Improving the Goertzel-Blahut algorithm:
An example

Sergei Valentinovich Fedorenko

In this preprint, we present an example illustrating the novel method for the discrete Fourier transform
(DFT) computation based on the Goertzel-Blahut algorithm introduced in the paper “Improving the
Goertzel-Blahut algorithm” (IEEE Signal Processing Letters, vol. 23, no. 6, pp. 824-827, 2016).

EXAMPLE

Consider the DFT of length n = 15 over the field GF(2?). The finite field GF(2*) is defined by an
element o, which is a root of the primitive polynomial z* + x + 1. Let us take the primitive element « as

a transform kernel. The binary conjugacy classes of GF(2™) are (o), (a!,a? o, a®), (a3, a% a'? af),

(Oé7, a14’ 0613, OéH), (065, alO).

A. Goertzel-Blahut algorithm
The first step of the Goertzel-Blahut algorithm is

f(z) (x + 1)qo(x) +ro(x), 710(T) = 70,0

flz) = (' + 2+ Daqi(z) +r1(x), ri(x) = r3 23 +ro12% + 1107 + 704

flx) = (@ +22+22+2+ Dga(x) +r2(z), ro(x) = 7320% + 1092% + 1107 + 102

flz) = (2 + 2% + 1)gs(x) +r3(x), r3(x) = r332° +roga® + 1137 + 703

f(z) (2 + 2 + 1)qa(x) +ra(x), ra(x) = 71,47 + To4
where oy = %io i

ror = fot+ fa+ fr+ fs+ fro+ fi2+ fi3 + fua

i = fit fat+ fs+ fr+ fot+ fio+ fu+ fio

ro1 = fo+ fs+ fo + fs + fio + fur + fi2 + fis

rs1 = fs+ fo+ fr+ fo+ fur+ fio+ fis + fua

ro2 = fo+ fa+ fs+ fo+ fio+ fua

2 = fi+ fat+ fo+ fo+ fu+ fia

T2 = fot fat+ frt+ fo+ frot fua

r32 = fatfit fs+ fot f13+ fu

ro3 = fo+ fa+ fs+ fo + fr+ fo+ fu+ fi2

3 = fit[fs+ fot+ fr+ fs+ fio+ fiz+ fi3

r23 = fot+ fot+ fr+ fs+ fo+ fuu + fi3+ fua

r33 = fat fat+ fs+ fo+ fs+ fiot+ fut fua

roa = Jot ot fat+fs+fot+ fs+ fot fuut+ fiat fua
ra = fit+tfot ot s+ fr+ fs+ fio+ fu+ fizs+ fa.




The second step of the Goertzel-Blahut algorithm is

or
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= T0,0
Fo o= fla') =r(a) rs10® + 19107 + 110t + 70
Fy, =f(a?) =nr(®) = 3100 + o1t 4+ 11107 4 770
F4 = f(Oé4) =1 (&4) = 7”3,10412 + 7”2’10&8 + 7'1’1&4 + To,1
Fz =f® =nr(® = r310” + o0t + a8 + gy
Fy = f(@®) =mr(’) = 73207 + 79205 + 11 50% 4 10
F6 = f(Oé6) = TQ(CK6) = 7"3,2043 + 7"2’20512 + 7'1’2&6 + 70,2
F12 = f(a12) = 7“2(0(12) = 7'3,2046 + 7"272049 + 7"172a12 + 70,2
Fg = f(ozg) = 7”2(0{9) = 7"3720[12 + 7"272043 + TLQO{Q + o2
F7 = f(Oé7) = 7“3(&7) = 7"373046 + 7"2’30514 + 7'1’3&7 + 70,3
Fuy = f(a) =r3(a) = r3za'? +rozal® +ri3a + 13
Fiz = f(a) =r3(a'®) = 71330’ +rysatt +r130" + 13
F11 = f(Oéll) = 7”3(61411) = 7’3,3(13 + 7"273@7 + 7"1730611 + 70,3
Fso o=f(@) =mnfa’) = 1,40 + 704
Fio = f(a) =rya') = 40?4+ 704
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mF =VRf

The Goertzel-Blahut algorithm in matrix form is

or
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B. Novel method based on the Goertzel-Blahut algorithm

The Moore—Vandermonde matrix V] factorization [13] is

1 o' o o 1 0/]0 O 1 Ojla O
Vi — 1 o® ot af 10 1/0 O 0 110 «
P71 o a® &2 | |1 01 0 0 0[1 O
1 a® o o 0O 1|10 1 0O 0/0 1
1 & |0 0 1 0 0 O 1 0 0 O
y 1 a%]0 0 0 010 0 1 1 1
00 1 o 01 0 O 0 0 1 1
00 1 o' 0 0 0 1 0 0 0 1
a® o ol af 1 0 0 O
a’ ol a2 o'? 0 0 1 1
a® al% o o 0 0 0 1
where P; is the matrix of preadditions.
From Lemma 1 [SPL16] it follows that
Vo = 1
Vi = S1Py
Vo= ViNy1 = SiPiNgp '’
Va= ViN31 = S1Pi N3,
where Ny ; and N3 ; are the basis transformation matrices:
1 0 0 O 1 1.1 0
0 0 0 1 01 0 O
Mox=119 01 0| Nsx=119 0 0 1
01 1 1 01 1 1
The Moore—Vandermonde matrix V) factorization is very simple:
1 o 1 0 1 o
v=(1 e )=(1 1) (0 1)
Further, we obtain
Vo
Vi
V= %
V3
Vy
1 1 1
Sl P1 I4
= S, P Noy
S, P N3,
Vi I I

where 5 is the 2 x 2 identity matrix and /4 is the 4 x 4 identity matrix.

= SPN,



In matrix form, the DFT algorithm can be written as

7F =VRf=S(PNR)f

or

FO OCO

Fi a® o ol af

jo8 A ol 42 a2

Fy a® o ot o

F, A ol o8 B

Fy a® o ol af

Fy 2 a0 42 o2

Fp | = a® o® at o

F, A ol a8 B

Fr a® o® al af

Fl ¥ a0 42 o2

Fis a® o atr

o A ald a8 ol

F a® ol

Fio a? ol
1 111 1 1111111111 fo
1 0001 00T1T1O01UO0T1T1'1 fi
0O 01 1 01 01T1T1T1W0UD00O01 fo
01 1 1 1 0 0 OT1TTUO0OO0OT1T1TO0'1 f3
00 01 0O0T1T1O0OT1THUWOT1TT1ITT1:1 fa
1 0 001 1000110001 f5
01 01 0 01 0T1WO0O0OT1TUO0OT1SFO0O0 fs

x| 01 001 01UO0OO0OT1O0OT1TTUO0TO0'1 fr

011 11 0111 10T1T1T11 fs
1 1101 01 1 0O0T1UO0OUO0O01 fo
01 1 0 01 00O0OT1T1T1TT1FVO0'1 fio
0O 01 00 011 1T 1T 01U0T11 fi1
01 111 01O0T1T1TGO0OOT1TUO0OFO fio
1 011011 O01T1UOT1T1O0O1 fi3
01 1 011 011WOT1T1TGOT11 fia

C. Complexity of the 15-point DFT computation

The novel method of the 15-point DFT computation based on the Goertzel-Blahut algorithm consists
of two steps:
1) multiplication of the binary matrix PN R by the vector f (using the heuristic algorithm [19]): 44
additions;
2a) triple multiplication by the matrix S;: 3 x 4 = 12 multiplications and 3 x 8 = 24 additions;
2b) multiplication by the matrix Vj: 1 multiplication and 2 additions.
The complexity of this method is 13 multiplications and 70 additions.
The complexity of several methods of the 15-point DFT computation is shown in Table II.



TABLE 1I
COMPLEXITY OF THE 15-POINT DFT COMPUTATION

method multiplications | additions

Cyclotomic algorithm [18] 16 77

Cyclotomic algorithm with common

subexpression elimination algorithm [7] 16 74

Novel method [SPL16] 13 70
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