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Polynomial curves on trinomial hypersurfaces
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IVAN ARZHANTSEV (Moscow)

1. Introduction. It is well known that the Fermat equation 28 + 2} +
28 =0, p > 3, has no non-trivial solution over the polynomial ring C[z].
The reason is that the projective curve defined by the Fermat equation in
P2 is not rational.

It is natural to consider more general equations

(1) Zg‘f‘zil“‘ZS:Oa p:erEZZ%
and to look for polynomial solutions. Geometrically such a solution corre-
sponds to a polynomial curve 7: C = V,,, -, where V, , . := V(2§ + 2 + 21)

is called the Pham-—Brieskorn surface in C3. Here we have trivial solutions,
namely,

20(x) = ag(2)™P,  z(z) = Bolx)™9,  z(x) = yh(x)™/",
where m = lem(p, q,7), ¢(x) € Cla], and a, 8,7 € C with o + 57+ " = 0.

The following result is stated in [8, Theorem 0.1(a)] with references to
[6], [7] and |15 Corollary of Lemma 8].

THEOREM 1. The Pham-Brieskorn surface V)4, admits a non-trivial
polynomial curve if and only if one of the following conditions hold.

(i) At least one of the numbers p,q,r is coprime to the others.
(i) ged(p,q) = ged(p,r) = ged(q, 7) = 2.

Moreover, the conditions of Theorem [l1| characterize rational Pham-—
Brieskorn surfaces (see [6, p. 117]).

Now we come to a special class of non-trivial polynomial curves on V,, , ..
Let us recall that a triple (p, g, ) of positive integers is called platonic if we
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have 1/p+ 1/q + 1/r > 1. It is well known that up to renumbering the
platonic triples are

(57372)7 (47372)7 (37372)7 (p7272)7 (p7Q7 1)7 b,q € Z>0'

In 1873, Schwarz [20] found polynomial solutions of equation in co-
prime polynomials zo(z), z1(x), 2z2(x) for every platonic triple (p, ¢, r) with
p,q,r > 2; see also [22] and (8] for explicit formulas.

In 1883, Halphen [9] proved that equation has no solution in non-
constant coprime polynomials when 1/p +1/¢g + 1/r < 1. We refer to [16]
for a historical account of the subject.

Following [8, Theorem 0.1(b)], we reformulate these results in terms of
polynomial curves.

THEOREM 2. The Pham-Brieskorn surface V, 4, admits a polynomial
curve not passing through the origin if and only if (p,q,r) is a platonic
triple.

There are several ways to generalize the theory of Pham—Brieskorn sur-
faces to higher dimensions. One way is to consider Pham—Brieskorn hyper-
surfaces

V(" + 4 4+ 2By C CmH
see [8, Example 2.21] and references therein for related results.

In this paper we investigate the case of trinomial hypersurfaces of ar-
bitrary dimension. Trinomial relations in many variables arise naturally in
connection with torus actions of complexity 1, multigraded algebras and
Cox rings of algebraic varieties [3,10-14].

Following [13], in Section [2| we consider two types of trinomial affine
hypersurfaces, discuss their geometric properties and define a torus action
of complexity one for hypersurfaces of each type. Theorems [3| and [4] are
generalizations of Theorem [I]to the case of trinomial hypersurfaces. It turns
out that for hypersurfaces of Type 2 rationality is equivalent to existence of
a non-trivial polynomial curve, while for Type 1 this is not the case.

In Section [5| we define Schwarz—Halphen curves on trinomial hypersur-
faces and study their basic properties. An extension of Theorem [2] to the
hypersurface case is given in Theorem [5] As one may expect, a significant
role in our arguments is played by the Mason—Stothers abc-Theorem.

2. Preliminaries. In this section we consider two types of trinomials
over the field C of complex numbers [13], [14].

Type 1. We fix positive integers ni,ns and let n = n; + no. For each
i =1,2, we take a tuple l; € ZZ, and define a monomial

) ) Lin, . .
Th = Tilil...TmiZ €eClTij;i=1,2,j=1,...,n4.

1
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By a trinomial of Type 1 we mean a polynomial of the form Tll1 + TQl2 + 1.
A trinomial hypersurface of Type 1 is the zero set

X =V(T{ + TP +1) cC™.
It is easy to check that X is an irreducible smooth affine variety of dimension
n— 1.

Type 2. Fix positive integers ng,ni,ns and let n = ng + ny + no. For
each i =0, 1,2, fix a tuple [; € ZZ}) and define a monomial

Th =T T € C[Ty; i =0,1,2, 5= 1,...,nj].

By a trinomial of Type 2 we mean a polynomial of the form T[l)0 + T 111 + T2lz.
A trinomial hypersurface of Type 2 is
X =V(T + TP +T) cC,

One can check that X is an irreducible normal affine variety of dimension
n—1. Clearly, every trinomial surface of Type 2 is either the Pham—Brieskorn
surface V}, . or is isomorphic to the affine plane C2.

The following simple lemma describes the singular locus of X.

LEMMA 1. A point (to1,. .., tan,) on a trinomial hypersurface X of Type 2
is singular if and only if for every i = 0,1, 2 either there exist 1 < j < k < mn;
with t;; = t;;, = 0, or we have t;; = 0 for some 1 < j < n; with l;; > 2.

Proof. A point x € X is singular if and only if
T + 1) +1%)
oT;,

This implies the assertion. m

() =0 foralli=0,1,2 and all 1 < j <mn,.

Recall that the complexity of an effective action T' x X — X of an al-
gebraic torus T on an irreducible algebraic variety X is defined as dim X —
dim 7". Trinomial hypersurfaces of both types are equipped with a torus ac-
tion of complexity 1. Namely, assume that every variable T;; is an eigenvector
of a weight w;; with respect to a T-action. Then we have relations

ni n2
E lljwlj = E l2jU)2j =0
J=1 Jj=1

for Type 1 and relations
no ni ng
D Cljwoy =Y hjwi; =Y lyjwy;
j=1 j=1 j=1

for Type 2. These relations define a subgroup in the torus of all invertible
diagonal matrices on C™ whose connected component is a subtorus T of
codimension 2, and the restricted action T' x X — X is effective.
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For Type 1, the monomials Tll1 and T2l2 are non-constant regular invari-
ants of the T-action. On the other hand, for a trinomial hypersurface X of
Type 2, every T-orbit on X contains the origin in its closure, and thus every
regular T-invariant is a constant.

ExXAMPLE 1. On the hypersurface
X = V(T Tgy + Tty + Ty) € C*
we have the (C*)2-action given by
(t1,t2) - (Tor, Toa, Th1, Tor) = (112t *Tor, taToo, t1T11, t3To1).

3. Horizontal curves on trinomial hypersurfaces of Type 2

DEFINITION 1. A polynomial curve on an algebraic variety X is a regular
non-constant morphism 7: C — X.

Assume that a variety X is affine and carries an action 7' x X — X of
an algebraic torus T. Every one-parameter subgroup v: C* — T and every
point 1 € X with a non-closed orbit v(C*) - 21 define a polynomial curve

7:C— X, 7(t)=~() 21 forallt#0 and 7(0)= =z,

where xg is the unique point in the boundary of the closure of the non-closed
orbit v(C*) - 1. Our aim now is to define and study a class of polyno-
mial curves which is in a sense complementary to this class of curves. The
following definition is a special case of the standard notion of a quasisec-
tion |18, Section 2.5].

DEFINITION 2. A polynomial curve 7: C — X on an irreducible T-
variety X of complexity one is called horizontal if there exists a T-invariant
open subset W in X such that 7(C) intersects all T-orbits on W.

In the case of the Pham-Brieskorn surface X =V, ,,, every polynomial
curve on X is either horizontal or the closure of a T-orbit on X. Curves of
the latter type correspond to trivial polynomial solutions mentioned in the
introduction.

LEMMA 2. A polynomial curve 7: C — X on a trinomial hypersurface
of Type 2 is horizontal if and only if the rational function Téo/Tll1 18 non-
constant along the image 7(C).

Proof. Tf \)T{® = M TI* on 7(C) for some (Mg, A1) € C\ (0,0), then 7(C)
is contained in a proper closed T-invariant subset V(/\OTéO - )\1T1l1), and the
curve cannot be horizontal.

Conversely, assume that the function 7| (l)o /T 1l1 is non-constant along 7(C).
Let us consider the open subset Wy in X consisting of all points where each
coordinate T;; is non-zero. Since the stabilizer in 1" of a point on Wj is trivial,
all T-orbits in Wy form a one-parameter family of orbits of codimension 1
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in X. The intersection of the curve 7(C) with Wy is not contained in a
T-orbit and thus it intersects generic T-orbits in Wy. This implies that the
curve is horizontal. m

REMARK 1. One may obtain examples of horizontal polynomial curves on
a trinomial hypersurface X as generic orbits of a regular action Gy x X — X,
where G, is the additive group of the ground field C and the action comes
from a homogeneous locally nilpotent derivation of the algebra C[X] (see
[1, Lemma 2]).

For a trinomial Téo + Tfl + Tle of Type 2, we let d; = ged(li1, ..., Lin,)-

THEOREM 3. Let X be a trinomial hypersurface of Type 2. The following
conditions are equivalent:

(i) The hypersurface X is rational.
(ii) The hypersurface X admits a horizontal polynomial curve.
(iii) Either at least one of the numbers dy,dy,ds is coprime to the others,
or ged(dy, d1) = ged(do, d2) = ged(dy, da) = 2.

Proof. Conditions (i) and (iii) are equivalent by [2, Proposition 5.5].

Let us prove implication (ii)=-(i). Assume that the hypersurface X admits
a horizontal polynomial curve 7. Consider the rational quotient 7: X — Y,
i.e. a rational morphism to an algebraic variety Y with C(Y) = C(X)7
defined by the inclusion C(X)? C C(X) (see [18, Section 2.4] for more
details). Then Y is a curve and 7 restricted to 7(C) gives rise to a dominant
rational morphism from C to Y. This shows that the curve Y is rational. On
the other hand, the variety X contains an open subset isomorphic to T x Y,
where Y is a curve birational to Y. This proves that the variety X is rational.

We now turn to (iii)=-(ii). Let us prove first that a rational Pham-
Brieskorn surface V, ,, = V(2§ + 27 + 25) admits a horizontal polynomial
curve. In this part we use a method proposed in [7] and fill a gap in the
arguments given there.

Take € € C with €7 = —1. We have

(@" + 1)P + (e(22” + 1)) + 2"l(z) = 0

for some polynomial [(x). Assume first that ged(p,r) = ged(gq,r) = 1. Then
there exist u,v € Z~q such that vr — upq = 1. Let us take

2o =1l(x)" (2" +1), z1=¢€l(x)"P(22"+1), 290=1I(x)".

This curve is horizontal because the polynomials 2" + 1 and x are coprime.
Now assume that ged(p,q) = ged(p,r) = ged(q,7) =2 and p > g > 7.
Then p = 2p1, ¢ = 2¢1, r = 2r; with pairwise coprime p1, q1,71.
Consider an equation

(2) Io()Pun(2)?! + by ()Pw1 (2) + Ly (xPua ()" = 0.
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Take positive integers u;, v; such that
uipr —viqir1 =1, wgqr —vepir1 =1, wugry —wvgp1qr = 1.

The polynomials
20 = lg(l’)ulll( )2 o (x) 3 P wg (x

(
(3) lo(2)" "l ()"l () P wn (2
(

(x)vllhll( U2p1l2( )U3w2 .f)

);
)

9

satisfy the equation zf) + z{ + 2§ = 0. Moreover, if wy(z) has a prime factor
that does not appear in wi(z) and does not divide lo(x)l1(x)l2(z), then we
obtain a horizontal curve. Hence it suffices to find a solution of equation ([2)
that meets the latter condition.

We define s(z) = a(z? + 1)P! with some a € C and m(z) = s(z) —
(2% + 2)9. Then
(@71 425+ daPm(a (@ + 1) = (5(2) = m(a))? + 2s(am(@))?
= (s(x) +m(z))*.
Note that m(0) = a — 29'. So the left hand side with = = 0 equals
2200 4 4o (o — 291)2,
Let ag be a root of this polynomial. Then we have
(4) (2am(z))?(z? + 1)%PL + (22 4 2)20 4 [y(x)?2*™ = 0

with some polynomial Iy(x). Since m(x) is coprime to both x?"* + 1 and
22" + 2, the polynomial curve coming from (4] via is horizontal. This
completes the proof in the surface case.

Now we turn to the case of a trinomial hypersurface of arbitrary dimen-
sion. It is well known that for all sufficiently large positive integers ¢; there
exist positive integers b;1, ..., b, such that

bilit + - - + binlin, = cid;.
We take sufficiently large pairwise coprime cg,c1,cy that are coprime to
do,d1,d2, find the corresponding b;;, substitute T;; = zfij , and obtain
(5) 20000 4 1y 02 = 0,

If the hypersurface X is rational, surface is rational as well. We take a
horizontal polynomial curve on this surface:

z0=¢o(x), 21=ad1(x), 22=d2(z)
With T;; = ¢i(2)% we obtain a polynomial curve on X. Let us check that

this curve is horizontal. The rational invariants TZ-Z’/ T} on this curve are
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equal to

¢i(x)cidi

()%
This fraction is non-constant for some 4, j just because the curve on sur-
face is horizontal. This completes the proof of Theorem (3| =

REMARK 2. By [10, Theorem 1.1(ii)], a trinomial hypersurface of Type 2
is a factorial affine variety if and only if the numbers dy, d1, ds are pairwise
coprime. In particular, every factorial trinomial hypersurface of Type 2 sat-
isfies the conditions of Theorem [3

REMARK 3. In [4] we show that every irreducible simply connected curve
on a toric affine surface X is an orbit closure of an action G, x X — X of
the multiplication group Gy, of the ground field. The results of this paper
characterize existence of certain polynomial curves on affine hypersurfaces
with a torus action of complexity one

PROBLEM 1. Let X be a normal rational affine variety without non-
constant invertible functions equipped with a torus action T'x X — X of
complezity one such that C[X]|T = C. Does X admit a horizontal polynomial
curve?

One possible approach to this problem is to use Cox rings and total
coordinate spaces (see |3 Section 1.6] for details). Namely, under our as-
sumptions the variety X has a finitely generated divisor class group Cl(X)
and a finitely generated Cox ring R(X). Moreover, the ring R(X) is the
quotient of a polynomial ring by an ideal generated by trinomials [13, The-
orem 1.8], and the total coordinate space X = Spec(R(X)) carries a torus
action of complexity 1. So one may try to construct a horizontal polynomial
curve on X and then to project it to a horizontal polynomial curve on X via
the quotient morphism X — X. The difficulty with this approach is that
the total coordinate space need not be rational: see [2, Example 5.12] and
the following example.

EXAMPLE 2. Consider the surface V333 = V(2§ + 23 + 23) in C3. This
surface is not rational and does not admit a horizontal polynomial curve.
On the other hand, the quotient X of V3 3 3 by the group H = Z/37Z x Z/3Z
acting as

(20,21, 22) — (€020, €121, €0€122), €5 = €5 = 1,
is a rational Gy-surface |13, Theorem 1.7]. One can check that the algebra
C[X] is generated by the functions

a=2z3, b=z c=2 d=zmznz, e=z2iz,
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and the formulas
a=—(z4+ 1)z, b=—(z+1)23 c=(z+1)>2%%
d=(z+1)%3, e=(zx+1)%?

define a horizontal polynomial curve on X.

4. Horizontal curves on trinomial hypersurfaces of Type 1. In
this section we study existence of horizontal polynomial curves on trinomial
hypersurfaces of Type 1. For this we need the following important result
[21], [17], [19, Theorem 1.8]. Given a polynomial p(z) € Clz], denote by
w(p(z)) the number of its distinct roots (without counting multiplicities).

THE MASON-STOTHERS ABC-THEOREM. Let a(z), b(x), c(x) be three
coprime polynomials, not all three constant. Assume that a(x) + b(z) + ¢(x)

=0. Then
max{deg a(x),degb(x),degc(x)} < w(a(x)b(z)c(x)) — 1.
Let us turn to a characterization of existence of horizontal polynomial

curves.

THEOREM 4. Let X be a trinomial hypersurface of Type 1. The following
conditions are equivalent:

(i) The hypersurface X admits a horizontal polynomial curve.
(ii) l;j =1 for some i =1,2 and some j =1,...,n;.

Proof. (ii)=-(i). Renumbering, we may assume that {17 = 1. Then we
let
Ty=-a -1, Tp= =Ty =1, Tau=x, Thp= =Ty, =1
This gives a horizontal polynomial curve on X.

(i)=(ii). Let Tj;(x) be a horizontal polynomial curve on X. We let
ala) =T () T (@), b)) =T () T2 (@), olw) = 1

e dp, s dop,

Denote by m;; the number of distinct roots of the polynomial Tj;(z). By the
Mason—Stothers abc-Theorem, we have

milin + -+ mip, lin, < dega(z) < w(a(x)b(z)) —1

<map 4 mag +mar 4+ maop, — 1

and similarly

mailar + -+ Manylon, < mar + -+ mip, +mor + -+ mop, — 1.
Summing up these two inequalities, we obtain
mi1(lin —2) +- - - +min, (liny, —2) +mai1(lar —2) +- - +mop, (l2n, —2) < —2.

If all [;; are > 2, this is a contradiction. m
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REMARK 4. Consider a trinomial hypersurface X of Type 1 and let
again d; = ged(li, ..., lin,). By |14, Corollary 3.5], the hypersurface X is
rational if and only if either at least one of dy,ds equals 1, or dy = dy = 2.
Theorem [ shows that not every rational trinomial hypersurface of Type 1
admits a horizontal polynomial curve. Moreover, by [13, Proposition 2.8],
a trinomial hypersurface of Type 1 is factorial if and only if either n;l;; = 1
for some ¢ = 1,2, or dy = do = 1. This shows that not every factorial
trinomial hypersurface of Type 1 admits a horizontal polynomial curve.

5. Schwarz—Halphen curves and platonic triples. We keep the
notation of the previous sections. For a polynomial curve

7:C—= X, 7(x)=(Tix)),
we let
T{i () = T (). T, ()",

DEFINITION 3. A polynomial curve 7: C — X on a trinomial hypersur-
face of Type 2 is called a Schwarz—Halphen curve (an SH-curve for short) if
the polynomials T(° (z), Tt (z), T2 () are coprime.

In the case of a polynomial curve on the Pham-Brieskorn surface V4 ,,
this condition means that the curve does not pass through the origin.

LEMMA 3. Any SH-curve on a trinomial hypersurface X of Type 2 is
horizontal.

Proof. By Lemma it suffices to show that the rational function Téo / Tll1
is non-constant along any SH-curve. If this is not the case, the polynomials
Téo(x) and Tll1 (x) are proportional. Being coprime, they are constant. Then

TE(x) is constant as well, so the curve is constant, a contradiction. m

Lemma (1| shows that the image 7(C) of an SH-curve 7: C — X is con-
tained in the smooth locus X™&. The following example shows that the
converse statement does not hold.

ExampLE 3. Consider the hypersurface X given by
T Toz + TP Tia + T5,Ta2 = 0
and the curve 7: C — X defined by
Tor=xz+1, To=2, Tiu=xz—-1, Tio=x, Toy =z, Thy = —2(m2+3).
This curve is not an SH-curve, but all of its points are smooth on X.

The following result generalizes Theorem [2 to higher dimensions. In the
proof we use the idea of the proof of [19, Theorem 18.4].

THEOREM 5. Let X be a trinomial hypersurface of Type 2. Assume that
lip < -+« <lip, fori=0,1,2. Then the following conditions are equivalent:
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(i) The hypersurface X admits an SH-curve.
(ii) The hypersurface X admits a polynomial curve 7: C — X8,
(iii) The triple (lo1,l11,121) is platonic.

Proof. The implication (i)=-(ii) has been observed above. For (iii)=-(i),
assume that (lp1,l11,l21) is a platonic triple and let T;;(z) = 1 for all i =
0,1,2 and all 1 < j < n;. By Theorem [2 the surface V(Té‘il + Tllil + TQI?)
admits an SH-curve.

We turn to (i)=-(iii). Let 7: C — X be an SH-curve. Without loss of
generality we assume that lg; > I11 > lo; > 2. Let

a(e) =T (2),  b(z) =T7' (),  elz) =Ty (2).

Denote by m;; the number of pairwise distinct roots of the polynomial
Tij(x). Then the Mason—Stothers abc-Theorem implies

(6) Zlojmoj < Zm0j+2m1j+2m2j ~1,

(7) illg‘mu < imw + imu + im% -1,

(8) XJ: lajma; < z]: moj + ZJ: muj + ZJ: maj — 1.

j j j j
Summing (6)—(8), we obtain
(9) Z lojmoj + Z ligmaj + Z lajma;
] J §J3<Zm0j+zm1j+zm2j>—3-

j j j

Thus we have lo; = 2. If [;; = 2 then the triple (lp1,11,21) is platonic.

Assume that l1; > 3. Let loy = - -+ = las, = 2 and lp; > 3 with j > s9. We
denote lo; and moj with j > so by l’2’j and m’z'j respectively, and moy, . . ., mas,
by my;.

One obtains from the inequality

(10) Zm’zj + Z(Zgj — 1)m’2’j < Zmoj + Zmlj —1.
J J J J

(11) Zmlzj SZmoj—l—Zmlj—l.
J J J
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It follows from @ and that
Z lem0j+Z lljm1j+z lé’jmlzlj < S(Z mo; + Z mi; + ngj>
J J J J J J
+ Z méj -
J
< 4(Zm0j + Zm1j> + 32771,2/]*4
J J J

Thus
(12) > lojmoj + ) hymij < 4(2 moj + ) mlj) -4

J J J J
This proves that [{1 = 3. Let [11 = = llsl =3 andly; > 4 with j > s1. We
denote [1; and mq; with j > s1 by ll] and m respectlvely, and mq1, ..., Mg,
by mj ;.

Then can be rewritten as
(13) QZmlljﬂLZ(/fj* m1g<zmoa+zm2]*1
J J
Summing and E, we obtain
(14) Zmlj<22moj—2+z dmi;+ ) (2
J
From (8)) and . we get
(15) Zm2]<3zmoj—3+z Dmi+ Y (3
J
Using @ . , we obtain
Zlojmoj < Zmoj + Zmlj —i—Zm + ZmQJ —i—Zm
< Zmoj +22m03 —2—|—Z
+3Zmoj —3+Z (6 — 315;

< GZmOJ — 6.

This proves that lp; < 5 and thus the triple (lp1,111,l21) is platonic.
Finally, let us prove (ii)=-(i). Consider a curve 7: C — X'*8 and assume

that the polynomials Téo (), T (x), T (x) are not coprime. Let L(z) be

a linear form that divides all these three polynomials. There exist indices
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1 <js < ng s =0,1,2, such that L(x) divides the polynomials T;, (z),
s=0,1,2.

If at least one of the exponents ly;, equals 1, then the triple (lo1, (11, l21)
is platonic and we use the implication (iii)=-(i).

If all the exponents [g;, are greater than 1, we consider the root z = « of
the linear form L(z). By Lemma |1} the point 7(«) is a singular point on X,
a contradiction.

This completes the proof of Theorem [5| =

REMARK 5. By [15, Section 2], an algebraic variety X is said to be
Al-poor if there exists a subvariety Y of X of codimension at least 2 such
that every polynomial curve on X meets Y. Theorem [b| implies that every
trinomial hypersurface X of Type 2 such that the triple (lp1,111,l21) is not
platonic is A'-poor. Indeed, any polynomial curve on X meets the singular
locus Y of X. In particular, such hypersurfaces are rigid in the sense that
X admits no non-trivial G,-action, or equivalently the algebra C[X] admits
no non-zero locally nilpotent derivation. Rigid factorial trinomial hypersur-
faces of Type 2 are characterized in |1, Theorem 1]. Moreover, an explicit
description of the automorphism group of a rigid trinomial hypersurface can
be found in [5, Theorem 5.5].

REMARK 6. If 7: C — X is a polynomial curve on a trinomial hyper-
surface X of Type 1, then the polynomials Tlll(:c) and TQZ2 (z) are coprime
automatically. Thus every polynomial curve on X is an SH-curve.
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Abstract (will appear on the journal’s web site only)

We prove that every rational trinomial affine hypersurface admits a hori-
zontal polynomial curve. This result provides an explicit non-trivial polyno-
mial solution to a trinomial equation. Also we show that a trinomial affine
hypersurface admits a Schwarz—Halphen curve if and only if the trinomial
comes from a platonic triple. It is a generalization of Schwarz—Halphen’s
Theorem for Pham—Brieskorn surfaces.
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