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with application to functional inclusions

Vyacheslav V. Chistyakov*?#

@ Department of Informatics, Mathematics and Computer Science,
National Research University Higher School of Economics,
Bol’shaya Pechérskaya Street 25/12, Nizhny Novgorod
603155, Russia

Abstract

Under certain initial conditions, we prove the existence of set-valued selectors
of univariate compact-valued multifunctions of bounded (Jordan) variation
when the notion of variation is defined taking into account only the Pompeiu
asymmetric excess between compact sets from the target metric space. For
this, we study subtle properties of the directional variations. We show by
examples that all assumptions in the main existence result are essential. As
an application, we establish the existence of set-valued solutions X(t) of
bounded variation to the functional inclusion of the form X (¢) C F(t, X (t))
satisfying the initial condition X (t5) = Xp.
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1. Introduction

This paper is devoted to the existence of (set-valued) selectors (or selec-
tions) with prescribed initial conditions of multifunctions (=set-valued map-
pings) with compact images from a metric space. Continuous and Lipschitz
continuous selectors exist, in general, for multifunctions with convex (and
closed) images from a Banach space ([2, 28, 131]). Many examples are known
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when a continuous (or even Hélder continuous) multifunction from a closed
interval T' = [a,b] C R into a family of compact subsets of a ball in R?, or a
Lipschitz continuous multifunction from R? into a family of compact subsets
of a ball in R? have no continuous selector (|1, 15, 23, 26, [28]).

In contrast to this, it was shown in [24] that a Lipschitz continuous mul-
tifunction F on [a, b] with compact images from RY admits a Lipschitz con-
tinuous selector, whose Lipschitz constant does not exceed that of the mul-
tifunction; furthermore, if F' is only continuous and of bounded (Jordan)
variation, then it admits a continuous selector. Similar assertions for Lips-
chitz and absolutely continuous multifunctions with convex and nonconvex
images from RY were established in [22, 125,27, 35]. The selector results from
[24] were extended in |29, Suppl. 1] for multifunctions F' on [a, b] with com-
pact graphs and images in a Banach space, and in [33] for metric space valued
multifunctions with compact images. It is to be noted that the compactness
arguments in these references were based on Arzela-Ascoli’s theorem.

Changing the compactness arguments to generalized Helly’s pointwise
selection principle, it was proved in [§] that a multifunction F' on [a,b] of
bounded Jordan variation with compact images from a Banach space ad-
mits a selector, whose total Jordan variation does not exceed that of F' and
passes through a given point in the graph of F. Thus, “nice” selectors of
compact-valued multifunctions inherit boundedness of variation rather than
continuity (|13]). The results of [8] were then extended to multifunctions
with compact images in a metric space and having certain regularity such
as absolute continuity, Lipschitz continuity, boundedness of Riesz-Orlicz-
Medvedev generalized variation, boundedness of essential variation, measura-
bility in the first variable and boundedness of variation in the second variable
(13,19,110,111,112, 113,116, 18]). The existence of selections of bounded variation
was applied to the study of set-valued measure differential problems ([32]).

The notion of bounded variation of a multifunction F' from a subset 7' C R
into a family of compact subsets of a metric space relies on the linear order
in the domain 7" of F' and the Pompeiu-Hausdorff metric in the range of F,
which is the maximum of two asymmetric excesses (cf. Section ). In this
paper, we prove the existence of set-valued selectors (in particular, single-
valued selectors) of bounded Jordan variation (with respect to the Pompeiu-
Hausdorff metric) under milder assumptions of boundedness of directional
variations of F', to the right or to the left, with respect to the Pompeiu
excess only ([17] and Section [2). Our main result, Theorem [] in Section 2]
extends the results of [17] for single-valued selectors, and some partial results
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of [34] concerning set-valued selectors.

This paper, along with [17], may be considered as part of analysis in
asymmetric spaces, giving an intuition of the notion of bounded variation in
the case when the distance function on the underlying space does not satisfy
the symmetry axiom (for asymmetric analysis in normed spaces, cf. [19]).

The paper is organized as follows. In Section 2], we review certain def-
initions and facts and present our main result, Theorem [Il Section [ is
devoted to the (subtle) properties of directional variations, presented for
compact-valued multifunctions defined on an arbitrary subset of R (hence
suitable for linearly ordered sets as the domains). In Section @ we prove
Theorem [Il and exhibit some of its consequences. We illustrate our result
by suitable examples in Section [Bl In Section [6] we prove the existence of
set-valued solutions of bounded variation to the functional inclusion of the
form X (¢) CF(t, X(t)) for all teT.

2. Main Result

We begin by reviewing certain definitions and facts needed for our results.

Throughout the paper (M, d) is a metric space with metric d.

Given two nonempty sets X,Y C M, the Pompeiu excess (écart, in
French) of X over Y is defined by ([30, pp. 281-282], |5, Chapter II})

e(X,Y)=eq(X,Y) :=supd(z,Y)=inf{r >0: X C O,(Y)},
reX

where d(z,Y) = inf ey d(z,y) is the distancd] from = € M to Y, and the set
O.Y):={x e M :d(x,Y) <r} is the open r—neighbourhoodﬁ of Y,r >0
(if Y = {y}, O.(y) = O,(Y) is simply the open ball of radius r centered at
y € M). Note that e(X,Y) # e(Y, X) in general.

The well-known properties of e(-, -) are as follows. Given XY, Z C M:

(a) e(X,Y)=0 iffd x CY, where Y =, ., O,(Y) is the closure of Y in M;

(b) e(X,Y) <e(X,Z)+e(Z,Y) (triangle inequality for e);

(c) e(X,Y) < +o0 provided X and Y are bounded (and, in particular
bounded and closed, or compact).

Ytd(z, @) = +oo.
20,.(@):=@ forr > 0; e(2,Y) ;=0 for any Y C M, and e(X, @) := +o0 if 9# X C M.
34ff” means as usual ‘if and only if’.



The Pompeiu-Hausdorff distance between two sets X, Y C M is defined
by (e.g., [30], [5, Chapter 11|}

dy(X,Y):=max{e(X,Y),e(Y,X)}=inf{r>0: XCO,(Y)andY CO,(X)}.

It follows from (a), (b), and (c¢) above that dg is a metric (with finite values),
called the Pompeiu-Hausdorff metric, on the family bcl(M) of all nonempty
bounded closed subsets of M and, in particular on the family ¢(M) of all
nonempty compact subsets of M.

A multifunction (or set-valued mapping) from a nonempty set 7" into M
is a rule F', which assigns to each ¢ € T a unique subset F(t) C M; in
symbols, F': T — P(M), where P(M) is the power set of M (=the family
of all subsets of M). A multifunction I : T" — P(M) is said to be a set-
valued selector of F': T — P(M) on T provided I'(t) C F(t) for all t € T
Clearly, F'is a set-valued selector of itself. If I' : T" — M is single-valued and
I'(t) € F(t) for all t € T, then I' is called a selector (or selection) of F on T

Of main interest in this paper are multifunctions F' : T'— ¢(M) with T" a
nonempty subset of the reals R. Such an F' is said to be of bounded variation
(with respect to dg) provided its (total) Jordan variation

V(F,T):= sup i dy (F(ti—1), F(t;)) is finite  (V(F, @) := 0),

T =1

the supremum being taken over all partitions 7 of the set T'C R, i.e., m € N
and ™ = {t;}I", C T such that ¢t;_; <¢; foralli e {1,...,m}.

The following theorem on the existence of set-valued selectors of bounded
variation was established in [13, Theorems 10.1 and 5.1]:

Theorem A. Given T C R, ty € T, Xy € ¢(M), and F : T — (M)
such that V(F,T) < +oo, there exists a set-valued selector I' : T — c(M)
of F on T such that dy(Xo,I'(to)) < e(Xo, F(ty)) and V(I', T) < V(E,T).
(In particular, if Xo C F(to), the first inequality above gives I'(ty) = Xo.)
Furthermore, if vo € M and Xo = {x¢}, then I' : T'— M may be chosen to
be single-valued and such that d(xo,T'(ty)) < d(xo, F(tp)).

Theorem [Al already contains as particular cases many previously known
results [3], [8]-]12], |18, 22, 24, 29, 133], concerning single-valued selectors.

4Pompeiu [30] symmetrized the excess e by dp(X,Y):=¢(X,Y)+e(Y, X) (cf. also [4]).
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The purpose of this paper is to drop the assumption V(F,T) < 400,
replacing it by ‘directional’ ones V(F, T) <400 or v(F, T) <+o0 (see below),
which, as will be shown, still guarantees the existence of set-valued selectors
[ of F on T of bounded variation (with respect to dy).

In order to do it, given F': T'— ¢(M), following [17] the quantities

V(F,T) =sup Z e(F(tiy), F(t;)) and V(F,T) =sup Z e(F(t;), F(t; 1))

are said to be the directional (or excess) variations of F' to the right and to
the left, respectively (V(F, @) = v(F, @) :=0). Clearly,

max{V(F,T),V(F,T)} < V(F,T) < V(F,T) + V(F, T),

and so, V(F,T) is finite iff both V(F, T) and V(F, T) are finite. Note that
if F: T — M is single-valued, the quantity V(F,T) = V(F,T) = V(F,T) is
the usual (Jordan) variation of F' on T (e.g., [9]).

Our first main result, extending Theorem [A] is the following theorem on
the existence of set-valued selectors of bounded variation. For brevity, we
write T :=T NS for S CR (e.g., Tjty,+00) = T'N [to, +00) for ty € T', etc.).

Theorem 1. Suppose T C R, to € T, Xg € ¢(M), and F : T — c¢(M).

(a) Leta :=infT € T. If V(F, T) < +o0, then there exists a set-valued
selector of bounded variation T' : T — c¢(M) of F on T such that
dH(X0> F(to)) < 6(X0’ F(tO))7 V(F> T[aﬂfo)) < V(Fa T[a,to)); V(Fa T[to,-i-OO))
S V(Fv T[to,-i-oo)); and

VT, T) = Jo(T, t0) < V(F, Tiate) + V(F, Ty 100)) < V(F,T), (2.1)
where J,(I',tg) := 0 if to = a, and if ty > a and so := sup Tiaz,),
J(T.t dH(F(SO)u F(tO))v Zf So € TY[a,tg)v
a( ’ 0) T hm V(F,T[t7t0]), Zf S0 ¢ ﬂa’to).

T>t—s0—0

(2.2)

In particular, if so = to, then J,(I',to) = lim  dg(I'(¢),I'(t0)).

T>t—tp—0

(b) Letb:=supT € T. If v(F, T) < +oo, then there exists a set-valued
selector of bounded variation I' © T — c(M) of F on T such that
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dy(Xo, T < >><e<Xo,F<to>>, V(T, Tiig) < V(F, Tion)s VT, T oo t0))
V —oorto]); and

V(F, T) — Jo(T, t0) < V(F, Tuos) + V(F, Tcooss) < V(F, T),
where Jy(I',19) := 0 if tog = b, and if to < b and sg := inf Ty, ),

da(I'(to),I'(50)),  if S0 € L)
Jp(D,to) := lim V(T,Tiwa), if 50 Tios-

T>t—so+0

In particular, if sg = to, then Jy(I',tg) = lim  dg(T(to),(2)).

T>t—to+0

This theorem will be proved in Section ], where it will also be shown that

Theorem [dlimplies Theorem [Al A somewhat free and intuitive interpretation

of Theorem [I] can be given as follows. We may imagine F to be a road with

the value F'(t) as a section at a given coordinate ¢. If ¢ increases, the section

F(t) moves in one direction, say, to the right. Theorem [I] asserts that if the

road F' is properly built/controlled (i.e., its variation to the right is finite),
then an extended object (e.g., a car) can freely pass it.

3. Properties of Directional Variations

In this section, we gather auxiliary facts needed for the proof of Theo-
rem[l Let T C R and F': T — ¢(M) be a multifunction.

3.1. Monotonicity of F

By the definition of V, V(F,T) = 0 iff ' is constant on 7. The defi-
nition of V and property (a) of e in Section 2 imply 7 F,T) =0iff Fis
nondecreasing on T in the sense that F'(s) C F(t) for all s,t € T" with s < t.
Similarly, V(F, T) = 0 iff F' is nonincresing on T, i.e., F(s) D F(t) for all
s,teT, s<t.

3.2. Additivity of Variations
Since (c¢(M),dy) is a metric space, it is known (e.g., |7, 2.19], [8], [9])
that V is additive (in the second variable) in the sense that

V(F,T) = V(F, T(—oos) + V(F, Ty 100)) forall ¢t €T. (3.1)

We assert that the additivity property (B.]) holds also for V and V in place
of V. Since the Hausdorff excess e is not symmetric, we have to take care of
the order of its arguments. So, we explicitly verify (3.I]) at least for v
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Proof (of additivity of 7) Given &, € R such that & < 7 F. T wy)

and n < V F,Ti +)), there are m,n € N, a partition {t;}i%, of T{_4 with
ty, =t and a partition {s;}7_y of Tj; 100) With so = t such that

£ < e(F(tia), F(t) and n<Z (sj-1), F(s7)). (3.2)

Since {t;}i2oU{s;}}—o is a partition of T', we get, from ([B8.2)), {+n < V(F,T),
which, due to the arbitrariness of £ and n as above, implies the inequality

V(E. T o) + V(F, Ti o) < V(E,T).

In order to prove the reverse inequality, let £ € R be arbitrary such that
£ < V F,T). Then, there are m € N and a partition 7 = {¢t;}*, of T" such
that the ﬁrst inequality in ([B.2]) holds. If ¢, < t, then 7 is a partition of
Ti—ooy, and if t < tg, then 7 is a partition of T} o, and so, in the either
case, the first inequality in (32) implies

€ < V(F, Ticoos) + V(F, Tt 1o0))- (3.3)

Now, suppose t,_1 < t < t; for some k € {1,...,m}. By the triangle
inequality for e, we have

e(F(th-1), F(tr)) < e(F(te-1), (1)) + e(F(t), F(tr))- (3-4)
Since {t;};=) U {t} is a partition of T(_. 4 and {t} U {t;}7, is a partition of
Tt +o0), from the first inequality in (3.2)) and (3.4)), once again we get (3.3)).
By the arbitrariness of £ < V(F ,T), (B3) implies

V(F,T) < V(F, Tioon)) + V(F, Thsoo):
which was to be proved. O

3.3. Bounded Directional Variations

Recall that the function vp(t) :== V(F,T(_wy), t € T, is said to be the
variation function of " on T. We define the variation function of F' to the
right, (to the left) by Dp(t) := V(F, Ti—oos) (by Up(t) == V(F, T(—sy), Te-
spectively) for all ¢t € T'. Clearly, vgp, Tp, Up : T — [0, +00] are nondecreasing
on T'. If F is clear from the context, we omit the subscript F' and write v,
v, and U, respectively.

The following characterization holds for multifunctions of bounded direc-
tional variation (which will be useful in Section [G]).
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Lemma 1. Given F : T — ¢(M), V(F, T) < 400 iff there is a nondecreasing
bounded function ¢ : T — R such that e(F(s), F(t)) < ¢(t) — @(s) for all
s,t € T with s < t; moreover, V(F, T) < V(p,T). (A similar assertion holds
for V(F,T) < +oc if the inequality is written as e(F(t), F(s)) < o(t)—o(s).)

Proof. (=) Let 7(t) = V(F, T(—soy): t € T, be the variation function (to the
right) of F'. It is nondecreasing on 7" and bounded: sup,., 7(t) < V(F, T).
Given s,t € T, s < t, the additivity of V implies

e(F(s), F(t)) < V(F, T) = V(F. T-oos) = V(F, T(c,s)) = 0(t) — B(s).

It remains to set ¢ := 7.
(«=) Let m € N and 7 = {t;}*, be a partition of T". Since t;,_; < t; for

all 7 =1,...,m, by the assumption we get
D e(F(tia), F(t:) <Y (o) = @(tir)) = ¢(tm) — (to)
i=1 =1
< sup ¢(t) — inf p(s) = V(p,T) < +00.
teT seT
It remains to take the supremum over all partitions 7 of 7T'. O

Remark 1. It is known (|7, 1.23], [12, Lemma 11]) that if ' : T" — ¢(M)
and V(F,T) < +oo, then the image F(T) := J,or F'(t) is a totally bounded
(hence separable) subset of M (if, in addition, (M, d) is complete, then the
closure of F'(T') in M is compact). However, condition V(F,T) <400 cannot
be replaced neither by V(F, T') <-+o00 nor by V(F, T') <+o0 (see Example []).

3.4. Lower Semicontinuity of Variations

If a sequence { F, }°° ; of multifunctions F), : T' — ¢(M) converges in c(M)
pointwise on T to F (i.e., dg(F,(t), F(t)) = 0asn — oo for all t € T'), then

V(F,T) < liminf V(F,,T). (3.5)

n—o0

This property is known as the (sequential) lower semicontinuity of V (in the
first variable) for metric space valued functions; cf. [9, Proposition 2.1(V7)].

We assert that (8.5) is valid for V and V in place of V, as well.



Proof (of lower semicontinuity of V) For any n € N and s,t € T, the
triangle inequality for e implies

|e(En(s), Fu(t)) — e(F(s), ()| < du(Fu(s), F(s)) + du (Fu (1), F(1)),
and so, by the pointwise convergence of F, to F', e(F,,(s), F,,(t)) —e(F(s), F(t))
as n — 0o. Given m € N and a partition 7 = {¢;}!", of T', by definition of V,

m

S e(Fu(tion), Fa(t)) < V(F,,T) forall neN.
i=1
Passing to the limit inferior as n — oo, we get

> e(F(tiir), F(t:)) < liminf V(F,, T),

n—oo
i=1
and it remains to take the supremum over all partitions m of 7. O

3.5. Limit Equalities for the Variations

The following equalities are known (|7, |§]) for (multi)functions F' on T’
with values in a metric space (in particular in c¢(M)):

if s=supT €R U {+oo} and s¢ T, then V(F,T)= lim V(F,T(_wy);

T>t—s
(3.6)
if i=inf7Te RU{—o0} and i¢T, then V(F, T):Tlaign V(F, Tit 40))-
—i
(3.7)

We are going to show that these assertions hold for V and V as well.

Proof (of (3.6) for V) Since ¥ is nondecreasing on 7', the limit on the right
in ([3.6]) (with V replaced by V) exists in [0, +oo] and is equal to sup,cp T(t).
Given t € T, we have T(_y C T, and so, ¥(t) < V(F, T), which implies
limps, s U(t) < V(F, T). Conversely, given ¢ € R with £ < v(F, T'), there are
m € Nand a partition 7 = {t;}", of T (and so, tg < t; < -+ <ty 1 <t <)
such that

€< Zm:e(F(t,-_l),F(t,-)) < B(t,) < lim B(2).

- T Taot—s
=1

Passing to the limit as & — V(F, T), we get V(F, T) < limpss B(t). O
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3.6. Jump Formulas for the Variations

We say that t € R is a left (right) limit point of T if T(y_. 4 # & (respec-
tively, Ti1 1<) # @) for all e > 0. A point ¢ € T', which is not a left (or right)
limit point of 7', is called the left (or right) isolated point of T

By virtue of |9, Lemma 4.2], the following two assertions hold.

(a) If t € T is a left limit point of 7" and V(F,T") < 400, then

o(t) =v(t—0)+ lim dy(F(s), F(t))H (3.8)

T35—t—0
(b) If t € T is a right limit point of 7" and V(F,T) < +o0, then

v(t+0)=0v(t)+ lim dy(F(s), F(t)8 (3.9)

T>s5—t+0

The second limit in the right-hand side of (B.8)) (of (3.9)) is known as the
left (right, respectively) jump of F at t.

Since dg is symmetric, the order of arguments F'(s) and F(t) in and
(B9) does not matter. In the counterparts of (a) and (b) for V and V below,
we take care of the order of arguments in the excess e(, ).

Lemma 2. Ift € T is a left limit point of T, then

(&) B(t) = B(t — 0) + limsup e(F(s), F(t)) if V(F,T) < +o0;

T>s—t—0

(8) B(t) = 0(t — 0) + limsup e(F(t), F(s)) if V(F,T) < +oc.

T35—t—0
If t € T is a right limit point of T, thend

(B) Bt +0) = B(t) + limsup e(F(¢), F(s)) if V(F,T) < +oc;

T>s—t+0

Sp(t —0) := limgss_¢—ov(s) is the left limit of v at ¢ along T, i.e., v(t — 0) is the limit
of v(s) as s = t with s € T(_og 1.

Sp(t+0) := limpss 10 v(s) = lims st ser, oo v(s) is the right limit of F at ¢.

"The limit superior in (&) is the limit of sup{e(F(s), F(t)) : s € T(4—c 1)} as € = +0;
in (&) the limit superior is understood similarly.

8The limit superior in (b) is the limit of sup{e(F(t), F(s)) : s € Tt ite)} as € = +0;
the limit superior in (b) has a similar meaning.
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(b) Bt +0) = 5(t) + limsup e(F(s), F(t)) if V(F,T) < +oc.

T>s5—t+0

Proof. We concentrate on (&) and (b), making only remarks on (&) and (b).
(d) First, we prove inequality > in (&). By the additivity of V, given
s € T with s < t, we have

B(s) + e(F(s), F(£) < D(s) + V(F, Tjs) = B(t).

Since T is nondecreasing and bounded on 7' (by V(F ,T)), and t is a left
limit point of T, the left limit T(t — 0) exists in [0, +00) and is equal to
sup{@(s) : s € T, s < t}. Inequality > in (&) follows now from the properties
of the limit superior as T'>s—t—0, since the right-hand side in (&) is equal
to

lim 9(s)+limsupe(F(s), F(t))=limsup(v(s)+e(F(s), F(t)) < v(t).

T3s—3t—0 T2s—3t—0 Ts5—1—0 o

Now we show that inequality < holds in (&). By the definition of ¥(t),
which is finite, for any £ € R, £ < ¥(t), there are m € N and a partition
T = {t;}i2o U {t} of T{_w g with ¢,, < such that

m

£< e(Ftim), F(t:) + e(F(tn), F(1)).

i=1

Given s € T{,, 1), the triangle inequality for e implies

e(F(tm), F(1)) < e(F(tn), F(s)) + e(F(s), F(1)),

and so, £ < U(s) + e(F(s), F(t)). Passing to the limit superior as T' > s —
t — 0, we get
£ <B(t—0)+ limsup e(F(s), F(t)).

T3s—t—0
It remains to take into account the arbitrariness of £ < (t).

(b) In order to prove inequality > in (b), we make use of the additivity
of V to get

B(t) + e(F(t), F(s)) < B(t) + V(F, Tyq) = 9(s) for all s € Ty 4o0).

Now, it suffices to pass to the limit superior as T'> s — ¢t + 0.
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To show inequality < in (B), we apply the additivity property of V several
times. To begin with, note that

V(F, T so) = V(E,T) = 3(1). (3.10)

Given ¢ € R with £ < v(F, Tt +o0)), there exist m € N and a partition
{ty u{ti}i, of Ty +o0) with ¢ < ¢ such that

m

& < e(F(t), F(to)) + Y e(F(tir), F(1)).

i=1

Since, for any s € T4, e(F(t), F(to)) <e(F(t), F(s))+e(F(s), F(ty)), we find

E+D(tm) — V(F,T) <& < e(F(t), F(s)) + V(F, Tios,.)

and so, T(s) < (V(F, T)—&)+e(F(t), F(s)). Passing to the limit superior
as T >s—1t+0, we get

Bt +0) < V(F,T) — &+ limsup e(F(t), F(s)).

T>s—t+0

It remains to let £ tend to the value (B.10).
(&), (b) Here we note only that, by the additivity of v,

() + e(F(t), F(s)) < 0(s) + V(F, Tiey) = 5(t) V5 € Ti—oon),
5(t) + e(F(s), F(1)) < 5(t) + V(F, Tiq) = 5(s) Vs € Ty 100,
respectively. O

As a corollary of ([B.6]), (3.7), and Lemma 2] we get the following lemma,
which is a generalization of Theorem 4.6 from [9].

Lemma 3. Ift € T is a left limit point of T, then

(&) V(F,T—oor) = V(F, Ti—oon) +limsup e(F(s), F(t)) if V(F,T)<+oc;

T>s—t—0

(8) V(F, T(—soi)) = V(F, T(_so)) +limsup e(F(t), F(s)) if V(F,T) < +oc.

T>s—t—0
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Ift € T is a right limit point of T', then
(B) V(Fa Tt +o0)) :v(Fv Tit,+00)) +limsup e(F'(t), F'(s)) if V(Fv T) <+o0;

T>s5—t+0

(5) V(F, Ty yo0) = V(F, Ty 1o0))+limsup e(F(s), F(t)) if V(F,T) < 4o0.

T>s5—t+0

Proof. As in the proof of Lemma [ we concentrate on (&) and (b).

(d) This is a consequence of Lemma [2[(®), since V(F, T(—ooy) = U(t) and,
by virtue of (38), V(F, T(—se)) = B(t — 0).

(b) For every s € Tt +o0), the additivity of Y implies

V(E, Ty o)) = B(s) = D(t) + V(E, Ty 1))-
Passing to the limit as T'> s — ¢t + 0, we get: by Lemma (B),

U(s) —B(t) = B(t +0) — B(t) = limsup e(F (), F(s)),

T>s—t+0
and by B), V(E, Ty o) = V(E, T 4o0)- O

3.7. Pointwise Selection Principle

In the proof of our main result (Theorem [), we will need a compact-
ness theorem in the topology of pointwise convergence (cf. Section B.4]) for
a (approximating) sequence of multifunctions F,, : T — c¢(M), n € N, refor-
mulated from [14] for the metric space (¢(M), dy) under consideration.

Given F' : T — c¢(M), its modulus of variation is the nondecreasing
sequence {v;(F,T)}%2, C [0,40c] defined by

v(F,T):=sup Y du(F(s;), F(t;)),

i=1

the supremum being taken over all collections sy, ..., sk, t1 ..., t; of 2k num-
bers from T such that 51 <t; <5y <ty < -+ <551 <ty < 8 < tp. This
notion was introduced in [6] in the context of Fourier series and extensively
applied in |21, Section 11.3] for real valued functions. The general case of
metric space valued functions was considered in [14], whence we know that
v (F,T) < V(F,T) for all k € N, and v (F,T) — V(F,T) as k — oc.

The following theorem, extending Helly’s Selection Theorem, is a point-
wise selection principle in terms of the modulus of variation:

13



Theorem B (|14, Theorem 1]). Suppose {F,}32, is a sequence of multi-
functions F,, : T — c¢(M) such that (a) limsup,, . vk(Fn,T) = o(k)ﬁ, and
(b) the closure in c(M) of the set {F,(t) : n € N} is compact for allt € T.
Then {F,}°2, admits a subsequence, which converges in ¢c(M) pointwise on
T to a multifunction F : T — c(M) such that vg(F,T) = o(k).

4. Proof of the Main Result

Proof of Theorem [Il. We prove only item (a), item (b) being proved sim-
ilarly with corresponding modifications (‘to the left’). We divide the proof
into six steps for clarity. Recall that a = infT € T', and we set b := supT.
In the first four steps, we prove the theorem in the case when t; = a and
b €T (so that T' C [to,b] is bounded), in step 5—when to = a and b ¢ T,
and in step 6—when ¢ty >a and T is arbitrary. We employ several ideas from
[3,19], |13, Sections 5, 10].

Step 1. Suppose T' C [to,b] and ty,b € T". Since V(F, T) is finite and the
variation function of F' to the right ¥ : T'— [0, +00) is nondecreasing on 7T,
the set of its points of discontinuity on 7" is at most countable. Denote by
Tr the set of points t € T, which are left limit points of 7" such that T(t) =
B(t — 0). It follows that T\ T is at most countable and, by Lemma (&),

if t € Tp, then e(F(s), F(t)) > 0asT>s—t—0. (4.1)

Furthermore, the set T of left isolated points of T (i.e., t € T such that
Tit—eyy = D for some € > 0) is also at most countable (in fact, the intervals
of “emptiness from the left”, corresponding to different left isolated points
of T, are disjoint, and each such interval contains a rational number). Let @
denote an at most countable dense subset of 7. We set

S:= {to,b}U(T\TF)UTQUQ

and note that S C T is dense in T and at most countable. With no loss
of generality we may assume that S is countable, say, S = {t;}3°,. Given
n € N, the set 7, = {t;}7=; U {b} is a partition of 7. Ordering the points in
T, in ascending order and denoting the resulting (ordered) partition of 7' by

9Equality pr = o(k) means as usual that limg o pux/k = 0.
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T = {tI 1, we get

o=ty <t} <---<tp_,<th="0, and (4.2)
Vit e S dng =ny(t) € Nsuch that t € m, for all n > ny. (4.3)

Step 2. Let us construct an approximating sequence for the desired set-
valued selector of F. In order to do this, we need the following observation
from [13, assertion (10.2)]: given X,Y € ¢(M),

there is Y € ¢(M) such that Y/ C Y and dy(X,Y’) <e(X,Y). (4.4)
In fact, it suffices to define Y’ as the metric projection of X onto Y:
Y’ =Pry X :={y € Y : there is z € X such that d(z,y) =d(z,Y)}. (4.5)

First, given n € N, we define sets ;" € ¢(M), i = 0,1,...,n, inductively
as follows. Setting X = X, and Y = F(ty) in (£4), we choose Y, := Y’ €
c(M) such that Yy C F(to) and dg(Xo, Yo) < e(Xo, F(t)). We put Yj" :=Yj
(for all n € N). Now, suppose i € {1,...,n} and the set Y, € ¢(M) such
that Y;*, C F(t} ) is already chosen. Then, we put X =Y, and Y = F(t}")
in (£4) and pick V" := Y’ € ¢(M) such that Y;* C F(t}) and

du (Y2, V") < eV, F() < e(F(EL), F(4)). (4.6)

The approximating sequence I',, : T" — ¢(M), n € N, is defined as a
sequence of set-valued step functions of the form (cf. [13, equation (10.3)]):

L) :=Y" forall i=0,1,...,n; (4.7)

(2

L) =YY", forallt e TN, t!)andi=1,...,n (4.8)
(if TN (' ,,t!) = &, then I',, is left undefined on (¢ ;,¢")). Clearly,

Lo(to) =Tn(ty) =Y, =Yy C F(tg) forall neN.
Moreover, by the additivity of V and (4.6]), we have

V([,,T) = ZV Lo, T O, 17 ZdH YL Y

=1

< Z F(tr ), F(t) < V(F,T) forall n € N. (4.9)
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Step 3. Let us show that {T",}22; satisfies the assumptions of Theorem Bl
By virtue of (4.9]), we get

lim sup v (I, T') < V(F, T) forall k€N,
n—oo
and so, condition (a) in Theorem [Blis satisfied. Now, we verify condition (b).
If t € S, then, by ([43), there is ng = ng(t) € N such that t € , for all
n > ng. So, for each n > ng there is i = i(t,n) € {0,1,...,n} such that
t =t7. The definition of I';, implies

L) =T, =YY" C F(t) = F(t) forall n > ny. (4.10)

In other words, {I',(¢)};,, C c(F(t)). Since F(t) is a compact subset of
M, it follows from [5, I1.1.4] that ¢(F'(t)) is a compact subset of ¢(M), which
implies the desired property for {F,(t)}>2 ;.

Suppose now that ¢t € T'\ S. We have t € T N (o, b), i.e., by (@),
e(F(s), F(t)) =0 as Ty 25 —t—0, (4.11)

where t is a left limit point of T, and so, there is a sequence 7, € T, 7, < t,
k € N, such that 7, — tas k — oo. Since S isdensein T, given k € N, there is
s, € S such that |sy—7x| < t—7%, which implies s, < t, and sy — t as k — oo.
From (43)), for each & € N choose a number ng(k) € N (depending also on t)
such that s € m, for all n > ny(k). We may assume (arguing inductively)
that the sequence {ng(k)}32, is strictly increasing. Given k£ € N and n >
no(k), since s € m,, there is a number j(k,n) € {0,1,...,n — 1} such that
Sk = U}, ) and, since sy < {, there is (unique) i(k,n) € {j(k,n),...,n —1}
such that

By @), EF), and @I, we find
Lo(t) = Yilhn) C F(tiy,,) forall k€ N and n > ng(k). (4.13)

Setting n := ng(k) and py = t?(‘;c(’i)o(k)) in ([4.I3), we have I'y ) (t) C F(pr)
for all k& € N, where, by virtue of (£I12) and property sy — t as k — oo,

pr <t and pp, =t as k — oo. (4.14)
Applying (4.4), for each k € N pick Y, (t) € ¢(M) such that Y, (t) C F(t) and
A (Tnory, Yi(t)) < e(Tnory, £(1)) < e(F(pr), F(1)). (4.15)
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It follows from (AII)) and ([£I4) that the right-hand side in (£I5) tends to
zero as k — 0o. By the compactness of ¢(F'(t)), we may assume (passing to a

subsequence of {Y}(t)}%2, if necessary) that dy (Y (t),Y (t)) — 0 as k — oo
for some Y (t) € ¢(M) such that Y'(t) C F(t). Thus,

A (Do) (1), Y (1)) S dpr (D) (1), Yi(2)) +du (Yi(t), Y () =0 as k— o0,

and so, (a subsequence of) the subsequence {I', ) }72; of {I'n(t)}52, con-
verges in ¢(M). This finishes the proof of compactness of {I',,(¢)}22, (the
closure being taken in c¢(M)).

Step 4. By Theorem [B], there are a subsequence of {I",}°2,, which we
denote by {I'n)}r, with strictly increasing [ : N — N, and a multifunction
I': T — ¢(M) such that dg (I (t),I(t)) = 0asn — oo forallt e T.

Let us show that I' is a set-valued selector of F' on T. It is clear from
(A7) and (£L2) that I'(tg) = Yo C F(ty), and so (cf. Step 2),

dy(Xo, I'(tg)) < e(Xo, F(tg))- (4.16)

If t € S, ([A3) implies t € m, for some ny = no(t) € N and all n > n,.
Since I(n) > l(ng) > ng for n > ny, it follows from ([.10) that I'yn,)(t) C F(1),
and so (cf. properties (a) and (b) of e in Section [2)),

e(L(1), F(t)) < e(I'(2), i) (1) + e(Limy (1), F'(2))
e(I'(t), yny(t)) < du(T(t), Ty (t)) = 0 as n — oo.

This gives e(I'(t), F(t)) = 0 implying I'(t) C F(t).

Now suppose that ¢ € T'\ S. Given k € N, let ng(k) be the number (also
depending on t) from Step 3 such that s € m, for all n > ng(k). Hence,
assertions (A.I2)) and ([AI3)) still hold. Setting n = N (k) := l(no(k)) > no(k)

and q = t?{,ﬁk},(k» in (I2) and @I3), we find 'y C F(gi), where g < t,
and g, — t as k — oo. For each k € N, thanks to (d.4), let Z,(t) € ¢(M) be
such that Z,(t) C F(t) and

A (D (1), Zi(1)) < e(Dngwy (1), F'(1) < e(F(gr), F(1)).
Noting that e(Zx(t), F'(t)) = 0, we get

(D), F(t)) < e(T(t), Py (1) + e(Tvwy (1), Zi(t)) + e(Zi(t), F'(1))
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with the right-hand side tending to zero as n— oo. Hence e(I'(t), F/(t))=0,
and so, I'(t) C F(t). Thus, we have shown that I'(¢) C F(¢) for all t € T..
The lower semicontinuity of V and (£9) imply
V(I',T) < liminf V(Fypy, T) < V(F, T).
n—oo
Since Tjq 1) =@ (recall that to=a), Tit, +o0) = Titgp) =1, and Jo(I', t9) =0, this
proves Theorem [Ij(a) in the case when tg = a and b =supT € T.

Remark. Note that if Xy C F(ty), we have, by ([4.16), I'(ty) = Xo.

Step 5. Suppose tg = aand b = supT ¢ T', so that Ti, 1)) =D, Tiy,+00) =1,
and J,(I', ) = 0. Pick an increasing sequence {t;}22, C T such that ¢, — b
as k — oo. Noting that V(F, Tho 1)) < V(F,T) < +oo and applying Steps
1-4 to F on Ty, 4,), we get a set-valued selector I'g : Ty, 4,1 — ¢(M) of F' on
Tlty,4,) such that

du(Xo, To(to)) < e(Xo, F(to)) and V(Lo Ti)) < V(F, Tito,11))-

Inductively, if & € N, and a set-valued selector I',_; of F'on T}, | 1 is already
chosen, we note that V(F, Tty ten)) < V(F, T) < +o0, again apply Steps 14,
and find a set-valued selector I'y of F on T}, 4, ,,) such that I'y(tx) = [p_1(tx)
and V(Tg, Ti, t1)) < V(F, Tity ten))- Since t, — bas k — oo, and b & T, we
have T = 3o Titpter)s S0 if t € T and t € Tjy, 4, ) for some k € {0} UN,
we set I'(t) := T'y(t). Clearly, I' : T — c¢(M) is a well-defined set-valued
selector of F' on T, inequality (4.16) holds, and, by (B.6) and the additivity
of V and V’,

n—1
V(Fu T) = nh—>n;olo V(Fu T(—oo,tn]) = nh—>nolo kZ% V(Fku ,—T[tk,tk+1})

n—oo

n—1
< 1im YV, Typ) = lim V(F, Ti—oor) = V(F,T).
k=0

Step 6. Finally, suppose tyg > a. Since V(F, Tlaito)) and V(F, Tito,+00))
do not exceed V(F, T) < +oo, and Xy € ¢(M), we apply Steps 1-5 twice:
first, to " on Tj,,) with arbitrary Ky € ¢(M) in order to obtain a set-valued
selector I'; of F" on Tj,4,) such that

di(Ko,T1(a) < e(Ko, F(a)) and V(I Tjar) < V(F, Tia);
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and, second, to I on T}y, 1o in order to obtain a set-valued selector I'y of F'
on Ty +o0) such that

di(Xo, T2(to)) < e(Xo, F(to)) and  V(T'g, Tisy 4o0)) < V(F, Tity,1o0))-

Givent € T, weset I'(t) := 'y (t) if t € Tjazy), and I'(t) := Ty(t) if t € Ty 100)-
Clearly, I' : T — ¢(M) is a set-valued selector of F on T, inequality (410
holds, V(T', Tiass)) < V(F, Tiase))s and V(T, Ty 4oo)) < V(F, Tity 1oe)). Fur-
thermore, since V is additive, the second inequality in (21)) holds (recall that
a=minT):
V(Fv T[a,to)) + V(Fv T[tm-i-OO)) < V(Fv T[llio]) + V(Fv T[to,-i-00)> =
— V(F, Tius00) = V(F, T).

Let us prove the first inequality in (2.1]).

Suppose sy € Tjayy). Hence so = maxTj,) < to, and so, Tja ) = Tla,s)
and Tis) 4] = {50, %0} (two-point set). By the additivity of V,

V(Fv T[a,lfo}) = V(Fv T[mso}) + V(F, T[So,to])
= V(T'1, Tiatg)) + du(T1(s0), T2(t0)),

which implies

V(Fv T) = V(F T[a to]) + V(Fv T[to,-i-oo))
= V(I'1, Tiae)) + dr(Ti(80), T2(to)) + V(I'a, Tity 400))
< V(F, Thaug) + di(T(s0), T(t0)) + V(F, Tty 4o0))-

This proves inequality (2.I]) with J,(I',t0) = du(I(so), '(to)) from (2.2).

Now, suppose sg ¢ Tia,). Note that s is a left limit point of Tj, ) (and
s0, of Tjs4) and T as well). In fact, by the definition of sg, ¢t < sy for all
t € Tja,sy), and, given € > 0, there is t. € Tj, s, such that so — e < t.. Hence
sg—e <tz < S0, 1.e., Tig,s0)N (so g,50) # @ (and a fortiori TN(sg—¢, s¢) # D).

Let us show that the limit in the right-hand side of (2.2)) exists in [0, +00).
Since I' = I'y on Tju4) and V(I'y, Tjau)) < V(F, Tlato)), given t,t" € Tig )
with ¢t </, the additivity of V implies (note again that « = min7")

0 < VI, Ti) — VI, Ty 1)) = V(T T )
= VI, T—oow)) = V(I'1, Ti—ooq))-
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By (B.6), the right-hand side here tends to V(I'1, Tia,s)) = V(I'1, Ta,s)) = 0 as
T > t,t — sg—0, and so, Cauchy’s criterion yields the existence of the limit.
Applying the additivity of V once again, we get

VT, Tiate) = VT, Tia)) + VI, Tpg))  for all ¢ € Tiosy)- (4.17)

Noting that sg & Tja4) implies Tiy s0) = Tat0), by virtue of (3.6)), the limit of
the first term in ([£17) as T >t — s — 0 is equal to

lim V([ Tiy) = lim V(L1 Tcoos) = VIt Tany)

T>t—s0—0 T>t—s0—0

- V(F17 [a,to)) S V(Fu ﬂa,t@)-
Taking into account (22), it follows from (EI7) that

V(Fv T) = V(F Ttl ;to] ) + V(F T[to +OO))
= lim V(F ﬂa t]) + llIglO_OV(F, Ty[t,to}) + V(FQ, T[to,%o))

T>t—s0—0

= V(Fh ﬂa,to)) + Ja(r7 tO) + V(F27 ,J_Y[to,-i-oo))
< V(F, T[a,to)) + Ja(r> tO) + V(F> T[to,—i—oo))'

This proves the first inequality in (2.1]).
It remains to show that if s = ¢, then J,(T', ¢y) is the left jump of T" at ¢,.
Noting that, by the additivity of V,

V(T Tiso)) = 0(to) — () for all t € Tayy),

and, by [B.8),
B(ty) =T(to —0)+ lim dg(I'(t), (L)),

T>t—tp—0

and passing to the limit as 7' >t — ¢y — 0, we get

J(Dto) = lim V(D Tjeg) = 3te) = lim ()

=0t = 0) +__lim du(T(t),T(to)) = ¥(to — 0)

T>t—to—

This completes the proof of Theorem [Il O
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Now, we are in a position to show that Theorem [ implies Theorem [Al
Proof (of Theorem [A]). Setting T, = T, 4+00) and T = T(_c 4], We have
V(F,T,) < V(F,T,) < V(F,T) and V(F,T.)<V(F,T.) < V(F,T).

Noting that tg € T, N T_ and applying Theorem [d(a) to F on T, and
Theorem [[(b) to F' on T_, we obtain a set-valued selector I'y : T’y — ¢(M)
of Fron Ty and a set-valued selector I'_ : T_ — ¢(M) of F on T_ such that

dir (X0, T4 (t0)) < e(Xo, F(to)) and V(I'y, Ty) <V(F, T2,
du (T4 (to), T (to)) <e(T'4 (t), F(to)) =0 and V(I T )<V(F,T.)
Noting that I'_(¢y) = 'y (to), weset I'(t) := ', (¢) if t € Ty, and I'(t) := ['_(¢)
if t € T_\ {to}. Clearly, I' : T" — ¢(M) is a set-valued selector of F' on T,
d(Xo,T'(to)) < e(Xo, F(ty)) and, by the additivity of V,

V(Fa T) = V(F> T—‘r) + V(F> T—) = V(F-H T—‘r) + V(F—a T—)
<V(F,T,) + V(F,T.) (4.18)
<V(F,T,)+V(F,T_) = V(F,T).

This finishes the proof of Theorem [Al Note that we have shown a little bit
more: inequality (EI8) holds provided V’ F,T,) and V F,T_) are finite. O

Remark 2. If Xy = {zo} C M, a (single-valued) selector of bounded varia-
tion I : T'— M of F on T may be chosen such that d(zo, ['(¢y)) <d(xq, F(to))
and satisfying the rest of assertions in (a) and (b) of Theorem [II (if we replace
dy by d everywhere). In order to see this, it suffices to pick only one element
in the corresponding metric projection. So (cf. Step 2 in the proof of The-
orem [I), choose yy € F\(ty) such that d(xo,yo) = d(zo, F(to)), set y§ = vo,
and if 7 € {1,...,n} and elements y* ; € F(t ;) are already chosen, pick
yr € F(t?) such that d(y!" ,,y") = d(y!,, F(t?)). Define I';, : T"— M (as
in (A1) and (@) by I',(t}) =y for i = 0,1,...,n, and I',(t) =y, if
teTN(tr,,th) andi=1,...,n. It remains to note (for 7' C [to, b]) that

zl?z Zdyz 17yz
= > dy,, F(t))) <Z F(,), F(t)) < V(F,T).

i=1

V(I T)=V({@,, TNt

In this way, Theorem [I] above is a generahzatlon of [17, Theorem 1], treating
the existence of single-valued selectors on (connected) intervals 7' C R.
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5. Examples

In examples below, we show that all assumptions in Theorem [ are es-
sential.

Let (B, |-|) be a Banach space with norm |-| (e.g., B = R), BY be the set
of all sequences x : N — B, and M = (;(N;B) be the (infinite-dimensional)
Banach space of all summable sequences © € BY equipped with the norm
|zl == >, |2(i)| < 400 and, hence, metric d(z,y) := ||z —y|| for z,y € M.
Fix v € B with |u| =1 (e.g., v = 1 in R) and, for every n € N, denote by w,
the unit vector in M defined as usual by u,(i) = 0 if i # n, and u,(n) = u.

Example 1. A multifunction F on 7' C R with (only) bounded closed values
in M and V(F ,T') < 400 may have no set-valued selectors I" satisfying

V(L T o) < V(E, Ty 1o0)) 0 di(Xo. D(ty)) < e(Xo, F(ty)) (5.1

with ¢y € T and X, € ¢(M). In order to see this, we set T := [0, 1] and X :=
XoUY, where Xg := {u1} and Y := {a,u, : n > 2} with «, := 1+ (1/n),
and note that X and Y are bounded and closed (but not compact) subsets of
M, whereas Xy € ¢(M) and Xy C X. Define F': T — {X,Y} Cc P(M)\ {2}
by F(0) := X and F(t) ==Y if 0 < t < 1. (A similar example was given
in [3, Example 2] for F with V(F,T) < +00.) We have V(F,T) = e(X,Y),

where

e(X,Y) =sup inﬁf/ dz,y) =e(X \Y,Y) =¢e(XY)

zeX Y€

1
= inf (jur| + aplun]) = 1+ inf(l + —> — 9.
n>2 n>2 n

Since Y C X, F' is nonincreasing on T' (Section B.1]), and so, V(F, T)=0.
(a) Suppose ty = 0, so that Tjy, 1oy = 1. We have Xy C X = F(0), which
implies e(Xo, F(0)) =0. Let I' : T'— P(M) \ {@} be any set-valued selector
of F on T such that I'(0) = X,. Since @ # T'(1) C F(1) =Y, a,u, € T'(1)
for some n > 2. It follows that
VI, T) = du(1(0), (1)) = e(I'(1),1(0)) = e(I'(1), Xo)
> d(Qpttn, ) = o0y + 1 > 2 = V(F,T).

(b) Now, suppose 0 < to < 1, and I' : T" — P(M) \ {D} is a set-valued
selector of F' on T'. Since I'(tg) C F(to) =Y, we have a,u, € I'(tg) for some

22



n > 2, and so,

dH(X(), F(to)) Z 6(F(t0), XO) 2 d(anun,ul) = Op + 1
> 2= e(X(), Y) = e(X(), F(to))

(c) The effect of nonexistence of set-valued selectors in (a) and (b) above
is due to the fact that Pry Xg = @ (cf. (4.0)): indeed, if y € Y, then y = a,u,
for some n > 2, and so, for x € Xy = {u1}, we have

d(z,y) = d(uy, apuy) =14+ o, > 2 =e(Xo,Y) =d(u,Y) =d(z,Y).

Example 2. This example is more subtle than Example [It even if F(t) is

bounded and closed (but not compact) at a single point t € T', inequalities

(51) may not hold in Theorem [l (this is inspired by |13, Example 5.2]).
Let N € N, N > 2, be fixed and {a,}>°, C R be a sequence such that

{Jan|}22, is strictly decreasing and n§%€r1|a"| >0 (5.2)

(e.g., ap, = a(n+1)/nwitha # 0, n € N). Weset X :={a,u,:1<n< N}
and Y := {a,u, : n > N + 1}. Clearly, X € ¢(M), while Y ¢ ¢(M) is
bounded (by the first condition in (5.2])) and closed (by the second condition
in (52)) in M. Define F on T := [0,1] by F(t):= X if 0 <t < 1, and
F(1):=Y. We have

V(ET) = e(X,Y) = o] + inf o]
and
V(F,T) = e(Y, X) = lan | + an]|-

(a) Suppose 0 <ty < 1 and Xy := {a1u1}, so that T, 1o0) = [to, 1] and
Xo C X = F(to), which implies e(Xy, F(to)) =0. Let I' : T' — P(M) \ {@&}
be a set-valued selector of F on T such that I'(¢g) = Xy. Since I'(1) C F(1) =
Y, we find a,u,, € I'(1) for some n > N + 1, and so,

V(T [to, 1]) > du(T(to), I'(1)) > e(T'(1), Xo) > d(antn, cqur) = |ag,| + oy |

> Jou| + inf o] = V(F,T) = V(F, [to, 1]).
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(b) Suppose tg = 1 and Xy := {aqus}. U T : T — P(M)\ {2} is a
set-valued selector of F" on 7', then I'(1) C F(1) =Y implies a,u, € I'(1)
for some n > N + 1, and so,

d(Xo,T'(1)) > e(I'(1), Xo) > d(ann, arur) = |ay| + |aq|
> |Oé1| + 2>1]I\}£—1 |Oé,| = E(X, Y) Z 6(X0,Y) = e(X(),F(tQ)).

(c) Clearly, Prx Xy = Xy. The non-existence of set-valued selectors in (a)
and (b) is again due to the fact that Pry Xy = @: in fact, if y € Y, then
Yy = ayu, for some n > N + 1, and so, we have, for z € Xy = {aqus},

d(l’, y) :d(alula anun) = |Oé1| + |an| >izilr\}£—1(|al| + |al|) :;2£ d(l’, y) :d(l', Y)

(d) We claim that Theorem [I(b) holds with ¢, = 1 and I'(1) = X (except
that I'(1) € ¢(M)) for every nonempty Xy C Y = F(1).

First, observe that PrxYy = {ayuyn} for every @ # Yy C Y (recall that
X € ¢(M), and PrxYj is the set of those x € X, for which d(yo, x) = d(yo, X)
for some yo € Yp). To see this, we set ng := min{n > N + 1 : au, € Yy} for
Yo C Y. If yg € Yy, we have yg = a,,u,, for some n > ng,

Ay, X) = inf dlyn, ) = min (Jan] +]as)) = ] + fan,
and
d(yo, ) = |an| + |ay| if v =yu; € X for some 1 <i < N.
If n=mnpand ¢« = N, we find yy = ap,un, € Yo, ¢ = anuy € X, and
d(y07x> = d(anounovaNuN) = |O‘n0‘ + ‘aN| = d(y07X)7

which implies ayuy € PrxYy. Now, if ¢ < N, then |a;| > |ay|, and so, for
every o € Yo, we get

d(yo, ) = |an| + [eu| > |an| + an| = d(yo, X).

Thus, ou; ¢ PrxYy foralli=1,..., N — 1, and we are through.

Taking the above into account, define a set-valued selector I" of F' on T
by I'(t) := {ayun} if 0 <t < 1, and I'(1) := Xy with X =Yy, C Y. It
remains to note that ng > N + 1 implies

V(I,T) = e(Yo, {anun}) = sup d(yo, anun) = lan,| + |a
YoE€Yo

< Jan| + lay| = V(£ T).
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Example 3. Making use of an idea from [17, Example 3.1], here we present
an example of a multifunction F' : T — c¢(M) with T" := [0, 1] such that
V(F,T) < 400 and V(F, T) = +oo (thus, Theorem [l(a) is applicable to F,
whereas Theorem [Alis not).

Let N € N and {a,}5, C (0,+00) be a decreasing sequence such that

nh_)rrolo a, =0 and ZanN = +00 (5.3)
n=1

(e.g., a, = 1/n). Given n € N, we set
X, ={0} U{au; : 1 <i<nN}, and X :={0}U{ou,; i€ N}

Clearly, X, € ¢(M) for all n € N and, by the first assumption in (5.3]), the set
Xoo is compact as well. Let {7,}5°, C [0, 1) be a strictly increasing sequence
such that 79 = 0 and lim,, o, 7, = 1. Define F': T'— ¢(M) by the rule:

F(t)=X, if 1,1 <t<r,forallneN, and F(1) := X..

Since X,, C X,,11 C X for all n € N, F' is nondecreasing on T' (Section 3.1]),
and so, V(F, T) = 0. In order to see that V(F, T) = +oo, given m € N,
m > 2, and partition 7, = {7} U {1} of T'= [0, 1], we find

m—1
V(E,T) 2 e(F(r,), F(rm1)) + e(F(1), F(rn1))
n=1
m—1
= e(Xna1, Xp) + e(Xoo, Xin), (5.4)
n=1
where
e(Xpi1, Xp) = su <a + inf ai):an + ay,
(Xota ) nN+1§k§p(n+1)N o 1§iS"N| | A N
and
e(Xao, X;n) = su (a + inf ai>:am + N
( ) kzmll\?—i-l | k| 1§i§mN| | N+1 N

It follows that the quantity (5.4) is equal to

m m
g oanH—i-E apN — +00 as m — 0.

n=1 n=1
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Example 4. (a) By Theorem [Il(a), given Xy € ¢(M) such that Xy C X; =
F(0), multifunction F' from Example B has a constant set-valued selector
I':T — ¢(M) satisfying ['(0) = Xy and V(I', T) < V(F,T) = 0. However, if
0 <ty <1and Xy C F(ty), there may be no set-valued selector I" of F' on
T such that I'(ty) = Xo and V(I', T') < V(F, T). In fact, let ty = 7, for some
n € N (cf. Example ), so that F(tg) = F(7,) = X,,41. Suppose now that
Xo C Xnt1 \ Xq1 C F(ty), I'(t) € F(t) for all t € T, and I'(ty) = X,. Since
I'(0) € F(0) = Xy, we have oyu; € T'(0) for some 1 < i < N, or 0 € I'(0)
(i.e., possibly, a; = 0), and so,

V(I T) = du('(t), I'(0)) = du(Xo,1'(0)) > e(I'(0), Xo)
Z d(O&iUi, X()) Z d(O&iUi, Xn+1 \ X1>
o; + Oék) > Q(nt1)N > 0= V(F, T). (5.5)

= min (

N+1<k<(n+1)N

(b) If tg > a = inf T"and I'(ty) = Xy, inequality V(I', Tja,))

in Theorem [I[(a) cannot in general be replaced by V(I', Ti, )
This can be seen from Example @] and (5.5)):

V(T [0,%0]) > di(T(t), T(0) = -+ > auynn > 0= V(F, [0,%)).

This observation also makes it explicit that the “jump” J,(T', o) is essential
in the left-hand side of (2.1]).

Example 5. This example is designed for Remark [l Let T := [1,400) and
F:T — c¢(M) be given by F(t):=X, if n € Nand n <t < n+ 1, where
Xp={u;: 1 <i<n}. Wehave X,, € ¢(M), and F(s) C F(t) foralll <s <
t < +o0, and so, V(F, T) = 0. The image F(T) =~ X, = {u; : 1 € N}
is bounded in M, but not totally bounded (i.e., cannot be covered by a
finite number of balls of arbitrarily small radius). Note that v(F 1) = +o0
(consider a partition 1 < 2 < --- <m — 1 < m of T with arbitrary m € N
and observe that e(X,1,X,) = 2 for all n € N). This example is easily
adapted to the case when F' maps [a,b) or [a,b] into c(M).

6. Functional Inclusion X (t) C F(t, X (t))

Assuming some interplay of the (uniform) boundedness of directional vari-
ations and (uniform) contractions, we have the following parametrized ver-
sion of Banach’s Contraction Theorem, extending Theorem 11.4 from [13].
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Theorem 2. Suppose a multifunction F : T xc(M)—c(M) is such that:

(a) there is a nondecreasing bounded function ¢ : T — R such that

e(F(s,X),F(t, X)) <o) —@(s) foralls,t €T, s <T, and X € ¢(M);

(b) there is a number 0 < p < 1 such that

e(F(t,X),F(t,Y)) < pdy(X,Y) forallt € T and X,Y € c(M);

(c) there is a multifunction K : T — c¢(M) such that
F(t,X)C K(t) forallt €T and X € ¢(M).
Ifto:=infT € T and Xy € c¢(M), then there is X : T — c(M) such that
(i) V(X,T) < V(p,T)/(1 — p) < +oo; (ii) X(t) C F(t,X(t)) for allt € T}

(111) dH(X(), X(to)) S 6(X0, F(to, X(to))) .
In addition, if Xo C F(to, Xo), then (iii) can be replaced by X (to) = Xo.

Proof. First, observe that assumptions (a) and (b) and the triangle inequal-
ity for e imply, for all s,t € T, s < t, and X,Y € c¢(M),

e(F (s, X), F(t,Y)) < ¢(t) — p(s) + pdu(X,Y). (6.1)

We set Xo(t):=Xo and Fy(t):=F(t, Xp) fort € T. We have Iy : T'— c¢(M),
and assumption (a) and Lemma [Ilimply V(FO, T) < V(p,T) < +00. By The-
orem [[(a), there is X; =T : T' = T}y 400) — ¢(M) such that X;(t) C Fy(t)
for all t € T, d(Xo, X1(to)) < e(Xo, Fo(to)), and V(X1,T) < V(Fp, T) <
V(e, T). In what follows we apply the standard iteration procedure. Setting
Fi(t):= F(t, X1(t)) for t € T, we find F} : T — ¢(M) and, by (6.1]),

e(Fi(s), Fi(t) < o(t) — ¢(s) + pdu(X1(s), X1(t)) Vs, t €T, s <t.
Arguing with partitions of 7', Lemma [I] implies
V(F1,T) < V(p,T) + pV(X1,T) < (1+ w)V(p,T).

Applying Theorem [I] again, we obtain Xy : T — ¢(M) such that Xs(t) C
Fl(t) for all t € T, dH(Xo,Xg(to)) < e(X(), Fl(to)), and

V(X2, T) < V(F,T) < (14 p)V(p, T).
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If Fy(t):=F(t, X5(t)), t € T, then Fy: T — (M) and, by (G,
e(Fy(s), Fa(t)) < ¢(t) — p(s) + pdu(Xa(s), Xs(t)) Vst €T, s <t,
and so,
VB, T) < V(o,T) + pV(X, T) < (14 i+ p>)V(p, T).

Arguing by induction, we obtain the sequence {X,,}°°, of multifunctions
X, : T — ¢(M) such that, given n € N,

Xo(t) C Fi(t):=F(t, X, (1)) C K(t) forallteT, (6.2)
i (Xo, Xu(to)) < e(Xo, Fuoi(to)) =e(Xo, F(to, Xp-1(to))), and (6.3)
V(X,,T) < (ZM) < ! V(<p, T). (6.4)

By (64), the sequence {X,}>°, is of uniformly bounded Jordan variation
with respect to dy, and so, condition (a) in Theorem [Blis satisfied, and by
(62), the closure {X,,(t) : n € N} in ¢(M) is compact for every ¢t € T', and
so, condition (b) in Theorem [Blis fulfiled. By Theorem [Bl, a subsequence of
{X,}52,, again denoted by {X,}>°,, converges in ¢(M) pointwise on 7" to
a multifunction X : 7" — ¢(M), i.e., dg(X,(t),X(t)) — 0 as n — oo for all
tel.

We are going to verify that X satisfies assertions (i), (ii), and (iii). As-
sertion (i) is a consequence of (6.4]) and the lower semicontinuity (3.5 of V.
In order to see that (ii) holds, we make use of the following inequality (cf.
[13, inequality (11.7)]), which is valid for all X, X", Y)Y’ € ¢(M):

e(X,Y) — e(X",Y")| < d(X, X') + dy (Y, Y"). (6.5)

In fact, given ¢ € T, (6.2) implies e(X,,(t), F(t, X,—1(t))) = 0, and so, taking
into account ([6.5]) and (6.1I), we get

e(X (), F(t. X (1)) = |e(X (1), F(t, X (1)) —e(Xu(t), F(t, X (1))
<dp(X(t), Xn(t)+du(F(t, X (1)), F(t, Xn-1(1)))
<dp(X(t), Xp(t)+pudg(X(t), Xn_1(t)) -0 as n — oo.

Thus, e(X(t), F(t,X(t))) = 0, which implies (by properties of e) asser-
tion (ii).
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To establish (iii), we note that (cf. (6.3]) and (iii))
|dH(X0,Xn(tQ)) — dH(XQ,X(tQ))| < dH(Xn(tQ),X(tQ)) — 0 as n — oo,
and, by virtue of (6.5) and assumption (b),

‘Q(Xo, F(to, Xn_l(t()))) — €(X0, F(to, X(to)))‘
< d(Fto, Xn1(to)), Flto, X () < pd(Xnor(to), X (t)) — 0, 1 — oo.

Passing to the limit as n — oo in (€3], we arrive at (iii).

Finally, suppose X, C F'(to, Xo). Hence Xy C Fy(to) and e(Xo, Fo(tg))=0.
From the above, dy(Xo, X1(to)) < e(Xo, Fo(to)) = 0, and so, X;(tg) = Xo.
Since

Xy C Fo(t()) = F(tQ,XQ) = F(tQ,Xl(to)) = Fl(t()),

we find from dH(XQ,XQ(tQ)) S 6(X0,F1(t0)) = 0 that Xg(to) = X(). By
induction, we deduce from (6.3]) that X, (¢9) = X, for all n € N. Passing to
the Imit as n — oo in ([6.3), we get du(Xo, X (to)) < e(Xo, F(to, Xo)) = 0,
which yields X () = Xo. O

Remark 3. If F(t,X) = F(t) is independent of X € ¢(M) (or p = 0),
Theorem 2l gives back Theorem [Il(a): we may set ¢ = ¥ and K = F. On the
other hand, if F'(t, X) = F(X) is independent of t € T" (or ¢ = 0), Theorem [2I
is a consequence of Banach’s Contraction Theorem (in fact, I : ¢(K) — ¢(K)
is a contraction on compact, hence complete, metric space (¢(K),dy) with

K = K(t)).

Example 6. The purpose of this example is to show that assumptions of
Theorem [2 can be fulfiled. Let M = B be a Banach space with norm |- | and
metric d(z,y) = |[x—y|, z,y € M, and K € c(M). Suppose o : T'— [0, 4+00)
is nondecreasing and p:=sup,c @o(t) < 1. Define F' : T' x ¢(M) — c¢(M) by
F(t,X) :=o(t)X fort € T and X € c¢(M). We have

E(F(S,X),F(t,X)) < (QOO(t) - QOO(S» Hle%?(|£lf| for all s,t € T> s < t,

and so, condition (a) in Theorem 2] is satisfied with ¢ (t):=¢o(t) max,ex |2/,
t €T, forall X € ¢(K). Furthermore, givent € T and X, Y € ¢(K) C ¢(M),

6(F(ta X)> F(t> Y)) = QOO(t)e(Xa Y) < ,UdH(X> Y)>

and so, condition (b) in Theorem [ is satisfied. Finally, setting K(t) :=
wo(t) K, we find F(t,X) C K(t) forall t € T and X € ¢(K).
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Example 7. In Example [6 we set B := R, K := [0,1], and ¢o(t) := t for
teT:=10,1/2] (hence p=1/2, ¢ = ¢y, and V(¢,T) = 1/2). Define F' by

F(t,X):=({tX)U(1—t+tX), teT, XecK)

For instance, if X = [0, 1], we have F'(0,X) = {0,1}, F'(1/2,X) = [0, 1], and
if 0 <t < 1/2, then F(t,X) = [0,t]U [l — ¢, 1], F(t,[0,¢]) = [0,£?] U [1 —
t,1—t+], F(t,[1 —t,1]) = [t — 3, ¢{]U[1 — t? 1], and so on. The iterative
construction of the classical Cantor (ternary) set corresponds to ¢ = 1/3
(e.g., |20, p. 20]).

By Theorem 2], there is X : [0,1/2] — ¢(]0, 1]) such that V(X [0,1/2]) <1,
X(t) Cc (tX()U(l—t+tX(¢t)) forall t € [0,1/2], and X (0) = {0,1}. For
every t € (0,1/2), the compact set X (¢) C [0, 1] is a Cantor-type perfect set.
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