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ABSTRACT. Structurally stable (rough) flows on surfaces have only finitely
many singularities and finitely many closed orbits, all of which are hyperbolic,
and they have no trajectories joining saddle points. The violation of the last
property leads to Q2-stable flows on surfaces, which are not structurally stable.
However, in the present paper we prove that a topological classification of such
flows is also reduced to a combinatorial problem. Our complete topological
invariant is a multigraph, and we present a polynomial-time algorithm for the
distinction of such graphs up to an isomorphism. We also present a graph cri-
terion for orientability of the ambient manifold and a graph-associated formula
for its Euler characteristic. Additionally, we give polynomial-time algorithms
for checking the orientability and calculating the characteristic.

1. Introduction. A traditional method of qualitative studying of a flows dynamics
with a finite number of special trajectories on surfaces consists of a splitting the
ambient manifold by regions with a predictable trajectories behavior known as cells.
Such a view on continuous dynamical systems rises to the classical work by A.
Andronov and L. Pontryagin [2] published in 1937. In that paper, they considered
a system of differential equations
& =wv(x), (1)
where v(z) is a C'-vector field given on a disc bounded by a curve without a contact
in the plane and found a roughness criterion for the system (1).
A more general class of flows on the 2-sphere was considered in works by E.

Leontovich-Andronova and A. Mayer [12, 13], where a topological classification of
such flows was also based on splitting by cells, whose types and relative positions
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(the Leontovich-Mayer scheme) completely define a qualitative decomposition of
the phase space of the dynamical system into trajectories. The main difficulty in
generalisations of this result to flows on arbitrary orientable surfaces is the possibil-
ity of new types of trajectories, namely unclosed recurrent trajectories. The absence
of non-trivial recurrent trajectories for rough flows on the plane and on the sphere is
an immediate corollary from the Poincaré-Bendixson theory for these surfaces, but
this is not so trivial for orientable surfaces of genus g > 0. At first, it was proved
by A. Mayer [14] in 1939 for rough flows with no singularities on the 2-torus' and
later by M. Peixoto [20, 21] for structurally stable? flows on surfaces of any genus
(see also [19]).

In 1971, M. Peixoto obtained a topological classification of structurally stable
flows on arbitrary surfaces [22]. As before, he did it by studying all admissible cells
and he introduced a combinatorial invariant called a directed graph generalizing the
Leontovich-Mayer scheme. In 1976, D. Neumann and T. O’Brien [16] considered the
so-called regular flows on arbitrary surfaces, such flows have no non-trivial periodic
trajectories (i.e. periodic trajectories other than limit cycles) and include the flows
above as a particular case. They introduced a complete topological invariant for
the regular flows named an orbit complex, which is a space of flow orbits equipped
with some additional information.

In 1998, A. Oshemkov and V. Sharko [17] introduced a new invariant for Morse-
Smale flows on surfaces, namely a three-colour graph, and described an algorithm
to distinct such graphs, which was not, however, polynomial, i.e. its working time
is not limited by some polynomial on the length of input information. In the same
work they obtained a complete topological classification of Morse-Smale flows on
surfaces in terms of atoms and molecules introduced in the work of A. Fomenko [3].

Structurally stable (rough) flows on surfaces have only finitely many singularities
and finitely many closed orbits, all of which are hyperbolic, they also have no
trajectories joining saddle points. The violation of the last property leads to 2-
stable flows on surfaces, which are not structural stable. However, in the present
paper we prove that a topological classification of such flows is also reduced to a
combinatorial problem. The complete topological invariant is an equipped graph
and we give a polynomial-time algorithm for the distinction of such graphs up to
isomorphism. We also present a graph criterion for orientability of the ambient
manifold and a graph-associated formula for its Euler characteristic. Additionally,
we give polynomial-time algorithms for checking the orientability and calculating
the euler characteristic.

2. The dynamics of an (2-stable flow.

2.1. Global properties. Let ¢! be some 2-stable flow on a closed surface S. Due
to [18], the non-wandering set Q4 of the flow @' consists of a finite number of
hyperbolic fixed points and hyperbolic closed trajectories (limit cycles), which are
called basic sets, denote them Qq, ..., Q.

LActually in [14] A. Mayer found the conditions of roughness for cascades (discrete dynamical
systems) on the circle and he also got the topological classification for these cascades.

2The term “rough system” introduced by A. Andronov and L. Pontryagin in [2] is slightly
different from its English counter part “structurally stable system” introduced by M. Peixoto in
[20, 21], but the sets of rough and structural stable systems coincide.
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Proposition 1 (Corollary 5.3, [25]). Ewvery basic set Q; of the flow ¢' possesses
the stable manifold W5 = {x € S| ¢'(x) — Q fort — +oo} and the unstable
manifold W§ ={x € S| ¢'(x) = Q; for t - —oo} and

k k
=1 =1

2.2. Fixed points. The hyperbolicity of the fixed points of the flow ¢! is expressed
by the following fact.

Proposition 2 ([19], Theorem 5.1 in Chapter 2 and [24], Theorem 7.1 in Chapter
4). The flow ¢" in some neighbourhood of a fized point q¢ € Qg is topologically
equivalent to one of the following linear flows

a'(z,y) = (27'2,27"y),
b (w,y) = (27", 2'y),
dz,y) = (2'z,2%) .

In the cases a’, bf, ¢ the fixed point q is called sink, saddle, source with 0,1,2-
dimensional unstable manifold W' accordingly. We will denote by Qg)t, Qét, Qit
the set of all sinks, saddles, sources of ¢' accordingly.

It follows from the criterion of the Q-stability in [23] that the saddle points do
not organize cycles, i.e. collections of points

q1y-- 59k, dk+1 = q1

with a property
W W #0,i=1,...k.
2.3. Closed trajectories. Let ¢ be a closed trajectory of ¢' and p € ¢. Let 3, be
a smooth cross-section passing through the point p transversal to trajectories of ¢
near p. Let V,, C ¥, be a neighbourhood of p such that for every point x € V,, there
is a value 7, € R* with properties ¢™ (z) € V,, and ¢'(z) ¢ V,, for any 0 < ¢ < 7.
Then ¥, is called a Poincaré cross-section and the map F,: V,, — X, given by the
formula F,(z) = ¢™ (z), v € V, is called a Poincaré map.
The hyperbolicity of the closed trajectory ¢ is expressed by the following fact.

Proposition 3 ([19], Proposition 1.2 in Chapter 3 and Theorem 5.5 in Chapter
2). Poincaré map Fy,: V,, — F,(V,) is a diffeomorphism with the fized point p in a
neighbourhood of which F, is topologically conjugate to one of the following linear
diffeomorphisms

o) =L a @) = L.
cy(x) =2z, c_(x) = —2x.

In the cases a-, ct the closed trajectory ¢ is called an attractive, repelling limit
cycle accordingly. Denote by Q;t the set of all limit cycles of ¢.

In any case a limit cycle ¢ has a neighbourhood U, which is disjoint with other
limit cycles and fixed points of ¢! and whose boundary R is transverse to the
trajectories of ¢!. The neighbourhood U, is homeomorphic to an annulus or a
Mobius band (see Fig. 1) in the cases ay, ¢4 or a_, c_ accordingly and can be
constructed in the following way.
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FIGURE 1. The case when U, is homeomorphic to a Mobius band

For every points a,b € V,, let us denote by m,; the segment of V,, bounded by
the points a,b and by 4 the length of this segment. In the cases a4, ci let us
choose two points =7, x5 € (V,\ {p}) on different connected components of V, \ {p}.
Then R, is the union of two circles

‘L.'L',FP(CL'T) p‘me(.nE)
ot Fpe]) Fag Fp(eg) "
¢ TTIPED (2) T € Myr gy (o) ¢ and G TTRTRED(2) 12 € Mgy By (a) (-

In the cases a_, c_ let us choose a point * € (V}, \ {p}). Then

“x,Fg(x*)

Ta
#I* 2 *
Ro=q¢ %0 (2) 2 €mes p2(ev)

A moving of ¥, along the trajectories in the positive time gives a consistent with
¢ orientation on R.. Thus, in further we will assume that R, is oriented consistently
with c.

3. The directed graph for a flow ¢! € G. Denote by G a class of {)-stable flows
¢* with at least one fixed saddle point or at least one limit cycle® on a surface S.
That is the flow class we consider in our work.

Recall that a graph T is an ordered pair (B, E) such that B is a finite non-empty
set of wvertices, E is a set of pairs of the vertices called edges. Besides, if E is
a multiset then I' is called a multigraph. Recall that a multiset is a set with the
opportunity of multiple inclusion of its elements. For simplicity, we call a multigraph
a graph everywhere below.

If a graph includes an edge e = (a,b), then both vertices a and b are called
incident to the edge e. The vertices a and b are connected by e. A graph is called
directed if every its edge is an ordered pair of vertices. A finite sequence

T = (bo, (bo, b1), b1, ..., bi—1, (bi=1,bi), b, ..., b—1, (br—1, br), bi;)

of vertices and edges of a graph is called a path, the number k is called the length
of the path and it is equal to the number of edges of the path. The path 7 is called
simple if it contains only pairwise disjoint edges. The simple path 7 is called a cycle
if bg = bi. A graph is called connected if every two vertices can be connected by a
path.

3If flow ¢! has neither fixed saddle points nor closed trajectories, then its non-wandering set
consists of exactly two fixed points: a source and a sink, all such flows are topologically equivalent,
that is the reason why we exclude such flows from the class G.
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Let R= |J R.. We call R a cutting set and the connected components of R
ceNS,
cutting circles. ’

Let =9 \R. We call an elementary region a connected component of the set S.
We have already showed the way of constructing some cutting circle in the previous
paragraph. Notice, that from the way of designing there follows, that such circles
or circle always exist near each limit cycle, because we may construct it as small
as we want. As well we showed that each neighbourhood of limit cycle bounded
by two or one cutting circle is homeomorphic to an annulus or a Mobius band
respectively. So we may present all types of elementary regions. Due to Proposition
1, the elementary region can be one of the following four types:

1) a region of the type £ contains exactly one limit cycle;

2) a region of the type A contains exactly one source or exactly one sink;
3) a region of the type M contains at least one saddle point;

4) a region of the type £ does not contain elements of basic sets.

Definition 3.1. A directed graph Y, is said to be a graph of the flow ¢' € G (see
Fig. 2) if

(1) the vertices of Y4 bijectively correspond to the elementary regions of ¢';

(2) every directed edge of Y 4, which connects a vertex a with a vertex b, corre-
sponds to the cutting circle R, which is a common boundary of the regions A and
B corresponding to a and b, such that any trajectory of ¢! passes R starting at A
and ending in B by increasing the time.

FIGURE 2. ¢' and Ty

We will call an £-, A-, £- or M-vertex a vertex of T 4, which corresponds to a
L-, A-, - or M-region accordingly.

The following Proposition immediately follows from the dynamics of the flow ¢
and the structure of the cutting set.
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Proposition 4. Let Yy be the directed graph of a flow ¢* € G, then:

1) every M-vertex can be connected only with L-vertices, furthermore, with every
verter by a single edge;

2) every E-vertex can be incident only to two edges which connect this vertex with
two different L-vertices, and one of these edges enters to the £-vertex, the other one
exits;

3) every A-vertex can be connected only with a L-vertex, furthermore, by a single
edge;

4) every L-vertex has degree (the number of incident edges) 1 or 2, and if its
degree is 2, then both edges either enter or exit the vertex.

Isomorphisity of the directed graphs is necessary condition for flows from G to be
topological equivalent. To make the directed graph a complete topological invariant
for the class G, below we equip the graph T, with additional information.

4. Equipment of the directed graph. In this section, we describe how to assign
some additional information to vertices and edges of the directed graph of a flow
from G.

4.1. A-vertex. The flows in A-regions can belong to only the two equivalence
classes: a source pool and a sink pool, which we can distinguish by directions of
edges incident to A-vertices.

4.2. L-vertex. The flows in L-regions can belong to only the four equivalence
classes: an annulus with a stable limit cycle, an annulus with an unstable one, a
Mobius band with a stable one, a M6bius band with an unstable one, which we can
distinguish by directions of edges and by quantities of edges incident to L-vertices.

4.3. &-vertex. The flows in E-regions can belong to only the two equivalence classes
corresponding to the consistent and the inconsistent orientation of connecting com-
ponents of £’s boundary (see Fig. 3). However, the structure of an £-region cannot
be determined by the directed graph, therefore, we will attribute the weight to the
vertex corresponding to an E-region. The weight is “+” in the consistent case and
“—" in the inconsistent one.

4.4. M-vertex. The flows in M-regions cannot be determined by the directed
graph. Then we will equip vertices corresponding to them by four-colour graphs for
a description of the dynamics of the flow in the regions. In more details.

Let us consider some M-region which is either a 2-manifold with a boundary or a
closed surface. In the first case let us attach the union D of some disjoint 2-disks to
the boundary to get a closed surface M, in the second case we also denote the closed
surface by M and will suppose that D = (). Let us extend ¢‘|, to an Q-stable flow
ft: M — M such that f* coincides with ¢' out of D and Qy+ has exactly one fixed
point (a sink or a source) in each connected component of D.

Let QSL, Q}h Q?pt be the sets of all sources, saddle points and sinks of f* accord-
ingly. By the definition of the region M the flow f! has at least one saddle point.
Let

M=M\(Q% UWg UWE UQ).
ft rt

A connected component of M is called a cell.
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FIGURE 3. The cases of the consistent (leftward) and the inconsis-
tent (rightward) orientation of boundary’s connecting component
of some E-region.

Lemma 4.1 ([11], the main Theorem). Ewvery cell J of the flow f' contains a
single sink w and a single source « in its boundary, and the whole cell is the union
of trajectories going from o to w.

Let us choose a trajectory €; in the cell J, we will call it a t-curve. Let

T=\J 0, M=MT.

Jcs

FIGURE 4. A polygonal region

Let us call a c-curve a separatrix connecting saddle points (from the word “con-
nection”), a u-curve an unstable saddle separatrix with a sink in its closure, a s-
curve a stable saddle separatrix with a source in its closure. We will call a polygonal
region A a connecting component of M.

Lemma 4.2 ([10], Lemma 3.4). Every polygonal region A is homeomorphic to an
open disk and its boundary consists of a unique t-curve, a unique u-curve, a unique
s-curve, and a finite (may be empty) set of c-curves (see Fig. /).

Denote by Ay the set of all polygonal regions of f* (see Fig. 5, where a flow f*
and all its polygonal regions are presented).
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oy t , a, t o,
FIGURE 5. An example of the flow f! together with the polygonal regions

Definition 4.3. A multigraph is called an n-colour graph if the set of its edges is
the disjoint union of n subsets, each of which consists of edges of the same colour.

We say that a four-colour graph 'y, with edges of colours u, s, ¢, t bijectively
corresponds to f? if:

1) the vertices of I'a¢ bijectively correspond to the polygonal regions of Ay:;

2) two vertices of 'y are incident to an edge of colour s, ¢, u or ¢ if the polygonal
regions corresponding to these vertices has a common s-, t-, u- or c-curve; that
establishes an one-to-one correspondence between the edges of I'y4 and the colour
curves;

3) if some vertex b of T' o is incident to more than one c-edge (the number ny, of
c-edges is more than 1), then we order the c-edges by

Cly-vsCpy

by a moving (according to the direction from the source to the sink on t-curve)

along the boundary of the corresponding polygonal region (see, for example, Figure

Definition 4.4. We say that the graph T'y¢ is the four-colour graph of the flow f?
corresponding to ¢!| .

Definition 4.5. Two four-colour graphs 'y and Ty corresponding to ¢*|, and
@'t pm respectively are said to be isomorphic if there is an one-to-one correspondence
1) of the vertices and the edges of the first graph to the vertices and the edges of
the second graph preserving the colours of all edges and the numbers of c-edges.

4.5. (M,L)- and (L, M)-edge. Let us denote by my+ the one-to-one correspon-
dence described above between the polygonal regions and the vertices, also between
the colour curves of f* and the colour edges of 'y respectively.
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FIGURE 6. An example of f? and its four-colour graph

Let us call a st-cycle (tu-cycle) a cycle of I o consisting only of s- and t-edges (t-
and u-edges). Let us call u- and s-edges exiting out a vertex b as nominal c-edges
and assign the numbers 0 and ny + 1 to them respectively. Let us call a ¢*-cycle a
simple cycle

b1, (b1,b2), b2, . .., bag, bag 11, bary1 = b1,
if
(bai—1,b2i) = 27, (bas, boiy1) = €2y = Y, (bair, baiga) =
Proposition 5 ([10], Proposition 3). The projection ws+ gives an one-to-one cor-
respondence between the sets Q?ct, Q}t, Q%t and the sets of tu-, c*-, and st-cycles
respectively.

By our construction M = MU D, where D is either empty or each its connected
component contains exactly one sink w (source «) of the flow f* uniquely corre-
sponding to a cutting circle R, for a limit cycle ¢ of the flow ¢, which uniquely
corresponds to an (M, £)-edge ((£, M)-edge) of the graph T4:. Due to Proposition
5 the node w («) uniquely corresponds to a tu-cycle (an st-cycle), denote it by 7,, ,
(T2.a)- Moreover, due to Proposition 5, we can embed the graph I'y¢ such that the
cycle 7, . (7, ) coincides with R.. Thus we induce an orientation from R, to the
cycle and call the cycle 7,, . (7, ,,) oriented one.

5. The formulation of the results.

Definition 5.1. Let T4 be the directed graph of a flow ¢* € G. We will say that
Ty is the equipped graph of ¢' and denote it by T;;t if:

(1) every E-vertex is equipped with the weight “+” or “—” in consistent and
inconsistent case respectively;

(2) every M-vertex is equipped with a four-colour graph I'ys corresponding to
the flow f! constructed in Subsection 4.4;

(3) every edge (M, L) ((£,M)) is equipped with an oriented tu-cycle (st-cycle)

Tave (To ) of Taq corresponding to the limit cycle ¢ of £ and oriented consistently

with R, (see Fig. 7).
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FIGURE 7. Two flows from G and their equipped graphs

On Fig. 8 you can see the two examples of flows from G whose difference might
be recognized only by oriented cycles of four-colour graphs, and on Fig. 9 there are
examples of flows on a torus whose difference might be recognized only by weight
of E-vertices.

Let us denote by W;t the one-to-one correspondence described above between
the elementary regions and the vertices, the cutting circles and the edges, the di-
rections of the trajectories and the directions of the edges, the consistencies of the
orientations of the boundary’s connecting components of £-regions and the weights
of the E-vertices, the M-regions and the four-colour graphs, the stable limit cycles
and the tu-cycles, the unstable limit cycles and the st-cycles, the orientations of the
stable limit cycles and the orientations of the cycles 7,, ., the orientations of the
unstable limit cycles and the orientations of the cycles 7, ,, accordingly.

5.1. The classification result.

Definition 5.2. Two equipped graphs T:‘;t and 'I";;,t are said to be isomorphic if
there is a one-to one correspondence £ between all edges and vertices of Y%, and all
edges and vertices of T;,t preserving their equipments in the following way:

(1) the weights of vertices £ and £(€) are equal;

(2) for vertices M and £(M), there is an isomorphism ¢ of the four-colour
graphs I'aq, Tgaq) such that Ya(7y, o) = Teu) e and the orientations of 1

(Tae) and 7, ., coincide (similarly for 7, ).

Theorem 5.3. Flows ¢',¢"" € G are topologically equivalent if and only if the
equipped graphs th and TZs/t are isomorphic.

5.2. The realisation results. To solve the realization problem, we introduce the
notions of an admissible four-colour graph and an equipped graph.
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FicURE 8. Two examples of flows from G differing only by ori-
entation of the limit cycle between M and A and their equipped
graphs

FIGURE 9. Two examples of flow from G without A4- and M-
regions differing only by orientation of the limit cycle and their
equipped graphs

Let T" be a four-colour graph with the properties:
(1) every edge of the four-colour graph is coloured in one of the four colours:
87 u’ t’ C;
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(2) every vertex of the four-colour graph is incident to exactly one edge of the
colours s, u,t. Besides, the number n; of c-edges incident to a vertex b can be any
b

(may be null) and these edges c},...,c% are ordered if ny > 1.

Definition 5.4. We say a four-colour graph I' is admissible if it contains a c¢*-cycle
and every cycle has four vertices.

Lemma 5.5 ([10], Lemma 2.1). The graph Iy is admissible.

Lemma 5.6 ([10], Theorem 3). Every admissible four-colour graph T' corresponds
to a closed surface M and an Q-stable flow ft: M — M from G without limit cycles,
besides:

(1) The Euler characteristic of M can be obtained by the formula

X(M) = vy —v1 + vy, (2)

where vy, v1, Ve are the numbers of all tu-, c*- and st-cycles of T' respectively;
(2) M is non-orientable if and only if T' has at least one cycle with an odd length.

Definition 5.7. We call T* an admissible equipped graph if it is a connected directed
graph T with A-, £-, &- and M-vertices satisfying the items (1)—(4) of Proposition
4, so that

— every M-vertex is equipped with an admissible four-colour graph I" 4,

— every edge entering into (exiting out of) any M-vertex is equipped with an
oriented st-cycle (ut-cycle) of the four-colour graph,

— every E-vertex is assigned with a weight “+” or

“_»

Lemma 5.8. The graph th is admissible.

For every M-vertex of an admissible equipped graph T*, let us denote by X\
the result of applying the formula (2) to the corresponding admissible four-colour
graph ['yq. Denote by Y, the quantity of edges, which are incident to M and
denote by N4 the quantity of A-vertices of T*.

Theorem 5.9. Fvery admissible equipped graph T* corresponds to an Q2-stable flow
¢t: S — S from G on a closed surface S, besides:
(1) The Euler characteristic of S can be calculated by the formula

X(S) = (Xam = You) + Na; (3)
M
(2) S is orientable if and only if every four-colour graph equipping YT* has not
cycles of an odd length and every L-vertex is incident to exactly two edges.

5.3. The algorithm results. An algorithm for solving the isomorphism problem
is considered to be efficient if its working time is bounded by a polynomial on the
length of the input data, in this case the input data is the number of the vertices and
the edges of the graph. Algorithms of such kind are also called polynomial-time or
simply polynomial. This commonly recognized definition of efficient solvability rises
to A. Cobham [5]. A common standard of intractability is NP-completeness [6].
The complexity status of the isomorphism problem is still open, for the class of all
graphs, neither its polynomial-time solvability nor its NP-completeness is proved.
Fortunately, four-colour graphs and directed graphs of flows on ambient surfaces can
be embedded into the carrying surfaces. Indeed, we have the following theorems.

Theorem 5.10. Isomorphism of the equipped graphs Tj;t, T;@,t of flows ¢, ¢'* € G
can be recognized in polynomial time.
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Theorem 5.11. The orientability of the ambient surface S for an Q-stable flow ¢
can be tested in a linear time and the Euler characteristic of S can be determined
in quadratic time by means of the equipped graph T;@t.

6. The proof of the classification Theorem 5.3. In this section we consider
Q-stable flow ¢* € G on closed surface S and prove that the isomorphic class of its
equipped graph T;t is a complete topological invariant.

6.1. The necessary condition of Theorem 5.3. Let two 2-stable flows ¢!, ¢t €
G given on a closed surface S be topological equivalent, i.e. there is a homeomor-
phism h: S — S mapping trajectories of ¢’ to trajectories of ¢'*. Without loss of
generality we assume that the cutting set R’ of ¢t is created so that R’ = h(R),
where R is the cutting set of ¢¢. Also we can assume that the restriction 7' of the
set of t-curves of ¢'t to the M-regions of ¢'t is created so that 7' = h(T), where T
is the restriction of the set of ¢-curves of ¢! to the M-regions of ¢*. Then h maps
the elementary and the polygonal regions of ¢* to the elementary and the polygonal
regions of ¢t respectively.

Recall that W;t is the one-to-one correspondence between the elementary regions
and the vertices, the cutting circles and the edges, the directions of the trajectories
and the directions of the edges, the consistencies of the orientations of the limit
circles for the £-regions and the weights of the £-vertices, the M-regions and the
four-colour graphs, the stable limit cycles and the tu-cycles, the unstable limit cycles
and the st-cycles respectively. Let us define the isomorphism &: T;@t — Tz),t by the
formula

§ = ﬂ';/th(Tr;;t)il.
Notice that h carries out the topological equivalence of ¢f and ¢, then it preserves
the types of elementary regions and, hence, £ preserves the types of the vertices.
Also notice that h preserves the orientations on the trajectories, then the weights
of vertices £ and £(&) are equal.

Let I'pq be the four-colour graph for some vertex M, I'¢(xq) be the four-colour
graph for the vertex M’ = £(M). Recall that ¢'|p = film (@ = fHa)
and 7+ (mp+) is the one-to-one correspondence between the polygonal regions and
the vertices, also between the colour curves of f* (f*) and the colour edges of the
four-colour graph I'"pq (I'sq/) respectively.

As I'pq is the four-colour graph of the region M, then I'yy = 75 (M). Let
Pamr = Teamy = 750 (R(M)). As h maps the polygonal regions of ft to the polygonal
regions of f*, then there exists an isomorphism : I'yy — T'aq defined by the
formula

Yy = Wfrthﬂ;tl.
As R = h(R), then (Ty, ;) = T,(up.e) and the orientations of (7, ) and
Temy.e(ey COINCIde (similarly for 7, ,,). Thus £ is the required isomorphism.
So, one topological equivalence class of flows defines one isomorphisity class of
graphs.

6.2. The sufficient condition of Theorem 5.3. Assume that two graphs T;t
and T;‘),t are isomorphic by &. To prove the topological equivalence of the flows
we need to construct homeomorphisms between elementary regions mapping the
trajectories of ¢! to the trajectories of ¢'* so that for two elementary regions the
homeomorphisms on their common boundaries coincide.
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I. M-region. Let us consider some M-region of the flow ¢¢. Consider the region
M = (W;/t)71572t (M)

of the flow ¢'*. Their four-colour graphs I'ys and 'y are isomorphic by means
of ¢. Let ft: M — M (f'*: M’ — M’) be the flow corresponding to T'nq (Taq/).
Recall that in Subsection 4.4 we defined the flow f* (f’*) on surface M (M’) such
that M NS = M (M'1S = M) and ¢ = Filu (6 e = F*Lan).

The fact that f* and f’* are topologically equivalent if and only if I' v and Iy
are isomorphic is proved in [10], Theorem 1. So there exists the homeomorphism
har: M — M' mapping trajectories of f! to trajectories of f¢. Suppose without
loss of generality that cutting circles of M and M’ are homeomorphic by means
of hps (in [10] we really constructed the homeomorphism so that these circles be-
come homeomorphic). As M NS = M and M' NS = M’, then we define the
homeomorphism A : cl(M) — cl(M’) by the formula

hoat = hatlemy-
Thus we have the homeomorphism
hat: (M) = (M)

for every M-region of the flow ¢¢.

II. £-region. Let us consider some &-region of the flow ¢*. Consider the &'-

region of the flow ¢’* such that

& = (mhe) "l ().
These two regions are of the same type because of the weight of the vertices corre-
sponding to them.

Let E; and FEs be the connected components of 0. Then they are cutting
circles and, hence, E} = (ﬂ(’;,t)’lgw(’;t (E;), i = 1,2 are cutting circles which are the
connected components of 9&’.

Let hg,: E1 — E} be an arbitrary homeomorphism preserving orientations of
Ey and E}. Let 29 € By and {x1} = O, N Ea. Let 2 = hp, (v0) and {27} = Oy N
El. Let us construct the homeomorphism hg: cl(€) — cl(£') so that hg|;
h

zg,z1

— lag,zy — l%@i‘

Thus we have the homeomorphism
he: cl(€) — cl(&)

for every £-region of the flow ¢t.

III. A-region. Let us consider some A-region of the flow ¢’ with a source .
Consider the region

() 716#;;, (A)

of the flow ¢*. We perfectly know that it is the A’-region with a source because of
the directions the of edges.

A (A") is surely surrounded by some L, (£’ = (ﬂ;/t)_lfﬂ';;t (£)).

Recall that

u={(z,y) € R? | 2® +y> < 1}.

Due to Proposition 2 the source « (o) has a neighbourhood u, (us) and the
homeomorphism hq: e — 4 (has: uqr — u) such that ¢*[,, (¢, ,) is conjugate
to c!|,. Also recall that S, = {(z,y) € R? : 22 + y?> = r} for r € (0,1] and
S =hz(S,) (¢ = h_}(S,)). Notice that S¢ = duy (S§ = Q)
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We know that 8.4 (8.4’) is oriented. Then now we orient dug = S (Jua = S')
consistently with 0.A (0.A"). Let hga: ST — S¢" be the arbitrary homeomorphism
preserving orientations of S¢ and S¢'. Let z € S¢ (2/ € S¢) and O, (O,) be
the trajectory of x (z'). Let 2® € (cl(uq) \ {w}), then z* = S N O, for some
r € (0,1] and z € S¢. Let us define the homeomorphism h,,_ : cl(uq) = cl(uq) sO
that h,, (o) = o and h,, (2%) = 2’®, where 2/ = ' N Ohs? (2)-

Let g € Ouq, 7 € Jug and xj = hy, (v0). Let O, (O ) be the trajectory of
zo (z) and {z1} = Oy NIA ({7} } = Oy NOA’). Let us define the homeomorphism
hcl(A)\ua sel(A)\ug — CZ(A/)\UQ/ so that hcl(A)\ua li =N
for any xg € Jug.

So we define the homeomorphism h.4: cl(A) — cl(A’) by the formula

ha(z) = {hua (x) if v € uq,

- wo.er  lzo,mr > laf 0t

her(anu, () if z € cl(A)\uq.

The homeomorphism for A-region with a sink can be constructed similarly. Thus
we have a homeomorphism

ha:cl(A) — cl(A)

for every A-region of the flow ¢*.

IV. L-region. Here we will follow the construction in [8]. Let us consider
some L-region of the flow ¢* with an unstable (for definiteness) limit cycle ¢ inside.
Consider a region

(ﬂ':;/f, )71677';; (E)
of the flow ¢'t. We perfectly know that it is an £'-region of the flow ¢* with an
unstable limit cycle ¢’ which is the same type to £ because of directions of edges
and their numbers. We also know that the orientations of limit cycles and cutting
circles of £ and L’ are oriented consistently because the orientations of (72 )

and T¢(z),¢(m) are equivalent.
1. Consider the case of the annulus.

Step 1. Let L* and L** be the two connecting components of 9L and let L™* =
(ﬂ;,t)*lfw:;t(L*), L' = (w;,t)*lfw;t (L**). Let h*: L* — L™ and h**: L** — L™**
be the contractions of the homeomorphisms constructed before on the closures of the
elementary regions adjoined to £ (£’') with L* and L** as their common boundary
accordingly.

Step 2. Recall that 3, (X,/) is the Poincaré cross-section of ¢ (¢’), F, (F}/) is the
Poincaré map and {p} = ¥,N¢ ({p'} = T, N¢'). By Proposition 3 F, € Dif f1(,).
The point p is a source of F,. Let mqp, a,b € X, (mqp, ¢/, € L) be the segment
in ¥, (X,/) with boundary {a,b} ({a’,b'}) and pap (ptarpr) be its length.

Let {z*} =3, N L* and {z**} = X, N L**. Let * € L’* and 2"** € L'* be such
that /* = h*(z*) and 2"** = h**(2**). Let {2} } = X,y NL"™* and {z/,} = X,y NL"**.
Let t* > 0 and ¢** > 0 be the least non negative numbers such that z/* = ¢t (xh)
and z"* = ¢'*"" (2),). Let

/( p‘w;*yp’ (t*ft**)%*t**)

pr= ¢ el (),

Bl gl
/( 1/**1-3/ (t*—t**)-'rt**)
Ep’* = {¢ Pal ,al ({L'/) : {L'/ = Ep/} .
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Step 3. Let us construct a homeomorphism hyx: ¥, — X,+ by the next way.

For x € m,. Frl(av) let tX > 0 be such that Pt () € L* and t, > 0 such that
¢'8) (9" (2))) € My g1 (4. Then
k] p/*

hs(x) = ¢/l (h* (¢ (2)));
o B () let t** > 0 be such that ¢ (z) € L** and >0
such that ¢'(=t/) (R** (g% (7)) € M. Pl (ar++) Then
9 p/*

Similarly for x € m

hy(x) = ¢/ R0 (07 (¢ (2)));

For = € Mk (go), By HH (27) where k € N let
hs(z) = Fka(x) ohyo F;(x);

For x € Mt (geny, it where [ € N let

(@)’

hs(x) = F!(z) o hy o F}(z).

Step 4. Let us define a homeomorphism h.: cl(£) — cl(L£’) by the next formulas.
For z € Ep \ (me*l(x*),w* Umefl(l‘**),x**)
let hﬁhvap(m) = hlI;Fp(z) : lz,Fp(«T) - lhz(m)’hE(Fp(z))'
For z € M1 (g0, o
let h‘c|lz,¢t;(m) = hl%(pt; (m)i lz,(bt’;‘@) — lhz(I),h*(dﬁ@(“’))'

For x € M-

let h .
Lhwtw (x)

1(x**)¢z**
- hlw,dﬁt;*(:ﬂ) o gt (@) lhz(z),h**(dﬁ* (x))

2. Consider the case of the Mobius band. In general the construction is similar
to the case of the annulus but it has the few important differences.

Step 1. The boundary 0L has only one connected component, and 3, crosses it
in two points x* and x**. Denote h*: 9L — 0L the homeomorphism constructed
before on JL. Let 2/ be one of the two points in which ¥,/ crosses 9L'. Let
z"* = h*(z*). Let t* > 0 be the least non negative number such that 2/* = ¢'*" ().
Let

p/* — (b/t* (p/> and Ep'* — {(Zyt* (.CE,) . :L’/ c Ep/}.
Denote by ™** the second point in which X,+ crosses 9L’ (i.e. z"* # z'*).
Step 2. Let us construct a homeomorphism
hE : (Zp \ mm**’prl(z*)) — (Ep’* \ mz/**’Fp*/i (I’*))

by the next way: For x € m (%) let t* > 0 be such that ¢ (z) € L and

t*, > 0 such that ¢/(=%)(h* (¢t (x))) € m )~ Then

:v’*,F;,f(x’*
hs(x) = ¢4 (07 (6% (2)));
For x € Mk (o), b2 (0) where k € N, let

hs(z) = Fp_,k(x) ohygo sz(x);
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Step 3. Let us define the homeomorphism hz: cl(£) — cl(L’) by the next formulas
Forz € ¥, \ (mF;’-’(z*),z* UMges 7, (27))

let helt, myiy = Pl myor  leFo(@) = Ihs (@) b (Fy (@)

For z € mp-2 .y .

let h[/|111¢t;(1) =N : la:,(bt;(x) — lhz(z),h*((bt; (z))"

@6t (2)
The homeomorphism for L-region with a stable limit cycle can be constructed
similarly. Thus we have a homeomorphism

he:c(L) — (L)

for every L-region of the flow ¢°.

The final homeomorphism. We have built the homeomorphism for each el-
ementary region. Thus, the final homeomorphism h: S — S we defined by the
formula

ha(x) ifxec(A),

h(z) = he(x) ?fx € cl(€),
ham(z) if z € (M),
he(x) ifzed(L).

So, Theorem 5.3 is proved. O

7. Realisation of an admissible equipped graph T* by the ()-stable flow
¢t on a surface S. Let T* be some admissible equipped graph.

I. Let us construct an Q-stable flow ¢! corresponding to YT*’s isomorphic class
by creation the surface S and the continuous vector field.

Step 1. Let B be the set of T*’s vertices and E be the set of its edges. Let us
construct for every b € B a surface S, with a boundary and a vector field V} on it,
transversal to the boundary. The required Q2-stable flow on S will be glued from
these pieces of dynamics by means annuli which correspond to the edges from E
according to incidence.

A-vertex. Let b be an A-vertex. Then S, = {(z,y) € R? | 22 +y? < 1} and
the vector field on the disk S, we define by the vector-function Vi (z,y) = {—z, —y}
(71,(:10, y) = {z,y}), if the edges incident to b are directed to b (out of b).

E-vertex. Let b be an E-vertex. Let W = [0,1] x [0,1]. Define the minimal
equivalence relation ~g on W such that (z,0) ~¢ (z,1) for € [0,1]. Let Sp =
W/ ~g and ¢,: W — S, be the natural projection. Define on the annulus Sy
the vector field by the formula %(z,y) = a({%,1}) (%(z,y) = q({sin & (= +
1),c08 2 (z + 1)1)), if the weight of £ is “+7 (“=7).

L-vertex. Let b be an L-vertex. Let

W= {(z,y) €R?: |a] < 2%
Then W is a curvilinear trapezium with the vertices A(—1;0), B(—2;1),
C(2;1), D(1;0). Define on W the minimal equivalence relation ~, such that (z,0)
~e (22,1) ((2,0) ~z (—22,1)) for x € AD, if the vertex b is incident to two edges
(one edge). Let Sy, = W/ ~, and let ¢,: W — Sp be its natural projection. Then
Sy is the annulus (the Mobius band). Define on Sp, the vector field by the formula

ﬁ(m,y) = ¢,({0,1}) (?b(az,y) = ¢({0,—1})) and orient the boundary of S in the
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direction of motion along the coordinate y from 0 to 1 (from 1 to 0), if the edges
incident to b are directed to b (out of b).

M-vertex. Let b be a M-vertex. Then b is equipped with the four colour graph
I"pq, corresponding to the surface M with the vector field Vj;, constructed in the
proof of Lemma 5.6 in [10]. Let w («) be a sink (source) of Vs such that w =
W‘jlij (tp,) (@ = W‘jlij (tzp)), where my,, is the one-to-one correspondence between

the elements of the field V—M> and the elements of the four colour graph I'n,. Let
Uy (uqy) is some neighbourhood of w (of «) without other elements of the basic
set inside and with the boundary transversal to the trajectories of ‘E} Let us
orient Ju,, (Quq) consistently with the orientation of the cycle 7, . (725). Then
Sy = M\ U nt u, U U int u, with the field Vj, = ‘Zﬂsb. We
W=7T‘7]¢I (Tv,2) a=7r;;4(7—£,b)

will suppose that each connected component of 05, has an orientation due to the
oriented cycle the orientation.

— =
S_)tep 2. Efzt A =S! x [~1,1] and we have two vector fields V~ = {v~(s),s € S'},
vVt = {vT(s),s eg} on St x {1}, St xil)}, accordingly, such that they are

transversal to A, V™~ has a direction to A, V™ has a direction out of A. Let

Vi = (T(s,t) = % = o (s) + (1 +t)F(s)) seshte[-1,1])

_>
We will called the vector field V4 by an average of the boundaries.
For every edge e € F denote by A, a copy of the annulus A. Let us notice

that the sets 0 < LJ Sb) and 0 < LJ Ae> consist of the same number of circles.
beB eceE

Let hy« : 0 ( L] Sb) — 0 ( L Ae> be a diffeomorphism such that if hy«(z) =y
bEB e€E
for x € Sy, y € A, then b, e are incident, moreover, hy- induces a concordant

orientation on the connected components of A, for the edge e which is incident to
M-vertex and L-vertex.
Let S= || Sy U || Ae. Let us introduce on S the minimal equivalent relation
beB ecl
~ys« such that & ~y« hy«(z). Then §/ ~v~ is a closed surface, denote it by S
and by gs: & — S the natural projection. Then the required vector field 17S> on
S coincides with gg(Vs,) for every b € B and is the average of the boundaries on
qs(A.) for every e € E.
II. Let us prove that the Euler characteristic of S can be calculated by the
formula (3) x(S) = > (Xm — Yam) + Na, where X o is the result of applying the
M

formula (2) to the four-colour graph I' s corresponding to the vertex M, Y is the
quantity of the edges which are incident to M, N4 is the quantity of A-vertex of
T
It is well-known (see, for example, [4]) that x(II,) = x(II) — p, where II, is the
surface IT with p holes and if II is a result of an identifying of the boundaries of
1 2 _ 1 2 . . . .
I, and II7 then x(I) = x(IT;) + x(II;). As S is a result of the identifying of the

boundaries of || S, and || Ae and x(A4.) = 0 then to calculate x(S) we need
beB ecE
to calculate the characteristic of its elementary regions and to summarize them.
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As x(Sp) = 1 for b being A-vertex, x(Sp) = 0 for b being - or L-vertex and
X(Sp) = Xm — Y for b being M-vertex then we get the result.

ITI. Let us prove that S is orientable if and only if every four-colour graph
equipping T* has not odd length cycles and each L-vertex is incident to exactly two
edges.

Notice that S is orientable if and only if all its parts are orientable, i.e. all its
elementary regions are orientable, that equivalently the condition that all £-regions
are the annuli and all four colour graphs equipping Y* do not have odd length cycles
(see item (2) of Lemma 5.6). O

8. Efficient algorithms to solve the isomorphism problem in the classes
of four-colour and equipped graphs, to calculate the Euler characteristic
and to determine orientability of the ambient surface. In this section, we
consider the distinction (isomorphism) problem for four-colour and equipped graphs
and the problems of calculation of the Euler characteristic of the ambient surface
and determining its orientability. We present polynomial-time algorithms for their
solution.

8.1. The isomorphism problem, a proof of Theorem 5.10. For two given
four-colour (or equipped) graphs, the problem is to decide whether these graphs
are isomorphic or not. Recall that four-colour graphs and directed graphs of flows
can be embedded into the ambient surface. In other words, these graphs can be
depicted on the ambient surface such that their vertices are points and their edges
are Jordan curves on the surface, and no two edges are crossing in an internal
point. This observation is useful for our purposes, as there exists a polynomial-time
algorithm for the isomorphism problem of simple graphs embeddable into a fixed
surface.

Definition 8.1. An unlabeled graph without loops, directed and multiple edges is
called simple.

Proposition 6. [15] The isomorphism problem for n-vertex simple graphs each
embeddable into a surface of genus g can be solved in O(n®9)) time.

First, let us consider only the case of four-colour graphs. We cannot directly
apply Proposition 6 for distinction of four-colour graphs, as they are not simple.
Nevertheless, it is possible to reduce the problem for four-colour graphs to the same
problem for simple graphs with a small complexity of the reduction. To this end,
we need the following operations with graphs.

Definition 8.2. The operation of k-subdivision of an edge (a,b) is to delete the
edge from a graph, add vertices ¢y, ..., cx and edges (a,c1), (c1,c2), ..., (ck, ).

Definition 8.3. The operation of (k1, k2)-subdivision of an edge (a,b) is to delete
it from a graph, add vertices c1, ¢, ..., Cg,, U, 4, w,dy, da, . .., dg, and edges (a,c1),
(Cla 02)7 ey (Ckl,v), (’U7U), (U,’U}), (U7w)> (’U7d1), (dla d2)7 ey (dk27 b)

For the four-colour graph I'a¢ of a given flow, we construct a simple graph I'%,
as follows. In the graph I' x4y we perform 1-subdivision of each s-edge, 2-subdivision
of each t-edge, 3-subdivision of each u-edge. Let e = (a,b) be an arbitrary c-edge
of T, numg(e) and numy(e) be the numbers of e in the sets of c-edges incident
to a and b, correspondingly. We perform (numg(e) + 5, numy(e) + 5)-subdivision of
e. A similar operation is performed for all c-edges of the graph I'yq. The resultant
graph I'y, is simple (see Fig 10).
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FIGURE 10. f* Ty and ',

Lemma 8.4. Graphs I'yq and I'ap are isomorphic iff graphs 'y, and I, are
isomorphic.

Proof. Obviously, the graphs I'},; and I} ;, can be uniquely constructed with the
graphs I'yy and T"p¢. Let us show that the opposite fact is also true. It will follow
the lemma.

Each polygonal region of A: has at least three sides and, therefore, every vertex
of I' ¢ has at least three neighbours in this graph. Clearly, in the graph I'} ; none of
the vertices of the graph I' x4 belongs to a triangle. Hence, the set of vertices of I' x4
consists of those and only those vertices of I}, that have at least three neighbours
and do not belong to triangles. Deleted all vertices of I' o4 from I'},, we obtain the
disjunctive union of connected subgraphs, each of which is a path or a path with
a triangle joined to an internal vertex of the path. These connected subgraphs are
indicators of the existence of edges between the corresponding vertices of I'yq. If
a subgraph is a path, then its length determines a colour in the set {s,t,u} of the
corresponding edge of I'y. If a subgraph is a path with a joined triangle, then it
corresponds to some c-edge e = (a,b) of T'yq. Deleted all vertices of the triangle in
the subgraph, we obtain two paths, whose lengths show the numbers of e in the sets
of c-edges incident to the vertices a and b, respectively. Thus, knowing the graph
I\, one can uniquely restore the graph I' . O

Let us estimate the number of vertices of I} ;, assuming that 'y has n vertices
and m edges. Clearly, any of m edges of the graph I' x4 corresponds to some subgraph
of the graph I'}, that has at most 2n + 18 vertices. Therefore, the graph I}, has
at most (2n + 18) - m vertices and it can computed in polynomial time with the
graph I' ». Notice that I'}, can be embedded into the ambient surface. By this fact
and Lemma 8.4, the isomorphism problem for four-colour graphs can be reduced
in polynomial time to the same problem for simple graphs, embedded into a fixed
surface. Hence, the following result is true.

Lemma 8.5. Isomorphism of four-colour graphs can be recognized in polynomial
time.

Next, we consider the isomorphism problem for the class of equipped graphs. Let
T3 be an equipped graph. We will modify it as follows. We delete all (M, L)-edges
and all (£, M)-edges (also forget about their associated tu-cycles and st-cycles) and
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replace each M-vertex by the corresponding graph I'ys. We also connect every £-
vertex with all vertices of the associated tu-cycle (st-cycle) in the corresponding
graph 'y by edges oriented as (M, L) (resp. (£, M)), arrange orientation of the
cycle in Ty (preserving colors of its edges) as it was in (M, L) (resp. (£, M)). The
resultant graph I'; can be embedded into the ambient surface, as this is true for T(’;t
and I"yq, for any M-vertex, and by the fact that polygonal regions corresponding to
L-vertices and to their neighbours in tu-cycles and st-cycles have a common border.

We add two degree one neighbours to each A-vertex, three degree one neighbours
to each L-vertex, four degree one neighbours to each £-vertex with the “-” weight,
and five degree one neighbours to each £-vertex with the “+” weight. Additionally,
in the graph I';, we perform (2,1)-subdivision of any non-coloured oriented edge,
(3,1)-subdivision of any oriented s-edge, (4,1)-subdivision of any oriented t-edge,
(5,1)-subdivision of any oriented u-edge. Finally, for any M, we apply subdivisions
of all non-oriented edges in Iy as it was described earlier in the definition of I'}.
Clearly, the resultant graph I'} is simple, embeddable into the ambient surface, and
it can be computed in polynomial time.

Lemma 8.6. Equipped graphs T(’;t and th, are isomorphic if and only if I'y and
I'Y, are isomorphic.

Proof. Obviously, the graphs I'; and I'}; can be uniquely constructed by the graphs
T;;t and T;‘)t,. Let us show that the opposite fact is also true. It will follow the
Lemma.

Notice that any vertex of I'; not belonging to AU L U E has at most one degree
one neighbour. Hence, a vertex of I'} is an A-vertex of T(’;t iff it has exactly two
degree one neighbours; a vertex of I'} is a L-vertex of T;t iff it has exactly three
degree one neighbours; a vertex of I'} is an £-vertex of the weight “-” of T(’;t iff it
has exactly four degree one neighbours; a vertex of I'} is an £-vertex of the weight
“+7 of T(’;t iff it has exactly five degree one neighbours.

Therefore, one can determine all A-, £-, E-vertices of TZ‘ in the graph I'}.
Hence, one can determine all (A, £)-, (£, A)-, (£,€)-, and (€, £)-edges of T7,,
knowing their ends and subgraphs of I'; between them. Considering a ball of radius
five centering at a L-vertex, one can determine orientation of the corresponding
(£, M)-edge or (M, L)-edge, all vertices of its associated tu-cycle or st-cycle in the
graph T’(;t. Deleted all radius four balls centering at vertices in AULUE, we obtain
the disjunctive union of subgraphs, which are analogues of the graphs of the form
I\, By any such a subgraph, one can determine the corresponding graph I's,
associated tu-cycles and st-cycles and their orientation. Thus, knowing the graph
I'}, it is possible to uniquely restore the graph T;t. O

Recall that the graph I'} is simple, and it can be computed in polynomial time.
By this fact and Lemma 8.6, the isomorphism problem for equipped graphs can be
reduced in polynomial time to the same problem for simple graphs embedded into
a fixed surface. Hence, Theorem 5.10 is true.

8.2. The Euler characteristic and the surface orientability, a proof of
Theorem 5.11. Now, we consider the problems of calculation of the Euler charac-
teristic of the ambient surface and determining its orientability. For this purpose,
we need the notion of bipartite graph.
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Definition 8.7. A simple graph is called bipartite if the set of its vertices can be
partitioned into two parts such that there is not an edge incident to two vertices in
the same part.

By Konig theorem, a simple graph is bipartite if and only if it does not contain any
odd cycles [9]. For any simple graph with n vertices and m edges, its bipartiteness
can be recognized in O(n+m) time by breath-first search [1]. Hence, by the second
part of Theorem 5.9, to check orientability of the ambient surface, we forget about
colours of edges of four-colour graphs and apply 2-subdivision to each their edge,
to make them simple. Clearly, all of the new graphs are bipartite if and only if
the ambient surface is orientable. Thus, orientability of the ambient surface can be
tested in linear time on the length of a description of equipped graphs.

By Lemma 5.6, the Euler characteristic of a surface M is equal to vy — vy + v,
where vy, V1, v are the numbers of all tu-, ¢*-, and st-cycles of the four-colour graph
I'p of a flow without limit cycles on M, respectively. Deleted all c-edges and all
s-edges from I'p4, we obtain the disjunctive sum of tu-cycles. Similarly, deleting all
c-edges and all u-edges, we obtain the disjunctive sum of st-cycles. Therefore, v
and v5 can be computed in time proportional to the sum of the numbers of vertices
and edges of T'yq. If an edge e = (a,b) of T'pq belongs to some its ¢*-cycle C, then
the vertex a has an odd or even number in C. Hence, assuming that this number of
a is odd (or even) in C, by the number of e in the set of edges incident to b, one can
determine an edge in C' following the edge e. Hence, each edge of I'y is contained
in at most two c¢*-cycles and they can be found in time proportional to the number
of edges of I'yq. Found all these cycles, one can remove e from 'y and similarly
proceed our search of ¢*-cycles in the resultant graph. Clearly, the found cycles will
not be met one more time in the future searches of ¢*-cycles. Therefore, v, can be
computed in time proportional to the square of the number of edges of I'y4. Thus,
by the first part of Theorem 5.9, the statement of Theorem 5.11 holds.

REFERENCES

[1] V. E. Alekseev and V. A. Talanov, Graphs and Algorithms. Data structures. Models of Com-
puting (in Russian), Nizhny Novgorod State University Press, Nizhny Novgorod, 2006.

[2] A. A. Andronov and L. S. Pontryagin, Rough systems (in Russian), Doklady Akademii nauk
SSSR, 14(1937), 247-250.

[3] A. V. Bolsinov, S. V. Matveev and A. T. Fomenko, Topological classification of integrable
Hamiltonian systems with two degrees of freedom. The list of systems of small complexity (in
Russian), Uspekhi matematicheskikh nauk, 45 (1990), 49-77.

[4] Yu. G. Borisovich, N. M. Bliznyakov, Ya. A. Izrailevich and T. N. Fomenko, Introduction to
Topology (in Russian), “Vyssh. Shkola”, Moscow, 1980.

[5] A. Cobham, The intrinsic computational difficulty of functions, Proc. 1964 International
Congress for Logic, Methodology, and Philosophy of Science, North-Holland, Amsterdam,
(1964), 24-30.

[6] M. Garey and D. Johnson, Computers and Intractability: A Guide to the Theory of NP-
completeness, W. H. Freeman, San Francisco, 1979.

[7] V. Grines, T. Medvedev and O. Pochinka, Dynamical Systems on 2- and 3-Manifolds, Springer
International Publishing Switzerland, 2016.

[8] E. Ya. Gurevich and E. D. Kurenkov, Energy function and topological classification of Morse-
Smale flows on surfaces (in Russian), Zhurnal SVMO, 17 (2015), 15-26.

[9] D. Konig, Grafok es matrixok, Matematikai es Fizikai Lapok, 38 (1931), 116-119.

[10] V. E. Kruglov, D. S. Malyshev and O. V. Pochinka, Multicolour graph as a complete topo-
logical invariant for Q-stable flows without periodic trajectories on surfaces (in Russian),
Matematicheskiy Sbornik, 209 (2018), 100-126.


http://www.ams.org/mathscinet-getitem?mr=MR1069348&return=pdf
http://dx.doi.org/10.1070/RM1990v045n02ABEH002344
http://dx.doi.org/10.1070/RM1990v045n02ABEH002344
http://dx.doi.org/10.1070/RM1990v045n02ABEH002344
http://www.ams.org/mathscinet-getitem?mr=MR591670&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0207561&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR519066&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3740298&return=pdf
http://dx.doi.org/10.4213/sm8797
http://dx.doi.org/10.4213/sm8797

CLASSIFICATION OF Q-STABLE FLOWS ON SURFACES 4327

[11] V. E. Kruglov, T. M. Mitryakova and O. V. Pochinka, About types of cells of Q-stable flows
without periodic trajectories on surfaces (in Russian), Dinamicheskie sistemy, 5 (2015), 43—
49.

[12] E. A. Leontovich and A. G. Mayer, About trajectories determining qualitative structure of
sphere partition into trajectories (in Russian), Doklady Akademii Nauk SSSR, 14 (1937),
251-257.

[13] E. A. Leontovich and A. G. Mayer, About scheme determining topological structure of par-
tition into trajectories (in Russian), Doklady Akademii Nauk SSSR, 103 (1955), 557—560.

[14] A. G. Mayer, Rough transformations of a circle (in Russian), Uchionye zapiski GGU. Gor’kiy,
publikatsii. GGU, 12 (1939), 215-229.

[15] G. Miller, Isomorphism testing for graphs of bounded genus, Proceedings of the 12th Annual
ACM Symposium on Theory of Computing, (1980), 225-235.

[16] D. Neumann and T. O’Brien, Global structure of continuous flows on 2-manifolds, J. DifF.
Eq., 22 (1976), 89-110.

[17] A. A. Oshemkov and V. V. Sharko, About classification of Morse-Smale flows on 2-manifolds
(in Russian), Matematicheskiy sbornik, 189 (1998), 93-140.

[18] J. Palis, On the C! omega-stability conjecture, Publ. Math. Inst. Hautes Etudes Sci., 66
(1988), 211-215.

[19] J. Palis and W. De Melo, Geometric Theory Of Dynamical Systems: An Introduction, Transl.
from the Portuguese by A. K. Manning, New York, Heidelberg, Berlin, Springer-Verlag, 1982.

[20] M. Peixoto, Structural stability on two-dimensional manifolds, Topology, 1 (1962), 101-120.

[21] M. Peixoto, Structural stability on two-dimensional manifolds (a further remarks), Topology,
2 (1963), 179-180.

[22] M. Peixoto, On the Classification of Flows on Two-Manifolds, Dynamical systems Proc.
Symp. held at the Univ.of Bahia, Salvador, Brasil, 1971.

(23] C. Pugh and M. Shub, The Q-stability theorem for flows, Inven. Math., 11 (1970), 150-158.

[24] C. Robinson, Dynamical Systems: Stability, Symbolic Dynamics, and Chaos, CRC Press,
Boca Raton, Ann Arbor, London, Tokyo, 1995.

[25] S. Smale, Differentiable dynamical systems, Bull. Amer. Soc., 73 (1967), 747-817.

Received May 2017; 1st revision February 2018; 2nd revision April 2018.

E-mail address: KruglovSlava21@mail.ru
E-mail address: dsmalyshev@rambler.ru
E-mail address: olga-pochinka@yandex.ru


http://www.ams.org/mathscinet-getitem?mr=MR0072305&return=pdf
http://dx.doi.org/10.1145/800141.804670
http://www.ams.org/mathscinet-getitem?mr=MR0488000&return=pdf
http://dx.doi.org/10.1016/0022-0396(76)90006-1
http://www.ams.org/mathscinet-getitem?mr=MR1669627&return=pdf
http://dx.doi.org/10.1070/SM1998v189n08ABEH000341
http://dx.doi.org/10.1070/SM1998v189n08ABEH000341
http://www.ams.org/mathscinet-getitem?mr=MR932139&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR669541&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0142859&return=pdf
http://dx.doi.org/10.1016/0040-9383(65)90018-2
http://www.ams.org/mathscinet-getitem?mr=MR0149037&return=pdf
http://dx.doi.org/10.1016/0040-9383(63)90032-6
http://www.ams.org/mathscinet-getitem?mr=MR0322894&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0287579&return=pdf
http://dx.doi.org/10.1007/BF01404608
http://www.ams.org/mathscinet-getitem?mr=MR1396532&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0228014&return=pdf
http://dx.doi.org/10.1090/S0002-9904-1967-11798-1
mailto:KruglovSlava21@mail.ru
mailto:dsmalyshev@rambler.ru
mailto:olga-pochinka@yandex.ru

	1. Introduction
	2. The dynamics of an -stable flow
	2.1. Global properties
	2.2. Fixed points
	2.3. Closed trajectories

	3. The directed graph for a flow tG
	4. Equipment of the directed graph
	4.1. A-vertex
	4.2. L-vertex
	4.3. E-vertex
	4.4. M-vertex
	4.5. (M,L)- and (L,M)-edge

	5. The formulation of the results
	5.1. The classification result
	5.2. The realisation results
	5.3. The algorithm results

	6. The proof of the classification Theorem 5.3
	6.1. The necessary condition of Theorem 5.3
	6.2. The sufficient condition of Theorem 5.3

	7. Realisation of an admissible equipped graph * by the -stable flow t on a surface S
	8. Efficient algorithms to solve the isomorphism problem in the classes of four-colour and equipped graphs, to calculate the Euler characteristic and to determine orientability of the ambient surface
	8.1. The isomorphism problem, a proof of Theorem 5.10
	8.2. The Euler characteristic and the surface orientability, a proof of Theorem 5.11

	REFERENCES

