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1. INTRODUCTION AND STATEMENT OF THE RESULTS

Recall that a smooth dynamical system defined on an n-manifold M"™, n > 1, is called a Morse—
Smale system if

(1) its nonwandering set consists of a finite number of fixed points and periodic orbits each of
which is hyperbolic;

(2) the stable and unstable manifolds W and W intersect transversally for any nonwandering
points p and gq.

The crucial problem in the study of dynamical systems is that of determining a set of complete
topological invariants, i.e., properties of a system that uniquely determine the decomposition of
the phase space into trajectories up to topological equivalence (conjugacy). We recall that two
diffeomorphisms f and f’ on an n-manifold M™ are said to be topologically conjugate if there exists
a homeomorphism h: M™ — M"™ such that f'h = hf.

For Morse-Smale diffeomorphisms on a circle, A. Maier [15] found in 1939 a complete topological
invariant (with respect to conjugation by orientation-preserving homeomorphisms) consisting of a
triple of numbers: the number of periodic orbits, their periods, and the so-called ordinal number.
The classification of Morse-Smale diffeomorphisms on surfaces required the search for new topo-
logical invariants in view of the existence of heteroclinic orbits that belong to the intersection of
invariant manifolds of saddle periodic points. In the case when the number of heteroclinic orbits
is finite, a topological invariant was obtained by V. Z. Grines [9], who used an invariant similar
to the Peixoto graph [16] and applied heteroclinic permutations that describe the topological type
of intersections of invariant manifolds of saddle periodic points. In the case of an infinite set of
heteroclinic orbits, a topological classification was obtained by Ch. Bonatti and R. Langevin [6]
with the use of the apparatus of topological Markov chains.

The topological classification of even the simplest Morse—Smale diffeomorphisms on 3-manifolds
does not fit into the concept of singling out a skeleton consisting of stable and unstable manifolds of
periodic orbits. The reason for this lies primarily in the possible “wild” behavior of separatrices of
saddle points. More specifically, even though the closure of a separatrix may differ from a separatrix
by only one point, it may fail to be even a topological submanifold. D. Pixton [17] in 1977 was the
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first to construct a Morse-Smale diffeomorphism with wild separatrices; to this end he employed
the Artin-Fox curve [8] to realize the invariant manifolds of a saddle fixed point. The problem of
topological classification of different classes of Morse-Smale diffeomorphisms on 3-manifolds was
solved in a series of papers by Ch. Bonatti, V. Grines, F. Laudenbach, V. Medvedev, E. Pécou, and
O. Pochinka [1-5] (see also the surveys [11, 13] and book [10]). Quite recently, Bonatti, Grines,
and Pochinka have obtained a complete topological classification in the set MS(M?) of orientation-
preserving Morse-Smale diffeomorphisms defined on a smooth closed orientable 3-manifold M? (the
complete text will appear soon). Let us describe the complete invariant.

Let f € MS(M3). For ¢ = 0,1,2,3 denote by €, the set of all periodic points of f with
g-dimensional unstable manifolds. Let us represent the dynamics of f in a “source—sink” form in
the following way.

Set Ay = W§ Lq,» Ry = W§,q,, and Vy = M3\ (A; U Ry). Then the set Af (Ry) is a
connected attractor (repeller)! of f with topological dimension less than or equal to 1, the set Vi is
a connected 3-manifold, and Vy = W3 N9 \Af = WE e, \ R¢. Moreover, the quotient Vf =Vi/f

is a closed connected orientable 3-manifold, on which the natural prOJectlon pr: Vi — Vf induces an
epimorphism 7¢: 771(Vf) — Z sending the homotopy class [¢] € 771(Vf) of a closed curve ¢ C Vf to an
integer n such that the lift of ¢ to V joins a point = with the point f"(z). Set L5 = pr(Wa, \ Ay)
and L} = pp(Wg, \ Ry).

The collection Sy = (Vf,nf,fjc,iﬁ) is called a scheme of the diffeomorphism f € MS(M3).
The equivalence class (up to homeomorphisms preserving the components of the scheme) of the
scheme Sy is a complete topological invariant.

A solution of the realization problem is based on three properties of the scheme Sy.

The first property, due to [7] (see also [12]), is that the quotient ‘A/f is a prime manifold; that is,
it is either homeomorphic to S? x S! or irreducible (any smooth 2-sphere bounds a 3-ball there).

The second property is that the sets E and LY Ly are neighborhood transversal intersecting s-lam-
ination and u-lamination (see Definition 6) on Vf, respectively, each leaf of which is either a torus
or a Klein bottle with empty, finite, or countable set of punctured points.

The third property is connected with the concept of surgery of a manifold along a lamination
(see Section 3); namely, the result of such a surgery is a manifold each connected component of
which is S? x S'.

It turns out that these three necessary properties are sufficient to distinguish a set of realizable
abstract schemes (i.e., abstract schemes for each of which there exists a Morse-Smale diffeomorphism
whose scheme is equivalent to this abstract scheme).

Definition 1. A collection S = (‘7,77‘7, ES, Eu) is called an abstract scheme if

(1) Visa prime manifold whose fundamental group admits an epimorphism 7y 771(17) — Z;

(2) L5 and L are neighborhood transversal s-lamination and u-lamination, respectively, on the
manifold V;

(3) each connected component of the manifold obtained from v by a surgery along the s-lami-
nation L° (u-lamination L") is homeomorphic to % x S'.
Denote by S the set of abstract schemes.

Theorem 1. For any abstract scheme S € S there is a diffeomorphism f € MS(M?) whose
scheme is equivalent to the scheme S.

N compact set A C M"™ is an attractor of a diffeomorphism f: M™ — M™ if there is a neighborhood U of A such
that f(U) CintU and A=, f"(U). A set R C M™ is called a repeller of f if it is an attractor of f~'.
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REALIZATION OF MORSE-SMALE DIFFEOMORPHISMS 37

2. CANONICAL DIFFEOMORPHISMS AND ORBIT SPACES

More detailed information concerning the objects considered below can be found, for example,
in [11, 10].

2.1. Canonical diffeomorphisms. For ¢ € {0,...,n} and v € {—1,+1} denote by ag,:
R™ — R” a linear diffeomorphism given by the formula
agu(x1,. .., Tp) = (1/ 211,229, . .. ,23:[1,1/%, %, ey a%n)

We call ag,: R" — R" a canonical diffeomorphism. Furthermore, we denote by ay, and aj ,

the restrictions of the canonical diffeomorphism to Oz ...z, and Oxgqq ... 2, and call the diffeo-
morphisms ag,, and ay ,, a canonical expansion and a canonical contraction, respectively.
For g € {1,...,n—1} and ¢ € (0, 1] let

N;:{(xl,...,xn)eR": (x%+...+a:2)(x2+1+-”+mi)<t}

and N} = N,. Notice that the set V! is invariant with respect to the canonical diffeomorphism ay,,,
which has the only fixed saddle point at the origin O, its unstable manifold being W5 = Ox1 ... 24
and its stable manifold being W@ = Oxgy1 ... 2y.

In the neighborhood N, we define a pair of transversal foliations JFg and Fj in the following way:

Fy = U {($1,...,$n)6./\/q: (:Eq+1,...,:rn):(cq+1,...,cn)},

(Cq+17---7cn)eoxq+l---xn

F, = U {(z1,.. . 2n) € Ng: (21,...,2q) = (c1,...,¢9) }.

(c1,-005¢q)EOTL ...

Notice that the canonical diffeomorphism a,, sends the leaves of the foliation F! (F7) to the leaves
of the same foliation.

2.2. Orbit spaces. In this subsection we consider the topology of an orbit space for some
diffeomorphism g: X — X on a manifold X. We use the notation X/g for g-orbits on X and
px/g: X — X/g for the natural projection. Recall that a fundamental domain of the action of g

on X is a closed set D, C X such that there is a set l~?g with the following properties:
(1) ﬁg = Dy;
(2) ¢*(D,) N D, = @ for all k € Z\ {0};

(3) Urez 9" (Dy) = X.

We say that g acts discontinuously on X if for each compact set K C X the set of k € Z such
that ¢®*(K) N K # @ is finite. In the case of such an action, the projection Px/q is a cover (see
Proposition 1 below) and then we can make the following construction. Suppose that the space
X/g is connected and denote by nx the number of connected components of X and by p;(}g(ﬁf)
the preimage of a point ¥ € X /g with respect to the cover px/,: X — X/g (it is an orbit of some
point = € p)_{}g(f)). Let ¢ be a loop in X/g such that ¢(0) = ¢(1) = Z. Due to the monodromy
theorem (see, for example, [14, Corollary 16.6]), there is a unique path ¢ in X that starts at z
(c(0) = x) and is the lift of . Therefore, there is an element? k € nxZ such that c(1) = g*(z). Let
nx/g: ™1(X/g) = nxZ be the map sending [c] to k.

2Helre nxZ denotes the set of integer multiples of nx.
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Fig. 1. Orbit spaces of the canonical expansion: (a) ¢ =1 and v = —1; (b) ¢ = 1 and v = +1;
(c)g=2andv=-1;(d) ¢g=2and v = +1.

Proposition 1. Let a diffeomorphism g act discontinuously on an n-manifold X. Then
(1) the natural projection px;q: X — X/g is a cover;

(2) the quotient X/g is an n-manifold;

(3) for a fundamental domain D, of the action of g on X, the orbit spaces Dy/g and X/g are
homeomorphic;

(4) the map nx,q: T1(X/g) = nxZ is an epimorphism.
Proposition 2. Let diffeomorphisms g and ¢ act discontinuously on manifolds X and X',
respectively, and let X/g and X'/g' be connected. Then

(1) if h: X — X is a homeomorphism such that hg = g'h, then the map E:AX/g — X'/q given
by the formula h = px:/y hp;(}g is a homeomorphism and nx/q, = Nx7 /g s;

(2) if h: X/g — X'/g" is a homeomorphism such that 1x,q = Nx:/ghs, then for some x € X
and ' € p;(}/g, (ﬁ(px/g(a:))) there is a unique homeomorphism h: X — X' that is a lift of h
and is such that hg = ¢'h and h(x) =z’

Consider, for example, the orbit space W\;V = (R?\ O)/ay, of the action of the canonical

q7y
expansion ay,, on R?\ O for ¢ € {1,2,3} and v € {+1,—1}. It is obvious that this action is
discontinuous and its fundamental domain is the annulus {(z1,...,7,) € R?: 1 <a? + ... + azg <4}

(see Fig. 1), which implies the following list of possibilities:
e the space W\i_l is homeomorphic to the circle;
e the space 17\/\1‘ 41 is homeomorphic to the pair of circles;
e the space W\i_l is homeomorphic to the Klein bottle;
e the space 17\/\;, 41 is homeomorphic to the torus T?;
e the space W\g +1 is homeomorphic to % x S*.

The definition of the orbit space 17\/\;71, = (R""%\ O)/ay,,, of the canonical contraction for ¢ €
{0,...,n—1} and v € {41, —1} is similar.

On the set N = Ny \ W§ the action of the group Ay, = {ak ,, k € Z} is discontinuous. Then
the orbit space /\A/';V = Nj'/aq, is a smooth n-manifold. Since aq,V|W5\O = GE,V|W5\O, the orbit

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 297 2017



REALIZATION OF MORSE-SMALE DIFFEOMORPHISMS 39
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Fig. 2. Neighborhoods of the orbit spaces of the canonical contraction and expansion for n = 3.

space K/’;V is a tubular neighborhood of the space 17\}\;,,/. Furthermore, 17\}\; 41 is homeomorphic to
S?71 x St x {0} and its tubular neighborhood K/’;H is homeomorphic to S97! x S x D"~4. Since
2

Ug—1 = a?L 41 and the diffeomorphisms a?] 1 and ag 41 are topologically conjugate, the manifold

Wy 41 1s a two-fold cover for the manifold Wy _; and the manifold ./V; 41 s a two-fold cover for the
neighborhood ./\A/'q‘f_l.

Similarly one defines the orbit space /\A/qSJ, = Nj/a; , (where Nj = N\ W), the covering map
pis N = Nj,, and the map 7y, from the union of the fundamental groups of the connected

q,v e q,v

components of the manifold N/ v nto the group Z.

Figure 2 shows these objects for n = 3, ¢ = 1, and v = +1. To make the structure of the
orbit spaces N, and N, more clear, we mark out the fundamental domains of the action of the
canonical diffeomorphism a,, on the sets N and Nj'.

3. SURGERIES

In this section, Visa prime connected 3-manifold admitting a homomorphism 7y : 7r1(‘7) — 7.
The notation (‘7, 17‘7) means that the manifold V is equipped with the homomorphism 7.

Definition 2. Manifolds (17,17‘7) and (V/ ;Mp.) are said to be equivalent if there is a homeo-
morphism @: V — V' such that N5 Px = M-

Definition 3. Subsets a C (‘7,77‘7) and a’ C (17’,77‘7,) are said to be equivalent if there is a
homeomorphism @: V' — V' realizing the equivalence of the manifolds (V,7;) and (V',7p,) and
sending a to a’.
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Fig. 3. Surgery on the manifold S? x S! along the torus.

Definition 4. A subset a C (‘7,77‘7) is called np-essential if 1 (ea.(m1(@))) # 0, where eg:

@ — V is the inclusion map.

3.1. Surgery along the torus and the Klein bottle. Let WH C (‘A/, 1y ) be an 7 -essential
tame torus and N(W,1) C V be its tubular neighborhood. Then the manifold N(W,1) \ W4
consists of two connected components each of which is homeomorphic to the manifold int Y \ ﬁf,,
where ¥ = D2 x S! and 3 Jp = ({0} xSt c Y. Let j be a meridian of the solid torus ¥ and

G,y ANOVL) \ Wi — (V\9) xS

be a homeomorphism such that nv([g%vil(g x {£1})]) =

Definition 5. We say that the space ‘717\)\+1 = (‘7 \ WH) Uy,  (int Y x SY) is obtained from
+1

the manifold by a surgery along the torus WH.

In a similar way one defines a surgery of the manifold (17, 1) along an np-essential tame Klein
bottle W_;, based on the fact that the tubular neighborhood N(W-1) of the Klein bottle W_;
without the Klein bottle is homeomorphic to the manifold int Y\ 4p.

The structure of the manifolds V -\ W,, v € {+1, —1} and Y induces the structure of
an orientable 3-manifold without boundary on the space VA via the natural projection Py,
(V\ W, )U (intY x S9) — VA . The surgery is well- deﬁned that is, it does not depend (up
to homeomorphism) on the ch01ce of a tubular neighborhood N (W,,) of the surface W,, and the
homeomorphism CWV' The epimorphism 7 induces a unique map UVWV composed of nontrivial
homomorphisms to the group Z on the fundamental group of each conne(ip\ed component of the

manifold ‘A/VAVU with s, ([py, (©)]) = 0 ([c]) for every closed curve ¢ C VAW,.
Set (V,no)~ = (Vs 1o and call the set 7~ = p= (Jo x SY) the trace of the surger
( v”v)mA (Vw, 1. ) Y, = P, (Ap x SY) f gery
along the surface W,. It is obvious that each connected component of the trace aVAv Is an 7y -es-
v Wy
sential knot.
Let us represent the manifold S? x S! as an orbit space of the action of the canonical contrac-

tion a3 |, on R3\ O. Figure 3 shows the surgery of the 3-manifold S? x S! along an 72 51-essential

torus WH for which ng2 g1 (ZW . (1 (WH))) = 27.

There is a natural generalization of the surgery to the case when the manifold V consists of
finitely many connected components V1 ,V’” and the map 7y is composed of nontrivial homo-

morphlsms Ny : n(Vh >z, ..., Nyr 7r1(V’") — Z. The result of such a surgery is also denoted
by (V,n5)5, (VWV,WVW )
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~ Leaves of F3
Leaves of F3 2+1

Fig. 4. Leaves of the foliations ]-A'S)H and ]?;)H.

3.2. Surgery along a lamination. Let us generalize the surgery in the following way. Recall
that ag, : R3 — RR3 is the canonical diffeomorphism defined as as (1,22, 23) = (V- 221, 229, v23/2)
and a3, = az,y|wy. Furthermore, the orbit space of the canonical expansion Wy, = (W5 \ O)/aj,
is the 2-torus for v = +1 and the Klein bottle for v = —1. The set

Ny = {(a:l,acg,xg) eR3: (22 +x§)x§ < 1}

is ag,-invariant, N3 = Ny \ W§, and /\72‘11, = N3'/ag, is a tubular neighborhood of the sur-
face Wé‘,y. The natural projection p Ny N} — /C/}fl, is a cover, which induces an epimorphism
Ry, m(Ng,) — Z.
Denote by F3, and F3', two transversal foliations on N3, whose leaves are the projections
under pgr, of the leaves of the foliations F3 and F3', respectively (see Fig. 4).
2,v

Let X C W;V be an at most countable set of points and Z be the union of all leaves of the
foliation fiu that pass through the points of the set X. Set

=y S S e ~4 T ~ =
W27I/,X - W271/ \ X? NQ,V,X - N271/ \ Z? ‘FQ,V,X - ‘FQ,V \ Z’ ‘FQ,V,X - ‘7:571/ \ Z.

Definition 6. A compact set It c (‘7,7]‘7) is called a w-lamination if it consists of pairwise
disjoint sets £, ..., ¢, such that eafh COEnected component [j of /3 is either a torus or a Klein
bottle, each connected component [}' of £' for 7 > 0 is either a punctured torus or a punctured
Klein bottle, and CIZ;‘ \ @ C U;_ZIOA}‘ for ¢ > 0. Moreover, for each ¢ = 0,...,n and for every
connected component Z;V of Z;l there is a tubular neighborhood N (Z;u) of lA? and there are numbers
mp € N, Vi € {=1,+1}, a set XlA.; C Wim, and a homeomorphism ﬁl? N(l:u) — /\72u,y;u,qu_, with
the following properties:

(1) (@) = Wy

yVus
i

~

~—1(F ~—1
X and every leaf of :“[;1 (]:2uz';;1 ng) and p,l? (F

2,70, Xqu
K2 K2

) is Cl-smooth;

(2) np([cd]) = MRy (117 ([c])) for every closed curve ¢ C N (ZA?),
i ¢

(3) for j < i and for every leaf D of the foliation L i Xy the intersection iz, (N (I%) N ;‘7:1(27))
TR J i

is either an empty set or a union of leaves of the foliation .7?511% X
Y

ju’
J J
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Leaves of G3

Fig. 6. Leaves of the foliation @21#1'

Figure 5 shows a u-lamination for which each path-connected component is a torus.

Let us consider the canonical contraction a3 , = as,|wg . Its orbit space 17\}\51, = W3\ 0)/a3, is
a pair of knots for v = +1 and a knot for v = —1. The set N5, = N3 /az, is a tubular neighborhood
of )7\/\5'7”, where N5 = N5 \ Wj. The natural projection p N5, NS — J\Afzs,/ is a cover, which induces
the map 7 qs, composed of nontrivial homoTorphismS to thi group Z on the flindamental group of
each connected component of the manifold N5 . Denote by Gj , a foliation on N3', whose leaves are
the projections under p ey of the leaves of the foliation F3 (see Fig. 6). Define a diffeomorphism
Cov: ./VQU’V \ 17\)\571, — ./VQS’V \ 17\)\571, by the formula (2, = PR, (p/\Afg‘f,,‘/\Afg‘f,,\VAVi,,)_l'

Let L* = Ui, Af be a u-lamination on the manifold (17,77‘7). Each connected component lAg

of Zg is a closed surface, and (3 = (2,7, \Ti is a homeomorphism. The surgery of the manifold
0 0 0

N()
~ u : - N
(V,mp) along the surface Ifj by means of the homeomorphism ¢ W= Cg,,,ulg ! N@NR 18 called a suigery
along a compact u-lamination surface. Denote by G, the union of the leaves d of the foliation GJ v

0 g
such that pﬁé(Lu) N pfé(d) # &. We will perform such a surgery along all surfaces from ¢ and

e

b= Pgu (E}‘ 1 U GZ‘;)' Set L™ = |J'_,¢¥. Tt is obvious that the set L" is again a u-lamination on

J j=0"5
the manifold (V',7p)

denote by Pp the corresponding surgery projection. Set G@S = Uﬁ;c?& Gs. For j =1,...,n set

4
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Definition 7. Let LV = U?:OAE be a u-lamination on the manifold (17,17‘7). We say that

a manifold V7, is obtained from the manifold V' by a surgery along the u-lamination L" if it is
obtained from V by a series of n surgeries along compact surfaces of laminations.

Denote by 9, & map which is induced by this operation and consists of nontrivial homo-

morphisms to the group Z on the fundamental group of each connected component of the mani-

fold (V,T]‘;)Zu. Set (V777‘7)Zu = (Vzu,nf/iu).

Similarly one can introduce an s-lamination L° C (V,ny) using the canonical diffeomorphism
aiy: R3 — R3 given by the formula aiy(z1, 22, 23) = (V- 221,v22/2,23/2), the canonical contrac-
tion aj , = a1.|w, the orbit space of the canonical contraction Wy , = (Wg \ O)/a} , and its
tubular neighborhood N7, = N7 /a1, where

Ny = {(z1,22,23) € R®: 2%(23 + 23) < 1}

and N7 = N7 \ W}. Moreover, a surgery of the manifold (‘A/, 7y ) along an s-lamination LS is defined
in a similar way.

Definition 8. Let us call laminations LS, L' C (‘7,77‘7) neighborhood transversal if

and LANIY C 7,

u
L X, Vius Xqust
J J 1 1

FS,V@,X@@ N N(lj) C ‘Fls,zx
J [

X T
J J

for the leaves

~ - ~ ~
2o X Tl Xpar Pl Xpo T2 X
J g J J J J g

(3

of the foliations

~

s s u u
]:Qvl’fmxfu’ flv”fb‘wxfs’ fLst»st.’ T2, x
J T J J J J g

TurATu’
k2

respectively, that pass through the point z € N (l:“) NN (i;s)

4. CONSTRUCTION OF A MODEL DIFFEOMORPHISM

In this section we prove Theorem 1 by showing that for every abstract scheme S € S there is a
diffeomorphism f € MS(M?3) whose scheme is equivalent to the scheme S.

Proof of Theorem 1. Let S = (17,17‘7, Eu, ES) be an abstract scheme. Let us construct step
by step a diffeomorphism f € MS(M?) such that the schemes S ¢ and S are equivalent.

~

Step 1. Denote by K the kernel of the epimorphism 7y : 71(V) — Z. Then K is a normal
subgroup of 71 (V) and the group w1 (V)/K is isomorphic to Z. Since V is a connected 3-manifold,
there is a connected 3-manifold V' and a lift py: V' — V such that pp, (m1(V)) = K. Furthermore,
the transformation group G(V, pg, IA/) is isomorphic to Z. Denote by fy: V — V a diffeomorphism
which is the positive generator of the group G(V,py, ‘7), that is, the following condition holds
for fy: every path ¢ C V' with beginning at a point z and end at the point fv(z) is projected to a
loop ¢ = pp(c) C V such that gy ([c]) = 1.

Step 2. It follows from the definition of an abstract scheme that It = @5 U...U ZE is a
smooth u-lamination. According to Definition 6, every connected component lAg C @6 is either a
torus or a Klein bottle and possesses a tubular neighborhood N (73) that intersects transversally the
set l?% Uu...u Z;; along n-trivial closed curves. Moreover, to every connected component TS - ZB

there correspond numbers mz € N and v5, € {—1,+1}. Then the set W5, = p‘I/l (lAg) consists of
0 0 0
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WlAu’ —
0 l0

my, cylinders, which we denote by W3
0

o
neighborhood).
Due to Proposition 2 there is a diffeomorphism g5 : N (qu) — ON3 conjugating the diffeo-
0 0

(the set N(ng) = p‘I/l (N(ZB)) is their tubular

M
morphism f;, 1 ‘aN(qu) with the diffeomorphism a27,,T8| on,- Define a diffeomorphism a27w3,mf33
0
R3 x Ly, — R3 x L, by the formula
0 0

1/ml“

. _1/mlAu
a2,1/2~8,mf8($17$27$37]) = (UE)IQ 0xq, lu'2 0

—1/ms

9,2 lSa:g,j+1).

Then a diffeomorphism Gy, : ON (qu,) — 0N X L, given by the formula
0 0 0
Gfbl (l‘) = az’”l})"m?d (g’[bx (f\;] ($)))

for every point = € f{} (8N(W78)) conjugates fv|aN(qu) with agﬂ,fu,mA ‘8N2meA .
0 1
Let

ATg =V\ N(W;b,), By = cl Ny x Zmlu, A;AS = aN(WlAg), BA = 0Ny x Zmlu,
Qp = A Ugy, Bp, Qs = Az, U By,
0 0 0 0 0

enote by po.. : Qn — Qm the natural projection. en the projections pAA = PO, Apy an
Denote b Qn Ql Ql th tural t Then th t Qn d
PBy = PQyy | By mduce a structure of a smooth connected orientable separable 3- mamfold Wlthout

boundary Let us show that Q is a Hausdorff space.
To this end it suffices to prove that the set

By, = {(iv,y) € Qp X Qp: PQy (%) = poy, (?J)}

is closed in @ x Qg (see, for example, [14]). This is equivalent to the fact that (z,y) € Eq.,
0 0 o o 0
for every sequence (Zp,,ym) € Eq,, converging in the space Qp X Qp to a point (z,y). Without
0 0 0
loss of generality we can suppose that all points of the sequence x,, belong to the same connected
component of QA as = (otherwise we can consider a subsequence with this property) and that the
same holds for the sequence ¥, and y. Let us consider four possibilities:

(1)
(2) Tm, Ym € Bj‘g;
(3)

(4) z, € Bfg and y,, € Afg‘

Tm,Ym € Afé?
T € A;u and y,, € qu,;
0 0

In cases (1) and (2), @p, = ym. Then z =y and, hence, (z,y) € Eq,,. In case (3), zn € Ap,
0 0
Ym € Bjy, Yym = Gju(wm), and there are two subcases:
0 0

(3a) = € 8N(W;b,);
(3b) = ¢ 8N(W;8).

In subcase (3a), using the continuity of the map Gy, we get the following chain of equalities:
0

y= lim y, = lim G ( )_Gl“< lim :L‘m) :GlAg(a:).

m—ro0 m—00 m—ro0
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Thus, (z,y) € EQA Let us show that subcase (3b) is impossible. Indeed, if = ¢ N (W; ) then
y = liMy, o0 Y = hmm_>OO Gl“ (Zm) € ON3. This contradicts the fact that the sequence {G(mm)}
converges in BT‘S'

In case (4), T, € qu,, Ym € ATU? and y,, = GA_ 1(acm) Since the closure of BA in QA coincides
O
with BA we have z € BA and, as in subcase (3&) Yy = GA (x); hence, (z,y) € EQzu

0
Thus Q is a smooth connected orientable 3- manlfold Wlthout boundary. Set
— -1 —
Fag, = pAlAvapA%- Pagy (Afé) = Pay (Aﬁé), fBy, =Py 20T gy pBA PBy, (Bﬁé) — DBy, (ng)

By construction the diffeomorphisms fa., and fp,, coincide on the set pa,, (A;Au) = DB, (Bliu). Then
0 0 0 0 0 0
a map leAu : qu — QlAu given by the formula
0 0 0

0

fBlAbl (), =ze€ Py, (BlAb‘)’

Sag (x), =€ Pz (Az),
fob, (z) =

is a diffeomorphism of the manifold Q. By construction the nonwandering set of fq,, consists of
0 0

a unique saddle periodic orbit with Morse index 2.

Denote by L;lu the leAu—invariant u-lamination on the manifold @z which coincides with the

0 0 0
lamination leAu (pil(ﬁu u...u Eu)) outside leAu (N (WAH)) and each connected component of which
. —1/ 7~
in leAS (N (VVlu)) is a smooth 2-disc that is transversal to the leaves of the foliation leu (p‘A/ (.7-"571,?“))
and coincides with a leaf of the foliation pg,, (F3') in some neighborhood pg,, (Wp). The condition
0 0

that the new lamination is transversal to the old one-dimensional foliation provides a homeomor-
phism between new and old laminations.

We will carry out the same operation with all connected components of the set Zg and will get a
smooth connected closed orientable 3-manifold QZ}; and a diffeomorphism szS : QZ}; — QZ}; with a

finite nonwandering set Y consisting of saddle periodic orbits with Morse index 2 and fQZu -invariant
u-lamination Ll%u. Continuing this process, we will get a smooth connected orientable noncompact

0
3-manifold @), without boundary and a diffeomorphism fg,: Q. — @, whose nonwandering set
consists of a finite set {2y of saddle periodic hyperbolic points with Morse index 2.

Step 3. By construction the manifold @, \ WS, is diffeomorphic to the manifold V, the
f

Qu
diffeomorphism fQu|Qu\WS is topologically conjugate to the diffeomorphism fi/, and hence, by
fQ
Proposition 2, the orbit spaces V and (Qu \ Wi ) / fq. are diffeomorphic. Thus we will identify
fQu
the objects described. Then, repeating the construction of step 2 with appropriate modifications
for the s-lamination LS C Qu, we get a smooth connected orientable noncompact 3-manifold Qg
without boundary and a diffeomorphism fq, : Qs — Qs whose nonwandering set consists of a finite
set 21 of saddle periodic hyperbolic points with Morse index 1 and a finite set {25 of saddle periodic
hyperbolic points with Morse index 2.

Step 4. Set Cs = Qs and C, = Qs \ Wéf@ . Denote by 6; the orbit space of the action
of fq. on Cg and by pg,: Cf — 6; the natural projection. Then the space C*g is homeomorphic
to a manifold which is obtained from the manifold V by a surgery along the s-lamination L% and

is hence homeomorphic to a finite number (which we denote by ;) of copies of S x S'. On
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the fundamental group of each connected component i = 1,...,1s, of the space éé, such a

8,17

surgery induces an epimorphism to the group r;Z, 7§ € N. Then the set Cf; = 5,1(5’;2) consists
of r? connected components C;,i,O’ . ,C’;Mg_l. Due to Proposition 2, there is a diffeomorphism

ps,i0: Clio — R*\ O that conjugates fgs

cr ., and ay [rs\o0-
Define a diffeomorphism a ot R3 x Z,s — R3 x Z,s by the formula
P 0,41,rs i L

a%7+17,’n?(m17 x9, xg,j) — (2—1/7”51-1’ 2—1/T§x27 2—1/rfm37j + 1)
Then a diffeomorphism py ;: C;i N (R3 \ 0) x er given by the formula

psi(T) = ag 11,5 (Ps,i.0 (fésj(m)))

forx € f7 (Oé,z‘,o) conjugates the diffeomorphism fq, |C; . with the diffeomorphism af 1 ,<|®3\0)xz -
Set Z
ls ls
Ds=[[R*xZs), Di=][(R*\O) x Zs)
i=1 i=1
and denote by ds: Ds — Ds a map composed of the diffeomorphisms aj ISRCTERE NS 18 and

by ps: C, — D, a map composed of the diffeomorphisms pg1,...,psi. Set Rs = Cs U, Ds and
Ry = Cs U Dy and denote by DR.: Ry — R, the natural projection. As above, proving that the
topological space Rg is a smooth connected orientable 3-manifold without boundary reduces to
checking that the set

Egr, = {(z,y) € Rs X Rs: pr,(z) = pr,(y)}

is closed in Rg x Rs. Let a sequence (z,,ym) € Er, converge in Ry x R to a point (z,y), and let
us show that the point (x,y) belongs to Eg..

Consider four cases:

(1) T, Ym € Cs;

(2) T, Ym € Ds;

(3) xm € Cs and y,, € Dy;

(4) xpm, € Dg and y,,, € Cs.

In cases (1) and (2), 2, = Ym. Then x = y and, hence, (z,y) € Eg,. In case (3), x,, € Cl,
Ym € DL, ym = ps(zy,), and there are two possibilities:

(3a) z € Clor

(3b) = ¢ C..
In subcase (3a), as above, y = ps(x) and, hence, (z,y) € Er,. Let us show that subcase (3b) is
impossible.

Since Cs \ C, = UPEQfQ
subsequence {x,; }, a sequence of integers k;,; — +00, and a point z € W' such that the sequence

W, we have € W} for some saddle point p € §f, . Then there is a

K.
{zmj = st J (mmj)} converges to the point 2. Set wy,; = ps(2m;) and w = ps(2). Then the sequence
_km' .
{wm, } converges to w € D{. Since Yy, = ps(Tm), we have yp,, = ps(Tm;) = ps (st ?(zm,))- Since
. . . _km . _km
the diffeomorphism ps conjugates fq.|c: and ds|p;, we have y,,, = ds 7 (ps(2m;)) = ds 7 (W)

Hence the sequence {ds ! (wm].)} has no limit in Dy, a contradiction.
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In case (4), ¥ € DL, ym € CL, ym = ps *(z.m), and there are two possibilities:

(4a) = € D or

(4b) = ¢ DL,
In subcase (4a), as in subcase (3a), y = p;!(x) and, hence, (z,y) € FEg.. Let us show that
subcase (4b) is impossible.

Since x,, € D) and z = O, the sequence v, = p; *(2,,) has no limit in Cy, a contradiction.

Thus Ry is a smooth connected orientable 3-manifold without boundary. Set pc. = pr.|c.,
pp, = PR,|D,, and

fe. = e fone: pe.(Cs) = pe.(Cs),  fp. =pp.dspp.: pp,(Ds) — pp.(Ds).
As above, we can prove that a map fr,: Rs — Rg given by the formula

sz(‘T)ﬂ T € pos (CS)7
st(ﬂj'), ZUEPDS(Ds),

is a diffeomorphism of the manifold Rs whose nonwandering set consists of ng saddle periodic
hyperbolic orbits with Morse index 1, of n, saddle periodic hyperbolic orbits with Morse index 2,
and of lg sink periodic hyperbolic orbits.

Step 5. Set Cy, = Rs and C} = Rs\ qusz . Denote by €' the orbit space of the action

i) = {

of fr, on Cy and by pg, : C, — C! the natural projection. Then the space C, is homeomorphic

to a manifold which is obtained by a surgery of v along v and, hence, is homeomorphic to a
finite number (denote it by I,) of copies of S? x S!. On the fundamental group of each connected

component {m, i=1,...,ly, of C}, this surgery induces an epimorphism to the group r}'Z, rj' € N.
Then the set C/ , = 5,1 (6{”) consists of r}' connected components C! . ,...,C! . o ;. Due to

Proposition 2, there is a diffeomorphism Pu,i0: C{%O — R3\ O that conjugates the diffeomorphisms

ri
IR

Chio and a3 4 [rs\0-
Define a diffeomorphism a}i Fan R3 x Lyp — R3 x Zyy by the formula

a§,+1,7«;1 (.Tl, x9, :1:37j) = (2—1/7";-1‘,1:1’ 2—1/7";-1:1:27 2_1/T$x37j + 1) .
Then a diffeomorphism py;: CY ; — (R*\ O) x Zy» given by the formula
Pu,i(af) = ag,+1,r;4 (pu,i,O (fcx (35)))

for x € fI( h.i0) conjugates fQu|Cf,,i and a§,+1,r$|(R3\O)XZ7.u'

Set
lu lu
Dy=][® x2Zw), D, =T[(R\O) x Zu).
i=1 i=1
Denote by dy: Dy — Dy a map consisting of the diffeomorphisms aj IRCIRER ,ay F1n and by

pu: Ci, — Dj a map consisting of the diffeomorphisms py1,...,pus,. Set Ry = Cy U,, Dy and
R, = Cy U D, and denote by pg,: Ry, — R, the natural projection. As above, proving that R, is
a smooth connected orientable 3-manifold without boundary reduces to checking that the set

Egr, = {($7y) € Eu X Eu: pRu(':L‘) :pRu(y)}

is closed in R, x Ry. To check this, let us show that if a sequence (Tm,ym) € ER, converges in
R, x R, to a point (x,y), then (z,y) belongs to Eg,.
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Consider four cases:

(1) Zm,ym € Cu;

(2) Tm, Ym € Du;

(3) xy, € Cy and yp, € Dy;

(4) zy, € Dy and yy, € Cy.

In cases (1) and (2), 2y = Ym. Then x = y and, hence, (z,y) € Eg,. In case (3), z,, € CJ,
Ym € DI, ym = pu(zm), and there are two possibilities:

(3a) z € C! or

(3b) z ¢ CY.

In subcase (3a), as above, y = py(x) and, hence, (x,y) € Eg,. Let us show that subcase (3b) is

impossible.
Since Cy \ Cl, = UPEQfRS Wy, we have x € W)} for some saddle or sink point p € Q. . Then,
as above, we arrive at a contradiction, because the sequence y,, has no limit in D,,.

In case (4), ¥ € Dy ym € Ch, ym = pyt(7y), and there are two possibilities:
(4a) x € D), or
(4b) = ¢ Dy,
In subcase (4a), as in subcase (3a), y = py'(z) and, hence, (z,y) € Eg,. Let us show that

subcase (4b) is impossible.
Since z,, € D}, and x = O, the sequence y,,, = p;!(x,,) has no limit in Cy, a contradiction.

Set pc, = Pr,|c,, Pp, = PR,|D,, and
fCu = pC’ufRspE‘i Yo (Cu) — DCy (Cu)7 fDu = pDudupBi * PDy (Du) — DD,y (Du)
As above, we can prove that a map fr,: Ry — Ry given by the formula

feo(x), € pc,(Cu),
Ip.(z), z€pp,(Dy),

Jro(2) = {

is a diffeomorphism of the manifold R, whose nonwandering set consists of ng saddle periodic
hyperbolic orbits with Morse index 1, of n, saddle periodic hyperbolic orbits with Morse index 2,
of Is sink periodic hyperbolic orbits, and of [,, source periodic hyperbolic orbits.

Step 6. In this step we show that the manifold M3 = R, is compact and, hence, the dif-
feomorphism f = fr, belongs to the class MS(M?) and its scheme is equivalent to the abstract
scheme S by construction.

To prove the compactness of R, = M3, it is enough to show that any sequence {z,} € M3 has
a converging subsequence. If infinitely many members of {x,} belong to Qf, the fact is obvious.
Consider the opposite case. By construction M3 = Upeﬂf Wy = Upeﬂf Wy Up to passing to a
subsequence there is a point p; € €y such that {x,,} C Wy \ p1. Denote by K the fundamental
domain of the restriction of f to Wy, \ p1. Then for each member x, of the sequence {z,} there
is an integer k, such that y, = f*(x,) € K. Without loss of generality we can suppose that the
sequence {y,} = {f**(x,)} converges to a point y € K (otherwise we can consider a subsequence
with this property). For the sequence {k,} there are two possibilities:

(1) {k,} is bounded;
(2) {kn} is not bounded.
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In case (1), up to passing to a subsequence, the sequence {k,} converges to an integer k. Then
lim,, 00 Zr, = limy, 00 £ %" () = f~*(y). Thus a subsequence of {x,} converges to f~*(y) € Wy,
In case (2), up to passing to a subsequence, {k,} converges to +oco or —oco. If k, — —oo,
then a subsequence of {x, = f~*»(y,)} converges to p;. If k, — +oo, then, up to passing to a
subsequence, there is a point ps € Qy such that {z,} C | \ p2 and, hence, a subsequence of

{zn = f~*(y,)} converges to po. O
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