Random Walks in Nonhomogeneous Poisson
Environment
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Abstract In the first part of the paper, we consider a “random flight” process in
R and obtain the weak limits under different transformations of the Poissonian
switching times. In the second part, we construct diffusion approximations for this
process and investigate their accuracy. To prove the weak convergence result, we
use the approach of [15]. We consider more general model which may be called
“random walk over ellipsoids in R“”. For this model, we establish the Edgeworth-
type expansion. The main tool in this part is the parametrix method [5, 7].
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1 Introduction

We consider the moving particle process in R? which is defined in the following
way. There are two independent sequences (7}) and (&) of random variables.

The variables 7} are nonnegative and Vk 7; < Ti4;, while variables &; form an
i.i.d sequence with common distribution concentrated on the unit sphere S9!,

The values ¢ are interpreted as the directions, and 7} as the moments of change
of directions.

A particle starts from zero and moves in the direction & up to the moment 7;. It
then changes direction to &; and moves on within the time interval of length 7, — T7,
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etc. The speed is constant at all sites. The position of the particle at time ¢ is denoted
by X (¢).

The study of the processes of this type has a long history. The first work dates
back probably to [13] and continued by [6, 14]. In [8] the case was considered where
the increments 7, — 7,,_; form i.i.d. sequence with the common law having a heavy
tail. The term “Levy flights” later changed to “Random flights”.

To date, a large number of works were accumulated, devoted to the study of such
processes, we mention here only articles by [4, 9, 11, 12] which contain an extensive
bibliography and where for different assumptions on (7;) and () the exact formulas
for the distribution of X (#) were derived.

Our goals are different.

First, we are interested in the global behavior of the process X = {X(¢), t € R.},
namely, we are looking for conditions under which the processes {Yr, T > 0},

1
Yr(t) = mX(tT), t €[0,1],

weakly converges in C[0, 1] : Yr = Y, By — oo, T — o0.

From now on, we suppose that the points (7;), Ty < Ty+;, form a Poisson point
process in R, denoted by T.

Itis clear that in the homogeneous case the process X () is a conventional random
walk because the spacings 7. — Ty are independent, and then the limit process is
Brownian motion.

In the nonhomogeneous case, the situation is more complicated as these spacings
are not independent. Nevertheless, it was possible to distinguish three modes that
determine different types of limiting processes.

For a more precise description of the results, it is convenient to assume that
Ty = f(I'y), where II = (I'y) is a standard homogeneous Poisson point process on
R with intensity 1. In this case,

c
TH=0+r+-+v),

where (y;) are i.i.d standard exponential random variables.
If the function f has power growth,

f@) =t* a>1/2,

the behavior of the process is analogous to the uniform case and then in the limit we
obtain a Gaussian process which is a linearly transformed Brownian motion

Y1) = / Ko(s)dW(s),
0
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where W is a process of Brownian motion, for which the covariance matrix of W (1)
coincides with the covariance matrix of &; and K, (s) is a nonrandom kernel, and its
exact expression is given below.

In the case of exponential growth,

fy=e?, B>0,

the limiting process is piecewise linear with an infinite number of units, but Ve > 0
the number of units in the interval [, 1] will be a.s. finite.

Finally, with the super exponential growth of f, the process degenerates: its
trajectories are linear functions:

aw

Y(t)=¢et, t€[0,1], ¢ ¢,

In the second part of the paper, the process X (¢) is assumed to be a Markov
chain. We construct diffusion approximations for this process and investigate their
accuracy. To prove the weak convergence, we use the approach of [15]. Under our
assumptions the diffusion coefficients a and b have the property that for each x € R?
the martingale problem for a and b has exactly one solution P, starting from x
(that is well posed). It remains to check the conditions from [15] which imply the
weak convergence of our sequence of Markov chains to this unique solution P;.
We consider also the more general model which may be called as “random walk
over ellipsoids in R?”. For this model, we establish the convergence of the transition
densities and obtain the Edgeworth-type expansion up to the order n~3/%, where n is
a number of switching. The main tool in this part is the parametrix method [5, 7].

2 Random Flights in Poissonian Environment

The reader is reminded that we suppose 7, = f(I'x), where (I'y) is a standard
homogeneous Poisson point process on R.. Assume also that Eg; = 0.
It is more convenient to consider at first the behavior of the processes

Zy(1) = Y1, (1),

as for T = T, the paths of Z, have an integer number of full segments on the interval
[0,1]. The typical path of {Z,,(¢), ¢ € [0, 1]} is a continuous broken line with vertices
(s ), k=0,1,...,n), where f,x = & T, =0, B, = B(T,), S =

Tn )
She(Ti = Timp).
Theorem 1 Under the previous assumptions

(1) Ifztfffle function f has power growth: f(t) = t*, o > 1/2, we take B(T) =

2,
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Then Z, = Y, where Y is a Gaussian process
! a—1
Y(t) = «/20{/ s 2 dW(s),
0

and W is a process of Brownian motion, for which the covariance matrix of
W (1) coincides with the covariance matrix of €.

(2) If the function f has exponential growth: f(t) = e, B > 0, we take
B(T)=T.
Then Z, = Y, where Y is a continuous piecewise linear process with the
vertices at the points (t;., Y (1)),

Iy = e_ﬂr/ﬁl ) 1—‘0 = 07

Y1) = ale P —e ), ¥(0) =0.
i=k

(3) Inthe super exponential case, suppose that f is increasing absolutely continuous
and such that )
J'@
— =4

1m =
1—oo f(t)

We take B(T) =T.

Then TTZI — 0 in probability, and Z, —> Y, where the limiting process Y

degenerates:

Y()=e¢1t, t €l0,1].

Remark 1 In the case of power growth, the limiting process admits the following

representation:
Y (1) L 2 W(tZ(x—l)
= o s
V2a —1

where, as before, W is a Brownian motion, for which the covariance matrix of W (1)
coincides with the covariance matrix of &;.
It is clear that we can also express Y in another way:

L 2 1 201
Y(t):oc 2a—1K2w(ta)’

where w is a standard Brownian motion and K is the covariance matrix of &;.

Remark 2 In the case of exponential growth, it is possible to describe the limiting
process Y in the following way:

We take a Poisson point process T = (), #, = e #T+1, defined on (0, 1], and
define a step process {Z(¢), t € (0, 1]},
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Z(t) =¢; forte (tk+|, ],

Then .
Y(t):/ Z(s)ds.
0

3 Diffusion Approximation

In this section, first we consider a model of random flight which is equivalent to the
study of random broken lines {X,,(¢), t € [0, 1]} with the vertices (%, X,l(%)), and
such that (h = 1)

X, ((k + Dh) = X, (kh) + hb(X,,(kh)) + Nhé (X (kh)),
Xn(0) = xo, (X, (kh)) = pro (X, (kh))ex, ()
where {¢;} and {p;} are two independent sequences and
{ex} are i.i.d. 1. v. uniformly distributed on the unit sphere S¢~!;
{px} arei.i.d. r. v. having an absolutely continuous distribution, p; > 0, E,o,f =d,;

b: RY — R? is a bounded measurable function and o : R —> R? x R% isa
bounded measurable matrix function.

Theorem 2 Ler X = {X(t), t € [0, 1]} be a solution of stochastic equation

X(t):xo+/ b(X(s))ds+/ o (X (s))dw(s).
0 0

Suppose that b and o are continuous functions satisfying the Lipschitz condition
|b(1) — b(s)| + o () —o(s)] < K|t —s].

Moreover, it is supposed that b(x) and are bounded.

Then,

1
det (o (x))

X, = X in C|0,1].

Our next result is about the approximation of the transition density. We consider
now more general models given by a triplet (b(x), o (x), f(r;60)), x € R, r >
0, 0 € R*, where b(x) is a vector field, o (x) is ad x d matrix, a(x) := oo’ (x) >
81, § > 0, and f(r;0) is a radial density depending on a parameter 6 controlling
the frequency of changes of directions, namely, the frequency increases when 6
decreases. Suppose X (0) = xo. The vector b(x() acts by shifting a particle from x
to xo + A(0)b(xp), where A(0) = ¢;62, ¢y > 0. Several examples of such functions
A () for different models will be given below. Define
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E0(r) == {x : Ja™ P (o) (x = x0 — A@bG)|* = 2,
SEr) =1y : Iy = x0 = AO)b(xo)* = 17},

The initial direction is defined by a random variable &, and the law of &, is a
pushforward of the spherical measure on Sfa (1) under affine change of variables

x —xo — AB)b(x0) = a'? (x0)(y — x0 — A6)b(x0)).
Then particle moves along the ray I, corresponding to the directional unit vector

_ & — x0 — A(0)b(x0)
1§ — x0 — A(B)b(x0)|’

&0 -

and changes the direction in (r, r + dr) with probability

det (a="*(x)) - £(r |[a="*(x0)eo])dr. (2)
Let pp be a random variable independent of &, and distributed on /,, with the radial
density (2). We consider the point x; = xo + A(0)b(x9) + poco. Let (ex, pr) be
independent copies of (&9, pp). Starting from x;, we repeat the previous construction
to obtain x, = x; + A(0)b(x|) + p1&;. After n switches, we arrive at the point x;,,

Xp = Xp—1 + A(Q)b(xnfl) + On—1En-1-

To obtain the one-step characteristic function W, (¢), we make use of formula (6)
from [17] (see also the proof of Theorem 2.1 in [10]):

o0
W, (1) = E ¢! $t-p080) :/ / ei(z,al/-(xo)a—n/z(xo)é)M&O(r)(dg)dcpg(,) —
0 Exy (1)

[o.¢]
= / / ) 3 d(ay) £ (s 0)dr =
0 JS{m

d-2 d % Jaa(r |a1/2()C0)t|)
_ % (-) / 2 " F (s 0)dr, 3)
)b o)

where J, (z) is the Bessel function, d®¢(r) is the F-measure of the layer between
Ey(ryand €, (r+dr), and F is the law of ppeo. Now we make our main assumption
about the radial density:

(A1) The function f(r; 8) is homogeneous of degree —1, that is

fOr;20) =17 f(r;0), YA £0.
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Denote by pg(n, x, y) the transition density after n switches in the RF model de-
scribed above. To obtain the one-step transition density pg(1, x, y) (we write (x, y)
instead of (xg, x1) ), we use the inverse Fourier transform, (3) and (A1). We have

4)

pe(l,x,y) = A%(0)q, (y —X— A(6’)19(96)) ’

JVA@®)

where

25T (4) o Jaz (p|a'?(x)T))
4x(2) = ——— / cos (7, z) / : — f(pica)dp | dT. (5)
@m)* Jga 0 (pla2()])

Consider two examples.

Example I We put A(6) = (d + 1)?6% and

f(ri0) = ﬁr‘l (g)d exp (—g) .

Using (3), formula 6.623 (2) on p. 694 from [3], and the doubling formula for the
Gamma function, we obtain

pe(l,x,y) = A2 (0)q, (y —X - A(9)17(16))

VA(©)

where

(d+ 1) e*«/cmw*‘/?(x)d'

q<(z) = 2d 7 @-D/2T (%) |deta!/2(x)|

It is easy to check that
/ziqx(z) =0, /zizjqx(z)dz = a;j(x).
Example 2 We put A(0) = 62/2 and

2
oy — -1 (T _r
F(r;0) = Car (0) exp( 92),
2(d+1)/2

where C; = eIV if d is odd, and C; =
formula 6.631 (4) on p. 698 of [3], we obtain

[(d+2)/2]! if d is even. From (3) and

y—x—A@)b(x)

pe(l,x,y) = A2 (0)p( NG ,




10 Y. Davydov and V. Konakov

where

¢ (2) =

1 1,
e a0 (3l W),

Itis easy to see that the transition density (4) corresponds to the one-step transition
density in the following Markov chain model:

Xa+nae) = Xeaw) + A 0) b(Xiaw) + vV AO)éw+1)a0)

where the conditional density (under Xya@) = x) of the innovations &y41)a() 15

equal to g, (). f weput 0 =6, = \/g , then A (6,) = % and we obtain a sequence
of Markov chains defined on an equidistant grid

Xt =X

n

=

1 1
+ —b(X1) + =&, Xo = xo. (6)

Jn

Note that the triplet (b(x), o (x), f(r;0)), x € R r>0, 8 e R, of Example 2
corresponds to the classical Euler scheme for the d-dimensional SDE

dX(t) =b(Xy)dt +o(Xp)dW(t), X(0) = xo. (7

Let p(1,x, y) be transition density from O to 1 in the model (7). We make the
following assumptions.

(A2) The function a(x) = oo’ (x) is uniformly elliptic.

(A3) The functions b(x) and o (x) and their derivatives up to the sixth order are
continuous and bounded uniformly in x. The sixth derivative is globally Lipschitz.

Theorem 3 Under the assumptions (A2) and (A3,) we have the following expansion:
for any positive integer S as n — 00

sup (1 + |y —xls) .

x,yeRd

1 -
pelnx.y) = p(lix.y) = 5-p@ (L1 - L?) p(l,x,y)‘ =0,

®)
where
1 d d
L= Z a;j (), + Zb,-(x)ax,. )
ij=l1 i=1

The operator L, in (8) is the same operator as in (9) but with coefficients “frozen”
at x. It means that when calculating degrees of the operator we do not differentiate
coefficients and we consider them as constants, taking them out of the derivative.

Clearly, L = L, but, in general, L? # L2. The convolution-type binary operation
® is defined for functions f and g in the following way:

(f®g)(f’st)=/ dS/ f(ssx’Z)g(f_Sst)’)dZ-
0 R4
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Proof 1t follows immediately from Theorem 1 of [7].

4 Proof of Theorem 1

4.1 Asymptotic Behavior in Case (3)

We have, by taking B, = B(T,) =T, :

n—1

Ty —Tier  Tha
sup (1 X, (D)oo Z = 0 a.s.

T n—00
refo. 751 ] o D n

At the same time,

Sp—1+ &, (T, — T,,—
X, (1) = 21! (T Do o(l) = P,

Therefore, the process X, converges weakly to the process {Y (¢)}, Y (1) = &t
t €0, 1].
This process is in some sense degenerate. Hence, this case is not very interesting.

4.2 Asymptotic Behavior in Case (2)

Take B, = T, and show that the limit process Y is not trivial. For simplicity fix
B = 1. We have now 1,4 := 7+ = e~ = = (=49 and

tn k ZS (e” Yis1++va) _ e*(yi+~~~+)/n))’ k=1,...,n
The process X,, is completely defined by two independent vectors (¢y, ..., &,)
and (yi, ..., ¥»). Hence, its distribution will be the same if we replace these vectors

by (£, -+, &1) and (¥, ..., ). In another words, the process (X, (-)) = (¥, (),
where Y, (+) is a broken line with vertices (T,.x, Y, (Tuk))s (Tok) 4> Tt = 1, T =
e_(y|+---+yk7|), k = 27 NN (N and

Y (Tox) = Zei (et trD) _ om0ty g g o= it

Y,(0) =0, and y := 0.
Using the notation I'y = y; + - - - 4+ Y&, we get the more compact formula:
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n—1
Yot = D & (e —e ™) 4 ge
i=k
Consider now the process {Y (¢), t € [0, 1]} defined as follows:

Y0) =0, Y@m) = & =), (10)

i=k

wherefy = e "1,k =2,3,...,1 = l;fort € [tk+1, ], Y (¢) is defined by linear
interpolation. The paths of Y are continuous broken lines, starting at 0 and having
an infinite number of segments in the neighborhood of zero.

The evident estimation

+ e_rn—l <

o0
Zsi (e_r"*‘ — e_r")

i=n

sup [Y (1) — Y, ()] <
t€[0,1]

o0
< E (e_r'*' — e_r") el =201 50 as.
—

shows that a.s. Y, () EO#I—L Y().

Conclusion: In case (2), the process X, converges weakly to Y (-).

Ty
Remark 3 In the case where B # 1, it is simply necessary to replace e T by e 7.

Remark 4 Itseems that the last result could be expanded by considering more general
sequences (&y).
€k

Interpretation: o defines the direction and |g;| defines the velocity of displace-

ment in this direction on the step S.

4.3 Asymptotic Behavior in Case of Power Growth

o
Inthiscase, Ty =Ty, o > 1/2, t,x = % = (%) ,and

k
1
X (b)) = = D e =T ) To=0,k=0,1,....n. (11)
"=l

Let x € R? be such that |x| = 1. We will show below that

n n
Var (Z(si,x)(l";?‘ - r;"_l)) = E(;, x) ) ET¢ —=T¢ )% ~ Cn** !, n — oo,
i=1

i=1
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where C(x) = 21‘):21 E (g1, x)2. Therefore it is natural to take B? = n?*~!.
We proceed in five steps:
Step 1: Lemmas

Step 2: We compare X, (-) with Z,(-) where Z,,(t, 1) = 3 Zle &Y Ff‘:ll and

show that || X,, — Z,|le — 0.
Step 3: We compare Z,(-) with W, (-) where W, (t, 1) = 5~ Zle gy (i — o1

and state that [| Z, — W, |le — 0.
Step 4: We show that process U, (-),

k\“ o <
-~ _ (1 a—1
Uy ((n) ) =3 ;:1 gyl — 1),

converges weakly to the limiting process

Y (1) =«/ﬂ/ 5% dW(s);
0

here W (-) is a process of Brownian motion, for which the covariance matrix of W (1)
coincides with the covariance matrix of &;.

Step 5: We show that the convergence W, = Y follows from the convergence
Uu,=1Y.

Finally: We get the convergence X, = Y.

431 Stepl

This section contains several technical lemmas necessary for realization of subse-
quent steps.

Lemmal Leta >0andm > 1. ThenVx >0, h > 0

()" —x* =" ah*x* ™ + R(x, b, (12)
k=1
where
aleg—1)...(a—k+1)
ay = s
k!
and
IR(x, h)| < |aypt [B"™ T max{x*™ "D (x + p)*~ D), (13)

Proof By the formula of Taylor—Lagrange, we have (12) with
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1
R(x, <——p"*tl g D5y,
[R(x, )| < RN Xslsarhlf ®)1

where f(t) =% As f"*D () =a(@ —1)...(a —m)t* ™D we get the claimed
result. (I

Lemma 2 Fora > 0and k — oo

(1+%)k=e°‘+0 (%) (14)

Proof It follows from the inequalities:

k
0= —(1+7) =

Lemma 3 Let I" be the Gamma function. Then as k — 00

aa2

kK 0

Lk + a)

_ a a—1
N0 =k"4+ Ok ).

Proof Tt follows from Lemma 2 and well-known asymptotic (see a.e. [16], v. 2,
12.33)

T(t) =t'"2e'21 (l + ILZt +0 (tlz)) , t — oo.
Lemma 4 For any real 8, we have as k — 00
E(T)) =kP + o(kF).
Proof The result follows from the well-known fact that

I'k+pB)

ETD = —Fg

and Lemma 3.
Lemma S Let o > 0. The following relations take place as k — 00:

T = TF = ayen T+ o, (15)
where |p| = O (k*2) in probability;

EITE, — T¢P? = 20272 + 0(k*73); (16)

EINy, —T¢ —ay PP = 0™ ™). (17)
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Proof of Lemma 5 We find, by applying Lemma 1,

Tey = TF = ayen T + Rk, vin), (18)
where

la(ee — D a—2 Fa 2}

Rk, Vig1) < Vk+1 .. max |a(a—1)|sa72 < Vi max{T"} 7,

<Tipi - 2
(19)

As 'y ~ k a.s. when k — oo, we get (15).
The proofs of (16) and (17) follow directly from (18), (19) and Lemma 4. ([l

We deduce immediately from (16) the following relation.

Corollary 1 We have
o’ 201 2a-2
ZE|Fk+l —mn +O(I’l )
43.2 Step2
We show that || X,, — Z, ]| E) 0, where
o &
a—1
Zn(tn,k) = B_n ;&‘Virg_l .

It is clear that

8n = ”Xn Zn”oo = Sup |X (t) - Z (t)| - maX|X(ln k) Zn(tn,k)l = r]?g-;(|rk|v

1€[0,1]
where
1 &
B_ Z - F:‘l 1 O‘V! Z &i %_l»
and {
g = (¢ —T¢, - ay,»r;’:,l) 5

Let M = o0(&1,&,...,&) = o(y1, V2, ..., ¥»). Under condition 901, the se-
quence (ry) is the sequence of sums of independent random variables with mean
zero. By Kolmogorov’s inequality,
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1 n
P{max |ri| > 1} = B{P(max|re| = ¢ | M)} < B —22 =5 ZE&}
(20)
By Lemma 5, E&7 = O(j ™). Therefore,

> Eg=0@n).
j=1

Finally, we get from (20): V¢ > 0

P{s, >t} — 0,

n—0o0

. . P
which gives the convergence || X, — Z,|lcoc — 0.

4.3.3 Step3

We show now that || Z,, — W, || oo L 0; where W, (t, 1) = B% Zle gyi(i — 1,
We have

An = sup |Zn(t) - Wn(t)| = max |Zn(tn,k) - Wn(tn,k)| = max{|ﬂk|},
t€[0,1] k<n k<n

k -1 _ -
where B = 2.1 &ivi (M5 — G = D).

Similar to the previous case, () under condition 91 is the sequence of sums of
independent random variables with mean zero. Therefore,

1 n
Plmax(|fil} = 1} = E (P{ng{lﬂkl} > 1 fm}) =5 > Enj,

j=1

where 1; = £, (M) = (i = D*™).
Estimation of E7;.
By independence of y; and I';_;

202 . a1\2
B = BZE(F —G-1 1) .

Let us change j — 1 tok
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E (Fg 1 — ke 1) —E (FZa 2) + k2a -2 2ka—lE (l—wzlfl) —
'k+2a—2 'k -1

— Pk +2a-2) 4 k22 _ppe-l Fk+to—1 = (by Lemma3) =

[ (k) [ (k)

— [k2a—2 + 0(k2o(—3) + k20¢—2 _ 2k2a—2] — O(kZa—3).

Hence,

En?<C

It follows from this estimation that

fora > 1
C
Z_ Py

fora =1

M:
es]
=

~. N
IA

=)
]
3

andfor1/2 < < 1

C
Z_: = nle—1

We have finally P{max; <, |8x| > ¢t} — 0, n — oo, which gives the convergence
W, — Zull = 0.

434 Step4

Let U, be the process defined at the points % by

o k
k
U, ((;) ) - %Z}ain(i e k=1,2,....n,

and by linear interpolation on the intervals [k k+1 ], k=0,...,n—1. Wenow state
the weak convergence of the processes U, to the process Y,

Y(t):@/ 5% dW(s),
0

W is a Brownian motion, for which the covariance matrix of W (1) coincides with
the covariance matrix of ;.
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The proof is standard because U, (-) represents a (more or less) usual broken
line constructed by the consecutive sums of independent (nonidentically distributed)
random variables. One could apply Prokhorov’s theorem (see [2], Chap. IX, Sect. 3,
Theorem1).

Only one thing must be checked: the Lindeberg condition.

Let & > 0. We have

1 < . e
An(e) = 25 D E{llevil = D* P eyonezen) ) =
noq

1 C . 2002 2
] Z(l — D*2E {y -1y zene 1)} -
2

{1 — D = en* "2} C {lni] = e/n}

for2 <i <n, we get

Ap(e) < EVIZI{IVMES«/E} — 0,

200 — 1
asn — oo.

It means that the Lindeberg condition is fulfilled, and by the above-mentioned
Prokhorov’s theorem the process U, is weakly converging. To identify the limiting
process with Y, it is sufficient to state that for any 0 < s < ¢ < 1, and for any
x € R4, |x| = 1, we have the convergence (U, (t) —U,(s), x) = (Y (t)—Y (s), x).

It is clear that

[Un() = Up(9)] = [Un ((S)) - U, ((%))} — 0,

if (%)a — t, (%)a — .

Let! < k. As

k\* AY o« <
. L _ v ) (i a—1
<U,, ((;) ) u((n) ),x>— 5 ,~:§z+l<£”x>%(l He,

by the theorem of Lindeberg—Feller, it is sufficient to state the convergence of vari-

e (G)) - ()21

‘We have
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20{2 D) k Da—2 2052 9, 2=l 20-1
= e Elen0)? D0 =DM s S Bl ) =57
i=l+1
and
2 e 207 oy, 20—l 20-1
Var(Y (t) — Y(s), x) = 2aE (e, x) u« du = 5 lE(sl,x) [t7« —5 ],
N o —

which are the same. Therefore, indeed U,, = Y.

4.3.5 Step 5: Convergence X, = Y.

Due to the steps 2 and 3, it is sufficient to show that W,, = Y.
Let f, : [0,1] — [0, 1], be a piecewise linear continuous function such that

St = (5) st = () sk =0, 1,...m.
By definition of W, and U,,, we have

Wu () = Un(fu(1)), t €0, 1].
By the corollary to Lemma 6 (see below), the function f,, converges in probability

uniformly to f, f(¢) = ¢, and by previous step U, = Y.
It means that we can apply Lemma 7 which gives the necessary convergence.

|

Lemma 6 Let

[ v &
M, = max{|— — —
k<n r, n

Then M, LN 0, n— oo

Proof of Lemma 6 We have
Iy
P{M, > ¢} = E P max

k<n Fn N ;
:/ P[rl?ax >¢e|T, =t}73rn(dt) = (21)
0 <n

T, n

o k
:/ P[max Enk — — >8],

0 kf}’l n

where (&, 1 )r=1....» are the order statistics from [0, 1]-uniform distribution.

Let 6, = maxy<, |§,1,k — §| Evidently, §, < Supo. 1 |F¥(x) — x|, where
F; is the uniform empirical distribution function. By Glivenko—Cantelli theo-
rem, supy  |F,(x) — x| — 0 as, which gives the convergence M, — 0 in
probability. O

>e|rn”=

k
En,k -
n

> 8] Pr,(dt) =P II?aX
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0 \Y e\
(F) -
The proof follows directly from Lemma 6 due to the uniform continuity of the
function i(x) = x%, x € [0, 1].

P
— 0, n — o0.

Corollary 2 MV = max;,

Lemma 7 Let {U,} be a sequence of continuous processes on [0, 1] weakly con-
vergent to some limit process U. Let {f,} be a sequence of random continuous
bijections [0, 1] on [0, 1] which in probability uniformly converges to the identity
function f(t) = t. Then the process W,, W, (t) = U,(f,(t)), t € [0, 1], will con-
verge weakly to U.

Proof of Lemma 7 By theorem 4.4 from [1], we have the weak convergence in
M := CJ0, 1] x C[0, 1]
(Una fn) - (U’ f)

By Slforohod representation theorem, we can find random elements ((7,1, fn) and
(U, f) of M (defined probably on a new probability space) such that

Un, f) £ (O, f). (U, ) E @D, P,

and (f]n, f,,) — (0, f) a.s. in M.

As the last convergence implies evidently the a.s. uniform convergence of
Un(fn(t)) to U(f(t)), we get the convergence in distribution of U(f,(-)) to
Ufe)=0q(). U

5 Proof of Theorem 2

Proof of Theorem 2. We need some facts from [15]. Consider (2, M), where
Q = C([0, 00); R?) be the space of continuous trajectories from [0, c0) into R4,
Givent > 0 and w € Q2 let x (¢, ) denote the position of w in R? at time 7. If we put

1 SupOStSn ‘x(tv CL)) - x(t’ (l)/)’
2" 1+ 8upg <, X (1, @) — x (1, )]

D(w, o) =

n=1

then it is well known that D is a metric on Q2 and (€2, D) is a Polish space. The
convergence induced by D is the uniform convergence on bounded ¢-intervals. For
simplicity, we will omit w in the future and we will be assuming that all our processes
are homogeneous in time. Analogous results for time-inhomogeneous processes may
be obtained by simply considering the time-space processes.

We will use M to denote the Borel o -field of subsets of (2, D), M =o[x(¢) :
t > 0]. We also will consider an increasing family of o-algebras M; = o[x(s) :
0 < s < t]. The classical approach to the construction of diffusion processes cor-
responding to given coefficients a and b involves a transition probability function
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P(s, x; t, -) which allows to construct for each x € R?, a probability measure P, on
Q = C([0, co); RY) with the properties that

P(x(0) =x) =1

and
P (x(t) e T |[My) = P(t1, x(t1); 12, T') a.s. P

forall 0 < t; < t, and I' € Bga (the Borel o-algebra in RY). It appears that this
measure is a martingale measure for a special martingale related with the second-
order differential operator

92 { 9
b ()—,
axiax_j + ; ( )3x,‘

<&
L:EZaJ(J

ij=1
namely, for all f € C°(R?)

Px(0) =x) = 1,

(f (x(@)) —/O Lf (x(u))du, M;, Py) (22)

is a martingale. We will say that the martingale problem for a and b is well posed
if, for each x, there is exactly one solution to that martingale problem starting from
x. We will be working with the following setup. For each 4 > 0, let [T, (x, -) be a
transition function on R?. Given x € RY, let P be the probability measure on
characterized by the properties that

(i) PIx(0) =x) =1, (23)
i e = = = i, k<o < eron) =1
(24)
forall k > O,
(iii) PMx((k+ Dh) € T'| Myy) = Ty(x(kh), T), P! — as.
forallk > 0and I' € Bga. (25)

Define |

aﬁ,j (x) = W

/ (1 — x) () — x) Ty (x. dy), 26)
[y—x[=<1
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. 1
b =+ / (i — x0T (x, dy), @7
[y—x[<1
and |
Aj () = 3T (x, RUN\B(x, ¢)), (28)

where B(x, ¢) is the open ball with center x and radius €. What we are going to
assume is that forall R > 0

lim sup |la,(x) —ax)|| =0, 29
lim sup lay () — () (29)
lim sup |b —b =0, 30
lim sup 1y (x) = b0l (30)
sup sup (llan ()| + [brp(x)]) < o0, (€1}

h>0 xeR4
lim sup Aj(x) =0. (32)

xeR4

Theorem A. ([15], p. 272, Theorem 11.2.3). Assume that in addition to (29)—(32)
the coefficients a and b are continuous and have the property that for each x € R?
the martingale problem for a and b has exactly one solution P, starting from x (that
is well posed). Then P)f' converges weakly to P, uniformly in x on compact subsets
of R%.
Sufficient conditions for the well posedness are given by the following theorem.
Let S, be the set of symmetric nonnegative definite d x d real matrices.

Theorem B. ([15], p. 152, Theorem 6.3.4). Let a : RY —s S;and b : R —> R¢
be bounded measurable functions and suppose that & : RY — R x R? is a
bounded measurable function such that a = oo*. Assume that there is an A such
that

llo(x) —oWl +[b(x) —b(y)] = Alx —y| (33)

for all x,y € R?. Then the martingale problem for a and b is well posed and
the corresponding family of solutions {P; : x € R“} is Feller continuous (that is
P, — P, weakly if x, — x).

Note that (33) and uniform ellipticity of a(x) imply the existence of the transition
density p(s, x; ¢, ¥) ([15], Theorem 3.2.1, p. 71).

Consider the model

X ((k + Dh) = X (kh) + hb(X (kh)) + ~VhE(X (kh)),

§(X(kh)) = pro (X (kh))e, (34)
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where {g;} are i.i.d. random vectors uniformly distributed on the unit sphere S¢~!,

and {p,} are i.i.d. random variables having a density, p; > 0, E,o,f = d. Let us check
the conditions (29)—(32). It is easy to see that

N N _ y—x — hb(x)

M (x, dy) = py(»)dy, where pj(y) =h~* f; (T ‘

Here, f: denotes the density of the random vector £. Let us check (32). Note that
E& = 0 and the covariance matrix of the vector £ is equal to

(35)

Cov(e, ) = E(plo ()eel o7 (x)) = a(x). (36)
‘We have
RAL () = Iy (x, RO\B(x, £)) = / pEO)dy =
RI\B(x,¢)

fe(wydv = P {g cB (0, i)] — Jhb(x)) <

/v+\/ﬁh(x)eR"\B((),ffh) Vh

2 &
< P[l%’l EE]ZO(M' (37

The last equality is a consequence of the Markov inequality. The equality (36), the
uniform ellipticity of a(x) and (37) imply (32). To prove (29), note that by (33)

1

ay (x) = / i = x)(yj = x))p (Ndy =
h ly—x|<1

- / (Wi + Vb () (v; + Vb () fi (0)dv =
[v+vhb(x)| <

ﬁ
= / v;v; fe (W)dv + o(Vh) = a(x) + o(1). (38)
[v+vRb (o) | < 7

To check (30), note that

. 1
b;,(x) = Z/ I l(yi —xi)PZ(y)dy =
y—x|<

1

= i + Vhb' (v)dv =
Vh |v+«/ﬁb(x)|5ﬁ(v Cnsede
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) 1
=b'(x) fe()dv — —/ v; fe(v)dv. 39
|v+VRb(x)| < VI b |- 2

To estimate the second integral in (39), we apply the Cauchy—Schwarz inequality

L ol fe v < —— (/ ol £ (u)du)l/2 (P<|s|2 > i)m —o()
\/ﬁ |v+«/ﬁb(x)‘>ﬁ 5 - h 8 ~ 4h -
(40)
and (39), (40) imply (30). Finally, (31) follows from our calculations and assumptions
of Theorem B. Weak convergence P! to P, follows now from Theorems A and B
cited above. (Il
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