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ApanTtnBHas npoueagypa Bbl4ncrieHuA
ABYKPaTHbIX UHTEerpasnoB

T. A. JlJomoHocoB*

AnmanTuBHAS MPOIEAYpa YHCICHHOTO MHTETPUPOBAHNUS MIMPOKO M3BECTHA, KOTJA MOIBIHTETPalb-
Has QyHKIHA €CTh (yHKIHS OHOTO IEPEMEHHOT0. 3a1a4a YHCISHHOTO HHTETPHUPOBAHNS B MHOTO-
MEpHBIX 00JIACTSIX KyJa MEHee OCBelleHa, 0COOCHHO, KOIzia peyb UAET O pa3paboTKe aJalTHBHBIX
TPOIEYD.

Paccmorpena 3amaua BBIUMCIIEHUS! ABOMHBIX MHTEIPAJOB C 33JaHHOM TOYHOCTBIO, MPOCTPOEHA
aJIanTHBHAsI IIPOLIEypa U OlMcaHa ee 9 PpeKTHBHAs pEeKypPCUBHAS Peasli3alisi METOI0M OOBEKTHO-
OPHEHTHPOBAHHOTO MPOTPaMMHPOBAHHS. [Ipn 3TOM NMpoaHaIN3UPOBaHEI KBaIPaTypHBIE (GOPMYITEI
kiaccoB PB (monoxkurensHo Ha rpanune) u Pl (monoxurensHo BHYTpH), T. €. BCE Beca IMOJIOKH-
TEJIBHBI, @ BCE Y3JIbI HAXOJTCSl CTPOrO BHYTPU OOJACTH MHTETPUPOBAHUS, MO0, KaK B IIEPBOM
cilydae, XOT ObI OIMH y3€JI HaXOAUTCS Ha TPaHuUIe 00IacTH.

COOTBETCTBEHHO, B IEPBOM CITydae €CTh HaAEXK/a Ha TO, YTO HEKOTOPHIE y3IIbI MOXKHO MCIIOJIB30-
BaTbh II0BTOPHO, @ BO BTOPOM €CTb I10JIHAsl TapaHTUs TOTO, YTO PE3yJIbTaT MOIy4UTCs B Mpejenax
3aJJaHHOH TOYHOCTH.

PaccmarpuBaemast 3aaya sIBISETCS aKTyaJbHOM M MO3BOJHT ¢ OONbIICH A0JIeil TOUHOCTH pemaTh
YpaBHEHHUS MaTeMaTHIeCKOil (PU3UKH C TOMOIIBIO METO/Ia KOHEYHBIX AieMeHToB. Hactosimast pabo-
Ta IpecieyeT CISIYIONTYIO0 elb: CO3/1aTh AP (HEKTUBHBIN aNTOPUTM YUCICHHOTO HHTETPUPOBAHUS
B JBYMEPHOM CIly4dae, KOTOPbIH OyleT 1aBaTh NMPHUEMIIEMBIE PE3yIbTaThl HA JOBOJBHO IITHPOKOM
Kiacce (QyHKIUHA. [IpakTHyeckd MHTEpecHbIe MHTErpajbl, IPHUBEICHHBIE B HACTOAIICH pabore,
UMEIOT (PM3UIECKUH CMBICI M HaXOAT CBOE MPUMEHEHHE B 00JIaCTH JIa3epHON pedparTorpadum.
KiroueBble cioBa: ABYMEpPHOE UHCIEHHOE HHTEIPHPOBAHHE, afalTHUBHAs IPOLETYypa, OBICTPO
OCHMJLTHPYIOIINE (yHKIINH.

BeeneHue

Ucnonbzyem (GopMysibl YUCIEHHOTO WHTETPUPOBAHUS TI0
TPEYTOJIbHUKAM aNreOpamdecKuX TOPSIIKOB TOYHOCTH

B oGnactu nazepHoit pedpakrorpaduu [1] Bo3HHKaET
3aj1a4a BBIYKMCIICHHUS CEMEUCTBA JBYKPATHBIX WHTErPAsIOB

BHaA:

0 00

Awy=- [ [ E

2 -

e i — MHHUMas CAUHHUIA;

d=3,5,7, 11 u3 [3 — 6]. Onuiem 3 deKkTHBHYIO peKyp-
CHBHYIO IPOTPAMMHY0 peanu3aliuio anropurma. [Tokaxem
NpUMEHEHHUE /IS BEIYUCIICHHUS cepuil mHTerpasios Tumna (1)
U TIPOAeMOHCTPHPYeM 3D (HEKTHBHOCTE alfTOPUTMA.

o) Ay (&) HmE ge g (1) Ucnonb3yemblie kBagpaTypHble hopmyrbl

[upoko u3BecTHa KBajaparypHas (opmysia MO Tpey-

> — ronbHUKy 7' st d = 3. IlycTh a, — BEPUINHBL, a; — cepe-
R(x,y,2) = \/(x—%‘;) +(y-m) 2 k> Llnd, n — JWHBI CTOPOH; @, ,, — LeHTp Tsokectn T, a |T | — miomans
3a/laHHbIC (U3HUCCKUe mapaMeTpsl U GyHKIuU. OyHKIHS T. Torna ¢popmyna takosa (cM., Harpumep [3]):
A, 6bICTPO YOBIBAET HA OECKOHEYHOCTH. TIPE
PaccMoTpuM  anropuTM  aJanTHBHOTO BBIYHCIICHUS Odx ~ =13 a)+8 a)+27 F(a2)).
[ d == 2S(@)+8 3, flay)+27f(aiz)

JIBYKPATHBIX MHTETPAsIoB, 00OOIIAIONINA HA JBYMEPHBIH

1<i<j<3

Cllydail M3BECTHYIO BEpPTHKAIbHYIO Mpoueaypy u3 [2].

OpnHaxo anpoOanust TaHHOW (POPMYITBI ISl BEIYUCIICHUS
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uHTErpaioB Tumna (1) mpuBOIUT K Ype3MEPHO OONBIIIM 3a-
TpaTaM BPEMEHH, T03TOMY TakKe ObUIN TPUMEHEHBI (hop-
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Mysbl it d = 5, 7, 11 u3 [4 — 6], 4TO MOCJICA0BATEIBHO
TIPUBEIIO K 3aMETHOMY YMEHBIICHUIO BPEMEHH pacyeTa.

[ycts A — Ttpeyronbhuk ¢ Bepumnamu ¥V, = (0, 0),
V,=(1,0), V,=(0, 1). Cnenys [6], mocTpoum KBaaparyp-
HyI0 (OpMyITy BUja:

Mo
jAf(xa Y)dxdy ~ Z}\'k,of(xk,ank,O)+
k=1

N Ny

+z7"k,1f(xk,l ,0)+ +z7\‘k,2f(03 Vi)t ()
=1 =1
N3

+z7\‘k,3f(xk,3 Jd=x3) o S Vo) + f (V) + 1y f (7).
k=1

Ha mHorounenax onHoi nepeMeHHOW BBEAEM JIMHEH-
HbIe (YHKIIHOHAIEL:

(L) = [ g(x)w, (x, y)dxdy -
N

D MoWs (X0 V0)8 (X 0)s s =1,3;
k=1

(Ly,8) = [ g(y)w (v, x)dxdy -
N

_Zkk,o“ﬁ (J’k,o > X0 )g(J’k,o ),
k=1

e wy(x, y) = x(1 —x =p); wy0e, ) =3 &, o X, 00V o —
TaKue e, Kak 1 B (2).

AJTOPUTM TOCTPOEHHS KBaApaTypHOH (HOPMYIBI ITO-
pSAAKa TOYHOCTH d TaKOB:

llae 1. TloctpouM KBamgpaTypHYO (OPMYITY MOPSI-
Ka TOYHOCTH d — 3 JJIsl BBIYMCIICHUSI HHTErpaja ¢ BECOM
xy(1 —x —y), Bce y37IbI KOTOPOH JIeKaT BHYTPH A U MOJIO-

kM Ao = Ao /[ 0Vi0 (1= X0 = Vio)]:
Llae 2. TlocTpouM KBaaparypHbie (GOpMYIIbL:

<£s’g> = Z}\‘l*c,sg(xk,s)a §= 1,35<L‘2’g> = Z}\‘Z,Zg(yk,Z),
k=1 k=1

rae g(x) — MHOTOWICH OMHOW MEePEMEHHOW CTCICHH HE
Boiie 2n — 3, tne d = 2n — 1. OHU AaOT y3Jibl KBajpa-
TypHOH QOpPMYIIBI Ha TpaHUIle A (KpoMe BEPIIHH), TPUIEM
CIIEAyeT MOJOKUTE:

*
7\‘k,2

L M
ks T
Y2 (1- yk72)

=——— s=1,3 A, =
xk,s(l_xk,.c) ’
gz 3. Beca pj, W, |, MOKHO HalTH H3 YCIOBHUS
oOpamenust Gopmynsl (2) B paBeHCTBO Ha (QyHKIUAX
fix,y)—1,x, y 1 pelicHAS MOTYYUBIICIHCS CHCTEMbI JIMHCH-
HBIX aarebpanyecKux ypaBHEHUH.

B uwacTHOM ciydae 3TOT aNropuTM MOXHO IPHUMEHHTh
JUISL TIOJTyYEeHUS] CUMMETPHUYHBIX KBaJPaTypPHBIX (OpMyI
lNaycca—Jlo0arTo, y37bI KOTOPHIX WHBAPHAHTHBI OTHOCH-
TEJILHO MEepecTaHOBKU (X, v, 1 — ). OHM BBIIAIAT clie-
JYIOIIUM 00pa3zoM:

My

IAf(X,Y)dXdy i ZAk[f(uk,Oavk,O) + V0o Wi o) +
k=1
M,

+f (Wi 00t 0)]+ sz [f(uy1,0)+ f(0,1—uy )+
k=1

+f (= u )]+ CLF V) + S+ F ()],

rz[ewk,():l—u %

k0 kO
Tak, dopmyna s d = 5 ¢ 12 y3namu oTBevaer ma-

pamerpam M, = 1; M, = 2; u1’0=v1’0=%(7—x/7);
A4 =14V = Q1 D 21T -T)

1 1
npuk=1,2,B =B, =%(4+ﬁ), C:%(S—\ﬁ).

B [4] paccmarpuBaeTcss TOCTpPOEHHE KBaIpaTypHBIX
(hopmyn ISt ”HTETPAJIOB BHIA I f(x,y)dxdy, THE Q —mge-
Q

KOoTOpass o0yacTh Ha TJIOCKOCTH. ABTOpBI 3aMHTEPECO-
BaHBI B KBaJAPAaTypHBIX (OpPMyJax, KOTOPBIE MCIIONB3YIOT
MEHEe YeM /7, Y3JI0B U UMEKOT anrebpandeckuii mopsaaox
TOYHOCTH 2m — 1, TIe m — 3alaHHOE HATypaJbHOE YHC-
jo. CHauana wu3ydaercss ciiydail Q-npsMOyrojibHUKa, a
3aTeM TOJYYCHHBIM pe3ysbTaT NEPEeHOCUTCS Ha Ciydal
TpeyToJIbHUKA. JIaHHBIN Mepexo] OCYIIeCTBISCTCA MyTeM
BEIOOpa YETBEPKH OPTOTOHAIBHBIX OTHOCHTEIBHO HETO
MHOTOYWICHOB, B TO BpeMs KaK JUIsl IPSMOYTOJIEHUKA JI0-
CTaTOYHO MOI00PaTh mapy.

BBezneM HECKOJIBKO BCIIOMOTIATENbHBIX OIPENEICHUM.
Hanomunm cuavana, yro muorounen P (x, y) crenenu
m (10 COBOKYIHOCTH TICPEMCHHBIX) HAa3BIBACTCS OPTO-
TOHAJIBHBIM OTHOCHUTEJILHO 00J7acTu €), eClii PaBEHCTBO
IQPm (%, )0, (x, y)dxdy = 0 BEpHO sl BCEX MHOrouie-

HOB ) | CTCIIeHH He BbIue m — 1.

Onpenenenne. Mroeounenvl U UMeOM KOHEYHbILL
06wl KopeHb, eciu U .

Onpenenenne. Muozounensl S (x, y) u S,(x, y) cme-
neHu m umeiom o0wull Kopenb 8 OeCKOHeYHOCMU, eCiu
B eC:S,(,y") Z0,8,(-y") = 0, unmnozounensi S, (-, y")
uS,(, ¥") umerom cmenens m — 1.

B [4] nanHbI criemyromne 1Be TEOPEMBIL.

[Mycte Q = (a, b)x(c, d).

Teopema 1. [lycmo S| u S, — mnozounenwt 0gyx nepe-
MEHHbIX CIenenu m, OpmocoHaIbHble omuocumenvro Q u
umerowue posHo m* nonapHo pasiudHblX 0OUUX KOpHei v,
npuyem Hu OOUH U3 HUX He A6/Semcsl KOpHeM 6 OeCKOHey-
nocmu. Toeoa mogwcro naiimu maxue nocmosmnvie A, > 0,
umo:

m2
[Poyes (e, ) dlxdy = Y AP, (%)
Q k=1

ons modblx MHo2ouNeno6 P, | cmenenu ne goiue 2m — 1.
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OpTOroHa LHBIMU OTHOCUTENBHO KBaapara Q = (-1, 1)?
SABJISIFOTCS, HANIpUMep, MHOTowIeHs! P (x, ) =L, (X)L (),
rie L (1) — muorousen Jlexanapa crenenn s, 0 <k <m.

Teopema 2. Ilpu m > 3 modcHo nocmpoums Keaopa-
mypHyto hopmyny nopsioka mounocmu d = 2m — 1, ucnone-
3YIOWYI0 MeHee m* Y3108 U ¢ NOLONCUMENbHBLMU 6ECAMU.

JlokazaTenbCTBO OMMpaeTcs Ha UCHOJIb30BAaHUE OPTO-
TOHAJBHBIX MHOTOUJICHOB U TIpUMEHeHue Teopemsbl (1).

Ilpu mocTpoeHHH COOTBETCTBYIOLIEH KBaApaTypHOU
(OpMyNBI C TOJOKHUTENBHBIMH BecaMu uisi Q-mipsMo-
YTOJNBHOTO TPEYTOJNIbHUKA HEOOXOIMMO HAJIOXKHTH JIOTION-
HUTENbHBIC yCIIOBUs. Bo-TmepBbIX, o0mue KOPHH MHOTO-
WIEHOB S| U S, U3 TEOPEMBI | JIOIKHBI OBITH BEIIECTBEHHBL.

Hanee, mycth J € R — HauOOMbIINI HHTEPBA TAKOMH,
4TO ecnu A € J, To MHOrOWIeHsl S,(x, y; A) = S,(x, y) +
+AS,(x, ) 1 S,(x, y) TaKKe yIOBIETBOPAIOT Teopeme 1 juist
Q= A, rie S, — HEKOTOPbIN OPTOrOHAJIBHbIH OTHOCHTENb-
HO () MHOTOYJICH, TIPHIEM MHOXECTBO KOPHEH S, HE COB-
NaJaeT ¢ MHOXECTBAMH KOPHEW HU S|, HU S, (HO MOXKET
nepecexarbcst ¢ HUMH). Torna 10CTaTOYHbIE YCIOBUS JUIS
MMOCTPOCHHUS KBaAPaTyPHOH (OPMYJIBI CO CBOWCTBAMHU W3
TEOPEMBI 2 CIIEAYIOIIHNE:

1. Beca 4,(}), moyyennbie o teopeme 1 1ist S, (x, y; 1)
1 S,(x, y), HONOKUTEIBHBI JUIs J11060r0 A € J.

2. Ecnu A" € dJ, To MHOTOUINERBL S, (X, ¥; A7) 1 S,(x, »)
MMEIOT KOHEYHOE YUCIIO OOLIMX KOPHEH, U OHH KOHEYHBI B
CMBICTIE oTipeneseHus 1.

3. O6ume KOpHU MHOTOUIEHOB S,(X, 5 ) 1 S,(x, y) Kak
(GYHKIMH OT A HEMPEPBIBHBI MPH A = A”, a TaKXKe CyIEeCT-
Byer lim A4, (L).

A2 % Ae

B Tabm. 1 maner y3mel u Beca GopMmynsl ¢ d = 7 mis

TpeyroibHUKa () = A, TaKoro e, Kak u Beie [4, c. 813].

V3761 1 Beca KBajgpaTypHoii ¢popmyibl ¢ d =7

Tabnuua 1

4. Jlerko BUzETH, YTO (opMylia MOPsAKa TOYHOCTH d
JUTS 3aIAaHHOTO TPEYTOJIbHUKA MOCPEACTBOM ad(HUHHOTO
npeoOpa3oBaHusl mpeodpasyeTcst B HOPMyITy TOTO JKe I0-
psilika TOYHOCTH JUIsl JIIOOOTO IPYroro TPeyrojbHUKA.

B [5] BbIOUpaeTcsi paBHOCTOPOHHHI TPEYTONBHUK A,
BITMCAHHBIA B CAMHUYHYIO OKPYKHOCTh, C OJHOW M3 Me-
nvaH Ha ocu abcumcc. OH SBISETCS D3-06J'IaCTI>IO, T.€.
HWHBapUAHTEH OTHOCHUTEJILHO MOBOPOTA Ha yron 27/3 Bo-
KpYT' HayaJia KOOPJIUHAT U OTPAKECHHUS OTHOCHTEIBHO OCH
abcrucc. BaxkHyto poib Urpaet nepexos K MoJsipHbIM KO-
OpIIMHATAM X = PCOSQ, y = PSing.

Hanee paccmorpum dyukimu f (p, @) c 0 <p <1l u
2T-NepuoNUECKHUE 110 §.

Onpenenenne. Dyuxyus f (p, ¢) nasvieaemes D,-
QynKyuel, eciu oHa yO061emeopsem CeoUCms)y

£(p.0) = f(p,<p+2?n) - f(p.—0).

Omnpenenenne. Keaopamypnas gopmyna Q, paccma-
mpueaemas xax snemenm npocmpancmea (C(A)), nasoi-
saemcs D,-ghopmynotl, eciu 0na no0wix gynxyuii f € C(A)
8EpHbl PABEHCMEA

0./ (p.9) = <Q,f(p,<p +23—")> — (0. f(p—0)).

Onpenenenne. basosoi D -chopmynou naszelieaemcs
@yurxyuonan Q = (p, o), Oeticmayrowuti no NPAsuUIy

3

(0. ). f) = %Z[f(p,a +%)+f<p,—a+%)}.
=

Ota GopMyrta UCTIONB3yeT MIECTh 3HAYCHUHN [
mpu p # 0 u cos3a # 1, Tpu 3HAYCHUS MIPH
p#0ucos3a =1 (B y3max, IeKaIux Ha TPEX
MennaHax A) m omHO 3HadeHue mpu p = 0

(rorma <Q(0, ), f>=£(0, 0)).

Koopaunars! y3;10B

Hoctpoum  kBagparypuyto D,-hpopmyiy
O, KOTOPYIO TPEACTAaBUM B BHJC JTHHEHHOU

(0,064634109801617; 0,064634109801617) | 0,0263321501360460  xomGuHarmeii GA30BBIX KBAIPATYPHBIX hOp-
(0,250478764260821; 0,250478764260821) | 0,0666750609902085  myn O(p,, o ):
(0,405288113134598; 0,405288113134598) | 0,0598398472297514 ,
(0,483428507060240; 0,405288113134598) | 0,0302244308027287 Q.1)= Z}WKQ(PwO%),f )
(0,0490241549057468; 0,312418129002285) | 0,0387139102462897

rae (p,, 0., ) — MOJspHBIE KOOPAUHATHI Y3II0B
(0,312418129002285; 0,0490241549057468) | 0,0387139102462897 P ,

KBaJIPaTypHO#H (POPMYIIbI; W, — COOTBETCTBY-
(0,0272654917225016; 0,649829918830148) | 0,0223103130816147  1ommme i Beca.
(0,649829918830148; 0,0272654917225016) | 0,0223103130816147 YT006BI MOMy4InTh (HOPMYITy HOPSIAKA TOU-

(0,00748092005042521; 0,922929224698637) | 0,00930956404694027

HOCTH d JUIsl HAXOXK/ICHHUS TIapaMeTpoB W, P,

(0,922929224698637; 0,00748092005042521) | 0,00930956404694027

0., , HaJI0 PEIINTH CUCTEMY MOMCHTHBIX ypaB-

(0,166718687651425; 0,775796880494268) | 0,0365382927009296 1t

(0,775796880494268; 0,166718687651425) | 0,0365382927009296 (0.7 =, = e [ 914 dpdo.
(0,151969575382297; 0,569101341800312) | 0,0515921753448585 Al
(0,569101341800312; 0,151969575382297) | 0,0515921753448585 e 0 </ <d, [k | </, k+]— wero.
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[lepexon K MOJSIPHBIM KOOpJIMHATaM JiaeT OoJblIoe
VIPOLICHUE MPU KOHCTPYHpOBaHHU (opMmyn, OGrmaromaps
CIIEAYIOIINM pe3yasraTaM [5].

Teopema. Ecau n ne xpamwno 3, mo Ve = 0 u
<Q, p ‘e**> = 0 npu mobom j. s mobuvix j, k umeem
Vo =V, u <0, ple o> = <O, pleho>,

Jlro6as kagparypHas D3-popMyia MOKET OBITH 3aIld-
caHa B BUIE:

n
(0, ) =wp £(0,0)+ > w(O(p;,0), /) +
i=1
n +n,
+ Z w0(p;. ;). /),

i=n +1

rie cos3o, # 1 mpu i = n, + 1 . KonnvecTso ee y31oB paBHO
Q) = n,+ 3n] + 6n2, e n, = 1 mpu w, # 0, mbo n, =
n +n,

0 npu w, = 0. [lst HaXOXK/ICHHS! NIAPAMETPOB {wi}l.:n0

>

TR

HEHHBIX YPAaBHEHUM:

n +n
1 2
5 {ai}i:nl 1 CJIeAy€eT peIuuTb CUCTEMY HEJIH-

n n +n,
w, + Zwi + W =V = 1;
i=1 i:nl+1
n ) n +n, '
J J _
Zwip,- + Z w;p; cos3koy = v, 5,
i=1 i=n +1

rne2<;j<d,0=<3k<j, k+j—uderHo.

B Tabin. 2 npuBeneHs! y3ibl Gopmyns! 11-ro mopsaka
TOYHOCTH M UX KPaTHOCTH, a B Tabs. 3 — Beca, COOTBET-
CTBYIOIIIUE y3JIaM U3 CTPOK Tabu. 2 [5]. s y3/ioB yka3a-
Hbl 11apbl C, G, ux GapuiienTprueckux koopaunar (G, €, €,);
HanomHum, 4ro &, = 1-C —,. 3necs w(Q) = 28.

KparHocTh m naHHOTO y37la O3HAa4aeT, CKOJBKO pas-
JUYHBIX Y3JI0B OH TOPOXIAeT MHPH ITOCIEI0BATEIbHBIX
MOBOPOTaxX Ha yroj 2m/3 BOKpYr Hayala KOOpAWHAT U
OTPAXEHMSIX OTHOCHTENIFHO ocu abcumcc. Tak, y3en c

Tabnuua 2

V3ab1 kBagpatrypHoii ¢popmyJisl ¢ d =11 B GapuueHTpHU-
YyecKUX KOOPANHATAX U MX KPATHOCTH

S 5 m
0,3333333333333333 0,3333333333333333 1
0,09480217181434233 | 0,2598914092828833 | 3
0,8114249947041546 | 0,09428750264792270 | 3
0,01072644996557060 | 0,49463677501721470 | 3
0,5853132347709715 0,2073433826145142 | 3
0,1221843885990187 0,4389078057004907 | 3

0 0,858870281826364 6
0,04484167758913055 | 0,06779376548825502 | 6

Tabnuua 3

Beca kBaapatypHoii ¢popmyiasi ¢ d =11

w.
i

0,087977301116221900
0,026232934661208570
0,11424471598180600
0,05656634416839376
0,2164790926342230
0,20798741611661160
0,04174302699803440
0,2463378925757316

(€,» &,, €y) = (1/3,1/3,1/3) siBAsieTCSA UEHTPOM TSIKECTH A 1
MIPH yKa3aHHBIX MPeo0pa30BaHMIX TEPEXOAUT caM B ceos,
MO3TOMY 1715l Hero m = 1.

MocTpoeHue aganTUBHOIO anropuTma

PeanuzoBaHHbI B paboTe afanTHBHBIN aJITOPUTM SBJISI-
ercs 0000meHneM Ha JBYMEPHBIN clydail BEpTUKAIBHOM
npoueayps! u3 [2]. ITycts Q — MHOTOYroNbHHK, pa3Oou-
TBI HA TPEYTOIBHUKH, H TPEOYeTCs] BEIYUCIUTD WHTETPA
o TpeyroneHuKy 7. @opmyrna npaBwia PyHre mpakTide-
CKOM OLIEHKH MOTPELIHOCTH I MPSIMOYTOJIbHOTO PABHO-
OepeHHOro TpeyrosibHuKa 7, ¢ KareTom /1 TakoBa:

R :|[h/\/5_[h|
h 2(d+1)/2 _

rae [, — kBaaparypHas (opmyina JUis BbIYMCICHHS WH-
Terpana 10 7, anre0pauyeckoro Mopsjka TOYHOCTH d;
I, N COCTaBHOW BapHWaHT MO OOBEIMHEHHIO JBYX
TPEYTOJBHUKOB C KaTeTaMH h/f , TIOJlyYeHHBIX paz0ue-
HueM 7 TOTIONaM C MOMOLUBIO BBICOTBI, IIPOBEACHHON U3
BEPIIMHEI IIPSMOTO yIJIa.

ANTOPUTM HCHOJIB3YET MEPEXOA K BEIUMCICHHIO HHTE-
rpajia 1o ToOMy HOATPEYTrOJIbHUKY, KOTOPBIH JIEXKHUT ClieBa
oT 3T0H BbICOTHI. O0a MOATPEYTOJIbHUKA MOYKHO TOJIYYHTh
M3 WCXOJHOTO C MOMOIIBIO MOBOpOTa M cxartus. Ilycts
X, — BEpUIMHA TPEYTOJIbHUKA, X — BEKTOp, HANPABJICH-
HBIA OT BEPLIMHBI IIPIMOIO yIiia K CEpeAUHE THIIOTEHY 35,
X — TEKyIlasi TOYKa TPeyroibHUKa. Torga cOOTBETCTBYIO-
masi TO4YKa JIEBOTro (TIpaBoro) TPEyrojbHUKA IMOTYydaeTcs
o hopmyie:

_(-0,5 0,5},
Ux*(ﬂ)’5 —O,SJ(X X,)+x, +x,,

TJIe B MaTpuIle OepyTcs BepXHUe (HIDKHUC) 3HAKH.

B Hauase paboThl anropuTM oOparaeTcsi K HHTerphupo-
BaHUIO 110 BCEMY TPEYTOIbHUKY T

HcxonHas 001acTh HHTEIPUPOBAHUS MOXKET OBITh He-
OTpaHHUYEHHOMN, B 4aCTHOCTH, coBnaaark ¢ R%. B nocnen-

BectHnk M3W. Ne 3. 2016



58 NHOOPMATUKA, BbIYUCITUTENTIbHAA TEXHUKA N YIPABJIEHVE

HEM clly4yae Ul BBIYMCIICHHMS HMHTErpaja ¢ TOYHOCTBIO
€ > 0 cHauana cnenyer nogodparb MHOTOYTOJIBHUK €2, Ta-
KOH, 4T0 MOJyJIb MHTerpaa no R?\ Q Menbine /2, a unre-
rpai no €2, BBIMHUCIIATH C TOYHOCTBIO &/2.

MporpammHas peanusauus

OmnvcaHHBIN BBIIIE aJITOPUTM SIBIISIETCSI PEKYPCHBHBIM.
310 0becrieurBaeT BOZMOKHOCTh €0 KOMIIAKTHOW peasiu-
3aruu Ha s3bike C™ ¢ pHMEHEHneM METOI0B 00BEKTHO-
opueHtupoBaHHoro nporpammupoBanus (OOII). Bei-
YHCIIEHNE UHTErPajoB Pealin30BaHO B BHJE LIA0JOHHOTO
KJlacca, 4To TO3BOJISAET JIETKO HCIIOIB30BaTh MPOTPAMMY
KakK JIUIs BEIIECTBEHHO-, TAK U KOMIUIEKCHO3HAUHBIX (DyHK-
muii. Kimace TriangleIntegral mpencrasnser co6oit Habop
YICHOB ¥ METOJIOB JJIsl BBIYMCIICHNSI MHTETPAJIOB B 3a/1aH-
HOM TPEYTOIbHUKE.

template <class T> class TriangleIntegral {

private: double A1, double B1, double C1, bool Left;

RPoint GetUpper(RPoint X, double xv, double yv, double AscX,
double AscY);

RPoint GetLower(RPoint Y, double xv, double yv, double AscX,
double AscY);

public: typedef T(*OscFunc3)(RPoint X);

int FuncCalls, OscFunc3 osf, double Cathetus;

RPoint GetStartLower(RPoint X);

RPoint GetStartUpper(RPoint X);

RPoint GetStartLowerInv(RPoint X);
TriangleIntegral(OscFunc3 f, double c);

void Trapeze(RPoint A, RPoint B, RPoint C, T fA, T fB, T fC,
double eps, T &I);

void ThirdDegree(RPoint Point[7], T fPoint[7], double eps,
T &I);

void FifthDegree(RPoint Point[12], T fPoint[12], double eps,
T &I);

void SeventhDegree(RPoint Point[14], T fPoint[14], double eps,
T &I, RPoint Vertex[3]); void EleventhDegree(RPoint Point[14],
T fPoint[14], double eps, T &I, RPoint Vertex[3]);};

Mertonsr kmacca GetUpper m GetLower BBITTOTHS-
10T TIepecyeT KOOPAWHAT Y3JI0B, N3HAYAJIBHO 33JJaHHBIX B
100aTbHOM MacCHBE JUIsS CTaHIAPTHOTO TPEYToJbHUKA A
¢ Bepmmaamu (0, 0), (1, 0), (0, 1), B KOOpAUHATHI COOT-
BETCTBYIOIINX Y3JIOB B INPeoOpa3oBaHHBIX TPEYTOIbHU-
kax. Meromsr ThirdDegree, FifthDegree, SeventhDegree
n EleventhDegree peanu3yior nBymMepHbIe KBaJpaTypHbIE
¢dopmyinsl 3-ro, 5-ro, 7-ro u 11-ro nopsiaKa TOYHOCTH CO-
oTBeTCTBeHHO. IIporpammHas peannzanus ITOCIEIHETO
Mertoja kinacca EleventhDegree mpesicrasiena Huxe.

template <class T> void
TriangleIntegral<T>::EleventhDegree(RPoint
fPoint[31], double eps, T &I, RPoint Vertex[3]) {
double h = Length(Vertex[0], Vertex[1]);

RPoint V[3];

RPoint Median[3];

Median[0] = DistanceX(0.5, Vertex[0], Vertex[1]);
Median[1] = DistanceX(0.5, Vertex[1],Vertex[2]);
Median[2] = DistanceX(0.5, Vertex[2],Vertex[0]);
bool InCircle = false;

Point[31],T

BectHuk M3OW. Ne 3. 2016

for (inti=0;1<=2; i++)

if (Median[i].norm2() <= Cath)

{ InCircle = true; }
if (!InCircle) return;
RPoint D[56];
T fD[56];
Min++;
double AbsX = Median[1].x - Vertex[0].x;
doubleAbsY =Median[1].y - Vertex[0].y;
for (int i=0; 1 <28; i++) {

D[i] =
GetLower(Point[i], Vertex[0].x, Vertex[0].y,AbsX,AbsY);
fD[i] = osf(D[i]);

}
for (int i = 0; i < 28; i++) {

D[i+28] =
GetUpper(Point[i], Vertex[0].x, Vertex[0].y,AbsX,AbsY);
fD[i+28] = osf(D[i+28]);

}
FuncCalls += 56;
TIh=0;

for (int i =0; 1 < 28; i++)

Ih += weight11[i]*{Point[i];

Ih *= (h*h)/2;

T Ih2A = 0;

for (inti=0; i <28; i++)

Th2A += weight11[i]*{D[i];

Ih2A *= (h*h)/4.0;

T Ih2B = 0;

for (int1=0;1<28; i++)

Th2B += weight11[i]*{D[i+28];

1h2B *= (h*h)/4.0;

Tr=1h-Th2A - Ih2B;

if (abs(r) < 63*eps/(Cathetus*Cathetus))
1 -+=1h2A + 1h2B;

else {

for (int i =0; 1 <28;i++) {

Point[i] = D[i];

fPoint[i] = fD[i];

}

for (inti=0; i <=3;it+) {

VIi] =
GetLower(Vertex[i], Vertex[0].x, Vertex[0].y,AbsX,AbsY); }
EleventhDegree(Point,fPoint,eps,,V);
for (inti=0; i <28;i++) {

Point[i] = D[i+28];

fPoint[i] = fD[i+28];

}

for (inti=0;1<3;i++) {

Vil =
GetUpper(Vertex[i], Vertex[0].x, Vertex[0].y,AbsX,AbsY);
}

EleventhDegree(Point, fPoint, eps, L,V);
}

}

B mamHOW peammzamuy MeToma B KadecTBE 0oOIacTh
WMHTErPUPOBAHUS BEIOMPAETCS KPYT, HOCKOJIBKY ITOJIBIHTET -
panbHas Gyakuns B (1) mMeeT ymoOHBINH BUI J1sI HHTETPHU-
pOBaHUs B MOJSIPHBIX KOOP/ANHATAX.

Cama nporiesypa siBJsieTcst OCHOBHOIL: €€ peKypCHBHOE
BBITIOJTHEHHE 00ECIIEYHBACT CYIIECTBEHHY IO KOMITAKTHOCTh
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Puc. 2. [nockuif my4oK ¢ UIMHIPUYECKOH HEOTHOPOIHOCTEIO € napameTpamu ¢, = 30 MM, @, = 5 MM; JI€BbI rpaduK OTBEYaeT BHIOOPY
3HaKa «+», a IPaBbIi — 3HaKa «—»

KOZIa TI0 CPAaBHEHUIO C HEPEKypCUBHBIMH aHanoramu. OHa JISKHOCTH JIEMEHTapHOTO TPEYTOJIHUKA KPYTY, IO KOTO-
WHTYWTHBHO MOHSTHA JIa’Ke TEM, KTO HE 3HAKOM C S3BIKOM. POMY MIET HHTETPUPOBAHKE, U T. 1.

ITycThble cTPOKU UCHONB3YIOTCA KaK BU3yaJlbHBINA pa3- OTake KOMIIAKTHOCTB 00eCIIeunBaeT (IIpnu He0OXOAMMOC-
JICTITENIb Pa3HbIX OJIOKOB alrOpPHTMa: BBLAEIAETCS OJIOK TH) JI0CTaTOYHO TPOCTOM IEPEX0] K UCTIOIb30BAaHHIO KBaI-
WHHULMAIN3alNY, 32 HUM HJEeT OJIOK NPOBEPKH NpUHAI- paTypHbIX (hopMyI1 OoJiee BHICOKOTO HOPSI/IKA TOUHOCTH.
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Taonuua 4

OTHocHuTeIbHOE BpeMsi paGoThl aJIropuTMa MPHU pa3s-
HBIX 3HAYEHHUAX B 3aBUCHMOCTH OT MOPSAKA TOYHO-
crtu d

Z,MM 3 5 7 11
1000 1 4,4 14,1 | 242
800 1 7.4 16,2 | 29,6
500 1 10,6 | 25,1 | 45,3
300 1 13,3 | 31,9 | 60,2
CymmapHo 1 11,2 | 27,0 | 50,0

bnaronaps onnomy u3 knaccuueckux mpunuunos OOII,
MOYKHO CO3/1aTh KJIaCChI-HACTICTHUKHN JAHHOTO Kilacca s
pa3HbIX o0yacTei, U MPOBOIUTH TPUAHTYISILIMIO MPOM3-
BONBHON 00nacTu. Hampumep, MOXHO co3aaTh Kiacc, Ko-
TOPBIH Oy/IeT BEIYUCIISATH HHTErPa 110 KBapary.

template<classT>classSquarelntegral: publicTriangleIntegral<T>

{
private: double Left, Top, Right, Bottom;

public: Squarelntegral(double l,double t,double
r,double b, TriangleIntegral<T>::OscFunc3 f, double C):
TriangleIntegral<T>(f,C) {

Left =1; Top = t; Right = r; Bottom = b;

}

T computelntegral Trapeze(double eps);

T computelntegralFifth(double eps);

T computelntegralSeventh(double eps);

T computelntegralEleventh(double eps);

}

Crmicoxk (OpMaJIbHBIX NMApaMETPOB HPOLETYPHl BbI-
YHUCIICHUs 3HAYMTENIBHO OTIMYaeTCs OT TakoBOro B Oa-
30BOM KJIACCE M COAEPIKUT TOJIBKO JKEJIAEMYI0 TOYHOCTb.
[TosTomy mHTepdelic 3Toro kimacca APyKECTBEH IO OT-
HOUICHUIO K IoJb30Bareno. EctecTBeHHO, MeTon 06azo-
Boro kiacca EleventhDegree BbI3pIBacTCst BHYyTPHU METO/A
computelntegralEleventh.

PesynbTaTthl BbIYMCNEHUNA

[IpuBenem pe3yabTaThl BBEIYWCICHUS WHTETPAJOB
tuna (1) mpu HeckoabKUX z. 3HAYEHUS X U Y MEHSIOTCS
or 0 1o 2,5 MM ¢ marom 0,1 mM. Pac4eTsl BBITTOIHEHEI C
TOYHOCTBIO &, = 0,005. 3Hauenns napamerpos: k = 2n/A,
L =0,6328-10" mMm.
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B tabun. 4 npeacTaBieHo OTHOCUTENILHOE BPEMSI BEIUHC-

nenuit uaTerpaia (1) npu pa3HpIX z B 3aBUCUMOCTH OT d JUIst
2,2
o +
JIOBOTIbHO THUMHYHBIX GyHKIUH 4,(&,Mm) = exp{—é—zn}
2,2 w

un(g,m)=n, —Anexp{—% +211 brmew=1,5MM,a=5MMm,
a

n,=1,An=0,001 npu /= 0,5 mm. st popmyssl ¢ d =3
BpeMs YCIIOBHO MIPUHATO PaBHBIM 1, a U1t popMyI ¢ py-
rUMH d yKa3aH KOYPQPUITUEHT ero YMEHBIIICHHS 110 OTHO-
HIEHHIO K ciyyato d = 3 . B yactHocTH, niepexoj ot d = 3
d = 11 MHOTOKpaTHO COKpAIaeT BPEMsI BBIYUCIICHHH.

IIpoBenienbl TaKxke pacdeTbl ¢ TpekxHed A n Gonee
CIIOXKHOM:

2 _3)2
n(Em) = + Anexpi—=— 130
a a

npu / =5 MM MM. Pe3ynsrarsl npeacraBieHsl Ha puc. 1, 2.
Astop npusHaresieH npod. A.A. 3M0THUKY 3a TOCTa-
HOBKY 33/1a4{ M TIOCTOSIHHYIO TIOMOII[b B padoTe.
HccnenoBanne  BBIMOJHEHO IPH TOJJIEPIKKE TIpaH-
ta Poccuiickoro HayuyHoro Qonma (cornamieHue Ne
14-11-00306).
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