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1. Introduction

A proper coloring of a graph G is a mapping ¢ : V(G) — N such that c(u) # c(v) for any two adjacent vertices u and
v of G. Elements of the set {c(v)| v € V(G)} are said to be colors. The chromatic number of a graph G denoted by x(G) is the
minimum number k such that G can be properly colored in k colors. For a given graph G and a number k, the coloring problem
(the coL problem, for short) is to decide whether x(G) < k or not.

For a given graph G and a function w : V(G) — N, a pair (G, w) is called a weighted graph. For a weighted graph (G, w),
the weighted coloring problem (the wcoL problem, for short) is to find the smallest number k such that there is a function
c: V(G) — 212K ‘where |c(v)| = w(v)forany v € V(G)and c(v;)Nc(v;) = @ for any edge v;v; of G. The wcoL problem
becomes the coL problem for the all-ones vector of vertex weights.

A class of simple graphs is called hereditary if it is closed under deletion of vertices. Any hereditary (and only hereditary)
graph class X can be defined by a set of its forbidden induced subgraphs S. We write X = Free(S), and the graphs in & are
said to be S-free. If S = {G}, then we write “G-free” instead of “{G}-free”.

The computational complexity of the coL problem was intensively studied for families of hereditary classes defined by
small graphs only or by a small number of forbidden induced structures. We would mention the papers [2-6,8-12,14] in this
field. The computational complexity of the coL problem was completely determined for all classes of the form Free({G}) [9].
Namely, if C; is the induced subgraph relation, then the problem is polynomial-time solvable for Free({G}) whenever G C; Py
or G C; P; + K, otherwise it is NP-complete. A study of forbidden pairs was also initiated in [9]. The following result shows
some recent advances in classification of the complexity of the coL problem for {G;, G, }-free graphs. Note that by symmetry
the graphs G; and G, may be swapped in each of the subcases of the theorem.

Theorem 1 ([5]). Let Gy and G, be two fixed graphs. The coloring problem is NP-complete for Free({G1, G,}) if:
1. G, SiGiforp>3,and G4 S; G, for q > 3
2. K]Ayg C; Gy, and K1’3 CiGorkKy+0,CiGyor G GGy fOf r>4o0rKs GGy
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3. Gy and G, contain a spanning subgraph of a 2K, as an induced subgraph

4. bull G G], and K1’4 G G2 or C4 + K] G G2

. (3C;Gy,and Kl,P CiGyforp=>=5

. G3CiGrand Py GG

G, Ci Gy for p > 5, and G, contains a spanning subgraph of a 2K, as an induced subgraph

. G+ K GGy forp e {3,4}or C: C; Gy for q > 6, and G, contains a spanning subgraph of a 2K, as an induced subgraph
. K5 G Gl and P; - Gz

. Ks GGy and Ps C; Go.

cwwNOW!

It is polynomial-time solvable for Free({G, G,}) if:

1. Gy is an induced subgraph of a P4 or a P3 + K;
2. G1 G Ky 3, and G, S; hammer or G, C; bull or G, S; Ps
3. Gy # Ki 5 is a forest on at most six vertices or G; = Ky 3 4+ 3Kj, and G, ; paw
4, G1G;sK; or Gy C;Ps + Os for s > 0, and G, is a complete graph or G, C; hammer
5. G1 Ci P4 + Ky or G; C; Ps, and G, C; P4 + Ky or G C; Ps.
. G1CiKy +0,,and Gy C; 2K, + Ky 0or Gy S;P3 + 0, 0r G, S P3 + K
. G] G; Ky + 02, and Gz G 2K2 + Kj or Gz G; Ps + 02 or Gz G P;s + P,
. G1CiKy + Osfors > 00r Gy = Ps,and G, C; K, + O for t > 0
9. G] §O4andGz §P3+Oz
10. G] C Ps, and Gz - C4 or Gz C P3+ 0,.

[o BN RNe)]

For all but three cases either NP-completeness or polynomial-time solvability was shown for the coL problem in the family
of all hereditary classes defined by four-vertex forbidden induced structures [10]. A similar result was obtained in [11] for
two connected five-vertex forbidden induced fragments, where the number of open cases was 13. A list of the open cases is
presented below, where the numbers in parentheses show the number of sets of the given type.

1. {Ki 3, G}, where G € {bull, butterfly} (2)

2. {fork, bull} (1)

3. {Ps, G}, where G is an arbitrary connected five-vertex complement graph of the line graph of a forest with at most 3
leaves in each connected component and G ¢ {Ks, gem} (10).

Recently, the number of the open cases was reduced to 10 by showing that the coL problem can be solved in polynomial
time for Free({Ps, Ps}), Free({K; 3, bull}), Free({Ps, P3 + Oy}) [8,12]. Next, the number of the remaining open cases was
reduced to eight by showing that the coL problem can be polynomially solved for {Ps, P; + P,}-free graphs and for
{Ps, K, — e}-free graphs [ 14]. In the present paper we also narrow the set of the open cases by proving that the wcoL problem
can be solved for {Ps, banner}-free graphs and for {Ps, dart}-free graphs in polynomial time on the sum of vertex weights. As a
corollary, this result gives polynomial-time solvability of the coL problem for {Ps, banner}-free graphs and for {Ps, dart}-free
graphs. The main result relies on the Strong Perfect Graph Theorem and on the polynomial-time algorithm to solve the wcoL
problem for perfect graphs.

2. Notation

As usual, P, G, Oy, K;, stand for a simple path, a chordless cycle, an edgeless graph, and a complete graph on n vertices,
respectively. A graph K, 4 is a complete bipartite graph with p vertices in the first part and q vertices in the second one. A
graph K, — e can be obtained from a K}, by deleting an arbitrary edge.

The graphs paw, bull, hammer, fork, gem, butterfly, banner, dart are depicted in Fig. 1.

For a vertex x of a graph, N(x) is its neighborhood. For a graph G and a subset V' C V(G), G(V') is the subgraph of G induced
by V'. A graph Gy + G; is the disjoint union of graphs G; and G, having disjoint sets of vertices. A graph kG is the disjoint
union of k copies of a graph G. A graph G is the complement graph of a graph G.

Let A and B be disjoint subsets of vertices of a given graph. If all possible edges are present between the sets A and B, then
Ais said to be complete to B. If no edges between A and B are present, then A is said to be anti-complete to B.

The symbol “2” means the equality by definition.

3. Auxiliary results
3.1. Prime graphs and their application to the weighted coloring problem

Let G be a graph. A non-empty set M C V(G) is a module in G if either x is adjacent to all elements of M or to none of them
for each x € V(G) \ M. A module in a graph is trivial if it contains only one vertex or all vertices of the graph, otherwise it is

non-trivial. A graph is prime if all its modules are trivial.
Let [X]p be the class of all graphs whose every prime induced subgraph belongs to x.
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paw bull hammer
fork gem butterfly
banner dart

Fig. 1. The graphs paw, bull, hammer, fork, gem, butterfly, banner, dart.

Lemma 1 ([8]). If the wcoL problem can be solved for a hereditary class X in polynomial time on the sum of weights, then it can
be solved for [X]p in polynomial time on the sum of vertex weights as well.

3.2. Properties of prime {Ps, banner}-free graphs and {Ps, dart}-free graphs containing long induced odd cycles
Lemma 2. No prime {Ps, banner}-free graph containing an induced odd cycle of length at least 5 contains a triangle.

Proof. Assume the opposite, i.e. there is a prime {Ps, banner}-free graph G 2 (V, E) containing an induced odd cycle C of
length at least 5 and a triangle. Then G is connected, as it is prime and it contains at least 5 vertices. We will show that
there exists a vertex adjacent to all vertices of C. To this end, it is sufficient to show that there is a vertex adjacent to two
consecutive vertices of C. Indeed, if a vertex x has two adjacent neighbors on C, then {x} is complete to V(C). Let us consider
alongest path P £ (vy, ..., vy) of vertices of C each adjacent to x. Suppose that k # |V(C)|. Then2 < k < |[V(C)| — 2,asGis
Ps-free. Let vy, be the neighbor of vy on C distinct from vi_1, and let vy, be the neighbor of vy on C distinct from v. As
P is longest, xvyy1 & E. As G is Ps-free, xvyy» & E. Then vy_1, vk, Vgs1, Vks2, and x induce a banner.

The distance between a vertex v and the cycle C is the minimum among usual distances between v and vertices of C. Let
N; be the set of vertices v such that the distance between v and C is equal to i. Clearly, Ny = V(C). As G is banner-free, any
triangle of G has a vertex in Ng UN; UN,. Similarly, some triangle has a vertex in Ng UN;. Suppose that a triangle T of G and the
cycle C have a common vertex u. We may assume that V(T) N V(C) = {u}, otherwise some vertex of T has two consecutive
neighbors on C and this case has already been considered in the first paragraph. As G is {Ps, banner}-free, either a vertex of
V(T)\ {u} is adjacent to a neighbor of u on C or V(T) \ {u} is complete to {wy, w,}, where w; and w,, lie at distance 2 from u
in C.Indeed, if V(T)\ {u} = {uy, uz}, {u1, up} is not complete to {wy, wy}, and {v1, v,} is anti-complete to {u, u}, where v; is
the common neighbor of u and w; on C, then uy, u,, u, and either vy, wy or vy, w; induce a Ps or a banner. As C is odd, the last
observation leads to the fact that some element of V(T) \ {u} has two consecutive neighbors on C. Now suppose that there
is a triangle T’ of G such that V(T") NNy = @ and V(T’) N N; # . We may assume that no two vertices of T' have a common
neighbor on C, for otherwise we are back in the previous case. If a; € V(T') N Ny, then a; must have two adjacent neighbors
on C. Otherwise, all vertices of T’, a neighbor a, of a; on C, and a neighbor of a, on C induce a banner, as G is Ps-free.

In all possible cases we obtained that there is a vertex of G, which is adjacent to all vertices of C.

Let V' be the set of all vertices of G each adjacent to all vertices of C. This set is not empty. Let V" be the set of all vertices
of the connected component of G \ V' containing C. We will show that V" is a module in G. It is obvious whenever V' = Nj.
Therefore, we will suppose that V' # N;. Any element of N; \ V' has no two consecutive neighbors on C. Hence, if [V(C)| = 5,
then any element of N; \ V' has exactly one neighbor on C or exactly two non-adjacent neighbors on it, as G is {Ps, banner}-
free. As G is {Ps, banner}-free, V' is complete to N1 \ V' whenever C has exactly 5 vertices. Suppose that |V(C)| > 7.Letv € V’
and u € N; \ V'. There are adjacent vertices v; and v, on C, a vertex v3 € V(C) such that viu & E, vou ¢ E, v3u € E and
v1v3 € E, vpv3 € E,as C is an odd cycle of length at least 7 and none of the elements of Ny \ V' has two consecutive neighbors
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on C. The vertices v and u are adjacent, otherwise vy, v,, v, v3, uinduce a banner. Hence, V' is complete to N; \ V' whenever
v(C)l = 7.

Leta € VN N,. Hence, there is avertex b € V” NNy such thatab € E. Clearly,b € N;\ V. AsCisodd and b € Ny \ V/, the
vertex b has two adjacent non-neighbors ¢’ and ¢” on C. The vertex a is adjacent to all vertices of V’, for otherwise, ¢/, ¢’, a, b,

and any vertex of V" induce a banner. Hence, V' is complete to N, N V”. As V' C Ny, none of the elements of V' has a neighbor
in N3. Hence, N3 N V" = @, to avoid an induced banner. Therefore, V” is non-trivial module in G. MW

Recall that a dominating set of a graph G is a subset D C V(G) such that any element of V(G) \ D has a neighbor in D.

Lemma 3. No prime {Ps, dart}-free graph containing an induced odd cycle of length at least 7 contains a triangle. If a prime
{Ps, dart}-free graph contains an induced 5-cycle that is not a dominating set, then it contains no triangles.

Proof. Assume that there is a prime {Ps, dart}-free graph G £ (V, E) containing a triangle. Additionally, assume that C is an
induced odd cycle of G of length at least 5, and that if C = Cs, then V(C) is not a dominating set of G. Therefore G is connected.

Let N; be the set of vertices of G lying at distance i from C. Clearly, N, # @, if C is of length five. Let a vertex x be adjacent
to at least two consecutive vertices of C. If C has exactly 5 vertices and x is not adjacent to all its vertices, then x has exactly
two or three consecutive neighbors on C, as G is Ps-free. Hence, {x} is complete to |_J,.,N;, as G is dart-free. Hence, G contains

an induced dart. Therefore, x must be adjacent to all vertices of C.

Suppose that |V(C)| > 7. Let us consider a longest path P £ (v, ..., vy) of vertices of C each adjacent to x. Suppose that
k # |V(C).Then 2 < k < |V(C)| — 2, as G is Ps-free. Let vy be the neighbor of v; on C distinct from v,, and let v, 1 be
the neighbor of v, on C distinct from vi_;. As P is longest, xvo ¢ E and xv1 & E.If k > 5, then vo, v, v3, X, vs induce a
dart.1f 3 < k < 4, then vovgy1 ¢ E and v, v1, va, X, V41 induce a dart. If k = 2, then x, vg, vy, v2, v4 induce a dart. Hence,
k = |V(C)|, i.e. x must be adjacent to all vertices of C.

So, any vertex having at least two adjacent neighbors on C must be adjacent to all vertices of C.

Let V' be the set of all vertices in N; each adjacent to all vertices of C. Let V" be the set of all vertices of N; each having
not a pair of adjacent neighbors on C. Clearly, N; = V'UV".As Gis dart-free, V' is complete to V(C) UV” U J..,N;. Hence,
V(C)U V" U J;.,N; is a non-trivial module in G whenever V' # {.

Let us justify that V' # ¢. Suppose that V/ = @. Hence, none of the elements of Ny has two adjacent neighbors on C. If
there is a triangle (a, b, c¢), where a € V(C), then, to avoid an induced Ps or dart, each of the vertices b and c is simultaneously
adjacent to both vertices wy and w, that are at distance two from a in C. Hence, w}, w’, wy, b, ¢ induce a dart, where wj is
the common neighbor of a and w; on C, i = 1, 2. We just proved that any two adjacent vertices both lying in Ny have not a
common neighbor on C. If(a/, b’ ¢’)is a triangle of G such that {a’, b’, ¢’} NV(C) = #and a’ € Ny, then, as C is odd, there are
pairwise distinct vertices a’,ay,a” onCsuchthata'a” € E,d'a] ¢ E,aa” ¢ E,a"a] € E,aja” € E.Let a be the neighbor
of a on C distinct from af. As G is Ps-free, none of the vertices aj and a; hasa nelghbor in {b’ ¢’}. To avoid a dart induced by
a”’,a’,ad,b,c, the vertex a” must have a neighbor in {b’, ¢'}. Then a”/ a,b’, c, a) induce a dart. Hence, we may suppose
that any triangle of G has not a vertex in No U Ny. Let i* £ min{i| N; contains a vertex of some triangle}, and let T be a triangle
having a vertex of Nj«. Clearly, i* > 1. Then all vertices of T, some vertex in Njx_1, and a vertex of C induce a dart. We have a
contradiction with the initial assumption. B

i>2

i>2

3.3. Some properties of Ps-free graphs and {Ps, dart}-free graphs containing an induced 5-cycle

Let G £ (V, E) be a connected Ps-free graph containing an induced Cs £ (vq, v2, v3, V4, vs). We associate the following
notation with G taking the indices modulo 5 throughout this subsection:

2 {x ¢ V(Gs)I N(x) N V(Cs) = {vi_1, viz1}),
V’ £ {x ¢ V(C5)| N(x) N V(C5) = {vi_1, vi, viy1}}
V” 2 {x g V(G)INx)NV(C) = V(G)\ {uith,
VW 2 {x ¢ V(Cs)I N(x) N V(C5) = {vi_2, vi, viza}},
V" be the set of all vertices adjacent to all vertices of the 5-cycle.

Lemma 4 ([14]). Every element of V \ V(Cs) having a neighbor on the 5-cycle belongs to
5

U(V] U Vj/ U Vj// U Vj///) uv".
j=1
For each i, none of the elements of V; U V/ has a neighbor outside U N(vj).

Lemma 5. For each i, every of the following statements is true:
(1) The set V; is complete to

U (VjUVj/UVjH)UVI-W
jeli—1,i+1}

and V; is anti-complete to ;e 42, V}-



D.S. Malyshev / Discrete Applied Mathematics 247 (2018) 423-432 427

(2) The set V/ is complete to
4 4 n
U wuvpo U vu U v
jeti—1,i+1} jeli-2,i+2) jeli=2,i,i+2}

and V{ is anti-complete to U;c;_2.1.2,Vi Y Ujciio1.ia V"
(3) The set V" is complete to

4 "
U wvo U v U v
jeli—1,i+1} jeli—2,i+2} jeli—2,i+2}
(4) The set V" is complete to
!/ " "
vo U vu U vu U v
jeli—2,i,i+2) jeli—2,i+2) jeli=1,i+1)

and V" is anti-complete to | J;c(;_; 1.1)V}-

Proof. (1) Leta € V; and

be |J muvuvuy
jeli—1,i+1}

Assume thatab ¢ E. If b € Uje{l 1 ,+1}(V U V ), then a, b, and either v;_1, vi_3, Vit OF vi_3, Vi+1, Viz2 induce a Ps. If
be Uje{i_LH”\/j”, then either viy, b, vj, vi_1, a or Vi—2, b, vj, vip1, ainduce a Ps. If b € V/”, then vi_,, b, vi, vi41, a induce a
Ps.Lletc € UJE{FZTHZ)V]/. Then ac ¢ E, otherwise either v;y,, b, a, vi_1, v; or vi_3, b, a, vi;1, v; induce a Ps.

(2)Leta € V{ and
be U (V] U Vj/) U U (V// U V///) VW.
jeli—1,i+1} jeli=2,i+2)
Assume that ab ¢ E. By the previous part,
be U Vj/ U U (Vj// U Vj///) U Vim-
jeti—1,i+1} jeti—2,i+2}
Ifb € U]E{l Lit1) ], then a, b, and either vi_5, vit1, Vg2 OF Vi1, Vi—2, Viyp induce a Ps. If b € | J,. ii—2.i42)Vjs then

a, vi, b, vi_3, viyp induce a Ps. If b € V", then b, v;_», vi_1, @, vi;1 induce a Ps. Let ¢ € UJG{HZ iy Vi U U]E“ 11+1}VW By

e
the previous part, one may assume that c € U V/".Then ac ¢ E, otherwise v;, a, ¢, viy2, vi—2 induce a Ps.

jeli—1,i+1}
(3)Leta € V" and
! "
be Y vo U vu U -
jeli—1,i+1} jeli—2,i+2} jeli—2,i+2}

Ifb € U101V Y Ujepiza.irn V) then ab € E, by the previous parts. If b € ;5,12 V", then ab € E, otherwise either
Vit2, 4, Vi_1, Vi, C OT V;_3, 4, Vit1, vj, b induce a Ps.
(4) The set V{" is complete to

!’ "
vo U vu Uy
jeli—2,i,i+2} jeli—2,i+2}

and anti-complete to (J;c;;_q41V/, by the previous parts. Leta € V" and b € |J;.;_,1)V;" Then ab € E, otherwise
Vita2, 4, Vi, Vi—1, borvi_,, a, vi, viy1, binduceaPs. W

Recall that an independent set and a clique in a graph are subsets of its pairwise non-adjacent and pairwise adjacent
vertices, respectively. In all the next lemmas from this subsection we additionally assume that G is a prime dart-free graph.

Lemma 6. For each i, every of the following statements is true:
(1) Each of the sets V/, V", V"' is a clique. The set V is complete to V"
(2)If Vi # @, then |, .,V UV"" = .1 V] # 0, then the set

5
U Vj/// U U Vj// uv"
jeli—1,i+1} Jj=1,j#i

is empty.
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(3) The set V; is anti-complete to V/ U V/”, and the set V" is anti-complete to

5

U VJ U U Vj/// U V[”~

j=1ji jeli—2.i+2)

(4) None of the elements of V" U V" has a neighbor outside U N(v)).

Proof. (1)Leta,b € V/ora,b € V/"ora,b € V/”. Then ab € E, otherwise either a, v;, vi_1, b, vi_2 or @, vi_3, viy2, b, vi_1
induce adart.Leta € V/ and b € V;”. Then ab € E, otherwise a, vi_1, v;, vit1, b induce a dart.

(2)Leta € V;and b € U 11#1‘/// UV"”.Then ab € E, otherwise either a, b, v;_, v;_1, v; or a, b, vi;2, viy1, v; induce a dart.
Hence, a, b, v;, and either vj;1, vi_5 or vi_1, vi4, induce a dart. Leta € V{” and

5

bhe U Vj/// U U Vj// uv”.

jeli—1,i+1) j=1,ji

Ifb e Uje{i—z,i+2}Vj”UUje{i—l,i+l]ij' thenab € E,by Lemma 5 (part4). Then eithera, b, v;_1, vi_2, viy10ra, b, vir1, viya, Vi1
induce a dart. If b € icti—1 1+1}Vj//' then ab € E, otherwise a, vi_3, vi;2, b, and either v;_; or vj;¢ induce a dart. Then
a, b, vi_1, v, vip1 induce a dart. If b € V", then ab € E, otherwise, b, v;_1, v;, viy1, a induce a dart. Then a, v;_3, vi_1, b, viyq
induce a dart.
3)Leta € V;and b € V/ U V/”. Then ab ¢ E, otherwise either a, b, v;, viy1, Viy2 OF a, b, v;, vi_1, vi1q induce a dart. Let
f i +1, Vit +
a e V/” and

5
be | Jvu | vuv.
j=1.j#i jeli—2,i+2}

Ifb e Ujs(,‘_zw}(v U V’”) then ab ¢ E, otherwise v;_3, viy2, a, b, and either v;,{ or v;_7 induce adart.Ifb € U;e (i—vit1) Y
V!, thenab ¢ E, otherw1se either vi;1, viy2, a, b, vi_; or v, 1> Vi—2, @, b, vi11 induce a dart.
(4)If an elementa € V" U V" has a neighbor b ¢ U {N(vj), then viy1, a, iy, vi—2, binduce adart. W

ViU

Lemma 7. If Uf:lvf = U]“jzlvjm = (), then G is Os-free.

Proof. Recall that G is connected. By this fact and by Lemmas 4, 6 (part 4), V = U 1N(vj). Let a and b be non-adjacent
elements of V. Then any element of V £ U] ViU U] 1V} has a neighbor in {a, b}, otherw1se a, b, some two consecutive

vertices of the 5-cycle, and an element of V mduce adart. Similarly, ifc € V" and ac ¢ E, bc ¢ E, then every element of V is
adjacent to all the vertices a, b, c. Indeed, every vertex x € V has at least two neighbors in {a, b, c}.If some x € V is adjacent
to precisely two of a, b, c, then qa, b, c, x and any neighbor v; of x induce a dart in G, a contradiction. Moreover, any element
of V" \ {a, b, c} has three or at most one neighbor in the set {a, b, c}.

Suppose that V be a maximum independent set of G(V"”) and |V| > 3. Let V* be the union of V and the set of elements
of V""\ V having the only one neighbor in V. Hence, |V*| > 3.By the reasonings from the first paragraph, V* is complete to
V. Similarly, V" \ V* is complete to V. If a vertex d; € V" \ V* is not adjacent to an element d, of V* \ V, then any vertex
of the 5-cycle, any two non-neighbors of d, in V, d; and d; induce a dart. Hence, V* is complete to V" \ V*. Therefore, V* is
a non-trivial module in G. Hence, G(V"") is O3-free.

Suppose that {x, y, z} be independent. By the reasonings from the previous paragraphs, V" N {x, y, z} has at most one
element. If x = v; for some i, then y and z must belong to {v;_,, vi;2} U V/ , U V/ , U V/. Hence, y and z are adjacent, by
Lemmas 5 (part 2) and 6 (part 1). If at least two of the vertices x, y, z belong to U 1V !, then we may consider thatx € V/
andy e V. l+2, by Lemmas 5 (part 2) and 6 (part 1). Similarly, z € V{}, U V"”. Then x, v;, z, viy2, y induce a Ps. If at least two
of the vertices x, y, z belong to U 1/, then we may consider that eitherx € V", y € V{{, orx € V", y € V{,, by Lemma 6
(part 1).1fz € V", then vi 1, viia, X, ¥, z induce a dart or x, v;, Z, vi; 2, y induce a Ps. Otherw1se by Lemmas 5 (part 2) and 6
(part 1), the vertex z belongs to

ViUV UV ,uV/ UV,
in the first case and to

V//

LUV, UV oV,

in the second one. Then x, y, z, and two non-adjacent vertices of the 5-cycle induce a Ps. If x e V", y € V/,and z € U v/

j=17j
thenz e V', UV UV/, by Lemma 5 (part 2). Then x, y, z, and some two non-adjacent vertices of the 5-cycle induce
aPs. |
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Lemma 8. For each i, every of the following statements is true:
(1) Any two vertices of V; have the same sets of neighbors in

U VJ U U V/ v// V/// V" U V \ U N(UJ

jeli—1,i+1}

(2) The vertex v; and any element v] € V; have the same sets of neighbors in

5
Uvv U vu U v”qu’”u V\UN(U, )\ {vi, v}
j=1

jeli—1,ii+1} jeli—2,i+2} j=1
(3) The vertex v; and any element of V; have the same sets of neighbors in

5

5 5
U vu U vulJvuvuv”uw | JNw).
j=1

Jjeli—1,i+1} J=1j#i j=1

(4) Any two elements of V; have the same sets of neighbors in

5 5 5
Uviv U vuv U vulJvyuw\Ynw).
j=1 j=1 j=1

jefi—1,i+1} jeli—2,i42}

Any two elements of V" have the same sets of neighbors in

U Vj U U Vj/ U U Vj///~

jeli—1,i,i+1} jeli—2,i+2} jeli—2,i+2}

(5) The set V{" has at most one element.
(6) The set V \ Uf=1N(vj) has at most one element.

Proof. (1) The fact follows from Lemmas 4, 5 (part 1), 6 (parts 2 and 3).

(2) The fact follows from Lemmas 4, 5 (part 2), 6 (parts 1 and 3).

(3) The fact follows from Lemmas 4, 5 (part 1), 6 (parts 2 and 3).

(4) The fact follows from Lemmas 4, 5 (parts 2 and 3), 6 (part 3).

(5) By Lemma 6 (part 1) and as G is dart-free, any neighbor of a vertex in V/” that lies outside Us_lN (vj) must be adjacent
to all elements of V/”. By this fact, Lemmas 5 (part 4), and 6 (parts 2 and 3), V”’ is a module in G. Hence V" < 1.

(6) By Lemmas 4 and 5 (part 4), V \ U 1N(v;) is anti-complete to

5
U (V;uv,uvHyuv”.
j=1

By this fact and as G is a connected Ps-free graph, each vertex in V \ U N(vj) has a neighbor in U 1V”’ Let a vertex

a € V/” be adjacent to a vertex b € V \ U -_1N(v;), and let ¢ be an arbltrary element of V", U V{/,. By Lemma 6 (part 2),

v UV”’1 = (J.By Lemma 6 (part 3), ac ¢ E Then bc € E, otherwise b, a, sz, ¢, vi_10rb,a, vi_y,c, viy1 induce a Ps. Hence,

by Lemma 8 (part 5), b is adjacent to all vertices in U 1VW Hence, V' \ UJ 1N(v;) is a module in G. Therefore, it has at most
one element. H

Lemma 9. For each i, the set V; is independent and |V;| < 3.

Proof. To avoid an induced dart, for any i, G(V;) must be Ps-free, i.e. this graph is the disjoint union of complete graphs.
By Lemma 8 (part 1), any two vertices in V; have the same sets of neighbors in V \ (Vi_, U V; U Vi1,). As G is dart-free, any
two vertices of any connected component of G(V;) have the same sets of neighbors in V;_, U Vi, . Hence, all vertices of any
connected component of G(V;) form a module in G. Therefore, V; must be independent.

Suppose that V; has at least four elements. None of the elements of V;_5 U V;,, have two neighbors in V;, to avoid an
induced dart. Let a, b € V; be distinct. By Lemma 8 (part 1), there is a vertex ¢ € V;_, U V;,, adjacent to exactly one element
of {a, b}, otherwise {a, b} is a module in G. Hence, there are verticesa’, b’ € V;,anumberj € {i— 2, i+ 2}, verticesa”, b” € V;
suchthatd'a” € E,b'b” € E,d'b” ¢ E,a’b’ ¢ E.Then b”, b/, and either v;_; or vi;1, @, a’ induceaPs. W

In the next lemmas we will also address to Lemmas 5, 6, 8. To simplify readability of the text, we repeat some of their
results rephrasing statements of Lemma 8.
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Lemma 5. For each i, every of the following statements is true:
Part 1: The set V; is complete to
U (V] U Vj/ U Vj//) U Vim
jeli—1,i+1}
and V; is anti-complete to | J;.(;_5 1,2V}
Part 2: The set V/ is complete to

! " ua
U vuwpu J wu U v
jeli—1,i4+1} jeli—2,i+2) jeli—2,1,i4+2)

and V/ is anti—complete? to Uje{,.fzm)vj U UjE{HH”V/”.
Part 4: The set V/” is complete to

/7 " "
vwo U vu U wu U v
jeli=2,i,i4+2} jeli=2,i42} jeli—1,i4+1)

and V/" is anti-complete to ;i 11)Y}-

Lemma 6. For each i, every of the following statements is true:
Part 1: Each of the sets V[, V{", V/" is a clique. The set V] is complete to V/".
5
Part 2: If V; # @, then szl#ivj” UV"” =@.If V" # {, then the set
5
n " "
U vl wvov
jeli—1,i+1} j=1#i

is empty.
Part 3: The set V; is anti-complete to V/ U V", and the set V/" is anti-complete to

5

J / i
U V.U U V]//UV//

J=1j#i Jjeli—2,i+2)

Lemma 8. For each i, every of the following statements is true:
Part 2: The vertex v; and any element v; € V/ have the same sets of neighbors in

VA ({vi, U,(}U U V]./U U Vj//UVW/),
jeli—2,i4+2} jeli—1,i,i+1}

Part 3: The vertex v; and any element of V; have the same sets of neighbors in

5
vie U vuviu | v
jeli—2,i,i+2) j=1j#£i

Part 4: Any two elements of V; have the same sets of neighbors in
4 " "
vie I vu U vwuv
jeli=2,i,i+2} jeli=1,i,i+1}

Any two elements of V" have the same sets of neighbors in

5
VA ( U V] ) U Vj, U U Vj” U U Vj/” U V””).
j=1

jeli=2,i+2} jeli—1,i,i+1} jeli—-1,i,i+1}

Lemma 10. The following properties are true:
(1)If V; # @, then | J7_,V/ UV = 0.
) If U;’Zlvj = and V)" # §, then

V. UV, =0and |V UV, ,UV/,UV/| <4.

Proof. (1) Assume that a € V;. Hence, by Lemma 6 (part 2), the set | J7_, .,,V/ U V"” is empty. Suppose that b € V!.By

J=1#7 ]
Lemma 6 (part 3), ab ¢ E. By Lemma 8 (part 2), {b, v} is not a module in G iff there is a vertex c € V;_, UV/,, U V" adjacent

to b. By Lemmas 5 (part 1) and 6 (part 3), ac ¢ E. Hence, either v;, b, c, vi11, aor v, b, c, vi_1, a induce a dart.
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Suppose that b € V/ ;. The case when b € V;_; can be considered in a similar way. By Lemma 5 (part 1), ab € E. By
Lemma 8 (part 2), {b, vi;1} is not amodule in G 1ffthere isavertexc € V/_ UV/ ,UV/ adjacentto b.Ifc € V/_;,thenac € E,
by Lemma 5 (part 1), and a, b, ¢, v;, vi— induce a dart. If c € V/_,, then ac ¢ E by Lemma 5 (part 1), and a, b, c, vi, vipq
induce a dart. By Lemma 6 (part 3), we haveac ¢ E.Ifc € V/, then bc ¢ E,and a, b, c, v;, vy induce a dart.

Now suppose that b € V;_,. The case when b € V/ , can be considered in a similar way. By Lemma 5 (part 1), ab ¢ E. By
the previous reasonings, we may assume that V] = V+1 = (). Then, by Lemma 8 (part 2), {b, v;_»} is a module in G.

Suppose that b € V. Hence, U = 1,ji vy V’ = (, by Lemma 6 (part 2) and by the previous reasonings. By this fact,
Lemmas 8 (part 3) and 9 {a, v;} is not a module in G iff there is a vertex V;_, U V;;, adjacent to a. We have a contradiction
with Lemma 6 (part 2), as if V/" % @, then V;_, U Vi, = 4.

(2) Assume that a € V;”. Hence,

5

n " "
U vy wuv
jeli—1,i+1) =1,

is empty, by Lemma 6 (part 2). Suppose thatb € V{_,.The case whenb € V/+1 can be considered in a similar way. By Lemma 5
(part 2), ab ¢ E. By Lemma 8 (part 2), {b, v;_1} 1s not a module in G iff there is a vertex ¢ € V;,; U V] , U V" adjacent to
exactly one element of {b, v; ¢}.1fc € V{,; UV/ ,, thenbc € E.If c € V", then bc ¢ E and ac ¢ E (by Lemma 6 part 3), and
b, vi_1, c, viyo, ainduceaPs.If c € VIH, then ac ¢ E,by Lemma 5 (part 2),and a, vi_3, b, ¢, vi;1 induce a Ps.If c € Vl+2, then
ac € E,by Lemma 5 (part 2), and q, ¢, vi;2, vi+1, b induce a dart.

By Lemmas 5 (part 4) and 6 (part 3), V{" is complete to V{_, U V{ U V/,, and is anti-complete to V;". Hence, V" is anti-
complete to V/, otherwise a vertex of V", a vertex of V/, v;_, v,+1, a 1nduce adart. Similarly, V/_, U V/ '\, Is anti- complete to
V/, otherwise a, a vertex in V/_, U V/ '\, avertex in V!, vi_1, viy1 induce a dart. Recall that

5
V U V1/+1 U Vj/// U U Vj// U V//// = .
jeli—1,i+1) =1,
Hence, by Lemmas 6 (part 1) and 8 (part 4), each of the sets V/, V/_,, V/

i i1, V{"isamodule in G. Hence, |V UV{_, UV, UV/|
<4 n

Lemma 11. If U _(V;U V") # @, then |V] < 26.

Proof. If UJ.S:1\/j # ¢, then Ule(\/j/ UV/)U V" = §, by Lemmas 10 (part 1) and 6 (part 2). Hence,

5 5 5
VI < V(G + DIVl + DIV T+ 1V A\ [Nyl < 26,
j=1 j=1 j=1
by Lemmas 8 (parts 5 and 6) and 9. IfU 1V; =¥ and V" # ¢ for some i, then
5
VI < V(G + V] UV, UV, UV + |V UV, UV, | + |V\UN v)| < 13,
j=1

by Lemmas 6 (part 2), 8 (parts 5 and 6), 10 (part2). ®
3.4. Some complexity results for the weighted coloring problem

Lemma 12 ([14]). The wcoL problem for any Os-free graph (G, w) can be solved in O((Zvev(c)w(v)P) time.

Lemma 13 ([14]). For each fixed C, the wcoL problem can be solved in polynomial time on the sum of vertex weights in the class
of all graphs having at most C vertices.

4. Main result

A graph is said to be Berge if it belongs to the class Free({Caiy1| i > 1} U {Cyi11] i > 1}). A graph is said to be perfect if for
every its induced subgraph G the chromatic number of G equals the size of a maximum clique of G. The Strong Perfect Graph
Theorem (see [1]) states that a graph is perfect iff it is Berge. The wcoL problem can be solved in polynomial time for perfect
graphs [7].

Theorem 2. The wcoL problem can be solved for {Ps, banner}-free graphs and for {Ps, dart}-free graphs in polynomial time on
the sum of vertex weights.
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Proof. Note that a graph is prime if and only if its complement is prime. Note furthermore that Cs = Cs, and that every
Ps-free graph is {Cyi;1]| i > 3}-free. Lemma 2 now implies that if a graph is prime and {Ps, banner}-free, then either it is
Berge (and therefore perfect [1]) or it is Os-free. There is a trivial polynomial-time algorithm of verification whether a given
graph is Os-free. Hence, by these facts, results of [7], Lemmas 1 and 12, the wcoL problem can be solved for {Ps, banner}-free
graphs in polynomial time on the sum of vertex weights.

By Lemmas 3,7 and 11, if a prime {Ps, dart}-free graph on at least 27 vertices is not Oz-free, then it is Berge (and therefore
prefect [1]). By this fact, results of [7], Lemmas 1, 12, 13, the wcoL problem can be solved for {Ps, dart}-free graphs in
polynomial time on the sum of vertex weights. |

A straightforward corollary from Theorem 2 is the fact that the coL problem can be solved in polynomial time for
{Ps, banner }-free graphs and for {Ps, dart}-free graphs.

5. Conclusions and problems for future work

There are many gaps in understanding the complexity of the coL problem for hereditary classes. For example, the
complexity of the coL problem is known for all but three classes in the family of hereditary classes defined by forbidden
induced subgraphs each on at most four vertices [ 10]. The remaining three classes are the classes of {C4, O4}-free graphs,
{K1 3, O4}-free graphs, {K; 3, O4, K + O;}-free graphs [10]. Determining the complexity of the coL problem for these three
classes is an interesting problem for future research. There is known an approximation polynomial-time algorithm for the
coL problem and the three classes. More specific, there exists a polynomial-time algorithm computing a number p(G) for a
graph G such that x(G) < p(G) < r- x(G)+0(1), where r = 2 if Gis {04, K3 3}-free and r = % if Gis {K; 3, O4, K> + 2K }-free
(see [13]).

In this paper we considered the complexity of the coL problem for {G;, G,}-free graphs, where G; and G, are both
connected graphs each on at most five vertices. Prior to our study, the complexity of the coL problem was open for each
of the eight pairs {G, G,} described below (see [8,11,12,14]):

1. {Ky3, G}, where G € {bull, butterfly}
2. {for k, bull}
3. {Ps, G}, where G € {banner, dart, bull, K3 4+ 0,, K5 + K>, 2K> + K1}.

In this paper we showed that the (w)coL problem can be solved in polynomial time (on the sum of vertex weights)
for {Ps, banner}-free graphs and for {Ps, dart}-free graphs. Clarification of the complexity of the (w)coL problem for the
remaining six pairs is an interesting research problem for future work.
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