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Abstract. We study the sensitivity of the densities of non degenerate diffusion processes and related
Markov Chains with respect to a perturbation of the coefficients. Natural applications of these results
appear in models with misspecified coefficients or for the investigation of the weak error of the Euler
scheme with irregular coefficients.
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1. INTRODUCTION

1.1. Setting

For a fixed given deterministic final horizon T" > 0, let us consider the following multidimensional SDE:
dXt = b(t,Xt)dt+U(t,Xt)th, te [O,T}, (11)

where b : [0,T] x R? — R?, o :[0,T] x RY — R? @ R? are bounded coefficients that are measurable in time
and Holder continuous in space (this last condition will be possibly relaxed for the drift term b) and W is a
Brownian motion on some filtered probability space (£2, F, (F)i>0,P). Also, a(t,z) := oo™ (¢, ) is assumed to
be uniformly elliptic. In particular those assumptions guarantee that (1.1) admits a unique weak solution, see
e.g. Bass and Perkins [3,20] from which the uniqueness to the martingale problem for the associated generator
can be derived under the current assumptions.

We now introduce, for a given parameter € > 0, a perturbed version of (1.1) with dynamics:

AXE = b (¢, X D)t + oo (t, X)aW,, t € (0,7, (1.2)
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2 V. KONAKOV ET AL.

where b : [0,7] x R — R4, 0. : [0,T] x R? — R? @ R satisfy at least the same assumptions as b, o and are in
some sense meant to be close to b, o when ¢ is small.

It is known that, under the previous assumptions, the density of the processes (X¢)>o, (Xt(g))tzo exists in
positive time and satisfies some Gaussian bounds, see e.g. Aronson [1,23] or [8] for extensions to some degenerate
cases.

The goal of this work is to investigate how the closeness of (be,0.) and (b, o) is reflected on the respective
densities of the associated processes. Important applications can for instance be found in mathematical finance.
If the dynamics of (1.1) models the evolution of the (log-)price of a financial asset, it is often very useful to
know how a perturbation of the volatility o impacts the density, and therefore the associated option prices (see
also Corielli et al. [6] or Benhamou et al. [2] for related problems).

In the framework of parameter estimation it can be useful, having at hand estimators (b, o.) of the true
parameters (b,o) and some controls for the differences |b — be|,|oc — o.| in a suitable sense, to quantify the
difference p. — p of the densities corresponding respectively to the dynamics with the estimated parameters and
the one of the model.

Another important application includes the case of mollification by spatial convolution. This specific kind of
perturbation is useful to investigate the error between the densities of a non-degenerate diffusion of type (1.1)
with Holder coefficients (or with piecewise smooth bounded drift) and its Euler scheme. In this framework, some
explicit convergence results can be found in [16].

More generally, this situation can appear in every applicative field for which the diffusion coefficient might
be misspecified.

The previously mentioned Gaussian bounds on the density are derived through the so-called parametriz
expansion which will be the crux of our approach. Roughly speaking, it consists in approximating the process
by a proxy which has a known density, here a Gaussian one, and then in investigating the difference through
the Kolmogorov equations. Various approaches to the parametrix expansion exist, see e.g. Il'in et al. [13],
Friedman [10] and McKean and Singer [22]. The latter approach will be the one used in this work since it
appears to be the most adapted to handle coefficients with no a priori smoothness in time and can also be
directly extended to the discrete case for Markov chain approximations of equations (1.1) and (1.2). Let us
mention in this setting the works of Konakov et al., see [14,15].

Our stability results will also apply to two Markov chains with respective dynamics:

sz,-u = Y;fk + b(tka }/tk)h + U(tkay;fk)\/ﬁngrlaYO =,
Y =V bt YW+ e (b, VO WhEs1, Vi =2, (1.3)

[EN]
where h > 0 is a given time step, for which we denote for all k > 0, t; := kh and the (§;)r>1 are centered
ii.d. random variables satisfying some integrability conditions. Again, the key tool will be the parametrix
representation for the densities of the chains and the Gaussian local limit theorem.

1.2. Assumptions and main results

Let us introduce the following assumptions. Below, the parameter € > 0 is fixed and the constants appearing
in the assumptions do not depend on e¢.

(A1) (Boundedness of the coefficients). The components of the vector-valued functions b(t, z), b (¢, x)
and the matrix-functions o(t,z),0-(t,z) are bounded measurable. Specifically, there exist constants
Kl,Kg > 0 s.t.

sup |b(t, x)| + sup b (t, x)| < K1,
(t,2)€[0,T) xR (t,2)€[0,T) xR

sup lo(t, x)| + sup loe(t, z)| < Ka.
(t,z)€[0,T]xR4 (t,2)€[0,T) xR
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(A2) (Uniform Ellipticity). The matrices a := o00c*,a. := o.0f are uniformly elliptic, i.e. there exists
A=, 9(t2,€) €[0,T] x (RY)?,

ATHEP < lalt, 2)8,€) < AL ATTEP < ot ), €) < AL
(A3) (Holder continuity in space). For some v € (0,1] , x < oo, for all ¢ € [0,T],
lo(t,2) — ot y)| +loe(t, 2) —oc(t,y)| < rlo—y|".

Observe that the last condition also readily gives, thanks to the boundedness of ¢, 0. that a,a. are also
uniformly y-Hélder continuous.

For a given ¢ > 0, we say that assumption (A) holds when conditions (A1)—(A3) are in force. Let us now
introduce, under (A), the quantities that will bound the difference of the densities in our main results below.
Set for ¢ > 0:

Ae,b,oo = sup ‘b(t,l‘) - bg(t,l‘)| ’ VQ € (17 —|—OO), As,b,q ‘= Ssup ||b(t7 .. ) - be(ta .. ')”L‘Z(Rd)'
(t,z)€[0,T) xR te[0,T]

Since o, 0. are both vy-Holder continuous, see (A3) we also define

A gnyi= sup |o(u,...)—oc(u,...)|, (1.4)
we[0,T]

where for v € (0,1], |.|, stands for the usual Hélder norm in space on Cj (R% R? @ R?) (space of Holder
continuous bounded functions, see e.g. Krylov [19]) i.e.:

o= swp @1+ Ul [y = sup L@ IO

zER z7y,(z,y)€(RY)? [z =y
The previous control in particular implies for all (u,z,y) € [0,T] x (R%)?:

la(u, z) = a(u,y) — ac(u, x) + ac(u,y)| < 2(Kz + £)Ac o4

x—yl|".

We eventually set for g € (1, +0o0],
Ay g i=Acony+ Ay, (1.5)

which will be the key quantity governing the error in our results.

We will denote, from now on, by C' a constant depending on the parameters appearing in (A) and 7. We
reserve the notation ¢ for constants that only depend on (A) but not on T'. The values of C, ¢ may change from
line to line and do not depend on the considered parameter . Also, for given integers 7, j € N s.t. i < j, we will
denote by [i,j] the set {i,i+1,...,5}.

We are now in position to state our main results.

Theorem 1.1 (Stability control for diffusions). Fiz e > 0 and a final deterministic time horizon T > 0. Under
(A) and for q > d, there exist constants C := C(q) > 1 and c € (0,1] s.t. for all0 < s <t < T, (x,y) € (R%)2:

pc(t —S5Y— 'T)_l‘(p _pE)(Sa t,x,y)\ S CAE,%Q’ (16)

where p(s,t,z,...),p(s,t,x,...) respectively stand for the transition densities at time t of equations (1.1), (1.2)

starting from x at time s. Also, we denote for a given ¢ > 0 and for all u > 0,z € R, p.(u,z) =
d/2 2
G oxp(—ch).
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4 V. KONAKOV ET AL.

Remark 1.2 (About the constants). We mention that the constant C' := C(q) in (1.6) explodes when ¢ | d
and is decreasing in ¢ (see Lems. 3.3 and 3.4 below for details). In particular, it can be chosen uniformly as
soon as q > qg > d.

Before stating our results for Markov Chains we introduce two kinds of innovations in (1.3). Namely:

(Ig).  The iid. random variables (£;),>1 are Gaussian, with law A(0, I;). In that case the dynamics in (1.3)
corresponds to the Euler discretization of equations (1.1) and (1.2).

(Ipar). For a given integer M > 2d + 5+ 1, the innovations (€)x>1 are centered and have C° density f¢ which
has, together with its derivatives up to order 5, at least polynomial decay of order M. Namely, for all
z € R? and multi-index v, |v| < 5:

D" fe(2)| < CQue(2), (L.7)
where we denote for all r > d, z € RY, Q,(2) := CTW, Jpa d2Qr(2) = 1.

Theorem 1.3 (Stability control for Markov chains). Fiz ¢ > 0 and a final deterministic time horizon T > 0.
For h=T/N, N € N*:= N\ {0}, we set for i € N, t; := ih. Under (A), assuming that either (1) or (Ip,m)
holds, and for q > d there exist C := C(q) > 1,c € (0,1] s.t. for all 0 <t; < t; <T,(z,y) € (R%)%:

Xc(tj -ty — x)_1|(ph _pg)(tiatjaxay” < CAE”Y,Q’ (18)

where p"(t;,tj, x,...),p (ti t;, @, ...) respectively stand for the transition densities at time t; of the Markov
Chains Y and Y in (1.3) starting from x at time t;. Also:

- If (Ig) holds:
Xe(tj —ti,y — @) :=pe(t; — ti,y — ),
with p. as in Theorem 1.1.
- If (IP,M) holds:

et jy— al
ti —ti,y— = — N I e N
Xe( j Y —T) (tj — ti)d/2 Qum (d+5+7) ((tj — ti)1/2/c>
The behavior of C := C(q) is similar to what is described in Remark 1.2.
1.3. On some related applications

1.8.1. Model sensitivity for option prices

Assume for instance that the (log)-price of a financial asset is given by the dynamics in (1.1). Under suitable
assumptions the price of an option on that asset writes at time ¢ and when X; = z as E[f(exp(X%"))] up to
an additional discounting factor. In the previous expression f is the pay-off function. For a rather large class
of pay-offs, say measurable functions with polynomial growth, including irregular ones, Theorem 1.1 allows to
specifically quantify how a perturbation of the coefficients impacts the option prices. Precisely for a given € > 0,
under (A):

£t T2, )] o= B[S (exp(X5))] ~E [S(exp(Xf" )] | < CAc / F(exp(y)pe(T — t,2,y)dy.

This previous control can be as well exploited to investigate perturbations of a model which provides some
closed formulas, e.g. a perturbation of the Black and Scholes model that would include a stochastic volatility
taking for instance o.(z) = o + e(z) for some bounded y-Holder continuous function 1 and £ small enough.
In that case, assuming that the drift is known and unperturbed, we have A, , o = |0 — o]y = €|¢|5.

In connection with this application, we can quote the work of Corielli et al. [6] who give estimates on option
prices through parametrix expansions truncating the series. Some of their results, see e.g. their Theorem 3.1,
can be related to a perturbation analysis since they obtain an approximation of an option price for a local
volatility model in terms of the Black-Scholes price and a correction term corresponding to the first order term
in the parametrix series. A more probabilistic approach to similar problems can be found in Benhamou et al. [2].
However, none of the indicated works indeed deals with the global perturbation analysis we perform here.
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1.3.2. Weak error analysis

It is well known that if the coefficients b, in (1.1) are smooth and a satisfies the non-degeneracy condi-
tion (A2), then the weak error on the densities for the approximation by the Euler scheme is well controlled.
Precisely, for a given time step h > 0, let us set for ¢ € N, ¢; := ih. Introduce now, for a given starting time
t;, the Euler scheme X]' = z, Vj > i, Xth],Jrl = Xthj + b(tj,Xthj)h + a(tj,Xthj)(W,ngrl — W4,) and denote by
p"(ti,tj,x,...) its density at time ¢;. The dynamics of the Euler scheme clearly enters the scheme (1.3). It can
be derived from Konakov and Mammen [15] (see also Bally and Talay [5] for an extension to the hypoelliptic

setting) that:
p = p"|(ti, tj 2, y) < Chpe(t; — tiyy — x).

If the coefficients in (1.1) are not smooth, it is then possible to use a mollification procedure, tak-
ing for x € R b.(t,x) := b(t,...) x pe(x),0-(t,x) := o(t,...) x po(x) with p.(x) = e %p(x/e) and
p € C®RLRT), [pup(x)dz = 1,supp(p) C K for some compact set K of R?. For the mollifying kernel
pe, one then easily checks that for y-Holder continuous in space coefficients b, o there exists C' s.t.

sup |b(t,...) —b(t,.. )|eo < C”, sup |o(t,...)—o:(t,... )|, <Ce"™", ne(0,7). (1.9)
te[0,T] te[0,T]

The important aspect is that we lose a bit with respect to the sup norm when investigating the Holder norm.
We then have by Theorems 1.1 and 1.3 and their proof, that, for v-Hélder continuous in space coefficients b, o
and taking ¢ = oo, there exist ¢,C s.t. forall 0 < s <t <T,0<t; <t; <T, (z,y) € (R)%

[(p = p)(s,t,2,9)| < CCue"pe(t — s,y — @), (0" = p2)(ti,ty,2,9)| < CC”pe(ty — tiyy — @),

where the constant C), explodes when 7 tends to 0.

To investigate the global weak error (p — p")(ti,tj, z,y) = {(p — pe) + (pe — p2) + (2 — p")}(ti, t;,7,y), it
therefore remains to analyze the contribution (p. — p?)(t;,t;,x,y). The results of [15] indeed apply but yield
|(pe — ) (tistj, 2, y)| < Cehpe(t; — ti,y — x) where C. is explosive when € goes to zero. The global error thus
writes:

[(p = ") (ti tj, 2, y)| < C{Cue"™ " + Ceh}pe(ty — tisy — ),

and a balance is needed to derive a global error bound. This is precisely the analysis we perform in [16]. In this
work, we extend to densities (up to a slowly growing factor) the results previously obtained by Mikulevi¢ius and
Platen [21] on the weak error, i.e. they showed [E[f(X7)— f(X2)]| < Ch?/? provided f € O 77 (R, R). Precisely,
we obtain through a suitable analysis of the constants C), C., which respectively depend on behavior of the
parametrix series and of the derivatives of the heat kernel with mollified coefficients, that [p — p"|(t;,t;,x,y) <
Cth*w(h)pc(tj —t;,y — x) for a function ¥ (h) going to 0 as h — 0 (which is induced by the previous loss of 5
in (1.9)). In the quoted work, we also obtain some error bounds for piecewise smooth drifts having a countable
set of discontinuities. This part explicitly requires the stability result of Theorems 1.1, Theorems 1.3 for ¢ < +oc.
The idea being that the difference between the piece-wise smooth drift and its smooth approximation (actually
the mollification procedure is only required around the points of discontinuity), is well controlled in L? norm,
q < +o0.

1.3.3. Eaxtension to some Kinetic models
The results of Theorems 1.1 and 1.3 should extend without additional difficulties to the case of degenerate
diffusions of the form:
dX} = b(t, X;)dt + o(t, X;)dW;,
dX? = X/dt, (1.10)
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6 V. KONAKOV ET AL.

denoting X; = (X}, X?), under the same previous assumptions on b, ¢ when we consider perturbations of the
non-degenerate components, i.e. for a given € > 0, Xt(s) = (th’(g), th’(e)) where:

X, = be(t, X[ )dt + 0. (8, X7 ) AW,
axp® = x}9ar, (1.11)

Indeed, under (A), the required parametrix expansions of the densities associated with the solutions of
equation (1.10), (1.11) have been established in [17].

1.8.4. A posteriori Controls in Parameter Estimation

Let us consider to illustrate this application a parametrized family of diffusions of the form:
dXt = b(t,Xt)dt-f—O'(’ﬁ,t,Xt)th, (112)

where ¥ € © C R?, the coefficients b, s are smooth, bounded and the non-degeneracy condition (A2) holds.
A natural practical problem consists in estimating the true parameter ¢ from an observed discrete sample
(Xt )icgo,n) Where the {(ti)ico,n)} form a partition of the observation interval, i.e. if T'=1, 0 =t <t} <- <
tn=1.
Introducing the contrast:
1 n X n — X n
U (9) 1= = [log (det(a(d, £y, Xy ) + (0= (0,5, Xop )X, X[, Vi€ [1m], X o= St

1 s Tl <24 T Tl
n— V=t

and denoting by U, the corresponding minimizer, it was shown by Genon—Catalot and Jacod [12] that under P?,
V(9 — 1) converges in law towards a mized normal variable S which is, conditionally to F; := o{(Xs)sep11}
centered and Gaussian. For a precise expression of the covariance which depends on the whole path of (X;):c(o.1)
we refer to Theorem 3 and its proof in [12].

This means that, when n is large, conditionally to i, we have on a subset {2 C {2 which has high probability,
that [, — 9| < % for a certain threshold C. Setting e, = n='/2, o, (t,2) := (0, t,z) and with a slight abuse
of notation o(t,r) := o (¥, t, ), one gets that, on (2:

jo(t,2) =0, (t,2) = (a(t,y) = 0e, (t,9))| < J& = y| A Cn™2 = |o — o, < (Cn™V2)1 77, € (0,1

We can then invoke our Theorem 1.1 to compare the densities of the diffusions with the estimated parameter
and the exact one in (1.12).

The paper is organized as follows. We recall in Section 2 some basic facts about parametrix expansions for
the densities of diffusions and Markov Chains. We then detail in Section 3 how to perform a stability analysis
of the parametrix expansions in order to derive the results of Theorems 1.1 and 1.3.

2. DERIVATION OF FORMAL SERIES EXPANSION FOR DENSITIES

2.1. Parametrix representation of the density for diffusions

In the following, for given (s,2) € Rt x R?, we use the standard Markov notation (X;"*);>s to denote the
solution of (1.1) starting from x at time s.

Assume that (X;"*)¢>s has for all ¢ > s a smooth density p(s,t,z,...) (which is the case if additionally to
(A) the coefficients are smooth see e.g. Friedman [10]). We would like to estimate this density at a given point
y € R?. To this end, we introduce the following Gaussian inhomogeneous process with spatial variable frozen at
y. For all (s,z) € [0,T] x R, t > s we set:

t
XY :ac—I—/ o(u,y)dW,.
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Its density p¥ readily satisfies the Kolmogorov backward equation:

Oup? (u,t, 2,y) + LYpY(u, t,2,y) =0, s <u <t zeRe
(st ) = 0y(0), (2.1)
ult

where for all ¢ € C2(R%,R) (twice continuously differentiable functions with compact support) and z € R%:
. 1
Lip(z) = 5T (00" (u,y) D2p(2))

stands for the generator of X¥ at time u.
On the other hand, since we have assumed the density of X to be smooth, it must satisfy the Kolmogorov
forward equation (see e.g. Dynkin [9]). For a given starting point € R? at time s,

{8up(s,u,x, 2)— Lip(s,u,2,2) =0, s<u<tzeR 22)
2.2

p(s,u,x,...) —l> 0x(.),

where L* stands for the formal adjoint (which is again well defined if the coefficients in (1.1) are smooth) of
the generator of (1.1) which for all ¢ € C2(R%, R), z € R? writes:

Lyo(z) = %Tr (aa*(u, z)Dﬁnp(z)) + (b(u, 2), Dyp(2)).

Equations (2.1), (2.2) yield the formal expansion below which is initially due to McKean and Singer [22].
t
0= 7")(sstoay) = [ dud, [ deplos 2wt 20)
s R4
t
:/ du | dz (Oup(s,u,z, 2)pY(u,t, z,y) + p(s,u, x, 2)0upY (u, t, z,y))
s R4
t
:/ du/ dz (LZp(s,u,x,z)ﬁy(u,t,z,y) —p(&u,x,z)LZﬁy(u,t,z,y))
s R4
t

:/ du de(S, U, T, Z)(Lu - iz)ﬁy(u’ t7 2, y)? (23)
s R4

using the Dirac convergence for the first equality, equations (2.2) and (2.1) for the third one. We eventually take
the adjoint for the last equality. Note carefully that the differentiation under the integral is also here formal
since we would need to justify that it can actually be performed using some growth properties of the density
and its derivatives which we a priori do not know.

Let us now introduce the notation

t
F @ g(stia,y) = / du [ def(s,uw,2)g(ut, 2 y)
s R4

for the time-space convolution and let us define p(s,t, x,y) := p¥(s,t,x,y), that is in p(s, ¢, z,y) we consider
the density of the frozen process at the final point and observe it at that specific point. We now introduce the
parametriz kernel: . .

H(s,t,x,y) == (Ls — Ls)p(s, t,z,y) == (Ls — LY)p? (s, t, 2, y). (24)

With those notations equation (2.3) rewrites:

(p _ﬁ)(svtaxay) =p ® H(Svtaxay)'
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8 V. KONAKOV ET AL.

From this expression, the idea then consists in iterating this procedure for p(s,u,x, z) in (2.3) introducing the
density of a process with frozen characteristics in z which is here the integration variable. This yields to iterated
convolutions of the kernel and leads to the formal expansion:

(oo}
pls,t,y) => pe H (s,t,2,y), (2.5)
r=0

where p@ H® = 5, H") = H® H"=Y, r > 1. Obtaining estimates on p from the formal expression (2.5)
requires to have good controls on the right-hand side. The remarkable property of this formal expansion is now
that the right-hand-side of (2.5) only involves controls on Gaussian densities which in particular will provide,
associated with our assumption (A) a smoothing in time property for the kernel H.

Proposition 2.1. Under the sole assumption (A), for t > s, the density of X;”° solving (1.1) exists and can
be written as in (2.5).

Proof. The proof can already be derived from a sensitivity argument. We first introduce two parametrix series
of the form (2.5). Namely,

o0
p(s,t,,y) = Pls,t,x,y) + Y p@ H (s,t,2,y) (2.6)
r=1
and -
pe(s,t,m,y) = pe(s,t,2,y) + Zﬁg ® H" (s,t,x,7). (2.7)
r=1

Let us point out that, at this stage, p and p. are defined as sums of series. The purpose is then to identify those
sums with the densities of the processes X;"*, Xt(s)’s’x at point y.

The convergence of the series (2.6) and (2.7) is in some sense standard (see e.g. [20] or Friedman [10])
under (A). We recall for the sake of completeness the key steps for (2.6).

From direct computations, there exist ¢; > 1,¢ € (0,1] s.t. for all ' > 0 and all multi-index «, |a| < 8,

~, C
W Su<t ST (59) € (B, 1D 1 20 < G osampelt —wy = 2), (2.8)

where

(t ) cd/2 c ‘ y— Z|2
Uy —2)=-—————exp| "],
Pe Y 2 (t —u))d/? P\l72
stands for the usual Gaussian density in R? with 0 mean and covariance (t—u)c™1I,. From (2.8), the boundedness
of the drift and the Holder continuity in space of the diffusion matrix we readily get that there exists ¢; > 1, c €
(0,1],
ci(1vTU-7/2)
P S ——
|H(U,t,2,y)‘ = (t—u)1*7/2

Now the key point is that the control (2.9) yields an integrable singularity giving a smoothing effect in time
once integrated in space in the time-space convolutions appearing in (2.6) and (2.7). It follows by induction
that:

pe(t —u, z —y). (2.9)

2

(v T2+ [1(3)])

N T1+r3) pelt —s,y—2)(t—9)7, (2.10)

pe HO G2y < (VT LB (3046 D5 ) pelt sy~ )t —9)F
i=1

o3
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where for a,b > 0, B(a,b) = fol t=1+a(1 — )~ 1*bd¢ stands for the S-function, and using as well the identity

B(a,b) = L F(‘(’iigb) for the last equality. These bounds readily yield the convergence of the series as well as a

Gaussian upper-bound. Namely

p(s,t,a,y) < crexp((LV T 2)ei[(t — )2 )pe(t — s,y — ). (2.11)
An important application of the stability of the perturbation consists in considering coefficients b. := b
(ey0: := 0% (. in (2.7), where (. is a mollifier in time and space. For mollified coeflicients which satisfy the

non-degeneracy assumption (A2), the existence and smoothness of the density of X (¢) is a standard property
(see e.g. Friedman [10,11]). It is also well known, see [14], that this density p. admits the series representation
given in (2.7). Observe now carefully that the previous Gaussian bounds also hold for p. uniformly in £ and
independently of the mollifying procedure. This therefore gives that

ps(sataxay) H—}Op(satvxvy)a (212)

boundedly and uniformly. Thus, for every continuous bounded function f we derive from the bounded conver-
gence theorem and (2.11) that for all 0 < s <t < T, x € R%:

BT = [ f@pstady = [ 1@nts.tapa. (213)

Taking f = 1 gives that [, p(s,t,x,y)dy = 1 and the uniform convergence in (2.12) gives that p(s,t,z,...) is
non negative. We therefore derive that p(s,t,,-) is a probability density on R

On the other hand, under (A), we can derive from Theorem 11.3.4 of [25] that (X}).cp0,m (kaL:v%) (Xs)sefo,17-

This gives that for any bounded continuous function f:
E[f (x7°7)] 5 ElF (X7

This convergence and (2.13) then yield that the random variable X;** admits p(s,t,z,-) as density.
We can thus now conclude that the processes X, X(¢) in (1.1), (1.2) have transition densities given by the
sum of the series (2.6), (2.7). O

2.2. Parametrix for Markov chains

One of the main advantages of the formal expansion in (2.5) is that it has a direct discrete counterpart in
the Markov chain setting. Indeed, denote by (Y;fjaﬁ)jzZ the Markov chain with dynamics (1.3) starting from z
at time ¢;. Observe first that if the innovations (£x)x>1 have a density then so does the chain at time ¢j.

Let us now introduce its generator at time t;, i.e. for all ¢ € C3(R% R), = € R%:

Lie(@) = h'E [o(¥47) - o(@)] -

In order to give a representation of the density of p(t;,t;,z,y) of Ytiz at point y for j > 4, we introduce
similarly to the continuous case, the Markov chain (or inhomogeneous random walk) with coefficients frozen in
space at y. For given (t;,x) € [0,T] x RY, t; > t; we set:

j—1

i/t_tjhx’y =+ hl/QZa(tka y)gk-'rlv
k=1

and denote its density by p™¥(t;,t;,z,...). Its generator at time t; writes for all p € CZ(R% R),z € R%:

Lie(@) = h7'E [o(F50Y) — ol@)]
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10 V. KONAKOV ET AL.

Using the notation p"(t;,t;,2,y) = p»¥(t;,t;,x,y), we introduce now for 0 < i < j < N the parametriz
kernel:
H (ti,ty,2,) o= (LE = L) 5" (8 + oty 2.y)

Analogously to Lemma 3.6 in [14], which follows from a direct algebraic manipulation, we derive the following
representation for the density which can be viewed as the Markov chain analogue of Proposition 2.1.

Proposition 2.2 (Parametrix expansion for the Markov chain). Assume (A) is in force. Then, for 0 < t; <
tj S T;

j—i

ph(ti7 t]7 €, y) = Zﬁh ®h Hh7(r)(tia t]? Z, y)v

r=0

where the discrete time convolution type operator ®y is defined by
Jj—i—1
f®h g(tzat]ax ?J Z h/ f thtZ-‘rkvx Z) (tz+k7t372 y)d
Also g @5, H™©) = ¢ and for all r > 1, H"(") .= H" @, H™("=1 denotes the r-fold discrete convolution of the
kernel H".
3. STABILITY OF PARAMETRIX SERIES
We will now investigate more specifically the sensitivity of the density w.r.t. the coefficients through the

difference of the series. For a given fixed parameter €, under (A) the densities p(s,¢,,...),p:(s,t,x, ) at time
t of the processes in (1.1), (1.2) starting from = at time s both admit a parametrix expansion of the previous
type.

3.1. Stability for diffusions: Proof of Theorem 1.1

Let us consider the difference between two parametrix expansions:

p(s,t,z,y) — pe(s,ta,y)| = | p@H (s, t,2,y) = Y pe @ H (s, t,2,y)
r=0 r=0
<|(p-— ps)st;vy|+z s, t,xz,y) — Z H (s, t,z,y)| . (3.1)
r=1 r=1

The strategy to study the above difference, using some well known properties of the Gaussian kernels and their
derivatives recalled in (2.8), consists in first studying the difference of the main terms.
We have the following Lemma.

Lemma 3.1 (Difference of the first terms and their derivatives). Under (A), there exist ¢ > 1, ¢ € (0,1] s.t.
for all0 < s <t, (z,y) € (RY)? and all multi-index o, |a| < 4,
g _ 1
|D3p(s,t, @,y) — Dgpe(s,t,2,y)| < mAe,mpc(t — 8y — 1)

Proof. Let us first consider |a| = 0 and introduce some notations. Set:

(s, t,y) ::/ a(u,y)du, X.(s,t,y) ::/ ac(u, y)du. (3.2)
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Let us now identify the columns of the matrices X (s,¢,y), X-(s,t,y) with d-dimensional column vectors, i.e. for
(s, t,y):

X(s,t,y) = (ZE2|..|29) (s, t,y).
We now rewrite p(s, ¢, x,y) and p.(s,t,z,y) in terms of vectors O(s,t,y), O (s,t,y) € R

Bs,t.a,y) = fou (O(s,1,y)), O(s,t,y) = (TN, (8)") (s,t,p),
Pe(s,t,2,y) = foy(O:(s,1,9)), Oc(s,ty) = (Z2)",.... (X)) (s,t,9),

where (-)* stands for the transpose and
fay RY L R
I foy(D) = : exp ()~ 2y~ 2) (33)
z.Y (QW)d/2det(I“1:d)1/2 9 ) ) )

Fl

F2
where I" := . and each (Fi)ie[[l,d]] belongs to R?. Also, we have denoted:

d

rtd=(rr2..|r),

the d x d matrix formed with the entries (I7);c1,q), each entry being viewed as a column.
The multidimensional Taylor expansion now gives:

(15 - ﬁs)(svtvxa y)| = |fx,y(@(3’ tvy)) - fx,y(@s(sv tvy))‘
=1 Dufey(O(s,t,)){(O: — O)(s,t,y)}

v|=1
95 -0 1, v 1
+2y {( 3‘(8 y)} / (1= 8)D" f,.,(10 +6(6: — ©)](s, t,y))dd| . (3.4)
|v|=2 : 0
where for a multi-index v := (v1,...,v42) € Nd2, we denote by |v] := Z;il v; the length of the multi-index,

vl = H;il v! and for h € RY, v = H;il hY* (with the convention that 0° = 1). With these notations,
from (3.2)—(3.4) we get:

fow(O(5,6,9)) = o (O=(s,t,y)) S D D" foy(Os, 6,y)| Acoy (t = 5)
v|=1
+AZ,,(t = 5)* max Z D" fa,y ([0 +6(8 = O)l(s,t,9))| 0 (3:5)

6601]

recalling that A , - has previously been defined in (1.4)%.

4Actually only the sup norm term in Ae,o,~ could be considered for this part of the anlalysis.
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12 V. KONAKOV ET AL.

Since fyy in (3.3) is a Gaussian density in the parameters x,y, we recall from Cramer and Leadbetter [7]
(see Eq. (2.10.3) therein), that for all I" € R and any multi index v, lv| <2

1 (& 92 "
D*foy(1) = = [ T1 8 feuD) ]

2lv| | , .
i=1 \ Figtig Fiopizlyg

where || stands for the integer part. Hence, taking from (3.5), for all § € [0,1], I, 5(s,t,y) == [© + 6(Os —
0)](s,t,y) yields, thanks to the non-degeneracy conditions (see Eq. (2.8)):

_Ciiwfx,y (EF&(;(S, ta y)) S ﬁpé(t —5Y— 'T)’ (36)

‘Dyfﬂ%y(FE,tS(S’ tvy))‘ < (t

for some ¢; > 1,¢ € (0,1].
Thus, from (3.3), (3.4), equations (3.5) and (3.6) give:

|ﬁ(8,t,$, y) _ﬁs(svtaxa y)| S ElAE,U,’YpE(t —S5Y— 1')

Up to a modification of ¢, ¢ or ¢1, ¢ in (2.8) we can assume that the statement of the lemma and (2.8) hold with
the same constants ¢, c. The bounds for the derivatives are established similarly using the controls of (2.8).
This concludes the proof. O

Remark 3.2. Observe from equation (3.4) that the previous Lemma still holds with A.,. replaced by
Ac g0 1= Supyeporlo(t,...) — 0e(t,...)[oo. The Hélder norm is required to control the differences of the
parametrix kernels.

The previous lemma quantifies how close are the main parts of the expansions. To proceed we need to consider
the difference between the one-step convolutions. Combining the estimates of Lemmas 3.1 and 3.3 below will
yield by induction the result stated in Theorem 1.1.

Lemma 3.3 (Control of the one-step convolution). For all0 < s <t < T, (z,y) € (RY)? and for q € (d, +0c0]:
6@ HY (s,t,2,y) — pe @ H (s,t,2,y)|

< c%pc(t — 8,y — x){Q(l i T(1*7)/2)2[A57077 + L=t oAb +o0] B (1, %) (t— s)%

1
+1ge(da,+00) A bg B (5 + Cv(q)@(q)) (t— )" } (3.7)
where c1,¢ are as in Lemma 3.1 and for q € (d, +o0] we set a(q) = %(1 - g). The above control then yields for
a fized q € (d,+o00]:
b HY (s,t,2,y) — e @ HY (s,t,2,y)|

_ N 1 _
<2C2Ac 5 gpe(t — s,y — @)(t — 5) 3@ (B (1, %) VB (5 + a(q),a(q))) , C=c(1vTO2) (338

which will be useful for the iteration (see Lem. 3.4).

Proof. Let us write:

\f)@H(l)(s,t,ac,y) —]55®H§1)(3,t,x,y)\ <|p—pe| @ |H|(s,t,2,y) + pe @ |H — He|(s,t,2,y) =: T+ II. (3.9)
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From Lemma 3.1 and (2.9) we readily get for all ¢ € (d, +o0]:

P —pe|l @ |H|(s,t,z,y)| < (1V T(liv)/z)cl)QAequC(t —s,y—x)B (17 %) (t— 5)% (3.10)
Now we will establish that for all 0 <u <t < T, (z,y) € (R%)? and ¢ = +oo:
1vTA=1/2)¢
‘(H - HE)(u’tv Zay)| < AE’%O"ﬁpc(t —uY - Z) (311)

Equations (3.11) and (2.8) give that II can be handled as I which yields the result for ¢ = +o0. It therefore
remains to prove (3.11). Let us write with the notations of (3.3):

(1 )0t 20 = | 570002 = s D2 (B0 t) ) + 6002), D (O 1)
- [510( (0t 2) — 0w D21, (O ) ) + 0020 D 62 )|
Thus,
(1 £t 2) = 5 | T (a0 2) = ) (D2 (€0, 1,0) = D21, (B2 t)) )
=T ([(0e,2) = aclu) = a0, 2) = el )ID2F. (O0st.0) )|

+ [(b(u,z), {D:foy(O(u,t,y)) = D fey (Oc(u,t,y)}) — ((be(u, 2) — b(wZ))szfz,y(@s(uvt,y)»]- (3.12)

Observe now that, similarly to (3.6) one has for all ¢ € {1, 2}:

. . C
|D,szZ,y(8(u,t7y))| + ‘Dzzfz,y(es(u,tvy)ﬂ < mpﬁ(t —u,y — Z),
) . c AEJ,
|D,zsz,y (@(uvta y)) - DszZ7y(@E(u7ta y))| < (tl_TZ/’szé(t —uYy— Z)

Also,

[(ae(u, 2) = ac(u,y) = (a(u, 2) = a(u,y))| < cAc.pqlz = y|7, [be(u, 2) = blu, 2)| < cAep,o0.

Thus, provided that c¢q, ¢ have been chosen large and small enough respectively in Lemma 3.1, the definition
in (1.5) gives:

1V T2 A,
(t —u)t=7/2

|(H_H€)(u7t,zvy)‘ < pc(t—u,y—z).

This establishes (3.11) for ¢ = 4o00. For ¢ € (d,+0o0) we have to use Holder’s inequality in the time-space
convolution involving the difference of the drifts (last term in (3.12)). Set:

D(s,t,z,y) ::/ du /Rd De(s,u, 2, 2)((be(u, 2) — b(u,z)),sz%y(@g(u,t,y)))dz.
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14 V. KONAKOV ET AL.

Denoting by g the conjugate of ¢, i.e. ¢,q > 1,¢7 ' + g ! =1, we get from (2.8) and for ¢ > d that:

t du B 1/q
|D(S,t,l‘,y)‘ SC%/ (t 1/2 ||b(u"")_bt‘(uv"')HLq(Rd) {/ [pc(u_S’Z_'T)pc(t_uay_z)]qdz}
s - u) R4
t d 1/q
du
< cjA. / Cl {/ pc'u_saz_l'pc't_uvy_Zdz} P 1 1dq_1
Loeba s (QW)d(l—E)(Cq)d/ﬁ R@ al JPeal ) (u— 3)5(1—5)(15 _ u)5+5(1—6)
d(1-1) t
t—s)\2" @ __a du
() it | |
"o sabelt =5 =) | T N gl 0D

Now, the constraint d < ¢ < +o0 precisely gives that 1 < ¢ < d/(d —1) = + + 2(1 - %) < 1 so that the last
integral is well defined. We therefore derive:
1 d 1
—_Z2(1-2))-
2 2 q

d
[D(s.t.9)| < €t~ 8)* 2D A pe(t — 5,y —2)B (1 2 (1 B ‘) :

In the case d < ¢ < 400, recalling that a(q) = %(1 — %)7 we eventually get :

_ o 1
e @ |H = Hil(s.t.2.9) < Gpelt — 5.9 —x>{Ag,b,q<t - 905 (5 + alo). o))
+ 24, 0, (1 VT2 — )7/2B(1, 7/2)}. (3.13)

The statement now follows in whole generality from (3.9), (3.10), equations (3.11), (2.8) for ¢ = oo and (3.13)
for d < g < +00. O

The following Lemma associated with Lemmas 3.1 and 3.3 allows to complete the proof of Theorem 1.1.

Lemma 3.4 (Difference of the iterated kernels). For all0 < s <t <T, (x,y) € (RY)? and for all q € (d, +<],
r e N:

(3 Aa(g))]”

4 (g Aag)) Pl oY TS s)T (3o (3.14)

(po H" —p. @ H) (s, t,2,y)| < (r+1)A

where c is as in Lemma 3.1 and C as in equation (3.8) of Lemma 3.3.

Proof. Observe that Lemmas 3.1 and 3.3 respectively give (3.14) for r = 0 and r = 1. Let us assume that it
holds for a given r € N* and let us prove it for r 4 1.
Let us denote for all r > 1, n,(s,t,z,y) = |(p@ H") —p. @ Hg(r))(s,t,x,y)|. Write

i1 (st 0,y) < |p@HY = pe © HO|@ H(s, t,2,y)| + [P © H @ (H — He)(s,1, 2,y)|
< @ [H|(s,t,2,y) + [pe @ H| © |(H — He)|(s,t,2,y).
Recall now that under (A), the terms |H|(s,¢,z,y) and [p: ® Hg(r)| satisfy respectively and uniformly in € the

controls of equations (2.9), (2.10). The result then follows from the proof of Lemma 3.3 (see Eq. (3.11) for
g = oo and (3.13) for ¢ € (d,+00)) and the induction hypothesis. O

Theorem 1.1 now simply follows from the controls of Lemma 3.4, the parametrix expansions (2.6) and (2.7)
of the densities p, p. and the asymptotics of the gamma function.
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3.2. Stability for Markov chains

In this Section we prove Theorem 1.3. The strategy is rather similar to the one of Section 3.1 thanks to the
series representation of the densities of the chains given in Proposition 2.2.

Recall first from Section 2.2 that we have the following representations for the density p", p of the Markov
chains Y, Y in (1.3). For all 0 < t; < t; < T, (z,y) € (RY)?:

ph(tivtjvl'vy) = Zﬁh ®h Hh’(r)(tia tjaxv y)v
j—i

prtity,my) =Y Pl @y HEO (i1, 2,y).
r=0

3.2.1. Comparison of the frozen densities

The first key point for the analysis with Markov chains is the following Lemma.

Lemma 3.5 (Controls and comparison of the densities and their derivatives). There exist ¢,c1 s.t. for all

0<t;<t;<T, (z,y) € (RY)? and for all multi-indez o, |a| < 4:

o 1

|DSB" (ti, 5, @, y)| + |DgBE (tis t, 2, y)| < m%cl(%‘ —ti,y — ),
a~h Asa'y
‘Dxp (tiatjaxay) - Dgcpg (tzatjax y)| 7@27/}6,61 (tj - tivy - 1’)7
(t; —t i) |/

where
~ Under (1g):

¢c,c1 (tj —ti, Yy — 1') = Clpc(tj —ti,y — 1')7

— Under (IP,M)-'
d
cic ly — x|
t- —_ t —_ = —— I -—_— .
Yoo, (t — tisy — ) 0= ti)d/QQM d—5 ((tj — ti)1/2/c)

Proof. Note first that under (Ig) the statement has already been proved in Lemma 3.1. We thus assume that
(Ip,ar) holds. Introduce first the random vectors with zero mean:

A —_
Zk:,j : (t —tk 1/2 ZO’ tl, \/_fl-i-l’ (t —tk 1/2 Zag tla \/_fH‘l
Denoting by gj—r, qj—x,e their respective densities, one has:
DI (teaty2,y) = (1) D2y (7)o
@ At (tj — tg)(d+laD/2 z45- =
1

DEpL (th, ty, 2, y) (t—tk)m( DD ke (2) e e (3.15)

(t_j’tk)1/2

o~ 0N
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16 V. KONAKOV ET AL.

From the Edgeworth expansion of Theorem 19.3 in Bhattacharya and Rao [4], for g¢;_x,¢j—k., one readily
derives under (A), for |a| = 0 that there exists ¢; s.t. for all 0 <t < t; < T, (x,y) € (R?)?,

C1 1
t; — t5)4/2 lz—y| \™’
( J k’) (1 + (tjftk)1/2

ﬁh(tkatjaxay) +ﬁg(tk7tjax’y) S (316)

for all integer m < M —d, where we recall that M stands for the initial decay of the density f¢ of the innovations
bounded by Qs (see Eq. (1.7)).
We can as well derive similarly to the proof of Theorem 19.3 in [4], see also Lemma 3.7 in [14], that for all

a, |al < 4:

C1 1

t: — t.)(d+]al)/2 — mo
(t5 = tw) (1 T (tjlftk?;ll/?)

|Dgﬁh(tkatjaxay)| + ‘Dgﬁg(tk,tg,l',y)‘ S (317)

for all m < M — d — 4. Note indeed that differentiating in DS the density and the terms of the Edgeworth
expansion corresponds to a multiplication of the Fourier transforms involved by (¢, ¢ standing for the Fourier
variable. Hence, from our smoothness assumptions in (Ip ), after obvious modifications, the estimates of
Theorem 9.11 and Lemma 14.3 from [4] apply for these derivatives. With these bounds, one then simply has to
copy the proof of Theorem 19.3. Roughly speaking, taking derivatives deteriorates the concentration of the initial
control in (3.16) up to the derivation order. On the other hand, the bound in (3.16) is itself deteriorated w.r.t.
the initial concentration condition in (1.7). The key point is that the techniques of Theorem 19.3 in [4] actually
provide concentration bounds for inhomogeneous sums of random variables with concentration as in (1.7) in
terms of the moments of the innovations. To explain the bound in (3.16) let us observe that the m'" moment
of ¢ is finite for m < M —d.

Equations (3.16) and (3.17) give the first part of the lemma. Still from the proof of Theorem 19.3 in [4], one
gets, under (A), that there exists C' > 0 s.t. for all multi-indexes &, |a] < 4,5, || <m < M —d— 5 for all
j>k:

e Pla-it0)| + [plie0] Jac < . (318)

where §;_#(C), §j—k,-(¢) stand for the respective characteristic functions of the random variables Z}jj, Zi”;e) at
point (.

To investigate the quantity |DSp"(tg,tj,z,y) — DepP(ty,t;,=,y)| thanks to (3.15) define now for
all o, o] < 4,8, 18| <m<M-—d-5:

¥z € R, 0 pc(2) i=2"D2 (g-5(2) — ¢j-r2(2)),
¥ ERY, O k(C) i= (=)D (¢ {G5-k(C) — G-k (O)})- (3.19)

Let us now estimate the difference between the characteristic functions. From the Leibniz formula, we are
led to investigate for all multi-indexes 3, a, |8| < |G|, |&| < |a| quantities of the form:

_ o - _ N ~ N N B -
()¢ (D245-#(Q) = Dds-1:(Q) = C°E |(Z4)7 exoliC - 2 ;) = (27 exp [z’@Zi’f)H
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Assume first that j > k + 1. In that case, set now Zlg,j,l = Z};’J(ﬂk)/z] , Z}ijz = Z}:J _Zl?f!,j,l' Denoting similarly 1
Z,Z: J(E) = Zi’ %Hc)/z] , Z,Z: 3(52) : Zg’;s) - Z;‘:J(El) for the perturbed process, we get: 2

(i®) 72 (DG 1(C) = DLGs-1(C)
= {E (0 + 28520 explic - 20 Jexplic - Z1,,)] —E[(Z057 + 2037 exolic - 20 exo [iC - 2} j?ﬂ}

Ca{ Z C,ZE]E{(ZIZ:,M)I expli¢ - Zl?;ﬂ}]E [(Zg,j,z)ﬁfleXp[iC ’ Zg,j,Z} }

LB

Z Cl [ )exp[zg Z,"j }]]E{(Zy(s)) Pexplic - Z,fj(gz)]}}

LB
{ 2 Cl{{ [ Zi50) GXP[iC'ZIg,j,lﬂ ]E{(Zzgg(?) expli¢ - Zy’a(gl)]ﬂ ]E{(Z}jj Z)B_leXp[iC'Z’gJ’zﬂ
LIU<IB

sJs

+E[( 22 exolic - Z01] [B[(20,2)7 exolic - 21,51 — E [(Z212)7 explic - ZZJ(QH}}

where in the above expression we considered the binomial expansion for multi-indexes denoting by C

w

cEI l)'l'
with the corresponding definitions for factorials (see the proof of Lem. 3.1). Introduce now, for a multl index 4

1,|I| € [0,]8]], the functions: 5
wiO(C) = CB[(20,0)  exo [iC- 2 | w50 = C@E[(z}jﬁ) exp |ic- 2047 |, 6
and 7
E1u(Q) = [E[(Z,0)" explic - 21 ,,1) —E[(Z05) exo [i¢- 2157 ]] :
E25-1(0) = [E[(Z8,2)7 " explic - 21, ,,]] — B[(Z259)° " exo [ic - 221]] ] ]. s
Thus, we can rewrite from the previous computations: 11

()¢ (D24;-1(Q) = Dlajre(@) = Y. CH{EITTNO + (&25-95") (OF . (3:20)

L8]

Recall from (3.18) that we already have integrability for the contributions ¥;' P “H(¢) and WE(C). Let us thus 12
proceed with the control of &1 (), &5 5-,(¢). We only give details for £1;(¢), the contribution & 5, can be 13
handled similarly. We also consider |I| > 2, since the cases |I| < 2 can be handled more directly. Write: 14

0O <E [|(Z1,0' — @] + B[ 2 exptic - 235,) —esp (ic- 20| 15
<c{e (128, - 200 (128, 1202000 +E [| 281Nz, - 289)] }- 10

k,j,1 ot
Apply now Holder’s inequality with p; = |I|, q1 = |I|/(]l]—1) for the first term and ps = (JI|+1)/|l|, g2 = |I|+1for 18
the second one so that all the contribution appear with the same power (in order to equilibrate the constraints 19
concerning the intregrability conditions). One gets: 20

1£0.4(C)] SC{ UZ;” . g:j(?“z\p/\zl {]E[\Z;f,j,l|”|](“|_1)/“| +]E[\Z;f”ﬁ)I‘”](“'_l)/“'}

(e 1/(JU+1)
IR ZE N O [ 2y — 29 ] - (3.21)
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18 V. KONAKOV ET AL.

The point is now to prove, since we have assumed m < M —d—5 <= m+1 < M —d — 4, that there exists ¢
s.t. forall r <m+1,

EIZY,, — ZP\) MY < eAery, BUZY (1Y +EIZEE) YT < e (3.22)

Let us establish the pomt for the difference, the other bounds can be derived similarly. Define for all i €
[k, 4], M; : \/_ZT k(a 0e)(tr,y)&r+1. The process (Mi)ie[[k,j]] is a square integrable martingale (in discrete
time, w.r.t. F; = X(&,r < i), Y-field generated by the innovation up to the current time). Its quadratic
variation writes [.7\;[]Z =h er;lk (0 — o) (tr,y)|?|&r+1]? and the Burkholder-Davies-Gundy inequalities, see e.g.
Shiryaev [24], give for all r < M — d — 4:

r/2

j—1
E[ sup [Mi["] < ¢, E[[M]}*] = ;b PE | | Y |0 = o) (ti, y) P[4 : (3.23)
i€[k,j] i=k
If » = 2 one readily gets:
E[|ZY ., — ZV )] < 72]13[ sup |M;[?) < < el p jim:“g-ﬂ\?] < ey A?
et = Zeat TS () RN = e

Let us thus assume r > 2 and derive from (3.23)

C ~
——————=FE[ sup [M,[]
(t; —te)™? ik

h?” /2 -1 r/2(1-2/r)
Cr
< e | (Sie - m tenrienr ) (1) ,

applying Holder’s inequality for the counting measure with p = r/2,q = r/(r — 2) for the last inequality. This
finally gives:

El|ZY,, -2 <

cThr/z - r/2— T \ T ~ T
Bl|ZY,, — 201 < e = R AL S Bl S &AL
(tj — tk) i—k

Since we have assumed r < m + 1 < M — d — 4, this gives the first control in (3.22). The other one readily
follows replacing o — 0. by o or o..
From equations (3.21), (3.22) and similar controls for &, 5_;(¢) we finally derive:

11O + €251 (O] < C1Ac 54 (1 +[C])-
As a result we have from (3.19) and (3.20):

IDE(C*(dj-1(C) = DLdj-1(Q))] < CAc oy > SO+ e Oha + (<))

BB I8 1 II<|B|

< _
B =75

[s%

We finally derive from (3.19) and (3.18) (which thanks to the smoothness assumption on Qs in (Ip ) holds
as well for a multi-index &, |&| = 5):

1 ~
05-1£(2) < Gy / 185k (QC < cAus. (3.24)
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From (3.15) this concludes the proof for j > k + 1. If j = k + 1 the previous arguments can be simplified and
lead to the same results. O

3.2.2. Comparison of the parametriz kernels

This step is crucial and actually the key to the result for the Markov chains. We focus for simplicity on
the case ¢ = +o0, for which pointwise controls for the differences between the drift coefficients are available,
and which already emphasizes all the difficulties. The case ¢ € (d,+o0) for the drifts could be handled as in
Lemma 3.3, using similar Holder inequalities.

We actually have the following Lemma.

Lemma 3.6 (Control of the One-Step convolution for the chain). There exists c1,c¢ s.t. for all 0 < t, < t; <
T, (2,y) € (RY)?:

As, ,00
((H" — H)(tg, 15, 2,9)| < Wisc,cl(tj —tk, 2 —y),

with
= Do (tj —th, 2 —Y) = Yeer (b — th, 2 — y) under (Ig).
B y
— Do (tj —th, 2 —Y) =Yoo (tj — th, 2 — Y) (1 + (tkt%) , under (Ip ),

where Y., is defined according to the assumptions on the innovations in Lemma 3.5.

Proof. The case k = j + 1 involves directly differences of densities and could be treated more directly than the
case k > j + 1. We thus focus on the latter. Introduce for k € [0, N], (z,w) € (R%)? the one step transitions:

Th(tk,x, w) = b(ty, x)h + hl/za(tk,az)w, Tsh(tk,x, w) := be(tk, x)h + h1/205(tk,x)w,
T3ty z,w) == b 20 (ty, 2)w, TLy(tk, 2, w) = %o, (t, 2)w. (3.25)

From the definition of H", H", recalling that f¢ stands for the density of the innovation, the difference of the
kernels writes:

(Hh - Hsh)(tkvtjazay) = h_l /d dUJfg(UJ) {ﬁh(tk-‘rlvtjvz + Th(tkazaw)ay) _ﬁh(tk—i-latjaz +T0h(tk7va)vy)}
R

—{ﬁg(tk+17tj72 +Tgh(tkvsz)7y) _ﬁ?(tk+latjaz + T&E(tkava)vy)} . (326)

Let us now perform a Taylor expansion at order 2 with integral rest. To this end, let us first introduce for
A € ]0,1] the mappings:

ap}i ‘R? x R — R
(11, Tp) — Tr (Dﬁﬁ”(tm, tj,z+ N1, y)[Tsz*}),
@’;’E:RdedﬁR

- 3.27
(11, T3) — Tr (Dﬁp?(tm, tj,z+ N1, y)[Tsz*}), (3:27)
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1 where T3 is viewed as a column vector and 7% denotes its transpose. Recalling as well that & is centered we get:

AHh’E(tka t]a 2 y) = (Hh - Hg)(tkvtjv Zvy)

<Dzﬁh(tk+17tj7 Zvy)a b(tka Z)> - <Dzﬁ?(tk+1a t]7 Zvy)a bE(tk7 Z)>]

+h! /R dw fe (w) /01 dA(1 —)\)

X

{@&(Th(tk:a Zaw)aTh(tk, va)) - Qoi)t(T(;L(tk,yaw)aT(;L(tkay,w))}

- {‘p’;,e(Tsh(tkv z,w), Tsh(tk’ z,w)) — @};,E(T&E(tk7 Yy, w), T&s(tkv Y, w))}]

::(Ath’E +A2Hh’€)(tkatjazay)v (328)

2 where for i € {1,2}, A;H"* is associated with the terms of order i. The idea is now to make A. . o, appear
3 explicitly. The term A; H™* is the easiest to handle. We can indeed readily write:

4 A1Hh’€(tk,tj72,y) = [<Dz15h(tk+1>tjvzvy)a [b(tkaz) - bs(tkaz)]> - <(Dzﬁ? - Dzlﬁh)(thrlvtjvZvy)abs(tkaz)>} .

5 From Assumption (A3), equation (1.5) and Lemma 3.5 we derive for ¢ = +o0:
| A H™ (ty, 85, 2,y)| < @Cf%wm (tj — th,y — 2). (3.29)
6 The term As H™¢ is trickier to handle. Define to this end:
7 AR (b1 2, 0) 1= LT 1, 20, T (1, 2, 0) — (T 1, 0), T 11 0) }
: PR (Tl 2 ). Tt 2 w0) — @ (T, 0). T e 1,9 0)) .

10 Let us then decompose:

A@§7E(tk727yaw) = {(pﬁ(Th(tkvva)vTh(tkaZaw)) - (Pﬁ(Th(tk,Z,U}),TéL(tk,y,UJ))}

- {@&,E(Teh(tkvZﬂw)’Tsh(tkavw)) - go’j,s(TEh(tk,z,w),T&E(tk,y,w))}]

+ {@&(Th(tkaZaw)aT(;L(tkayaw)) - @&(Tél(tkayaw)aT(;L(tkvyaw))}

- {@’;,E(T‘sh(tkayaw)aT&s(tkayaw)) - w&,E(T&E(tk” Z’w)’T&e(tkay,w))}]

=: (A1 + Do) (th, 2.y, w), (3.30)

11 and write from (3.28):

1
AaH" bty 20) =0 [ dwfetw) [ AT = V(AL + Aagl 0
R 0

=: (A1 H™® + Agog H™#)(ty, 15, 2,9), (3.31)
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for the associated contributions in Ao H™¢. Again, we have to consider these two terms separately. 1

Term Ay H"#. We first write from (3.30): 2

Mg (s 2,y w0) = | { ATty 2000), T (b, 2,0)) = T (tr, 2,0), T (b, ) }

- {‘p};(Th(tkvva)sth(tkaZaw)) - @Q(Th(tkaZaw)’TO}ts(tkvyaw))}]

Rt 2,0), Th b, 2 0)) = AT (b, 2 0), Th (b, w0) |

{90 tkvz w) Tsh(tk’zaw)) - @Q(Tsh(tk’Z’w)’T&s(tkvy’w))}]
[{%5 (b 2 0), T (b 2, 0)) = 8 (T2 (b, 2, 0), T (b w) |
- QO’;(T (tk?z U)) Tsh(tk?z?w)) - Soﬁ(Tsh(tkaZaw)aT&s(tkvyaw))}‘|

3
=: Zﬂuwi’g(tkazayaw) (3.32)

i=1

We now state some useful controls for the analysis. Namely, setting: 3
D(tg, z,y,w) == T"(t, 2, w)T"(tg, z,w)* — T (t, y, w)Te (tr, y, w)*,

Dt‘(tkv Z:Y, w) = Teh(tkv 2, w)Teh(tk’ 2, w)* - T(?,s(tkv Y, w)T(;l,E(tkv Y, w)*’

we have from (A3) and equation (1.5) for ¢ = 400 : 5
(ID[ + |De|)(tk, 2,5, w) < &(h® + h3¥2w| + k(1 A |z — y)7|w]?), 6
|D — Dc|(t, z,y, w) < EAS’%OO(hz—i—h?’/Q\w\ +h(1A |z —y|) w?). (3.33) 7
From the definition of % in (3.27), equation (3.32), the control (3.33) and Lemma 3.5, we get: 8
i — b,y — ANTh(t
102 9,0) < o Poen B COEST S ) 02 2 40—yl f). 53
j— lk
We would similarly get from Lemma 3.5 and (3.33): 9
e c,c -1 Y +)‘Tght )
813680 2000) <2 P 2 04 P 4 1L A= 0 o)
j— tk
cer(ti =ty — (2 + ONTP (ty, 2, w) + (1 — ONTP (ty, 2, w
| A2 % | (e, 2, y, w) < Pearlly = oy = ( (t( ktk)s/z) ( L )
i —

X |(Th _Th)(tkvz w)HDt‘Ktkavy’w)

<eA wc cl( tkay_(Z+0>‘Th(tkvsz)+(1_0)>‘T‘gh(tkazaw)))
> £,7,00 (tj — tk)3/2

x (h? + B w| + h(1 A |z — y|)|w|?)(h + Y ?|w]), (3.35)

for some 6 € (0,1), using as well (3.25) and (1.5) for the last inequality. The point is now to get rid of the 10
transitions appearing in the function . .,. We separate here the two assumptions at hand. 11
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— Under (Ig), it suffices to remark that by the convexity inequality |z —y — O > 1|z — y[> — |2, for all

O € R%:

/2 2 — yl? 2
c clz—yl c 10|
oty —tey—2-0)<eg—— _LEm I S =)
Veerlj =ty =2 = 6) Cl(2w(tj—tk))d/2e"p< 4tj—tk>eXp(2tj—tk

Now, if © is one of the above transitions or linear combination of transitions, we get from (3.25):

(C/Q)d/2 clz—yP €120 12
¢C,Cl(t3 —tk,y—Z—@) Sclwexp _Z tj —tk exp (5[(2"11}‘ ) : (336)

up to a modification of ¢; observing that h/(t; — tx) < 1 and with Ky as in (A;). Since ¢ can be cho-
sen small enough in the previous controls, up to deteriorating the concentration properties in Lemma 3.5,
the last term can be integrated by the standard Gaussian density fe appearing in (3.31). We thus derive,
from (3.36), (3.34), (3.35) and the definition in (3.32), up to modifications of ¢, ¢;:

|w] 2 = y|"|w|?
(=t =t J7

A (b 21, 0) < Ay oo (5 — th 7 — ) exp(clu]?) {1 T

which plugged into (3.31) yields up to modifications of ¢, ¢, ¢;:

Aene (LY TOD2) g (4 — 12— )
h,e . < g8 GC1\7J ’ .
|A21H (tkatjazay” =cC (tj _ tk)l*"//Q

(3.37)
Under (Ip ), we only detail the computations for the off diagonal regime |z — y| > c(t; — t;,)'/? which is the

most delicate to handle. In this case, we have to discuss according to the position of w w.r.t. y — z. With the
notations of (A2), introduce D := {w € R : {Ah}Y/?|w| < |z —y|/2}. If w € D, then, still from (3.34), (3.35),

(1413 e+ [Ay ) (tr, 2, y, 0)
ti —tk,y— =2 c
< el P <(; et L0 4 B2 ] + h(UA Tz — gl Tol?), | Aaa |t 2,9, 0)
J
cei(bi — T,y —
< chen o Leelli Y Z2) 2 s A L gl )+ B2 ).

(t; — )

On the other hand, when w ¢ D we use f¢ to make the off-diagonal bound of ., (t; — tx,y — z) appear.
Namely, we can write:
1 1 1
<c
I+ Jwh™ — 2=y \ M (L [w])
(1+5#)
1 1

<c , 3.38
= et ) T (2:3%)
(ti—tr)'/?

fe(w) <e

where the last splitting is performed in order to integrate the contribution in |w|® coming from the upper
bound for ‘A12@§’6| in (3.35). Plugging the above controls in (3.31) yields:

Ac yooPee (B — i, 2 — y)

h,e
; ; <
‘AH21 (tk’tw'zﬂy)‘ = (tj _ tk)177/2

(3.39)

We emphasize that in the case of innovations with polynomial decays, the control on the difference of the
kernels again induces a loss of concentration of order v in order to equilibrate the time singularity.
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Term AssH"™¢. This term can be handled with the same arguments as Aoy H™2. For the sake of completeness
we anyhow specify how the different contributions appear. Namely, with the notations of (3.30) and (3.31):

A2§0’;’E(tkaz Yy, w )
/ {<DT1()0)\ TO tkvy’ )+M(Th(tkvsz)_Toh(tkava))vTOh(tkvyaw))aTh(tkazaw)_T(;L(tkava)>

(TO S(tkvy? ) + M(Tg(tkvsz) - T&E(tk,y,’lU)),Tél’E(tk,y,’LU)),TEh(tk,Z,’LU) - T&g(tkvy?w)>}

{ / DT190§(Tél(tkayaw) + M(Th(tka Z,’U}) - Tél(tkayaw))vTél(tkayaw))a
[(T" (b2, 0) = T (b)) = (T2 (b, 200) = T (b w))] ) }
~{ / A [( D, @ (T (b 0) + (T (b, 2, 0) = T (b, 0), T (b, )

= D1y A (T3 (b, w) + (T (b 2, 10) = T3 (s 9, 0)), T (b 0)) | T (b 2,0) = T (b)) }
=1 (A + Aoa gl %) (th, 2,9, ).

—3/2

In Aglnpﬁ’s we have sensitivities of order 3 for the density, giving time singularities in (¢; — ¢x) , which are

again equilibrated by the the multiplicative factor:

75" (b, ) (T3 (trey y, )] 5 [(T™ (s 2, w) = T3 (b, g w)) = (T2t 2,w) = Too (b, y, w))|
< &l + 12w + hlwl?) Ac oo (h+ 2L A |2 = y]) 7 |wl),

where the last inequality is obtained similarly to (3.33) using as well (1.5). The same kind of controls can be
established for AQQQO’;’E. Anyhow, the analysis of this term leads to investigate the difference of third order
derivatives, which finally yields contributions involving derivatives of order four. This is what induces the final
concentration loss under (Ip /), i.e. we need to integrate a term in |w|* (see also Eq. (3.38) in which we
performed the splitting of f¢ on the off-diagonal region to integrate a contribution in |w|?).

We can thus claim that
A577700¢C7C1 (tj — g,z — y) )
(t; —tr) /2

Plugging the above control and (3.39) (or (3.37) under (I¢)) into (3.31) we derive:

Acy,00Peer (B — ths 2 — y)

|AHY (toty, 2,y)| <

h,
‘AH2 E(tkatja Zay)| S

which together with (3.29) and the decomposition (3.28) completes the proof. O

From Lemmas 3.5 and 3.6 the proof of Theorem 1.3 is achieved, under (1), following the steps of Lemmas 3.3
and 3.4, using the Holder inequalities for the differences of the drift terms for g € (d, +00).
The point is that we want to justify the following inequality under (Ip /) and ¢ = +oc:

(3" @ H™T) — 5l @ HEO) (b, 85,2, y)]
{1V TOD2)e }+1 1)) ¢ 0 ] YT ) —t)F. (3.40)
T+ (t; — t) 2NN ()12 fe)

The only delicate point, w.r.t. the analysis performed for diffusions, consists in controlling the convolutions of the
densities with polynomial decay. To this end, we can adapt a technique used by Kolokoltsov [18] to investigate

<(r+1)As 400
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convolutions of “stable like” densities. Set m := M — (d + 5 + ) and denote for all 0 <i < j < N, = € R? by
gm(t;—ti, x) == ﬁQM_(d%_M) ((t*tIW) the density with polynomial decay appearing in Lemmas 3.5
and 3.6. Let us consider for fixed i < k < 7, (z,9) € (R?)? the convolution:

Itlk (tiatjaxay) = /

dzgm (ty — ti, 2 — 2)gm (t; — th, Yy — 2). (3.41)
Rd

~ If |z — y| < c(t; — t;)'/? (diagonal regime for the parabolic scaling), it is easily seen that one of the two
densities in the integral (3.41) is homogeneous to ¢, (t; — t;,y — «). Namely, if (tx —t;) > (t; — t:)/2,

d d/2 .d ~
Qm(tk: - tiv Z— .’E) S (tki;:;zdm S (ijffb)f{/g S CQm(tJ - tivy - .’E) Thusa

IE (it 2, y) < éqm(t; — tiy — ) /d dzqm(t; —th,y — 2) = Eqm(t; —ti,y — ).
R

If (tx —t;) < (t; — ti)/2, the same operation can be performed taking ¢, (t; — tx,y — z) out of the integral,
observing again that in that case g, (t; — tg,y — 2) < égm(t; — t;,y — ).

— If |z — y| > c(t; — t;)'/? (off-diagonal regime), we introduce A; := {z € R?: [z — 2| > Lz —y|}, Ay := {2z €
R?: |z —y| > |o — y[}. Every z € R? belongs at least to one of the {A;};c(1 ;. Let us assume w.l.o.g. that
z € Ay. Then |z — y| > £(t; — t;)'/2 > £(t; — tx)'/? so that the density ¢ (t; — ti,y — 2) is itself in the
off-diagonal regime. Write:

Cm(ty — t;) (M= D/2
dzqm(ty —ti, 2 — 2)qm(tj — th,y — 2) < dzgm(tk —ti, 2 — x) poe
Ay A |z =yl

CQO(tj — ti)(m_d)/2

|z —y|™ Ao

dzgm(ty — ti, 2 — x) < eqp(t; — tiyy — ),

recalling that, under (Ipas), m > d for the last but one inequality. The same operation could be performed
on Aj.
We have thus established that, there exist ¢ > 1 s.t. for all 0 <i < k < j, (z,y) € (R?)? :

From the controls of Lemma 3.6 and following the strategy of Lemma 3.4, we will be led to consider convo-
lutions of the previous type involving I" functions. The above strategy thus yields (3.40) by induction.
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