) itself):

242 2i+2) _ (2011 2011 2i+2) _ (2011 242
P2 i 92 = M o Ry BT g 0cBiH2) = PO o, Ky kg 0 (2H2)

— 20t ) — o201 ~1,(2i+2)

242
Koit1K2it2kip1c BT

In the first equality we used the definition (2.29); in the second equality we used the property (2.33); in
the third equality we moved the element k; rightwards to the contractor ¢(22) and used the property
(2.34); in the fourth equality we used the relation (2.9); the fifth equality is the induction assumption.

The identity (A.2) is proved again by induction on i (the base of induction, i = 1, is now the
relation (2.5) ):

242 2i+2) _ (2011 211 2i4+2) _ (2011 2i+2
2t gy 40t = 2D o 3 k1 DM g, 0cPiH2) = @M g, 1 k1 09y 0c2iH2)

_ 2n (2i+2) 12011 (2i+2) —1p—1,(2i42)

K2i+102i4+2K2i+1C =p K2i41C =un

In the first equality we used the definition (2.29); in the second equality we used the property (2.33); in
the third equality we moved the element k; rightwards to the contractor ¢(22) and used the property
(2.34); in the fourth equality we used the relation (2.5); the fifth equality is the identity (A.3).

The proof is finished. [

2n)

Proposition A.3 The contractor ¢2™ is a primitive idempotent in the algebra Wy, (g, 1) and in the

algebra Wan+1(q, 11)-



Proof. To prove both statements about the primitivity, one has to check that a combination
c(2n) o (2n+1) (2n) i proportional to the contractor ¢ for an arbitrary element a7t from the

algebra Way,11(q, p).

Let o be an arbitrary element from the algebra W(o1,...,0;), where j > 2n + 1. Due to lemma
A.1, we have ¢®Mq = (2" 3 with 3 € W(ont1,...,05).

Let ¢ (i > 0) be such that 8 € W(on+i,0ntit1,--.,05) and 8 ¢ W(ontit1,...,05). We shall
demonstrate that there exists an element § € W(op4441,- .., 0;) for which

C(2n) 56(2n) _ C(2n)BC(2n) )

Given this statement, the proof follows by induction on 3.

The element § is a linear combination of elements of the form xu,;y, where the elements x and
y belong to W(op4i+1,-..,0;) and u; is equal to oy4; or Ky We have

C(2n)xun+iyc(2n) _ C(2n)xc(2i)Tn—i (2i)Tn—in(2n) ~ C(2n)$c(2i)Tn—in(2n) _ C(2n)xyc(2n) )

Up44iC

In the first equality we used the relations (2.33); the proportionality follows from the relations (A.3)
and (A.2). Then we used again the relations (2.33) to absorb the contractor ¢?9T=% into ().
The proof is finished. u

B Further properties of contractors

The relations, involving the elements k;, for the generators of the BMW algebras have analogues for
the higher contractors. Two examples of such relations are proved in lemma A.2. In proposition B.1
we prove further analogues.

The identities in the lemma below have several versions obtained by an application of the automor-
phisms (2.16) and (2.15) and the antiautomorphism (2.19). For an identity of each type we present
one version.

Proposition B.1 Another analogue of the identity (2.9):
I{Qjc(zj)ligj = 77_1/-623'6(%_2)Tl . (B.1)
More general than (A.2) analogues of the identity (2.5):
c(zj)aj+kaj+k+1 o9 B = (TR for 0 <k < (B.2)

and
C(zj)o'j_ko'j_k+1 . ..O'QjC(2j) = n_j(u_l)j_l_kc@j) for 0<k<j. (B.3)
An analogue of the identities (2.8):

An analogue of the identity (2.7):

oo’
i%5-

r(29)1L / r_ / 1 (29) / /
L. ohd®) 01 ...05_105 = 0j110j49...09;C V05 .. 0519041 . (B.5)

Another analogue of the identity (2.9):

2L (25) (DT — =24 (211 (B.6)
An analogue of the identity (2.35):
G CRTI=k — kD) for k<. (B.7)

where the elements T are defined in eq.(2.14).



Proof. The identity (B.1) is proved by induction on j (the base of induction, j = 1, is the relation
(2.9)):

2j+2 2)11 24)11 25)11 2)11
H2j+26( j+ )sz+2 - H2j+26( )T sz+1/€10( 3T Kojio = 29t ,i2j+2,€2j+152j+2ﬁlc( 3T

In the first equality we used the definition (2.29); in the second equality we formed the combination
Koj2K2j1K2j+2; in the third equality we used the relation (2.9); the fourth equality is the induction
assumption.

The identity (B.2) is proved by induction on k down; the base of induction, when k = j, is the
identity (A.2).

o(24) (29) — o(29) 2RV 1~k < G 2RI~k (29)

Oj+k0j+k+1---025C Oj+k0j+k+1 -

= D) RNk 2R (29)

Oj4k+1---024

— 7]_1/1/_10(2j)C(2k)Tj_kO'j+k+1 ... 0-2jc(2j)

= oy gy = (T IR

In the first equality we used the property (2.33); in the second equality we formed the combination
(k)13 _ijJrkc(zk)Tj ~k. in the third equality we used the identity (A.2); in the fourth equality we used
again the property (2.33); the fifth equality is the induction assumption.

The identity (B.3) is proved by induction on k. We have 2 )aj = uc'®) by the relation (2.35), so
the identity (B.3) with k£ = 0 follows from the identity (B.2) with k£ = 1.

Next, we have, for i < j:
) g0i01 ... 095 = c(2j)g2j_i(0’i+1 o o95)c)
= C(2j)(0'i+1 cee U2j)g2j—i—lc(2j) = C(zj)(0i+1 cee 0“2j)Qi+1C(2j) .

Here we used the property (2.34) and the defining relation (2.1).
The last expression in eq.(B.8) can be rewritten in a form

2 )2

Qi+2(0'2‘+1 <. 025

again by the braid relation (2.1).

If 4 + 2 is still smaller than j, we continue in the same manner:

C(2j)gi+2(0'i+1 e O'Qj)c(2j) = C(2j)g2j_i_2(0'i+1 e O'Qj)c(2j)
(B.9)

= c(2j)( (24) = c(2j)( (25)

Oitl--- O'gj)ggj_i_gc Oi+1--- U2j)gi+3c

and the last expression in eq.(B.9) can again be rewritten in a form

29) 29

Qz’+4(0’z‘+1 e Uzj)
We repeat this process till the moment when the index of the underlined o becomes equal to j. Then
we use the property (2.35) and conclude

2j)

(29) (29)

9
C( ])O'Z'UZ'_H...UQJC( = ucC 0i+1...0’2jc s

which, due to the induction assumption, finishes the proof of the identity (B.3).

The proof of the identity (B.4) consists of a calculation

2N = 2 g 6y agjc(2j)02_j1 e 02_101_1 = n_jc(2j)c(2j)02_j1 e 02_10'1_1 .



The first equality here is valid due to the defining relations (2.1); in the second equality we used the
identity (B.3) with &k =j — 1.

Using a combination of the isomorphisms (2.15) and (2.17), we can rewrite the identity (B.4) in
forms

c(2j)T10(2j) — fr,_jc(zj)Tlo'10'2 . 0'2]' N (BlO)
2) @I = =i @) gy aery (B.11)

and
PR — =i 2oL oy (B.12)

We now turn to the proof of the identity (B.5). First, we prove by induction on 4 the following
identity:
01(Kak3 ... Kj11)010y ... 0% = 0905 ... 0 1 (Kikg ... Kj)0G - (B.13)

The base of induction (j = 1) is the identity (2.7). The induction step is
01(K2K3 ... Kj12)010% ... 05 = 0 (Kakg ... Kj11)(0105 ... 0F)Kj 1207

R / Nt ) R ) / N ) /
= 0503 ... 051 (K1k2 ... Kj)OT  Kj20s ) = 0505 ... 0% 1 (K1K2 ... Kj)0G 9Kj4107 o

R, ’ ) /
= 0503 ... 0 oK1k ... Kj11)07 40

where we used the identity (2.7) in the third equality.
The image of the identity (B.13) under the antiautomorphism (2.19) reads

rt
0,0, _

to g o (KR K)o = 0 (RjRjo1 .. K1)0, 100y (B.14)

The proof of the identity (B.5) is again by induction on j (the base of induction is the identity

(2.7)):
(04107 .. o) )Gt (g 0505, 1)
e Gl 0D R sy Rya)(Ra - g2) (0 )

= 17_1(0';-4_1 PN Jé)c(2j)T2(/€2j+2 PN /{j+3)03(/€2 PN /€j+2)(0'/1 PN O';-_H)

= 7’,_1(0'3-_1_1 R Ué)c(2j)T2(/£2j+2 R /ij.,.g)(O’é - O';»+2)(/£1 - Hj+1)0’3-+2

- 77_1(0;“ . aé)c@j)m(aé . a§-+1)(/£2j+2 . nj+3)a§+2(51 . Hj+1)0’§-+2

)21 '

= 77_1(0'342 09541 0oja(K2jtt - Kjg2) (0940 05i3) (k1. Kjp1)0) o

= 77_1(0’342 e O’éj+2)0(2j)Tl (K2jt1 - i) (k1. “j+1)(0'§j+2 e 0’3‘+2)

+2)

) / 2j / /
—(Uj+2...02j+2)c( 0%t Ojia -

Here in the first equality we used the expression (2.37) for the contractor; in the second equality we
moved the element o rightwards to the string (k2 ... kj42); in the third equality we transformed the
underlined expression using the identity (B.13); in the fourth equality we moved the string (o5 . .. a} 41)
leftwards to the contractor ¢2/)2: in the fifth equality we used the induction assumption to transform
the underlined expression; in the sixth equality we transformed the underlined expression using the
shift T7+1 of the identity (B.14); in the seventh equality we rearranged terms and then used again the
expression (2.37) for the contractor in the eighth equality.

The following calculation establishes the identity (B.6):

2T (I — = LIy aory = =2 21T

="



Here in the first equality we used the relation (B.11) while in the second one we used the relation
(B.12).

To prove the identity (B.7), it is enough to prove its particular case
(29) (27) — ,ujc(2j) (B.15)

since the element ¢ is divisible by the element ¢(*=2k)TF due to the relations (2.33).
We shall need two identities. The first one is

C(2j+2)0'10'2 - 025 = C(2j+2)c(2j)T10'10'2 ... 025 = njc(2j+2)c(2j) . (Blﬁ)

In the first equality we used the relations (2.33); in the second equality we used the relations (B.10)
and again (2.33).

Here is the second identity:

(2542) (2)) (25425 (23) = 242) gy l29) = (2372) gy 23)

02541 =C
(B.17)

= ... = pcFt2) )

In the first equality we moved the element 09;41 leftwards through the contractor ) and then we
replaced the combination c(2j+2)02j+1 by ¢2*2g; due to the relation (2.34); repeatedly using the
relation (2.34), we replaced the combination o129 by Jgj_lc(2j), then c(2j+2)02j_1 by c(2j+2)03 etc.
The index of the element o jumps by 2; at one moment it becomes equal to either j or j 4+ 1 and we
use then the relation (2.35).

We now prove the relation (B.15) by induction on j (the base of induction, j = 1, is the relation

(2.4)):

(2042 £ 2542) — (2342 (g, FRIHD) Z i (25+2) () (2j+1)

. 02j4+1) 09j4+1T

= ) c23+2) (20 7231 = i o23+2) (2 720 (g )
= W 2D ) (g o) = i 252) ((20) 2T
L2 202) (21 0(2) (20N — (g1 ((2542)

In the first equality we used the iterative definition of the elements 7 (it is different but equivalent to
the one given in eq.(2.15) ); in the second equality we used the relation (B.16); in the third equality we
used the relation (B.17); in the fourth equality we used again the iterative definition of the elements
7@ the fifth equality is the induction assumption; in the sixth equality we used the relation (B.11);
in the seventh equality we used the relations (2.33); finally, in the eighth equality we used the relation
(B.6).

The proof is finished. u

Remark B.2 We have also

(27+2) (25+1) — C(2j+2)(0—1 o 0—2].)7-(21') — njc(2j+2)c(2j)7'(2j) — (nu)jc(zj”)c@j) ]
In the first equality we used the iterative definition of the elements 7@ in the second equality we used

the relation (B.16); in the third equality we used the identity (B.7).

C On twists in quasitriangular Hopf algebras

Here we shall discuss universal (i.e., quasi-triangular Hopf algebraic) counterparts of relations from
subsections 3.2, 3.3, especially from proposition 3.6: we shall see, in item 8 of the appendix, that
these relations have a quite transparent meaning, they reflect the properties of the twisted universal
R-matrix.

We do not give an introduction to the theory of quasitriangular Hopf algebras assuming that the
reader has some basic knowledge on the subject (see, e.g., [6], the chapter 4).



C.1 Generalities

1. Let A be a Hopf algebra; m,A,e and S denote the multiplication, comultiplication, counit and
antipode, respectively.

Assume that A is quasitriangular with a universal R-matrix R = a®b (this is a symbolic notation,
instead of }_; a; ® b;). One has (S ® S)R = R. The universal R-matrix R is invertible, its inverse is
related to R by formulas R™' = S(a) ®b or (id® S)(R™!) =R.

For elements in A ® A, the ‘skew’ product ©® is defined as the product in A°° ® A, where A°P
denotes the algebra with the opposite multiplication. In other words, the skew product of two elements,
ryand TR Jis (xQy)® (T ®Y) = Tr ® yy. For a skew invertible element X € A ® A, we shall
denote its skew inverse by 1x. The universal R-matrix R has a skew inverse, g = a ® S(b). The
element 1% is invertible, (¥r)~! = a ® S?(b). The element R~! is skew invertible as well, its skew
inverse is ¢g-1y = S*(a) ® b. All these formulas are present in [9]. We shall see below that there
are similar formulas for the twisting element F. However, the properties of the twisting element F
and of the universal R-matrix R are different, for instance, the square of the antipode is given by
S%(x) = uy, x (uy)~t, where u, = S(b)a, but there is no analogue of such formula for F. Because of
this difference, we felt obliged to give some proofs of the relations for F.

Let p be a representation of the algebra A in a vector space V. For an element X € A® A, denote
by p(X) € End(V®2) an operator p(X) = P - (p® p)(X) (recall that P is the permutation operator).
The skew product ® translates into the following product & for elements of End(V®?):

(X@Y)lg =Tr (2)(X12Y23) . (Cl)

In other words, if ¥ ®Y = Z then p(X) ® p()) = p(Z). For an operator X € End(V®?), its skew
inverse WV x, in the sense explained in subsection 3.1, is presicely the inverse with respect to the product
®.

2. The following lemma is well known (see, e.g., [6], the chapter 4, and references therein).

Lemma C.1 Consider an invertible element F = a® € A® A (we use the symbolic notation,
a®B=Y,0;® B, like for the universal R-matriz) and let F~! = y® 5. Assume that the element F
satisfies

Fi2 (A ®1d)(F) = Foz (id ®@ A)(F) . (C.2)
Assume also that
cla)B=ae(B)=1. (C.3)
Then an element v, = «S(B) is invertible, its inverse is
(v)"t=8S(7)4 . (C.4)
One also has
S(@)(v)'B=1 and ~yv,.S(@)=1. (C.5)
Twisting the coproduct by the element F,
Ar(a) = F Aa) F71 (C.6)
one obtains another quasitriangular structure on A with
Rr=Fuy RF! (C.7)
and
Sx(a) = v, S(a) (v,)"" (C8)

(the counit does not change).

An element F, satisfying conditions (C.2) and (C.3) is called twisting element. We shall denote by
Ar the resulting ‘twisted’” quasitriangular Hopf algebra.

Remark C.2 On the representation level, the formula (C.7) transforms (compare with eq.(3.23))
into p(Rr) = p(F)a1p(R)21p(F)y. Below, when we talk about matrix counterparts of universal
formulas, one should keep in mind this difference in conventions.



3. Assume, in addition to eq.(C.2), that
(A®id) (F) = Fi3 Fa3 (C.9)

and
(id® A) (F) = Fiz Fiz - (C.10)

Now the conditions (C.3) follow from the relations (C.9) and (C.10) and the invertibility of the
twisting element F: applying € ® id ® id to the relation (C.9), we find (e ® id)(F) = 1; applying
id ® id ® € to the relation (C.10), we find (id ® €)(F) = 1.

Since A% (z)R = RA(z) for any element z € A (where A°P is the opposite comultiplication), it
follows from the relation (C.9) that

Ri2 Fiz Faz = Fo3 Fi3 Ria - (C.11)
Similarly, the relation (C.10) implies
Raz Fiz Fi2 = Fi2 F13 Ra3 - (C.12)

When both relations (C.9) and (C.10) are satisfied, the relation (C.2) is equivalent to the Yang—
Baxter equation for the twisting element F:

Fiz Fiz Faz = Fo3 Fi3 Fio . (C.13)
Remark C.3 One also has
(A]: &® id)(]:gl) = F31 F32 and (ld &® A]-‘)(]:gl) = F31 Fo1 .

Therefore, one can twist Ar again, now by the element Fo;.

On the matrix level, this corresponds to the second conjugation of p(R) by p(F),

A(RF)Fn ) = p(F)? H(R) p(F) 2.

Remark C.4 The element F," satisfies the conditions (C.2), (C.9) and (C.10) if the element F does.
Thus, one can twist the coproduct A by the element ]:2_11 as well.

4. The conditions (C.3), (C.9), (C.10) imply the invertibility and skew-invertibility of the element
F. The formulas for its inverse and skew inverse are similar to the corresponding formulas for the
universal R-matrix R (in particular, we reproduce the standard formulas for R since we can take

F=R).

Lemma C.5 Assume that the conditions (C.3) and (C.9) are satisfied. Then the element F is in-
vertible, its inverse is

Fl=58)es. (C.14)

Assume that the conditions (C.3) and (C.10) are satisfied. Then the element F is skew invertible,
with the skew inverse

Yr=a®S(p) . (C.15)
Assume that the conditions (C.3), (C.9) and (C.10) are satisfied. Then
(S®S)(F)=F. (C.16)

Moreover, the element 1 x is invertible, its inverse is

(Wr) ™ = a®S*(H) (C.17)

and the element F~1 is skew-invertible, its skew inverse reads
1/)(}-71) = 52(04) ®pF . (C.18)

o



Proof. The calculations are similar to those, from textbooks, for the universal R-matrix. We include
this proof for a completness only.

Applications of mjs 0 S; and mqs 0 Sy to the relation (C.9) imply the formula (C.14) (here mqs
is the multiplication of the first and the second tensor arguments; Sy is an operation of taking the
antipode of the first tensor argument, etc.).

Applications of mg3 o Sy and ma3 o S3 to the relation (C.10) establish the formula (C.15).

Given the formula (C.15), the statement, that the element ¢ r is a left skew inverse of the element

F, reads in components:
ad @ S(B)B=1, (C.19)

where primes are used to distinguish different summations terms, the expression aa/ ® S(8’)3 stands
for 37, ; cia; @ S(B;)Bi. Applying S to this equation, we find (S(a') ® S(8)) - (S(a) ® B) = 1 which
means that the element S(a/) ® S(f') is the left inverse of the element S(«a) ® 3. However, the latter
element is, by the formula (C.14), the inverse of F. Therefore, the relation (C.16) follows.

Applying Ss to the equality (C.19), we find that the element a ® S%(3) is the right inverse of the
element ¥ r.

Applying S? to the equality (C.19) and using the relation (C.16), we find that S?(a) ® 3 is a right
skew inverse of the element F 1.

We shall not repeat details for the left inverse of the element ¥ r and the left skew inverse of the

element F~!, calculations are analogous. [

Remark C.6 There is a further generalization of the formulas from lemma C.5. Start with the
element F and alternate operations ‘take an inverse’ and ‘take a skew inverse’. Then the next operation
is always possible, the result is always invertible and skew invertible. One arrives, after n steps, at
S™(a) ® B if the first operation was ‘take an inverse’; if the first operation was ‘take a skew inverse’
then one arrives at o ® S™() (see [9], section 8).

From now on, we shall assume that the twisting element F is invertible and satisfies the conditions
(C.2), (C.9) and (C.10).
C.2 Counterparts of matrix relations

5. We turn now to the Hopf algebraic meaning of relations from subsections 3.2, 3.3.

The square of the antipode in an almost cocommutative Hopf algebra, with a universal R-matrix
R = a ® b, satisfies the property S?(z) = uyz(uy) "', where u, = S(b)a, for any element z € A. In
a matrix representation of an algebra A, the element u, maps to the matrix D;g) (and the element
S(ur) maps to the matrix C4)), so an identity (which follows from the relation (C.16))

I®ug) FHA® (ug)™h) = (1@ ug)(S(e) ®B)(1® (ug) ™" = S(a) ® S*(B)

= a®S(B)=yr

becomes one of the relations from lemma 3.3. In a similar manner, one can interpret other relations
from lemma 3.3.

Such an interpretation is not, however, unique. For instance, applying mis o So to the relation
(C.13) and using the formula (C.14), one finds

v, ®1=adv,.S()® 36,
which, after an application of So, becomes, due to the formulas (C.15) and (C.16),

v @1 =19F (v ®1) F. (C.20)



Similarly, applying (id ® S) o mag o 793 0 S3 (where 7 is the flip, 7(x ® y) = y ® x) to eq.(C.13) and
using eqs.(C.16) and (C.17), one finds

1®v, =ad ®S(B)v.5%(B) ,
which, after an application of S7, becomes, with the help of eq.(C.16),
1@v, =F (1Qv,) ¢Yr . (C.21)

In the matrix picture, the relations (C.20) and (C.21) are also equivalent to particular cases of the
relations from lemma 3.3 — but this time we did not use the fact that the square of the antipode is
given by the conjugation by the element u .

Below we shall make use of another version of the formulas (C.20) and (C.21).

Writing the formulas (C.20) and (C.21) as (v, ® 1)F ! = ¢x(v, ®1) and F (1 ®0v,) = (1®
v, ), respectively, and using the expressions for ¥ 7, (7)1 and F~! from lemma C.5, we find, in

components:
v.8(a) ® B =av, ®S(B) (C.22)

and, respectively,
Sla) @ v, =a®v,5(8) . (C.23)

Applying S or Sy to egs.(C.22) and (C.23), we obtain corresponding formulas with v, replaced
by S(v,). These formulas, together with egs.(C.22) and (C.23), imply

F-(w80v)®1) = (v.5wv,)®1) - F,
(C.24)
F-1®0,80y)) = 1®0,8(,)) F.

It follows, from a compatibility of the relations (C.20) and (C.21) (express the element ¢ in terms
of F and v, in two ways), that

Fioa- (v ®v;) = (v @vy) - Fra . (C.25)

The relations (C.24) and (C.25) are universal analogues of the matrix equalities (3.19) and (3.18)
(for certain choices of the compatible pairs of the R-matrices) from the corollary 3.4.

6. We need some more information about the element v,.. The inverse to the element v is given by
the formula (C.4); it follows from lemma C.5 that (v,)~! = S2(a)p.

By eq.(C.16), one has S(v,) = S(B)a and, then, S?(v,) = v,. Since S?(z) = uyz(u,)~! for any
element = € A, we conclude that the element u, commutes with the element v, and, similarly, with
the element S(v.).

Making the flip in the relations (C.22) and (C.23), multiplying them out and comparing, we find
that the elements v, and S(v,) commute.

Remark C.7 In fact, more is true. Applying id®S7 to the relation (C.22), we obtain v,.a®S57~1(8) =
av, ®S7TL(B) (we used the relation (C.16) to rearrange the powers of the antipode). In a similar way,
applying S~7 ®id to the relation (C.23), we obtain a ® S7~1(B)v, = a®v,S7T(). Multiplying out
and comparing the right hand sides, we find that the element v, commutes with the elements Sk ()
VEkeLZ.

The same procedure, applied to the flipped versions of the relations (C.22) and (C.23) shows that
the element v, commutes with the elements S*(8)a V k € Z.

Applying the antipode to these commutativity relations, we find that the element S(v,) commutes
with the elements S*(a)8 and S¥(8)a V k € Z as well.



7. We shall now establish a Hopf algebraic counterpart of the relation (3.24).

There is a closed formula for the coproduct of the element v, again similar to the standard formula
for the coproduct of the element u.

Lemma C.8 One has
Al,) = Fot Foi' - (v, @0,) . (C.26)

Proof. Together, eqs.(C.9) and (C.10) imply
(A ®A)F) = FraF13F2aFas -
Therefore, the coproduct of v, can be written in a form
A(vy) = aq)S(Ba) ® a@)S(Bu)) = ad'S(B") @ a"v,S(8") (C.27)

(we use the Sweedler notation for the coproduct, A(z) = (1) ® x(2) for an element x € A).

Using the relation (C.23), we continue to rewrite the expression (C.27):
Av,) = aS()S(B8") @ a"Bv, . (C.28)

The relation (C.13), in a form .7-"13.7-"23.7-"1_21 = .7-"1_21]-"23]-"13, reads, in components,

aSd)®d"f ® BB = S(a)d” @ Ba’ @ B'B" . (C.29)
Using eq.(C.29), we transform the right hand side of eq.(C.28) to a form

Av,) = S(a)a”"S(B")S(B) @ v, = S(a)v,S(B) @ Bd'v, .
Using again eq.(C.23), we obtain
Av,) = S(a)B'v, @ BS(d v, ,

which, by the formula (C.14), is a component form of the relation (C.26). [ |

Applying the flip to the relation (C.26), we find AP (v,.) = Fp' Fro' - (v,®v,). Since AP(v,) R =
R A(v, ), we conclude
(RF)Fm (U]-' X UJ-) = (Uf ® U}-) R . (C.30)

The translation of the equality (C.30) into the matrix language is equivalent to the relation (3.24) (see
the remarks C.2 and C.3).

Remark C.9 It follows from the relation (C.26) that
A(S(0,)) = (S(0,) @ S(0,)) - Figt Forl (C.31)
The relation (C.25), together with the relations (C.26) and (C.31), implies that an element
¢ :=v,5(v,) " (C.32)

is group-like, A(¢) = ¢ ® . Therefore, S(¢) = ¢t = S(v,)(v,)~! but S(¢) = S(v.S(v,)™1) =
(v;)71S(v,), which shows again that v, commutes with S(v,).



8. The twisted Hopf algebra Ar is quasitriangular, so we can write the usual identities for its
universal R-matrix Ry = F2;RF . The relations from proposition 3.6 are the matrix counterparts
of some of these identities.

For the twisted Hopf algebra Az, one finds, with the help of the first relation in eq.(C.5), that
UWRy) = P Ug, Where the element ¢ is defined by the formula (C.32) (on the matrix level, this becomes
one of the relations (3.29) ). In particular,

(Sr)?(z) = S*(x) ™" . (C.33)

(i) The relation (3.26) is a consequence of, for example, the identity
(id® SF)(RF)™) =RrF . (C.34)
We have

Rr = (@8 57)(Rr)7) = (MO SHFRF) = W8 SaS@F 0 MS)
= aS(a)8 ®v,52(a!)S(B)S(B)(v,) ! = aaf ® v, 52(a/)S(B)(v,) " . '

Here we used eq.(C.8) and the identities from lemma C.5 for F and R. Applying S?® S to eq.(C.22),
we find
VS @) @B =av, @B, (C.36)

since S%(v,) = v,. Using the relation (C.36) and the relation (C.23) in a form S(a) ® (v,)718 =
a® S(B)(v,)~t, we rewrite the last expression in eq.(C.35):

Rr= S(Q)CLB, @ alv}‘b(v]:)_lﬂ

or
Rr=Fn® ((10v)R(10v,) )0 F !, (C.37)

which, on the matrix level, is equivalent to the relation (3.26).
(i) Next,
Yryy = ([d®@SF)(RF) = (id@ Sr)(FaRF ) = (id @ Sr)(BaS(a’) @ abf')
— BaS(a') © v, 8(8)S(4)S(a)(v,)" = Baa’ ® v, FS(B)S(@)(v,) !

or
1Qv) " Py (100,) =FOyr o Fyy' (C.38)

which, on the matrix level, is equivalent to the relation (3.27).

(#4i) To obtain another formula for 1% .y, we start with the identity ¢z ) = ([d® (SF)*)((RF)™1),
which is a direct consequence of the identities from lemma C.5:

Yy = (@ (SH)?)FRFy') = (id@ (S5)?)(aS(a)s @ AbS(a))
= aS(a)8' @ pSA(B)SA(B)S} ()" = aaf © pS?(B)S(0)S* (o) (C.39)
= aaf @ S(v,)"1Bv,Sb)(ve)"tS(a)S(v,) .

Here we used the identities from lemma C.5, relations a ® v, 5?(8) = a® v, and S3(a)(v,) '@ B =
(v;)71S(a) ® B, which follow from eqs.(C.22) and (C.23), and the formula (C.33) for the square of
the twisted antipode.

Eq.(C.39) can be rewritten as
(18 Sws)) Yiryy 1@ S(v)") =F (1@ v,) ¥r (1@ (vz)7") For' (C.40)

which, in the matrix picture, is equivalent to eq.(3.28).



(iv) The property (Sr ® Sr)(Rr) = Rr leads to
(v, V) F 'R Foy =Fou RF (v, ®v,) . (C.41)

Since the twisting element F commutes with v, ® v, the formula (C.41) is another manifestation of
the relation (3.24).

Remark C.10 We conclude this appendix with several more properties of the group-like element ¢
defined in eq.(C.32).

We have
R-(p@p)=(p0¢) R. (C.42)
To see this, apply S ® S to the relation (C.30) and then compare with the same relation (C.30).
The matrix equivalent of the relation (C.42) is the relation (3.25).
Recall that a quasitriangular Hopf algebra A is called a ribbon Hopf algebra if it contains a ribbon
element 7, that is, a central element such that 72 = u, S(u,) and A(r) = Ry Rap - (r @ 1) (see [46],

or [6], the chapter 4). The twisted algebra Az is a ribbon Hopf algebra if the algebra A is; for the
ribbon element of the algebra Az, one can choose r, = pr.
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