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Abstract. A random walk of a particle in R% is considered. The weak convergence of various
transformations of trajectories of random flights with Poisson switching times was studied by Davy-
dov and Konakov in [Random walks in nonhomogeneous Poisson environment, in Modern Problems
of Stochastic Analysis and Statistics, Springer, 2017, pp. 3-24], who also built a diffusion approxima-
tion of the process of random flights. The goal of the present paper is to prove a stronger convergence
with respect to the Kantorovich distance. Three types of transformations are considered. The cases
of exponential and superexponential growth of the switching time transformation function are quite
simple—in these cases the required result follows from the fact that the limit processes lie within the
unit ball. In the case of a power-like growth of the transformation function, the convergence follows
from combinatorial arguments and properties of the Kantorovich metric.

Key words. Kantorovich metric, random walk of a particle, convergence of transformations of
paths of random flights, Doob’s maximal inequality

DOI. 10.1137/S0040585X97T990204

1. Introduction. Random flights have many physical applications. As an example,
we mention a Lorentz process, which is a stochastic process defined by a particle moving
according to Newton’s law of motion through static scatterers distributed in the space in
accordance with some probability measure. Consider the Boltzmann-Grad limit: the density
of the scatterers increases to infinity as the diameter of the scatterers decreases to zero so
that the average free path of the particle remains constant. A Lorentz process is known
to converge to a stochastic process in the weak™ topology of regular Borel measures on the
space of trajectories. The limit process is a Markov process if and only if the scaled density
of the scatterers converges in probability to its average value. In this case, the limit process
is a (spatially inhomogeneous) random flight process.

Let (X,d) be a Polish space and let p € [1,00). The Kantorovich space of order p is
defined as

Pp(X) = {u € P(X); /Xd(lro,x)pu(dx) < +oo}

for some (and hence for any) zg € X, where P(X) is the set of all probability measures on X.
For any two probability measures p, v on X, the Kantorovich distance of order p
between p and v is defined by

W) = (it [ dteyrinen)
(et )

mell(p,v)

= inf{[Ed(X, Y)"]""", law(X) = p, law(Y) = v}.

It is well known that the Kantorovich distance W, metrizes the weak convergence
in P,(X) (see [1, Theorem 6.9]). However, it is worth pointing out that the “weak con-
vergence” in the sense of [1] is stronger than the classical weak convergence [4] (see [1,
Definition 6.8]). These two types of convergence are equivalent if the metric d is bounded;
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however, in general, they are different. In [3], the weak convergence result was established in
the classical sense. This is why the convergence in the Kantorovich metric should be justified,
because it does not automatically follow from the weak convergence established in [3].

Consider a random walk of a particle in R? defined by two independent sequences of
random variables (r.v.’s) T} and €. The sequence €, which consists of independent r.v.’s
distributed on the unit sphere S?~! controls the direction of motion of the particle. The
sequence T}, which is such that Ty, > 0, Tk < Tk41 for any k, can be interpreted as a sequence
of times when the flight direction of the particle changes. The particle starts from the origin
and moves in the direction €; up to time 71 when it changes the direction to €2 and moves
in this direction for a period of duration 75 — T3, and so on. The velocity is constant on
all intervals. The position of the particle at time ¢ is denoted by X (¢). The paper [3] gives
conditions for the process {Yr,T > 0},

Yr(t) = WX(tT), t € 0,1],
to converge weakly in C[0,1]: Yr =Y, T — oo, and B(T) — oo.

The switching times are assumed to form a Poisson process T = (T%) in Ry. In the
homogeneous case, the process X (¢) is a random walk, because the intervals Tx4+1 — 1% are
independent and Y is a Wiener process. However, the situation is more challenging in the
case of an inhomogeneous Poisson process, because the increments T;+1 — Tk cease to be
independent.

Nevertheless, the form of the limiting process was found and some Poisson switching
time transformation functions were shown to be weakly convergent. Let T, = f(I'x), where
(T'x) is a standard homogeneous Poisson process in R4 of intensity 1. In this case,

Tr)=n+r+-+mw),

where (75) are standard independent identically distributed exponential r.v.’s and f(z) is
a regular function of polynomial (exponential, superexponential) growth. We also assume
that Ee; = 0.

Consider the process

Zn(t) = Y1, (1).

For T = T,, the trajectories {Z,(t), t € [0,1]} are continuous broken lines with vertices
at the points {(tn,k,Sk/Bn), k = 0,1,...,n}, where tnx = Ti/Tn, To = 0, B, = B(Ty),
Sk = Zle El(Tl — Ti—l)-

We formulate the main result of the first part of [3] as follows.

THEOREM 1. The following results hold under the above assumptions.
(1) If the function f grows polynomially (f(t) = t*, a>1/2), we set B(T)=T2x~1/(2),
Then the process Z, converges weakly to Y, where Y is a Gaussian process

t
Y(it)=+V 204/ s/ gy (s),
0

where w is a process of Brownian motion such that the covariance matriz w(l) coincides with
the covariance matric €1 .

(2) If the function f grows exponentially (f(t) = e'?, B > 0), we set B(T) = T. Then
the process Z, converges weakly to Y, where Y is a continuous piecewise-linear process with
vertices at the points (tg,Y (tx)),

tr =e PTR—1 Ty =0,
o0

Y(ty) = Zfi(e_ﬁr“l — e_ﬁri), Y (0) = 0.
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(3) In the case of a superexponential growth of the function f, we assume that f is an
increasing continuous function such that

N0
%)

Let B(T) = T. Then T,/Tnt1 — 0 in probability and Z, = Y, where the limit process
degenerates as

= +o00.

Y(t)=et, telo1].

Recall that the goal of the present paper is to prove a stronger convergence, namely, the
convergence with respect to the Kantorovich distance. Throughout the proofs given below,
constants may assume different values in different relations.

2. The main result. In what follows, we put X = C[0,1] and d(f,g9) =
Sup,eo,1) |f(¥) — g(z)|. For a continuous random process X (t), ¢ € [0, 1], we denote by px
the measure in CJ0, 1] corresponding to this process.

THEOREM 2. Let (X,d) be a Polish space and let p € [1,00). Then
WP(MX’!L ) NY) — 07

where the process X, in cases (1)—(3) is a broken line with vertices at the points
(tn,Ian(tn,k))'
In case (1),

@ k
F —Q « o«
lnk = (F:) , Xa(tas) =n'? ;Ei(ri —-I'{y),

The limit process Y (t) is a Gaussian process with integral representation
t
Y(t)=+V 2a/ s/ gy (s),
0

where w(s) is a Brownian motion with the covariance matriz w(1l), which is equal to the
covariance matrizr €1.
In case (2),

k
ok = e—ﬁ(rn_rk)7 Xn(tn,k) _ e—ﬁf‘n ZEi(eﬁFi’ _ eﬁri—l)’
=1

To=0, k=1,...,n.

The limit process Y (t) is a continuous piecewise-linear process with a countable number
of vertices (ty,Y (tx)), k=1,2,..., t = e Plk=1 Ty =0,

Y(tx) = iei(e_ﬁr”l — e_ﬁri).
i=k
In case (3),
_ f(m) B B o |
tnk = f(T:)’ Xn(tnk) = F(T) ;Ez(f(f‘,) — f(Ti-1)),

1_‘0:07 k:L...,n.
The limit process Y (t) degenerates as

Y(t)=eit, telo,1].
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As for the intuitive explanation of limit processes, in the polynomial case such an expla-
nation was actually given in [3]. The original process was approximated by a process in
the form of a broken line constructed from a sequence of partial sums of independent (non-
identically distributed) r.v.’s. In this case, Prokhorov’s theorem applies. The exponential
case can be verified by a direct calculation, and the superexponential case appears as the
degeneration of the exponential case, when the entire broken line up to its next-to-last link is
concentrated in an arbitrarily small neighborhood of the origin, and the last link degenerates
to a ray emanating from the origin.

3. Auxiliary definitions and results.

DEFINITION 1 (the weak convergence in Pp). Let (X,d) be a Polish space and let
p € [1,00). Next, let (ux), k € N, be a sequence of probability measures in Py(X) and let
u € Pp(X). We say that “uy converges weakly in Pp(X)” if any of the following equivalent
conditions holds for some (and hence for any) zo € X:

(1) pr = p, k — oo, and

[ ) dn(a) > [ dtao. o7 dute)

(ii) px = p, k — oo, and
lil“rlsup/d(:c()7:c)p duk(z) < /d(wo,x)p du(x);
k— o0

(iii) px = p, k — oo, and

lim limsup/ d(zo, z)? duk(x) = 0;
d(zo,z)2R

R—00 koo

(iv) for any continuous function ¢ such that |o(z)| < C(1+d(zo,x)?), C € Ry, we have

[e@ dun@) — [ olz)duta).

THEOREM 3 (the distance W), metrizes P,(X), [1, Theorem 6.9]). Let (X, d) be a Polish
space and let p € [1,00). Then the Kantorovich distance W, metrizes the “weak convergence
in Pp(X).” In other words, if (ux)ken s a sequence of probability measures in Pp(X) and
w is a measure in P,(X), then the conditions

uk “converges weakly in Py(X)” to u

and
W (pe, ) — 0
are equivalent.
For a proof we require additional estimates.

THEOREM 4 (Doob’s maximal inequality [2]). If X is a martingale or a positive sub-
martingale indexed by a finite set k € (0,1,...,N), then, for any p > 1 and A > 0,

X'P| sup |Xi| > A] <E[|Xn]7).

0<k<N

The following estimates can be found in [3].

LEMMA 1. Let >0 and m > 1. Then, for any x > 0, h > 0,

(z+h)* — 2 = Zakhkxafk + R(z, h),
k=1
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where
ala=1)---(a—k+1)
k! ’
IR(@, )| < Jams [A™ max{a® D, (g 4 p)* D,

ar =

LEMMA 2. Let a > 0. Then, as k — oo,

(+8) =o()

LEMMA 3. Let I' be the Euler gamma function. Then, as k — oo,

Mk+a) o a1
Wﬁk + O(k*77).

LEMMA 4. For any real B and k — oo,
ElY =k + o).
LEMMA 5. Let a > 0. If k — oo, then the following formulas hold:
i — % = o I + s
where |px| = O(k*2) in probability, and
E[lfi —TR]? = 227K 2 + O(K** 7).

The following result is a consequence of Lemma 5.

COROLLARY 1. The following equality holds:

202
n
200 — 1

n—1
Z E[l%, -7 = oM.
1
4. Proof of Theorem 2. There are three cases to consider.
The case of exponential growth. The switching time transformation function reads as
f(t) = €, 3 > 0, B(T) = T, and the process Z, converges weakly to Y, where Y is
a continuous piecewise-linear process with vertices at the points (¢, Y (tx)),

tr = eiﬁrkfl, T'o=0,
Y(ty) = Zsk(efﬁri‘l —e T, Y(0)=0.
i=k

For T' = T,, the trajectories {Z,(t), t € [0,1]} are continuous broken lines with vertices
at the points {(tn.k,Sx/Bn), k = 0,1,...,n}, where t,r = Tx/Tn, To = 0, B, = B(T%),
Se = iy &i(Ti = Tima).

So, the trajectories of the process are broken lines with vertices at the points (¢, k,
Xn(tn,k)),

k
1 r; r;_
Xn(tnk) = —5r- > e — i),
=1

L

We have X,,(-) = Ya(-) (see [3, p. 11]), where Y;,(-) is the broken line with vertices
(Trks Yo (Tnok))s (Trk)ds Toa =1, T = e—ﬁ(m-&-m-ﬁwkfl)’ k=2,...,n,
n—1
Yn(Tn,k) = Ei(676ri_1 — 6761—‘1‘) + Eneiﬁrn_l’

Il
ES

i

Y,(0) =0, and I'o = 0.
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Since Y5 (7n,k) is a sum of nonnegative terms multiplied by the random vector €;, |e;| = 1,
we have

n—

1

—BTi—1 —BT; —BTp_1 _

I, Wl € 27 =T T =
i=

Therefore, for R > 1,

4in(d(0,2) > R) = P(max Ya ()] > R) —o.

0<t<1

Hence
lim lim d?(0,z) dpn(x) = 0.

R—00 n—o0 d(0,z)>R

This proves the convergence Wy, (i, ) — 0 for any p > 1.
The case of superezponential growth. In this case, putting B, = B(T,) = Ty, we have

"\ Ty — T T
maxn|Xn(tn7k)| < Z % = T7n =1.
k:l n n

Therefore, for R > 1

un(d(0,z) = R) :P(max | Xn(t)] > R) =0.

o<t

Then
lim lim d?(0,x) dun(z) = 0.
R— 00 n—o0 d(0,z)>R
This proves the convergence Wy (un, ) — 0 for any p > 1.
The case of polynomial growth. Note that if €; is a uniformly distributed r.v. on the unit
ball in R?, then (€i, ;) is a one-dimensional r.v. distributed symmetrically with respect to
zero. Since the odd moments of such an r.v. are 0, we have

1 T, T\ ¢ B
o=l ey t””“:i:(r*k» Bu=n"""?,

FSC:(), X 251 Fa B )

k
P(k:niauxﬁL B—n;@“e])(f‘ - = BR)
1 b . a b
< P(kinaxn B—n;@i,ej)(l“i —Iisy) B—n; gi,ej)yl > R)
a a
—|—P(k:rr117ax7n B—nZ;(el,eJMl - B—n; e eyt — 1) > R)
a : -
+ P(kirféx7n B Z(Ei,@j>'ﬁ(i -1 > R) =14 11+ III.

i=1

Estimate for 1. We use Doob’s maximal inequality with A = B, R, p = 2N. Let 9,, =
o(v1,-..,7n) be the filtration generated by (v1,...,7»). Then the process

k

P= (e e) (T — 5y — ayli)

i=1
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becomes a conditional martingale. By Doob’s maximal inequality
1

7= E(P( max A7 > BnR) ] mn) < v BN
N—-2N«a n

n 2N)! o o a—1\k;

e S el | Lo (ORI U v y L
k14 +kp=2N =1

Note that if there is at least one odd number among k;, then the corresponding term in
the sum is zero due to the symmetry of the distribution &; with respect to 0.
Using (19) in [3], we have, for 1/2 < a < 2,

|E(F;1 -y — a’YiF?:ll)ki <E[IY -Ti, - a’YiFia:11|ki
< Cla, N)E(y)* M EMF 2 < C(a, N)(2k:)! i~ 2,

Therefore, since o < 2, we have

n
[[ECe, e E@T -8 — anli5)™
i=1

<Cla, N) [ < C(a, N).
i=1

For a > 2, an appeal to the Cauchy—Schwarz inequality shows that
B(y T M) < VB BLPTN < Ofa, il
and

[E(T¢ —T% ) — aylf)¥ | S E[DY — 9y — ayi D8N < Cla, N)i @20

Therefore, by Lemma 5

2N)! e 1k
o TTBlen ) BACE — T2, = anire )
i=1

< C(a, N) Hi(a—2)ki < C(a, N) Hn(a—Z)ki _ C(a’N)nQNa—ALN.
i=1 i=1

Let us estimate the number of nonzero terms in the sum Zk1+m+kn The constraint

=2N"
C(N)nN on the number of terms is a consequence of simple combinatorial arguments.
We have

C(a, N) 2Na—4N N C(o, N)
This estimates is sufficient for verifying assertion (iii) in Definition 1.
Estimate for 11. Arguing as before and taking into account the independence ; and T,

we get
2N

e
< R2Np2Na—N Z Dz,
ki1+-+kn=2N

where
(2N)! ks ks a— . a—1yk;
D= 0 TTB (e, e RGBS — (- )7 ),

’ =2
k= (k1,...,kn). Let us estimate the expectation. We have

ki
m=0

ki
= (_1)ki—m(i_1)(ki—m)(a—1)C}7€rz[(i_1)(a—l)m+0m((i_1)(a—1)m—1)]
m=0
k k;
S EE Rl D L C IR SeC Al
m=0 m=0
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and further,

n

[TEC e EG) BT - - 1) )™

=2

< C(N,a) ani(a*l) = C(N,a)n*N=1,
i=1
2N 2N

« nNn2N(o¢71)71 < C(N )=

(4.2) < CWN, &) maw ava=w
Next,

I < 7a2N E 4(2]\[)! |"| E ki (~ ¥ (5 — 1)kile—D)
= R2Np2Na—-N PARTNE (<€i’ej>) (’Yl) (Z_ ) ’
k14 thkn=2N i=2

where

We finally get

1 N, 2N(a=1) _ C(N, )

The multidimensional cases can be reduced to the one-dimensional case as follows:

P(kzllr}Qa:X . ;ai(rl —T¢ )| > BnR>
d k
=P (o [SoS et )] Bon)
¢ B.R
<P(3r.1<5 < e [Sotenerles (7 -TE )| > P
d k
(1.0 <P (e Sl -y > B,

i=1

Let us verify the hypotheses of Theorem 6.9 in [1]. For this purpose, using the above
estimates (4.1)—(4.4), we have

/ d?(0,z) du,(z) = Z/ d?(0, ) dpn ()
4(0,2)> R o J(i+1)R<A(0,2) < (i+2) R
SR> (i +2)P - pa(d(0,2) > (i + 1)R)

i=0

R (i+2)p~P(maX X (t)] > (i + 1)R)

RPZ(i+2)p~P( max
— .

oo d k ]
< RPZ(¢+2)P : Zp(k:ma)f > Hese)|(I§ = T5y) > L.?”R)
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Thus, condition (iii) of Definition 1 holds for a > 1/2,

lim lim d?(0,z) dun(z) = 0.

R—00 n—00 d(0,z)>R

This completes the proof of the convergence in the Kantorovich metric in the cases « > 1/2
and p € [1,00).
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