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We study the effect of superconducting fluctuations on the conductivity of metals at arbitrary temperatures 7
and impurity scattering rates T ~!. Using the standard diagrammatic technique but in the Keldysh representation,
we derive the general expression for the fluctuation correction to the dc conductivity applicable for any space
dimensionality and analyze it in the case of the film geometry. We observe that the usual classification in terms
of the Aslamazov-Larkin, Maki-Thompson, and density-of-states diagrams is to some extent artificial since
these contributions produce similar terms, which partially cancel each other. In the diffusive limit, our results
fully coincide with recent calculations in the Keldysh technique. In the ballistic limit near the transition, we
demonstrate the absence of a divergent term (7 7)? attributed previously to the density-of-states contribution. In
the ballistic limit far above the transition, the temperature-dependent part of the conductivity correction is shown
to grow as T't/In(T/T,), where T, is the critical temperature.
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I. INTRODUCTION

Superconducting transition is a second-order phase tran-
sition, with pairing correlations emerging in a continuous
fashion when the temperature 7 passes through the critical
temperature 7. In the mean-field description, Cooper pairs
appear only below T, since their formation is energetically
unfavorable above the transition. Nevertheless they can emerge
as virtual excitations also for T > T, due to thermal fluctu-
ations. Fluctuation formation of Cooper pairs in the normal
state is known as superconducting fluctuations. They manifest
themselves in various physical properties, which acquire a
temperature-dependent correction growing at T — T, [1,2].

The study of the effect of superconducting fluctuations
on transport properties began with observation of fluctuation
corrections to conductivity [3]. Theoretical understanding of
the effect was elaborated in the seminal paper by Aslamazov
and Larkin [4], who calculated the direct contribution of
fluctuation Cooper pairs to charge transport. Later on, an
additional mechanism was analyzed by Maki [5] and Thomp-
son [6]. Eventually it was recognized that there are three
contributions to the fluctuation correction: paraconductivity
(Aslamazov-Larkin, AL), scattering on superconducting fluc-
tuations (Maki-Thompson, MT), and the contribution due to
the depletion of the normal density of states (DOS) [7]. The
theory developed in the beginning of the 1970s was limited to
the immediate vicinity of the critical temperature and described
(apart from the AL term) the dirty limit, 7t <« 1, where
T is the mean-free time (we use the system of units with
e = h = kg = 1). This limit is shown as region (a) in Fig. 1.

In the 1980s, the theory of fluctuation conductivity was
extended to large temperatures above 7, [8,9], where the dirty
limit was considered [region (b)]. The rise of high-temperature
superconductivity in the 1990s stimulated interest in less
disordered superconductors, and the theory was generalized to
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the clean limit, 7t > 1, in the vicinity of 7, [10-13] [regions
(a) and (c)]. The case of a superconductor without impurities
was considered in Ref. [14] [regions (c) and (d)].

In the presence of a magnetic field H, the superconducting
transition takes place at the line H.(T), above which super-
conducting fluctuations modify the normal-state conductivity.
They have been studied in Ref. [15], where the low-temperature
region in the vicinity of the quantum phase transition, H —
H_», has been analyzed in the diffusive limit. The general phase
diagram in the plane (H,T) was addressed in Refs. [16,17].
Frequency dependence of the conductivity correction for ar-
bitrary T > T, in the diffusive limit was studied in Ref. [18].
Besides conductivity, superconducting fluctuations affect the
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FIG. 1. A sketch of the diagram for the fluctuation conductivity in
the variables € = In 7'/ T and 7,7 (inverse disorder strength) showing
the leading contributions and the corresponding formulas. The regions
(a)—(d) label four asymptotic cases: close to 7 /far from T, and the
diffusive/ballistic limits. The behavior of the anomalous MT (AMT)
contribution near T, is different in the moderately clean (¢’) and
superclean (c”) regions separated by the line 7,7/ ~ 1.
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Nernst coefficient [19-23] that has a profound effect due to its
smallness in the normal state.

Though the physical picture of superconducting fluctuations
is rather well understood, their analytical description is a
sufficiently complicated task. Despite half a century of studies,
the dependence of the fluctuation conductivity on various
parameters is still debated: Two recent papers [16,17] predict
similar but different expressions for o (H,T) in the dirty limit.
Historically, fluctuation corrections were calculated using the
diagrammatic technique in the Matsubara representation, with
the subsequent analytic continuation to real frequencies [7].
This method was employed also in Ref. [16]. On the other hand,
recent publications use a different Keldysh technique: either in
the form of the Usadel equation [17] or in the sigma-model
formalism [18]. That makes comparison between different
approaches problematic. Reported inconsistencies appeal for
a revision of previously obtained results in the whole phase
diagram of Fig. 1.

Motivated by existing discrepancies, in this paper we derive
a general expression for the dc conductivity correction for an
arbitrary temperature, 7 > T, and disorder strength measured
by the parameter 7 7, assuming an arbitrary space dimensional-
ity d. The final analysis will be performed in the experimentally
relevant two-dimensional (2D) case corresponding to the film
geometry. The existence of the exact expression interpolating
between the four limiting cases discussed above provides us a
tool for a critical review of previous results.

Our approach is based on the diagrammatic technique in the
Keldysh representation. The use of the diagrammatic language
makes a bridge with the majority of previous calculations and
allows us to compare individual contributions. On the other
hand, the use of the Keldysh technique is crucial for accurate
disorder averaging beyond the diffusive limit. Otherwise the
number of terms with different analytic structure makes the
routine procedure of analytic continuation extremely sophisti-
cated.

The paper is organized as follows. In Sec. II we formulate
the model, discuss the main ingredients of the technique and
present the general expression for the conductivity correction.
In Secs. III and IV we analyze dc conductivity in the diffusive
and ballistic regimes, respectively. The crossover between the
diffusive and ballistic regimes in the vicinity of the transition
is studied in Sec. V. In Sec. VI we summarize our results and
discuss them in the context of previous approaches. Finally,
numerous technical details are relegated to several Appendices.

II. GENERAL EXPRESSION FOR THE
CONDUCTIVITY CORRECTION

A. Model

We consider a disordered s-wave BCS superconductor
described by the second-quantized Hamiltonian

N A
H = /dr[Z Wi Aova — ;wiwimw] (1

where V¥, (r) is the fermionic field, with « = 1, | labeling
the spin degrees of freedom, A < 1 is the dimensionless
interaction strength, and v is the density of states at the Fermi
energy (per one spin projection).

The single-particle Hamiltonian has the form:

A, = (V- ia)?
2m

where u is the chemical potential. We will consider the system
at zero magnetic field, and the vector potential a will play the
role of a source field to generate current and will be set to

zero afterwards. The disorder potential U(r) is assumed to be
a Gaussian white noise specified by the correlation function

S(r—r')

2TVt

-+ U(r), ()

(UmUI")) = ; 3)
where 7 is the mean-free time.

We assume that disorder is weak, with the quasiclassical
parameter ut 3> 1. This inequality allows us to apply the
usual diagrammatic cross technique for disorder averaging.
We also assume that the system is far from the metal-insulator
transition, such that the weak-localization and interaction [24]
corrections can be neglected.

B. Keldysh technique

In order to calculate the conductivity o, we use the Keldysh
technique for superconducting systems [25-27]. Integrating
out fermions, we obtain a theory formulated in terms of
the classical Ay and quantum A, components of the order
parameter and defined by the partition function

Z[a] = f D[A]e!S1A-2l, “)
with the effective action

L2
iS[A.a]=TrinG™' — % / drdi(AG A + ALAG). (5)

Here Tr is the full operator trace, and G lisan operator in the
Nambu and Keldysh spaces. Its structure in the Nambu space
has the following form:

51 (id, — Hy A
The operator Hy is obtained from Eq. (2) by replacing a by &,
and the Keldysh matrices A and a are given by

A = Agoy + Ago1, & = agop + a401, )

where o; stand for the Pauli matrices in the Keldysh space.
In the normal state (A = 0), the Green function becomes
diagonal in the Nambu space, with the particle (G) and hole

(G) components:
G O
G= ( ~> . ®)
0 G/

At equilibrium with the temperature 7', the particle component
is diagonal in the energy space with:

G Gi
GE=<0 GA> , G§ =Fp(G§ —Gp), (9a)
E/ K

with Fr = tanh(E/2T) being the fermionic equilibrium dis-
tribution function. The hole component has the same structure
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in the Keldysh space and is related to the particle component
by the energy inversion:

GrN = _G*B GK = _G¥,. (9b)
Gaussian fluctuations of the order parameter field governed

by the action (5) are described by the fluctuation propagator
Lij(,q) = 2iv(Ai(w,q) A} (—w, — q)). (10)

Its structure in the Keldysh space at equilibrium reads:
Ly LX K R A
L(w,q) = <L;3 K >K, LS =B,(LE-Ly), 1D

where B(w) = coth(w/2T) is the bosonic equilibrium distri-
bution function, and LA = (LR)*.

C. Conductivity correction

In the Keldysh formalism, the linear response conductivity
tensor is calculated by taking the second derivative with respect
to the source fields a:

Qup(@) 1 82Z[a]

oy = , _— . 12
ogp(w) ” Oup = 28a“8a (12)

The fluctuation correction to conductivity in the one-loop (with
respect to the fluctuation propagator) approximation is given
by the three standard skeleton diagrams shown in Fig. 2: (a)
DOS, (b) MT, and (c) AL [7]. The kernel Q(w) is given by the
sum of the three corresponding contributions

O0(w) = Q"% (w) + oM (w) + 0*(w). (13)

The most complicated technical part of the calculation
is the procedure of disorder averaging that is discussed in
Appendices A and B. The general expression for o will
be presented in Sec. IIE, and meanwhile we introduce the
necessary ingredients.

D. Ingredients

The general expression for the fluctuation correction
involves two basic ingredients: the fluctuation propagator
L®(w,q) and the functions f,,(®,q), gm(®,q) obtained from
disorder averaging of the blocks of Green’s functions in Fig. 2.
We discuss these objects below.

(@) (b) (©

’ S
’ ~

FIG. 2. Diagrams that determine the fluctuation correction to
conductivity: (a) density of states (DOS), (b) Maki-Thompson (MT),
(c) Aslamazov-Larkin (AL) contributions. The wavy line is the fluctu-
ation propagator, the solid line is the Green function. Solid (open) dots
indicate quantum (classical) current vertices. The diagrams should be
averaged over disorder.

FIG. 3. Equation for the disorder averaged fluctuation propagator.
Solid (red) line is the retarded and dashed (blue) line is the advanced
Green’s function. The black dot denotes the electron-electron interac-
tion vertex, and the gray sector stands for the disorder-dressed vertex
shown in Fig. 4.

1. Fluctuation propagator

Fluctuation propagator is defined as the sum of diagrams
shown in Fig. 3, which should also be averaged over disorder. In
the leading approximation, the averaging should be performed
in each bubble independently. The result is expressed in terms
of the vertex correction (see Fig. 4):

Fwq) = ———— (14)
Y T R w.g)

where fi(w.q) = [ GR, . (p+q)Ga(p)dp)/2mvT is the
primitive step of the ladder. In the limit ¢ < pp, it is

given by

1
ff(w.q) =< . > : (15)

l —iwt +igln,

where the averaging is taken over the unit d-dimensional vector
n, [ = vp7 is the mean-free path and vy is the Fermi velocity.
Explicit expression for f; depends on the space dimensionality.
In the 2D and 3D cases, it is given by

1 2D;

J=iwr?+q22’ (16)

arctan[gl/(1—iwT)]
actnlglf—ienl 3D,

flR(qu) =

In what follows we will work in the 2D case and use the
corresponding expression for fi.

The retarded fluctuation propagator L*(€2,g) can be written
as the sum over Matsubara energies ¢, = 2nT(n + 1/2) [7]:

B tfRQie, + Q,q) j|
2¢e, 1— flR(Q,iE,, + Q,q9) ’
17

1
LR(S'Z ) e+4rrTZ|:

where
€ =In(T/T,). (18)

It’s worth emphasizing that Eq. (17) is consistent with the
definition (10) and does not contain the typical factor of —1/v
inherited from the interaction term in Eq. (1). We find it
convenient to follow the present notation, which renders L
dimensionless and simplifies intermediate expressions.

\ \

A\ = \
\ \
\

FIG. 4. Vertex correction y due to the impurity ladder. Black
dotted lines denote the impurity correlator (3).
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The general form (17) of the fluctuation propagator is
quite cumbersome. It can be significantly simplified in the
two partially overlapping limits: (i) in the diffusive regime at
arbitrary temperatures, and (ii) near the transition at arbitrary
disorder strength.

(1) Inthediffusive limit (gl < 1 and Q1 < 1), the function
fi is close to unity, ff(w,q)~ 1 —iwt + Dg*t, and the
fluctuation propagator takes a simple form:

1 e 1 qu—iQ " 1 (19)
LR(Q, q) An T 2 )
where 1/ (z) is the digamma function.
(i) Near the transition (T — T.), the main contribution
to conductivity comes from small momenta and frequencies.

The fluctuation propagator then takes the so-called local form
regardless of the value of 7't [7]:

e — T — —Q 20
LR 2.q) =e+E(T1)g” ST (20)
where £(7T'7) is the disorder-dependent coherence length. It
interpolates between the dirty, §7 = 7 D/8T, and clean, £ =
7¢(3)D /162t T?, limits according to the general expres-
sion [4,28]:

Sz(Tt) = Dt F(1/2), 20
where the function F is defined as
10( ) 1
F@) =G ¢<z 4 m) 22)

Note that £(7 t) remains finite at 7 — 7. It is the correlation
length §(T't)/+/€ [see Eq. (20)] that becomes singular near the
transition.

2. Disorder averaged blocks

The procedure of disorder averaging of the blocks of
electron Green’s functions is outlined in Appendix B. In
calculating the integrals over the Fermi sphere, one encounters
the following expressions:

R _
I (@,q) = <(1 (23a)

1
—iwt +igln)™ >n’

(23b)

iny

—iwt +igln [,

The functions f,(w,q) are generalizations of the function
fi(w,q)inEq. (15). They appear after disorder averaging of the
blocks for the DOS and MT diagrams. The functions g,,(w,q)
containing an additional n, in the numerator originate from
averaging of the vector triangular vertex for the AL diagram
Asusual, f,H(@,q) = [ X (@,q)]* and g/, (®,q) = [gn (@, q)]*.

R _
gm(w,q) = <(1

E. dc conductivity at arbitrary disorder

In the zero-frequency limit, the general expression for
the conductivity correction can be conveniently represented
as a sum of the contributions with one and two fluctuation
propagators:

S0 =80V 4506, (24)
The term with one propagator, 85!, accounts for the DOS

and MT diagrams and also contains a part of the AL diagram
(AL1) naturally transformed to a single L via integration by

parts, as described in Appendix C. The remaining part of the AL
correction (AL2) yields a two-propagator contribution §o®.

After some algebra, the expression for o) can be conve-
niently represented as

S0 =27 D7? / /(2 )d {BaIm[L*(Q,9)Z%(Q.9)]

+ By Im[L*(Q.9)1Z%(Q,9)}. (25)

where £%2(€2,q) denote blocks of electron Green’s functions
averaged over disorder. The square block of the DOS diagram
(a) in Fig. 2 yields Xpos (without an additional cooperon; in
the diffusive limit equivalent to the diagrams 58 from Ref. [7])
and Xpos(c) (with an additional cooperon; in the diffusive limit
equivalent to the diagrams 9-10 from Ref. [7]). The square
block of the MT diagram (b) yields the regular contribution
Yrmt (Without an additional cooperon, see diagrams (a)—(e),
(g), (h) in Fig. 7; in the diffusive limit it is contained in the
diagram 2 from Ref. [7]), the anomalous contribution XAyt
(the diagram (f) in Fig. 7; in the diffusive limit it is contained
in the diagram 2 from Ref. [7]), and Xyt (With an additional
cooperon, see diagrams (b’)—(h’) in Fig. 7; in the diffusive limit
it is equivalent to the diagrams 3, 4 from Ref. [7]).

The functions £%4(Q,q) are given explicitly by the fol-
lowing expressions:

ESOS+RMT(Q ')
dE Ag A2 A A A AN2
= [ SR - FRAR = 2t =300,
(26a)
EI%OS+RMT(Q q)

dE
= 2Re/ EFE[ﬂA + A =280 + fSA(yA)2],

(26b)
EICIT(C)(Q:Q)
dE
:2/5%[ Peted (M + [ ™). (260)
V4 dE A A
o) (£2,9) =4Ref r efiltelted (v, (26d)
2 hosc)(€2:9)
dE
= / gFlC:[flA(g?)z(VA)S - flA(gf)zyA], (26¢)

E1%05((;)(9 .q)

dE
— 2Re / E2 Fe[fA@R A + £y @6f)

2
2:AZMT(QJ])
dE
= —are [ S Fefty (262)
21
R
EALI(Q9‘])
2 1

L [dE
=T laq{qd ]/EFé[g?(VA)2+2ngA]}, (26h)
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where the arguments of functions f,, g,,, and y are f,(2E —
Q,q), etc., and 9, = 9/d]|q| is the derivative with respect to
the absolute value of the momentum. The blocks absent in the
list (26) are zeros: TR . = 2%, = 0.

To regularize the infrared divergency of the AMT correction
in the dimensionalities d < 2, one should take into account a
finite dephasing time 74 [5,6]. We will neglect dephasing due
to scattering on superconducting fluctuations [29,30] which is
characterized by an energy-dependent dephasing rate [31] and
assume, e.g., the standard Coulomb-mediated dephasing [32].

Remarkably, the two-propagator contribution, §o® =
802, can be expressed solely in terms of two L’s and their
derivatives [which generate the blocks, according to Eq. (C3)]:

@ _
s Zd/ /(2 )dB(Q) 2ALRY, (LR

— LA, [L 17y = LRLA@,[L*17! = 8,[L4171)).
(27

Equations (24)—(27) describe dc fluctuation conductivity
in units of €2 /h for arbitrary temperatures, T > T,, disorder
scattering times t, and space dimensionality d. We analyze
them below in the 2D geometry.

III. de CONDUCTIVITY IN THE DIFFUSIVE REGIME

In this section we analyze the fluctuation correction at ar-
bitrary temperatures in the diffusive regime, Tt < 1 [regions
(a) and (b) in Fig. 1]. In terms of length scales that corre-
sponds to the inequality / < &., when the coherence length
is given by the dirty-limit expression &; = /7 D/8T ~ /&,
see Eq. (21). In the diffusive regime, f,, ~ 1, g,, = mql/d,and
the generalized cooperon acquires the standard diffusive form:

1
R(A) —

' en = 5o (28)
Then the integrals over E in Egs. (26) except for the T£\r
can be calculated by the residues of Fg, since the integration
contour can be deformed to avoid singularities of f’s and
y’s. The resulting expression is then expressed in terms of
the digamma function. On the other hand, the AMT contribu-
tion (26g) contains a part determined by the poles of y ¥y 4

A. General expression in 2D

In the two-dimensional case, the fluctuation correction to
the conductivity can be written as

1
452

where the dimensionless variables x and y are related to the
momentum and frequency of the fluctuation propagator as

_Dq2 . Q
T anr YT axT

Following Ref. [18], we find it convenient to express the result
in terms of the function G(z) of the complex variable z =

x +1iy:
SRR

b0 = - [~ dx / dy c(x.), 29)

(30)

1
G(Z)ZMZG-‘FV/(E‘F

which determines both the fluctuation propagator and the
blocks ¥ in Egs. (26). The contribution of the diagrams to
¢(x,y) are listed below:

G ImGIm G’
CPOSHRMT _ _gpqm & oy BT 39
G |G|?
gDOS(C)+MT(C) = —3bxIm G” —b'x M, (33)
G |G|?
G// G///
Ll _ 4pIm L7 (34)
G
ar_ 2 I’ G (35)
x + Xx |G|2
Im?> G’ G’
AL2 / 2
—2b —2Im* — |, 36
S x( |G|2 m G) ( )

where G = G(z), b = b(y) = coth2xy, x, = (471Tr¢)’1 is
the dimensionless dephasing rate, and primes indicate deriva-
tives with respect to the corresponding argument.

We see that the mathematical structure of the expressions
for the DOS, RMT, DOS(C), MT(C), and AL1 contributions
is similar. Therefore we find it natural to combine them into a
single quantity

CREG _ _DOSYRMT | _DOS(CHMT(C) | ALl (37)
which after partial cancellations acquire a fairly simple form:
G"” Im G Im(2G’ G”
EG _ pypm O _ pIMGIMEG +xGT) )
G |G|?

As aresult, the total correction can be written in the form (29)
with

c= gREG + 5_AL2 + 5_AMT7 (39)

where ¢REG, cAL2 and ¢AMT are given by Egs. (38), (36),
and (35), respectively.

B. Comparison with previous results

Our expression for the fluctuation correction in the 2D diffu-
sive case [given by Egs. (29), (35), (36), (38), and (39)] exactly
coincides with the zero-field result obtained by Tikhonov et al.
in a different approach [17]. In Ref. [17], the total correction is
represented as a sum of three terms, § 4% 4 §o¢) 4 §o@V,
Direct comparison shows that their 0@ is equal to our
8c"MT  The other two terms, 804 and 8§59, are given
by Egs. (D1) and (D2), respectively. Though these terms are
not separately equal to 8oRES and 8042, we demonstrate
in Appendix D that their overall contribution is the same:
8049 4 5569 = §oREG 4 §5AL2. Thus we have established
a complete equivalence between the standard diagrammatic
approach (in the Keldysh form) and the method based on the
Usadel equation in the field of a fluctuating order parameter
(also in the Keldysh form) developed in Ref. [17].

In the language of the Keldysh sigma model, the fluctua-
tion conductivity was studied by Petkovi¢ and Vinokur [18],
where the total correction was written in a different way:
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dopos + 8oar, + dowmr. Their MT correction, oy, coincides
with 80@ of Ref. [17] and with our §6“MT. However the
expressions for dopos + doar inRef. [18] are too cumbersome,
and we did not compare them with our S§oREC 4 §oAL2,
Nevertheless, our asymptotic expansion of the correction in the
region y K € K 1 [see Eq. (44) below] fully agrees with their
result, which is a strong argument in favor of a full equivalence
between our theory and the theory of Ref. [18].

Finally, we mention the work by Glatz et al. [16], where the
fluctuation correction at arbitrary temperatures and magnetic
fields was calculated within the standard Matsubara diagram-
matic technique. As we fully coincide with Ref. [17] in the
zero-field regime, we do not reproduce the results of Ref. [16]
(results of Refs. [16,17] are known to be inconsistent).

C. Vicinity of the transition, 7 — T,

In the vicinity of 7, [region (a) in Fig. 1], the general
expressions for 6 RS, §5AL2, and §6*MT can be simplified.
While the leading AL and AMT terms are well established [7],
the behavior of the subleading terms as a function of € and
y = (7{/8)(Tr¢)_1 is still a subject of controversy [17,18].
Keeping the terms which are singular in the limit €,y — 0,
we get with the accuracy of O(1):

1
SoA2 = et (40)
7¢(3 1
sokeo = O Ly @1)
b €
11 7¢(3 1
soAMT _ 1 n(e/y)+h(z>_|:i4)+fc:|ln—+...,
8 e—y € T 4
(42)

where the numerical constant x = 0.1120 and the function /(x)
is given by

7¢(3) In(1/x) — 1 +x
24 (1 —x)?

The coefficient in front of In(1/y) in the AMT correc-
tion (42) contains two terms of different origin, as discussed in
Appendix E. The one proportional to £(3) comes from small
y [see Eq. (30)] corresponding to the frequency Q ~ T — T,
where the function G(z) in Eq. (35) can be expanded in a
power series. On the contrary, the term with « is determined
by the integral (E6), where y ~ 1 (corresponding to 2 ~ T,)
are important and the digamma function should be left unex-
panded. The relevance of this parameter region was pointed out
in Ref. [18], where the parameter « (equal to 7¢(3)(c — 1)/m*
in the notations of Ref. [18]) was estimated numerically with
4% accuracy.

In the relevant case of weak phase breaking, y < € <« 1,
we find for the total correction:

= 1 +2In(e/y) — 21863 In l— [75(3) + Ki| In l—i—. .
16¢ 274 € 274 y

(44)

Here the first term is the sum of the standard AL and AMT

corrections in the leading approximations, and the coefficient

h(x) = 43)

So

¢ = —21/2 in front of the subleading term ¢(3) In(1/¢€)/m* is
a sum of

REC = 7, A2 =0, AMT=_7)2, (45)

Equation (44) exactly coincides with the expression derived in
Ref. [18], where the coefficientc = —21/2 is obtained as a sum
of cpos = —21, caL = 14, and ¢t = —7/2. The coefficients
909 = _7 and ¢®9 =0 found in Ref. [17] coincide with
our cREG = —7 and ¢A? = 0, respectively, whereas their ¢(*V
contains an error corrected in Ref. [18].

In this section we present our results in terms of o
8o, and 85“MT, due to their compact analytical form. One
can easily show that the initial diagrams produce the following

contributions to the coefficients in front of the logarithmic term:

REG
b

CDOS — _]4’ CAL = 14, cMT = -7 — 7/2 (46)

(where ¢’MT = —7 and ¢*MT = —7/2). In the standard di-
agrammatic calculation in the Matsubara technique [7], the
contribution of the MT diagram is often represented as a sum
of the regular and anomalous terms, §o™MT™¢ and §oMTan,
Such decomposition is purely technical, naturally arising in the
process of analytic continuation. It is similar but yet different
from our splitting of the MT diagram into the RMT and AMT
terms, which is also a matter of technical convenience. In
the vicinity of the transition, o™ grows logarithmically
with M8 = 14, leading to the doubling of the DOS
correction [7]. Note however that an accurate extraction of
the subleading logarithmic term from the anomalous part of
the MT contribution should give ¢MT®" = 7/2, restoring the
correct overall coefficient cMT = —21/2.

D. Far above the transition, 7 > T,

At high temperatures, € = In(T/T,) > 1 [region (b) in
Fig. 1], the main temperature-dependent contribution to the
conductivity is given by the term §oRFS coming from large
momenta and frequencies (x,y ~ ¢ > 1). Formally, the cor-
rection diverges at large momenta, x >> e€, and is usually cut
at the upper limit of the diffusion region x ~ 1/(T'7), leading
to the known result [9]:

ot Ly, 1/ Tex

T 2@
In the ballistic region, as we will see in Sec. IVA, the
ultraviolet divergency becomes even stronger, leading to a
large but temperature-independent and therefore unmeasurable
contribution.

The functions ¢*MT and ¢A? are proportional to &', there-
fore the corresponding conductivity corrections come from
x ~ 1 and y ~ 1. Hence they are additionally suppressed in
the parameter 1/e compared to §o REC:

+ OE™h. 47)

AL2

11
s = SV 4 o), (48)
SoAL? = :—2 + O, (49)

where a large factor In 1/y in the AMT correction is due to
the singularity at small momenta, and a numerical constant
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»x = 0.0150 is determined by the integral

o0 o0
%:/ dx/
0 —00

For the sake of comparison with previous diagrammatic
studies, it is instructive to look at the full contribution of the
AL diagram, 80t = 8oL + §0AL2, In our representation,
the term 80! relegated to o RES appears to be much larger
than 8042 and thus determines the leading asymptotics of the
AL correction:

sorb— L(L__ 1
72\e Inl/T.z

x Im? w(1/2—|—x+ly)

50
7 sinh? 27y ©0)

) + O@?). (51)

Fluctuation conductivity at 7 > T, was first considered in
Ref. [9]. We reproduce their results for the leading correc-
tion (47) and the AL contribution (51). At the same time,
we cannot reproduce the partial contributions of individual
diagrams in Ref. [9]. The discrepancy appears, e.g., in the
relative contributions of the DOS and MT diagrams crossed
by additional cooperons: Instead of their relation 256 P95(©) =
—8oMT©) we obtain 28¢POSC) = §MTO)  Also, our AMT
correction (48) is 72 /2 times smaller than the one obtained in
Ref. [9]. Finally, our asymptotic expressions fully agree with
the result of Ref. [17].

IV. dc CONDUCTIVITY IN THE BALLISTIC REGIME

A. General discussion
Consider now the fluctuation correction in the ballistic
regime, Tt > 1, corresponding to the inequality [ > &, [re-
gions (c) and (d) in Fig. 1]. In this case it is convenient to use
the dimensionless momentum x and frequency y introduced
according to [cf. Eq. (30)]

. qu . Q
T AxnT’ T An T’

In the two-dimensional case considered hereafter, the general
expression (25) for the one-propagator contribution can be
written as

soV = 16712T3r3/ xdx/ dy
0

%w

(52)

{b(y)l (L ER)~|— + Im (LR)EZ}, (53)
where b(y) = coth 2wy, as in Sec. IITA.

Let us analyze the behavior of ") in the limit T — oo. The
blocks f, and g, defined in Egs. (23) scale as O(1/t"). Then
the most singular contributions among Eqgs. (26) are given by
Thossrmr and %y, where one should replace y — 1 and
keep only fi. Both terms behave as O(1/7) but are opposite
in sign and exactly cancel each other. Retaining the next-to-
leading terms O(1/1?), we obtain

szzfd—Ezt«“/[f2

5 (FY]+00/2, (54

dE
— _4Re / U ol + ST O, 59)

a2 D N N P Y WL
g tqd g gl
L o) D Y N N TV W, T )
—1 —1

FIG. 5. Singularities of the term f{*(«',q)y®(«',q)y*(«',q) in
the integrand of Eq. (26g) in the plane of complex frequency ' =
2E — w: branch cuts of fIR‘A shown by wavy lines and poles of y®4
shown by crosses. Panels (a) and (b) correspond to diffusive (¢! < 1)
and ballistic (g/ > 1) momenta, respectively.

where we have employed the identity 1 T aaq d=lg = f,
(valid for any dimensionality ) in transformmg =R . The
two-propagator AL2 contribution (27) and omitted terms of
the MT contributions contain a smaller power of the large
parameter 7't but have a stronger divergency at T — T, see
below.

The analytic structure of the integrands in % and ©%
[Egs. (26)] is determined by (i) the poles of the distribution
function Fg and (ii) the singularities of f{*y®y* in the AMT
term $%,r. Indeed, the singularities due to f* and y %4
all the terms except for the AMT term are located either above
or below the real axis and therefore can be avoided by a proper
deformation of the integration contour. The corresponding
integral over E is then determined by the poles of Fp.

On the contrary, the AMT term (26g) contains the product
£y ®y4 which has singularities both above and below the real
axis: the branch cuts of f;*** and the poles of y 4, see Fig. 5.
The poles of cooperons y X4 becomes essential only for small
momenta, g/ < 1. The contribution of this region is smaller
than the contribution of the region ¢l > 1 [the term ff f* in
Eq. (55)] by the factor of 1/T 7, but is more singular at e — 0.
It will be analyzed in Sec. IV B.

Since in the ballistic case the poles of Fg are located much
further from the real axis than other singularities in X%y, itis
natural to separate the AMT term into the contribution of the
poles of the distribution function, Eé;ﬁ‘MT, and the singularities

of fl y*y?, B&,. Hence we have three contributions: T*,

»Z ;. (which includes %M and all other £7) and Eszmg The

functions ¥ [Eq. (F6)], Etanh [Eq. (F11)],and 31 . [Eq. (F9)]
are evaluated in Appendix Fin the leading orderin t. Since both
TR and £Z , scale as 1/72, the resulting 8o is proportional
to 7, analogously to the bare Drude conductivity. Below we
analyze the fluctuation correction near the transition and at

high temperatures.

B. Vicinity of the transition, T — T,

The fluctuation propagator in the ballistic regime is given
by Eq. (F1). In the limit 7 — 7, [region (c) in Fig. 1],
the singular part of the fluctuation correction is determined
by small momenta and frequencies that allow us to expand
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assuming x,y < 1:

1 7¢(3) 2
—LA(Q,q) =€+ —— > +1i 7 (56)
which is the ballistic limit of the general expression (20).
We start with analyzing the leading contributions in 7't >
1. According to Eq. (56), the singular part of 6o comes from
€ and y ~ ¢, corresponding to ¢ ~ /€ T /vp and Q ~
€T . Therefore in the leading order in €, the blocks fF(2E —
Q,q) in Egs. (54) and (55) can be evaluated at zero momentum
and frequency: fR(2E Q,q9) ~ (1 F2itE)™". This leads
to an additional suppressmn of both £ and thnh, which
now behaveas % ~ 2 /Q ~ O(1/ 73). The corresponding
correction to conductivity then becomes 7 independent.
It is instructive to trace this cancellation in terms of
particular diagrammatic contributions:

8o PO = ]m —, (57a)
7;“(3)
MT __ [ 277 2 E l
So = 7 T7) - Tt + (’)(1):| In - (57b)

4 1
SoAll = ;Tr + O(l)} In - (57¢)

Here cancellation of the quadratic terms (7'7)? is a general
feature of the ballistic correction discussed in Sec. IV A,
whereas cancellation of the linear terms 7't takes place only for
the leading In 1/€ contribution in the vicinity of the transition.
The remaining 80y,n = O(1)In(1/€) will be discussed in
Sec. VB.

Cancellation of the linear in 7't terms in Eqgs. (57) forces
us to analyze the singular part of the AMT contribution. The
function EEH (£2,9) behaves differently for small and large
momenta. In the diffusive limit (g/ < 1), only the poles of
cooperons y X4 are important. In the ballistic limit (g/ > 1),
it is given by Eq. (F9). Thus we find

Q (1/2Dg,
2712 |In(qurt)/mqUr,

ql K 1,
ql > 1.

smg(s-2 q)~ — (58)
As mentioned above, the form of the propagator (56) sets
the temperature-dependent coherence length &././€ as the
relevant spatial scale. Depending on its relation to / one should
distinguish between the two limiting regimes: the moderately
clean case, £, < | < &./+/€ [region (¢')], and the superclean
case, &./+/€ < I [region (c”) in Fig. 1].

(i) In the moderately clean case, the relevant momenta
belong to the diffusive region, g/ < 1. In this regime we can
simply use the diffusive result for the AMT contribution (42),
provided the diffusive fluctuation propagator (31) is replaced
by the ballistic one, Eq. (56). Hence we obtain [33]

11
AMT ™ In< (59)

éo, n—,
8e—y vy

sing, mod.cl. ™7

where y'~! = [16n2/7§(3)](Tr)(Tr¢,). The parameter y’ is
related to its diffusive counterpart y via y'/y = (£./£,)%, see
Sec. VC.

(ii) Inthe superclean case, one should take both the contri-
butions from the diffusive and ballistic momenta into account.

The diffusive contribution is given by Eq. (59), whereas the
ballistic contribution is calculated using Egs. (53) and (58):

~ (SO—:ixﬂhngodcl + n—TT In lﬁ
VA E Y €) L
The second term in Eq. (60) has been derived in Ref. [11]
(with the coefficient 7 times larger due to an arithmetical
error). Due to the logarithmic factor, it predicts that the AMT
correction grows faster with t than the Drude conductivity. In
fact, Eq. (60) is valid as long as the mean free path [ is shorter
than the inelastic length /;;. In the opposite case, l;, < [, the
logarithm should be replaced by In(/i,/€/&.), restoring the
scaling 8o 40" - oc T for very clean samples.

Finally, there is the AL2 term (40), whose leading contri-
bution is insensitive to disorder near 7, and is given by Eq. [4].
Though it remains finite in the limit 7t — oo, it should be
retained as it is more singular near the transition and thus
competes with the AMT contribution.

Hence we see that in the ballistic limit in the vicinity of 7,
the fluctuation correction to conductivity is determined by the
interplay of the AMT [Egs. (59) or (60)] and AL2 [Eq. (40)]
contributions. The former contains a large factor 7 7, while the
latter has a stronger singularity at € — 0.

Our results are in contradiction with the conclusion of
Ref. [12], where the ballistic correction was claimed to be
proportional to (Tt)?> in the moderately clean limit. This
strongly growing with t fluctuation correction was attributed
to the DOS diagram, in accordance with our result (57a).
However we find that the pole contribution of the MT diagram
has the same leading behavior but with the opposite sign
[see Eq. (57b)] that leads to the exact compensation of the
(T7)? terms (as explained in Sec. IV A, this cancellation is
general, holding not only in the vicinity of 7,). Thus we
believe that the discrepancy with Ref. [12] is due to their
incorrect evaluation of the MT diagram. Understanding that
the growth of §o as fast as (T1)?is unphysical, in Ref. [13]
it was suggested (and even numerically confirmed) that this
behavior is realized only in the moderately clean case, while
in the superclean case ‘the large negative DOS contribution can
be canceled with the positive anomalous MT one.” However
our analysis demonstrates that this explanation is flawful: The
cancellation of the most divergent terms takes place already in
the moderately clean limit due to the pole contribution of the
MT diagram.

AMT
5Gsing, sup.cl.

(60)

C. Far above the transition, 7 > T,
1. Ultraviolet divergency

At high temperatures [region (d) in Fig. 1], the leading
contribution to the fluctuation correction is determined by the
term with b(y) = B(L2) in Eq. (53), where both frequency and
momentum can be large: Q, gv > T.. In this region, L% is a
logarithmically slow function, while ©* given by Eq. (54)
can be roughly estimated as 1/ [72 maxz(Q,qv)], and with
logarithmic accuracy we obtain

d d
S0 ~ vt w ~ T 4 vrgd Lo (61)
max-(£2,qv) q
The correction diverges in the ultraviolet for all space di-
mensionalities d > 1 [for d = 1, §o o Inln gmax due to the
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logarithmic dependence of the fluctuation propagator omitted
in Eq. (61)]. In the ballistic limit close to 7., the blocks
% RZ can be evaluated at zero Q and g, and convergence
of the integrals for the fluctuation correction is provided by
L% [see Eq. (56)]. In the ballistic region at T > T., the
situation is opposite: Here L is nearly constant, and a weak
decay of Z®(Q,q) cannot compensate the growing phase
volume of superconducting fluctuations with large frequency
and momentum.

Such a behavior should be compared with the situation at
T > T, in the diffusive regime [region (b) in Fig. 1], where
the presence of diffusive poles in £® and %4 provides a
better convergence of the integrals in Eq. (25). Nevertheless,
for d > 2 the fluctuation correction in the diffusive case still
diverges in the ultraviolet og? 2, where guax ~ 1/1 is the
upper boundary of the diffusive limit. It is this divergency that
leads to the Inln 1/ 7,7 term in Eq. (47). In the ballistic region,
it transforms to a stronger divergency in Eq. (61). Strong
temperature-independent infrared divergency in the ballistic
limit was first discussed by Zala et al. [34].

Three interrelated properties of the fluctuation propagator
simplify the analysis at large temperatures (T > T.): (i)
its smallness, L® < 1/e « 1, (ii) its logarithmically weak
dependence on  and ¢, and (iii) the fact that Im L* « Re L.

2. Contribution of *®

Consider first the contribution of ¥ to Eq. (53), that will
be denoted as §o ®. Neglecting Im L* for the reason described
above and taking X ® from Eq. (F6) we get

2T
so T/ dy/ x dx coth(2rry)L®

x/mdtt [Jo(x1) — So(x1)] sin(yt)
0

, 62
2sinht/2 (62)

where Jy(z) is the Bessel function, and Sy(z) = sin(z)/z.
Next we integrate over y neglecting a logarithmically weak
dependence of LR on y:

AT 2 Jo(xt) — So(xt
sok — T xdx LR/ dt [Jo(x ) _ o(xt)]
T Jo 0 16 sinh” ¢ /4

. (63)

As already discussed in Sec. IV C 1, this integral diverges in
the limit x — oo. Since large x correspond to small 7, one can
replace (f/4)%/sinh?(r/4) by 1, and the integral over ¢ gives
(1 —m/2)/x. Then cutting the remaining integral over x at
X = Xmax > 1 we obtain

Xmax o VT max
€ +In xXpax ln(UQmax/Tc)’

in accordance with the estimate (61). The key point is that this
divergent correction is temperature independent and hence can
be absorbed into the Drude conductivity [34].

The temperature-dependent contribution to the fluctuation
conductivity is given by the subleading term in Eq. (63) origi-
nating fromx ~ t ~ 1 (and hence y ~ 1).In order to find it, we
should account for the difference between (¢/4)%/ sinh?(t /4)
and 1 in Eq. (63). Since the resulting integrals converge
sufficiently fast, we may replace L% by 1/e. Then integrating

Sof, ~—Tt (64)

over x as [, dx x [Jo(xt) — So(xt)] = 8(t)/t — 1/1%, we get

ATt [ dt t/4)?
sof =27 —1—#. (65)
we Jo 12 sinh® ¢ /4
The final integration gives the leading 7 -dependent correction:
Tt
Sof = —. (66)
b43

A more accurate estimate of the integrals as well as account
for Im L® would generate smaller terms of the order of
Tt O(/€?).

The interaction correction to the conductivity of clean
normal metals has been studied in Ref. [34]. In the case of weak
pointlike interaction with the dimensionless interaction ampli-
tude A = vV, their Eq. (2.14) predicts ozna = —AT 7 /7. The
case of short-range attractive interaction studied in our paper
formally corresponds to A = —1/1In(7/T,). Substituting such
A into dozna, one immediately recovers our expression (66).

3. Contribution of %%

Now we turn to the analysis of the contribution from

7 =37, + B&,, o Eq. (53), that will be denoted as §o* =
Soln + SO'smg Due to the presence of b'(y) this correction

does not contain a divergent part, and its high-temperature
expansion contains 1/€2 originating from Im L%. So one could
expect that §oZ is always smaller than 8o *. However, this is
not the case due to the presence of a special cut contribution
from the AMT diagram, which does not appear in T %.

smg
Calculation of §o%, and §0%,, is quite straightforward.

Using Eqgs. (53), (F3), (F9), and (F11), we obtain

Tt
Satanh =0p— 2 ’ (67)
TtInTz
80 = te—— (68)

where ), = 0.458 and «, = 0.190 are the numeric values for
the integrals (F12) and (F13).

4. Resulting expression

Taking into account Egs. (66), (67), and (68), we obtain for
the leading asymptotic behavior:

TtInTt
30—c0nst+—+0190—+.... (69)
€?

Keeping the term (67) in the resulting expression is beyond the
accuracy, as it is of the same order as the subleading term from
Eq. (66) also proportional 1/e%. However the AMT term (68)
is retained since it contains an additional large factor of In 7't.
As it was discussed in Sec. IV B, the logarithmic factor in the
AMT contribution should be replaced by In T tj, as long as the
mean free time 7 exceeds the inelastic scattering time t;, due
to interaction (very clean limit).

Fluctuation conductivity in the absolutely clean limit (no
impurities, T = oo) was studied in Ref. [14]. The limitt — oo
was taken first while keeping w finite, and then w was set
to zero. It was reported that the sum of the DOS and MT
corrections was proportional to w and thus did not contribute
to the dc conductivity. In the limit 7 >> T, the remaining AL
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contribution was claimed to scale as 1/ €3. On the contrary,
we first take the limit @ = 0 and then arrive at a much larger
expression (69), which grows roughly as T't. The discrepancy
between our result and that of Ref. [14] indicates that the limits
w — 0 and T — oo do not commute. Since some amount of
disorder is inevitably present in real samples, we argue that
in calculating the dc conductivity the limit & — O should be
taken first. Frequency dependence of the fluctuation correction
in the ballistic limit will be calculated elsewhere [35].

V. DIRTY/CLEAN CROSSOVER NEAR T,

This section reviews the behavior of the fluctuation correc-
tion in the vicinity of the transition (I” — T,) for an arbitrary
disorder strength characterized by the parameter 7t. The
resulting expressions will describe the crossover between the
dirty [region (a) in Fig. 1 discussed in Sec. IIIC] and clean
[region (c) discussed in Sec. IV B] limits. We will follow the
approach of Sec. IV A and separate the AMT correction (26g)

into the contributions of the singularities of f/*y*y* (So44")

and the poles of the distribution function (§oAMT). Hence we
have three contributions: (i) 6252, (ii) 814 due to the poles
of Fg (which includes DOS, AL1, RMT, and a part of MT),

and (iii) 80311\;” due to cooperons in AMT.

A. AL2 contribution

The two-propagator AL2 contribution (27) gives the leading
Aslamazov-Larkin correction §o? 2 1/16¢, which is known
to be insensitive to disorder [4]. However less-singular sub-
leading terms proportional to In(1/€) do depend on disorder.
To find them we have to calculate the fluctuation propagator
with a higher precision. Retaining the next-order terms (quvr)*,
Q?, and (qvr)*Q in Eq. (20), we get after some algebra:

1 1
SoAL2 — et s(T7)In -+ 0. (70)

Here the crossover function s(7't) can be expressed in terms
of the function F introduced in Eq. (22) as follows:

v'(1/2) _ L]—"’(l/2)
44 472 F(1/2)

n 6F(1/2) + 2y (1/2) + " (1/2 + 1/4n T 1)]
32 F2(1/2)(4n Tt)? ’

s(Tt) =

(71)

This is a monotonous function interpolating from s(0) = 0 in
the diffusion limit [in accordance with Eq. (45)] to s(oc0) =
0.0183 in the ballistic limit.

B. Poles of F contribution

The contribution of the poles of Fr in
Egs. (26a), (26b), (26g), and (26h) is proportional to In(1/¢).
The corrections with an additional cooperon, Egs. (26¢)—(26f),
are not singular near 7, and will be disregarded. Evaluating
the functions (23) in the first nonvanishing order in 2 and ¢,
and summing the contributions of the poles of Fg in doing

the integrals over E in the blocks £Z , and =¥, we arrive at

surprisingly concise expressions:

QF'(1/2)
Zénh(Q,lI) = —W

Using then Eq. (25) with the local form (20) of the fluctuation

propagator, we obtain for the leading conductivity correction:
1 Fa/2), 1

— In - + O(e’). 73

ax Fijz) Me TOE) (73)

This crossover formula interpolates between the diffusive and
ballistic regimes:

. ZRQ,9=0. (72

30tanh =

1 [-14¢B3)/nt, Tr <1,
80y = In — x (74)

€ —7%/28¢(3), Tt > 1.
In the notations of Sec. IIIC, the diffusive limit of Eq. (74)
corresponds to Cgn = — 14, which differs from ¢RFS = —7 in

Eq. (45). The reason for this discrepancy is that unlike oy,
oREG does not contain a contribution coming from the poles
of Fg in the AMT term.

C. Singularities of the AMT contribution

The analysis of this term has already been performed in
Sec. IVB. The only difference in the form is the fluctuation
propagator (20) which contains the disorder-dependent coher-
ence length £(7 t) defined in Eq. (21).

Therefore we conclude that both in the diffusive and
moderately clean cases (when Tt < 1/4/€) one can use the
result (59), provided y’ is replaced by y (T 7):

£X(Tt)
D'L'¢

y(T7) = = F(/2) . (75)
2

This function interpolates between y in the diffusive regime

and y’ in the ballistic regime. In the supercleancase (Tt >

1/.4/€), there is an additional contribution from high momenta

given by the second term in Eq. (60).

VI. DISCUSSION AND CONCLUSION

In this work, we have studied the Cooper-channel contri-
bution to the fluctuation conductivity of disordered s-wave
superconductors above the transition temperature. Working
in the leading, one-loop approximation in the fluctuation
propagator, we have derived the general expression for the
fluctuation correction valid for arbitrary temperatures 7 > T,
and disorder strengths characterized by the parameter 7 7. The
result obtained for an arbitrary space dimensionality is then
analyzed in the experimentally relevant 2D case.

Our approach is based on the usual diagrammatic tech-
nique [7], yet in the Keldysh representation. The use of the
Keldysh technique was crucial for proper disorder averaging
in blocks of electron Green’s functions. This operation is
sensitive to a particular combination of retarded and advanced
Green'’s functions in the block, and each particular combination
should be treated in a different manner. The advantage of the
Keldysh technique is that all the blocks made of G and
G* are generated automatically, whereas in the Matsubara
technique that requires a tedious procedure of analytic con-
tinuation, which might be an additional source of possible
computational errors. Though both approaches are in principle
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equivalent, the simplicity of the Keldysh machinery becomes
especially beneficial beyond the diffusive limit, where all
possible combinations of G® and G* should be taken into
account.

Our analysis demonstrates that the standard classification
of the diagrammatic contributions involving the AL, DOS,
and MT terms does not unambiguously reflect the underlying
physical processes. We see that the resulting expressions for
different disorder-averaged diagrams contain a number of
similar fragments. Therefore it is natural to split them and
rearrange the terms according to their mathematical structure.
In particular, we split the AL contribution into AL1 (one
fluctuation propagator) and AL2 (two fluctuation propagators),
with the AL1 term partially canceling the contribution of the
DOS and MT diagrams. This illustrates the fact that each of
the individual AL, DOS, and MT diagrams can hardly be
ascribed a well-defined physical meaning. It is the sum of all
diagrams that contains the effects of paraconductivity, DOS
suppression, and scattering on superconducting fluctuations,
and these physical processes cannot be uniquely associated
with the standard AL, DOS, and MT diagrams. This circum-
stance has been recognized in a number of recent publica-
tions [16—18], where different classification schemes have been
suggested.

The derived analytical expression is used to critically revise
previous results for the fluctuation correction. The majority
of these results was obtained with the help of the Matsubara
diagrammatic technique and are available only in the four
asymptotic regions (close to T./far above T, and in the
diffusive/ballistic limit) shown in Fig. 1.

In the diffusive limit (7't <« 1), the full temperature de-
pendence has been recently addressed in Refs. [16—18]. We
entirely reproduce the results of Refs. [17,18] for the fluctu-
ation correction at arbitrary temperatures. Notably the same
result has been obtained by three independent groups that used
different versions of the Keldysh technique.

In the ballistic limit (Tt > 1), we provide the first analyti-
cal description of the fluctuation correction at arbitrary temper-
atures. Here we observe a significant discrepancy with previous
calculations obtained within the Matsubara technique. Our
main conclusions can be summarized as follows:

(1) In the vicinity of T, [region (c) in Fig. 1], it is only the
anomalous part of the MT correction that behaves differently
in the moderately clean (c¢’) and superclean (c¢”) limits, see
Egs. (59) and (60). All other contributions are insensitive to
the moderately clean/superclean crossover. In this region we
report the absence of the terms growing as (7'7)?, contrary to
the claims of Refs. [12,13].

(ii) At high temperatures (7' > T.), we find that the fluc-
tuation correction contains a formally divergent temperature-
independent term that should be incorporated into the bare
conductivity. The remaining temperature-dependent correc-
tion grows as 7't up to some logarithmic factors, see Eq. (69).
This result is consistent with Ref. [34] and contradicts the 1/¢€>
decay reported in Ref. [14], where the limit T — oo was taken
before the limit w — 0.

In Fig. 6 we present the temperature dependence of the
total fluctuation correction to the conductivity of a 2D film
obtained numerically for different disorder strengths (here we
recover the physical units). As the correction diverges in the

-------- kT /h = 10
———— kgT/h=5
— — kgT.r/h=1 ,.""

kpT.r/h=0.1

FIG. 6. Temperature dependence of the total superconducting
correction to the conductivity of a 2D film in units of %/ above
the transition. The curves correspond to different disorder strength
measured by the parameter k3 7.7 /%i: 0.1 (lower curve, diffusive case),
1, 5, and 10 (upper curve, ballistic case). The dephasing time is
taken to be 7, = 1007/ kpT. for all disorder strengths. The curves
are vertically offset for clarity.

ultraviolet (see discussion in Sec. IV C 1), o is determined
up to a temperature-independent constant chosen arbitrarily in
Fig. 6.

Two features of the temperature dependence of §o are to be
pointed out. First, we see that near the transition the correction
grows with t. Since Fig. 6 is plotted for a weak dephasing,
y ~ 0.004, the visible parts of the curves at 7 — T, are
described by the AMT contribution rather than by the universal
AL contribution. In the diffusive limit, the AMT correction
is insensitive to 7, whereas in the ballistic limit it grows
with 7 according to Egs. (59) and (60). Second, far above
the transition the fluctuation correction grows with T for all
disorder strengths as predicted by Egs. (47) and (69). Even for
kpT,t/h = 0.1 (the most diffusive sample), ddo/dT > 0 at
T /T, = 10. Thus the dependence o (7T") has a minimum for all
disorder strengths. Note that this minimum (corresponding to
the maximum in the temperature dependence of the resistance)
is obtained even in the absence of the weak localization and
interaction corrections.

Knowledge of the exact expression for the temperature
dependence of the fluctuation conductivity is not only of
academic interest. In combination with the weak-localization
and interaction corrections [24,34], it provides a power-
ful tool for the high precision determination of 7, from
transport measurements [36]. Extension of the theory to
the case of arbitrary disorder achieved in our work opens
a way for application of the same technique to clean su-
perconductors (e.g., NbSe, [37] or organic superconductors
[38,39]).

As an open question we would like to mention the sensitivity
of the fluctuation correction to microscopic details of the
disorder potential that become important in the ballistic limit.
In our analysis, we assumed the simplest form of a weak
Gaussian disorder [see Eq. (3)]. It is a natural model in the
diffusive limit, where the observables are expressed only in
terms of the diffusion coefficient D and do not involve the
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mean-free time 7t itself. In the ballistic limit, the result is
sensitive to a particular type of disorder and might be different
for the white-noise and Poissonian statistics of the random
potential [40,41]. This concern applies to all previous studies
of fluctuation corrections to conductivity in the ballistic limit
and to other superconducting fluctuation phenomena in this
regime (see, e.g., Ref. [42]).

Finally, we mention an interesting direction of generalizing
the developed theory for the fluctuation conductivity to the
case of unconventional superconductors. In these materials
nonmagnetic disorder is known to act as an effective pair
breaker [43], such that the system is always in the clean
limit.
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APPENDIX A: INITIAL EXPRESSION FOR
THE DIAGRAMS

The analytic expressions for the diagrams shown in Fig. 2

have the form:
dQ
dridr,dr;

X tr{Ul 0. G p(ro.r)y“Gp_q(ri.rp)

QDOS (Cl))

x ¥"G p(ry,13)0, G p_(r3,10)
+010: G p(r0,13)0: G —0(r3,11)

X ¥*Gp-g-o1.12)y G p_u(r2,ro)}
X Lap(§2;11 — 12),

M) = — L / / a2 f dr dradrs

x tr {010, G(ro,r)y* Gp_a(r;,r)d,

(AD)

x G p_g-0(r2,13)y" G p_,(r3,10)}

X Lap(S2;11 —13), (A2)

0 (w)

-2(3) 5 5 [ f o

x tr {019, G p(ro.r)y* G p_a(r1. 1)y’ Gp_u(ra,xo)}

x tr {0, G pr—o(r3.1)y G pr_q(rs,rs)y? G p(rs.r3)

X Laq(§2;11 — 1r5)Lep(§2 — w314 — 1), (A3)

Here tr acts only in the Keldysh space as we have already taken
the trace in the Nambu space employing the diagonal form of
the Green’s function (8).

Expressions for the kernels (A1)—(A3) should be averaged
over disorder. Using Egs. (9) and taking the trace over the
Keldysh space, one obtains a number of products of several

G® and G* that should be averaged with the standard impurity
diagrammatic technique.

APPENDIX B: DISORDER AVERAGING

In this section we illustrate how the general procedure of
disorder averaging outlined in Appendix A is implemented
for the MT contribution. Calculating the trace in Eq. (A2) one
encounters 2* = 16 blocks (labeled by ) with four lines, where
each Green’s function can be either G¥ or GA. Averaging them
independently from the fluctuation propagator, we reduce the
kernel to the sum of partial contributions of the form

o) (@) = (B1)

;5 [ B,
where B3, is the averaged block, while £, contains both the
propagator and the distribution function [arising from G¥ in
Egs. (9)]. Hereafter we use the notations (d€2) = d<2/2x and
(dq) = d'q/@2n)".

Various blocks and the ways they should be averaged over
disorder are shown in Fig. 7. As usual, the basic element is
the single Green’s function averaged in the noncrossing ap-
proximation: GRA(E,p) = 1/[E — & £i/2t], where £(p) =
p?/2m — 1 [44]. Then one should draw all possible impurity
lines without intersections that results in a number of impurity
ladders (generalized cooperons) [45].

Consider, for example, the averaging of a typical block of
Fig. 7(f), which is responsible for the AMT contribution. The
energy and momentum arguments of the Green’s functions
are indicated in Fig. 8. Assuming the momentum ¢ carried
by the fluctuation propagator satisfies ¢ << pr, we get for the
corresponding block:

BN = - [@pn2(GEGh oG, Ghe ) B2)
where v, is the x component of the velocity, and the sign is
due to its opposite directions at the left and right current ver-
tices. After averaging one obtains two generalized cooperons:
Vit —20-0(q) and ¥y . 5(g) in the lower and upper corners,
respectively. Integrating first over £ and then averaging over
the directions of momentum at the Fermi surface with the help
of Eq. (23a), one gets:

B%T(E,Q,a),q) =-2r VDTZVz%_zw_Q(Q)Vf2E+Q(Q)

[{QE =20 —Q.9)+ f'(— 2E"'Qﬂl)
(1 —iwt)?

(B3)

The part with the propagator and distribution functions corre-
sponding to the block of Fig. 7(f) has the form:

LY = [Fe-q — Fp-g-ol[FELG + L§ — Fp_oL§

Finally, the AMT contribution Q
Egs. (B1), (B3), and (B4).

This procedure should be repeated with other blocks of G®
and G*, and then with other diagrams, leading to the final
expression for the kernel Q(w). To find the static conductivity,
we extract the linear in w term from Q(w). After that we
simplify the general expression by shifting the variable £ —
E — Q in a number of terms and integrating by parts over

] B4

T(w) is determined by
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(a) :: (?/i;>
(b')/\> (C')<\

e
e

(h)
o

n

FIG. 7. Disorder averaging of various blocks that appear in calculating the MT diagram shown in Fig. 2. Solid red lines denote G® and
dashed blue lines denote G*, cooperons are shown in gray, and the current vertices are depicted by dots. There are similar diagrams with
G® < G*. The second line shows the results of averaging with an additional cooperon, denoted as MT(2). In the diffusive regime, only the
diagrams with the largest number of cooperons [(f), (g), (g'), and (g”)] are important. The diagram (f) is responsible for the anomalous MT

contribution.

E. Additional simplification is achieved by using the detailed
balance identity

Bo(Fg — Fg_q)=1—FpgFp_q (B5)
and its derivatives.
APPENDIX C: AL CONTRIBUTION AND ITS
DECOMPOSITION INTO AL1 AND AL2

Staring with Eq. (A3) and following the approach described
in Appendices A and B, after some algebra we obtain the
following expression for the AL correction:

S0l =272 D13 / dQ)(dgq)
x { BoILRLA(@F + @) — 2(LR 0% + LA 9]
+2Bo[(L*) @R Wk + (LAY o wh, (C1)

where the arguments of the functions in the square brackets are
@ and ¢g. In Eq. (C1), the functions ® and W originating from
averaging of blocks with three Green’s functions are given by

PR(Q,q) = f (dE)Frgs (v, (C2a)

WR(Q.q) = / AEYF,[2¢07" + g0 ("], (C2b)

where the arguments of the functions g, and y are 2FE — Q
and q.

Q- E+uw,
q—p

FIG. 8. The AMT diagram shown in Fig. 7(f) with the energy and
momentum arguments indicated.

The AL contribution (C1) can be naturally decomposed into

a sum of the terms with one (AL1) and two (AL2) fluctuation

propagators. To this end we note that the function ®¥ can

be represented as the derivative of the inverse fluctuation

propagator:
i ALMQ,1!

PR(Q,q) = — . C3

(€,9) Y- oq (C3)

Therefore the term proportional to Bg in Eq. (C1) can be
expressed via the derivative of a single propagator:

oAl _ 477 v / (dQ)(dq)Bg Im(WFa,LR).  (C4)

Then integrating by parts over |¢| we transform 8o to

the form of Egs. (25) and (26h). Finally, with the help of
Eq. (C3) the remaining part with two propagators, §oA? =
8ol — 8oL can be brought to the form (27) which contains
only fluctuation propagators.

APPENDIX D: EQUIVALENCE TO REF. [17] IN
THE DIFFUSIVE REGION

In this Appendix we demonstrate that our expression for the
fluctuation correction coincides with the result of Ref. [17] at
zero magnetic field. We start with rewriting §@°® and §o¢©
given by Eqgs. (77) and (79) of Ref. [17] in the representation of
Eq. (29). Taking the limit of zero magnetic field and expressing
everything in terms of the function G(z) [see Eq. (31)], we
obtain:

G" ImGIm G’
s = b & -y U BT o))
G/G//
09 = pxIm e
R /I / ’
+b'x ﬂlmg —ImG’ Imi (D2)
G2 G G?

In order to compare 859 + 8§59 with §oREC 4 §5AL2,
we first write G’/ G? in the first term in Eq. (D2) as —0G ! /dx
and integrate it over x by parts. This procedure leads to the
cancellation of the linear in b term in the difference

REG 5,AL2 _ (dos) __ g(SC)’ (D3)

d¢=¢ S
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where integration over x according to Eq. (29) is implied. Then
we single out the terms in § ¢ which do not contain the factor of
x (originating from § cREG — §(099)) write there G’ + xG” =
d(xG")/dx, and integrate over x by parts. Using the identity
/ / G /
Im— +Im— =2Re — Im —,
|GI? G? IGI* G
we reduce the difference to the form

, G'ImG'ReG —Re G'Im G — Im G'G*
6¢ =4b'xIm —
G IG|?

(D4)

)

(D5)

which equals zero due to a general identity Im ARe B —
Re AIm B = Im AB*. Finally, one can easily verify that
§o@ = §o"MT proving full equivalence of our approach to
that of Ref. [17].

APPENDIX E: ANOMALOUS MT CORRECTION IN THE
DIFFUSIVE REGION NEAR THE TRANSITION

In this appendix, we compute the expansion of §6*MT in
the vicinity of the transition, ¢ < 1. The dephasing rate is also
assumed to be small, y < 1, but the relation between € and y
can be arbitrary.

The most singular contribution [5,6] originates from small x
and y, where one can replace G by Gy = (w2/2)(x +iy) + €
and b(y) by the leading asymptotics by(y) = 1/(2my). Then
substituting Eq. (35) into Eq. (29) and integrating over y, we
arrive at

1 *° 1 1
= — d , El
0 4712/0 xx+x*x+xe ED
where x, = (2/m2)e. Thus one readily recovers the leading
asymptotics given by the first term in Eq. (42).
The terms omitted in the derivation of Eq. (E1) can be

written as
1 ©  dx o0
aAMTz——/ /dH,,, E2
o w2 ), rrx )L (x.y.€), (E2)
where
Im? G(z) Im? Go(z)
H(x,y,e) =b'(y)——F — by(y)——5--  (E3)
IG@PR |G

In order to extract the leading contribution from Eq. (E2) at
small €, one has to study the behavior of the function H(x,y,€)
in the limit x,e — 0. This should be done with care, since
the resulting function contains both a smooth part decaying at
y ~ 1, and a sharp §-function-like peak originating from the
first term in Eq. (E3):

Im? ¥ (1/2 +iy)
lW(1/2 +iy) — ¥ (1/2)
142 (3) (x 4 x)(x* + 2xx, + y?)

H(x,y,e) ~ b'(y) = by(y)

N (P R
Substituting Eq. (E4) into Eq. (E2), we arrive at
st = [52 4 Jn
T 14
75(3) eleIn(e/y) — € + ¥] L o). (ES)

274 (e —y)?

where « = 0.1120 is the value of the integral

o L[ [i_ [y'(1/2))* sech*(zy) } (E6)
“2 )y YL T wazrin —va2r)

APPENDIX F: LR ¥R AND X% IN THE CLEAN LIMIT

In this appendix we refine the basic ingredients of Eq. (53),
LR, ¥R and X?, in the ballistic limit. For the functions X%
and ©Z we use Eqgs. (54) and (55) which provide the leading
asymptotic behavior at T — oo.

1. Fluctuation propagator

In the ballistic limit, the function flR defined in Eq. (23a)
scales as 1/7, and the fluctuation propagator (17) becomes t©
independent. Summation over the Matsubara energies can then
be easily performed, leading to

(LY ' =€+ (y(1/2+ixcosd —iy)) —y(1/2), (Fl)

where the dimensionless momentum x and frequency y in
the ballistic region are defined in Eq. (52), and (---) =
J(--+)d0 /27 stands for the angular averaging in 2D. Equa-
tion (F1) can be brought to a form more suitable for further
evaluation with the help of the integral representation for the
digamma function [46], which we present in the form with 1/2

isolated:
o] e—t e—zt
1/2 = — - —|dr. F2
y(1/2+42) /0 [t Zsinht/z] )
Then the angular averaging can be easily performed and we
obtain
© 1 _J t iyt
e ey
0 2sinht/2

where Jy(z) is the Bessel function.

2. Function ¥

In the leading order in T — oo, X is given by Eq. (54).
We write it as RUID 4 SR® i accordance with the two
summands in Eq. (54). In calculating Z®D, we use the explicit
form of f*Q2E — Q,q) = ff(Q — 2E,q) given by Eq. (16),
deform the integration contour to the lower half-plane picking
the poles of Fr, and keep the leading order in 1/7:

4iT a 1

sray _ T o
T2 £ E QIE —iQ) +q20 |

_ Y24+ ix —iy)—vY'(1/2 —ix —iy)
- 1673xT212
On the other hand, in order to calculate ¥*® we find it more

convenient to keep f in the original form (23a), that allows us
to perform integration over E similar to Eq. (F4):

3 )

. (F4)

T2 FZIE\(2UE —iQ+iqucost) [|p__,.
_ _(1//”(1/2+ixcos9 —iy))’ (F5)
83722

where the angular averaging is still to be done.
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Since LR = RID 4 $1R@ it is convenient to bring
Egs. (F4) and (F5) to a similar form. That can be done with the
help of Eq. (F2), leading to

1 % 2 Jo(xt) — So(xt)]e”
xf= dt, (F6
8m3T2%12 /0 2sinht/2 (F6)

where So(z) = sin(z)/z. The terms with Jy and Sy correspond
to 2R and R RAD respectively.

3. Function X%

In the leading order in T — oo, £7 is given by Eq. (55).
In this approximation we neglect cooperons and therefore a
special region of low momenta, g/ < 1, shownin Fig. 5(a) does
not appear. Following Eq. (55), we write ¥ as X 2D 4 52@),
The first term, £21D_involves the product of ¥ £*, which has
branch cuts both in the upper and lower half-planes of complex
E, as shown in Fig. 5(b). Therefore it can be written as the sum
of the contributions from the poles, Eil(ﬂl]l), and from the cut,

»Z . The former is calculated similar to Eq. (F4):

sing*

EZ(H) _ R SZT 1
tanh — (QUE —iQ)? +q*v? [p__,.
Re[lﬂ(l/Z +ix —iy)— (/2 —ix —iy)]
= . (F1)
4m2xT1?

The contribution from the branch cut contains an additional
logarithmic singularity in the limit 7t — oo, originating from
the pinching of the cuts in the upper and lower half-planes [see
Fig. 5(b)]. Making the energy shift, E = E’ + /2, we obtain:

w21t dE F(E'+Q/2
qmg __f (2 / )2 (F8)
qu/2+1/t 27T CI v — (2E)

The logarithmic divergency is regularized at |E'| — qv/2 ~
1/t, which is the vertical distance between the two branch

cuts. With logarithmic accuracy we obtain
7 tanh m(x +y)—tanhw(x — y)
Ziing 47T 12x

Calculation of £.#® is completely analogous to that of X *®
in Eq. (F5):

InTtx. (F9)

$202)

&iT 1
e— o >
Ll QIE—-iQ+iqucosd)[|p__;.

_ Rei(y'(1/2 +ixcosb — iy)). (F10)
2m2T 12
Now using Eq. (F2) we reduce the sum of Egs. (F7)
and (F10) to a concise form:

1 /w t[Jo(xt) + So(xt)] sin(yt)dt
tanh = 5202 2sinh7/2

=z

(F11)

The resulting expression for 4 = £Z | + XZ  is the sum of

the two contributions given by Eqs. (F11) and (F9), respec-
tively.
4. Coefficients in Eqgs. (67) and (68)

The coefficients ), and o, in Egs. (67) and (68) are given
by the following integrals:

o0 o0 o0 o0
a,,:/ xdx/ dy/ ds/
0 —o0 0 0

Jo(xs)[Jo(xt) + So(x1)] sin(ys) sin(y?)

: . — . (F12)
sinh(s/2) sinh(¢/2) sinh“ (27 y)
o — / dy/ dx/ Jo(xt) sm(yt)
 sinhz/2 t/2
tanh m(x +y) —tanh 7w (x — y) (F13)

sinh?(2my)
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