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Abstract We completely determine the complexity status of the vertex 3-colorability
problem for the problem restricted to all hereditary classes defined by at most 3 for-
bidden induced subgraphs each on at most 5 vertices. We also present a complexity
dichotomy for the problem and the family of all hereditary classes defined by forbid-
ding an induced bull and any set of induced subgraphs each on at most 5 vertices.

Keywords Vertex 3-colorability problem - Computational complexity -
Polynomial-time algorithm

1 Introduction

A coloring is an arbitrary mapping of colors to vertices (or edges) of some graph such
that any adjacent vertices (or edges) receive distinct colors. In other words, a coloring
of a graph G is an arbitrary mapping c: V(G) — N (¢: E(G) —> N) such that
c(v1) # c(vy) for any adjacent vertices vy and vy (c(e;) # c(ep) for any adjacent
edges e and e3). A coloring is a k-coloring if the set N is replaced by 1, k. We will
use this term only for the vertex case.

The edge k-colorability problem (abbreviated as the EDGE k-COL problem) is to
verify whether edges of a given graph can be colored in k colors. The vertex k-
colorability problem (abbreviated as the k-COL problem) is to verify whether vertices
of a given graph can be colored in k colors. The chromatic number x(G) of a graph
G is the minimum number of colors in vertex colorings of G. The coloring problem
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(abbreviated as the COL problem), for a given graph and a number k, is to determine
whether its chromatic number is at most £ or not. For any & > 3, the EDGE k-COL and
k-COL problems are NP-complete. The COL problem is also NP-complete.

A graph H is a subgraph of a graph G if H can be obtained from G by deletion
of vertices and edges. A graph H is an induced subgraph of a graph G if H is
obtained from G by deletion of vertices. A class is a set of simple graphs closed under
isomorphism. A class of graphs is hereditary if it is closed under deletion of vertices.
Itis well known that any hereditary (and only hereditary) graph class X can be defined
by a set of its forbidden induced subgraphs ). We write X = Free())) in this case,
and the graphs in & are said to be Y-free. If Y = {H}, then we will write “H -free”
instead of “{ H}-free”. We say that a graph H is Hs-free if it does not contain H as a
subgraph.

The coL problem for H-free graphs can be solved in polynomial time if H is an
induced subgraph of a P4 or a P; + K, and it is NP-complete in all other cases
[11]. A study of forbidden induced pairs was also initiated in [11]. However, when
we forbid two induced subgraphs, the situation becomes more difficult. For example,
now the computational complexity of the COL problem is not known even for some
hereditary classes defined by two forbidden induced subgraphs each on at most 4
vertices [13]. Some recent results about the complexity of the COL problem restricted
to several families of hereditary classes defined by small forbidden induced structures
are presented in the papers [5,7,9,15,17].

The situation for the k-COL problem is not clear even when only one induced
subgraph is forbidden. The complexity of the 3- COL problem is known for all classes
of the form Free({H}), where |V (H)| < 6[2]. A similar result for H-free graphs with
|[V(H)| <5 was recently obtained for the 4- COL problem [6]. For each fixed k, the
k-COL problem can be solved in polynomial time for Ps-free graphs [8]. The 3- COL
problem can be solved in polynomial time for P;-free graphs [1]. For every k > 5,
the k-COL problem is NP-complete in the class of Pg-free graphs [10]. Additionally,
the 4- COL problem is NP-complete for P;-free graphs [10]. On the other hand, at the
present time the complexity status of the k-COL problem is open for Pg-free graphs
and k = 3, for Ps-free graphs and k = 4.

So, there exist many gaps in understanding the complexity of the k-COL and the COL
problems for hereditary classes. There are two ways to increase knowledge in the field.
The first of them is to limit the number of forbidden induced subgraphs, the second one
is to limit the size of forbidden structures. Bounding the number of forbidden induced
structures or their size produces a family of hereditary classes. Possible progress in
each of the research directions is to obtain a (partial) complete complexity dichotomy
for larger values of the bound.

In this paper, we consider the 3- COL problem and hereditary classes defined
by forbidden induced subgraphs each on at most 5 vertices. There are complex-
ity dichotomies for the problem and the families {Free(S)| each graph in S
has at most 4 vertices}, {Free({H, Hy})| max(|V(Hy)|, |V(Hy)|]) < 5} [16].
Prior to our study, there was no a complexity dichotomy for the problem and the
family {Free(S)| S has at most 3 graphs each on at most 5 vertices}. In this
paper, we present a complexity dichotomy for the 3- COL problem in the families:
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{Free({H, H>, H3})| max |V (H;)| < 5} and {Free(S)| each graph in S has at
i€l,3

most 5 vertices and bull € S}.

2 Notation and Formulation of the Main Result

For a vertex x of a graph, deg(x) means its degree, N (x) is its neighborhood, N[x]
denotes its closed neighborhood. For a graph G, A(G) is maximum degree of its
vertices. The sum G| + G is the disjoint union of graphs G| and G, with non-
intersected sets of vertices.

As usual, P, Cy, K;, Oy, and K, ;4 stand, respectively, for a simple path with n
vertices, a chordless cycle with n vertices, a complete graph with n vertices, an empty
graph with n vertices, and a complete bipartite graph with p vertices in the first part
and g vertices in the second. A k-fan Fj is a graph obtained by connecting a vertex
x to all vertices of a simple path (x1, ..., xx). A 3-fan is also called a diamond. A
k-wheel Wy is a graph obtained by connecting a vertex x to all vertices of a simple
cycle (x1, ..., xg).

The graphs bull, cricket, butter fly, crown have a vertex set {x1, x2, X3, X4, X5}.
The edge set for a bull is {x1x2, x1x3, x2X3, X1X4, X2X5}, for a cricket is {x1x2, x1x3,
X2X3, X1X4, X1X5}, for a butterfly is {x1x2, x1x3, X2X3, X1X4, X1X5, X4X5}, for a crown
is {x1x2, X1X3, X2X3, X1X4, X2X4, X1X5, X2X5}. A fish is the graph obtained by iden-
tifying a vertex of a K3 with a degree 2 vertex of a diamond. The graphs
diamond, bull, cricket, butter fly, crown, fish are depicted in Figure 1.

A spindle is the graph having vertices xi, x2, x3, X4, X5, ¥,z and the edges
X1X2, X2X3, X3X4, X4X5, X5X1, VX1, VX2, VX3, ZX4, ZX5, ZX1. A kite is the graph obtained
by adding a new vertex to a diamond and an edge connecting the new vertex with a
degree 2 vertex of the diamond. A dart is the graph obtained by adding a new vertex
to a diamond and an edge connecting the new vertex with a degree 3 vertex of the
diamond. A banner is the graph obtained by adding a new vertex to a C4 and an edge
connecting the new vertex with a vertex of the cycle. A house is the graph obtained by
adding a new vertex to a C4 and two edges connecting the new vertex with adjacent
vertices of the cycle. The graphs spindle, kite, dart, banner, house are depicted in
Fig. 2.

Fig. 1 The graphs diamond,
bull, cricket, butterfly, é
crown, fish N % ; 2

diamond bull cricket
butterfly crown fish
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Fig. 2 The graphs spindle, g %
kite, dart, banner, house @ <&.

spindle kite dart

e

banner house

Fig. 3 The graph badge

Let us define the following 6 classes of graphs:

— A} is the set of all forests

— A is the set of line graphs of all forests of maximum degree at most 3

— A7 is the set of all graphs in which any 5 vertices induce a subgraph in X" U X U
{cricket, kite,diamond + K}.

— A is the set of all graphs in which any 5 vertices induce a subgraph in X} U XU
{kite, diamond + K1, butter fly, crown}.

— A5 is the set of all graphs in which any 5 vertices induce a subgraph in X|" U XU
{kite,diamond + K1, house, C4 + K1, Fy, Wy, bull, dart, crown}.

— A is the set of all graphs in which any 5 vertices induce a subgraph in X" U X U
{cricket, bull, house, banner, C4 + K1, Cs}.

All these classes are hereditary. The main result of this paper can be formulated as
follows. Let S be a set of graphs each on at most 5 vertices such that either S has at most
3 graphs or bull € S. Then the 3-COL problem is polynomial for Free(S) whenever
it does not include each of the mentioned 6 classes; otherwise, it is NP-complete.

3 Some New Results on NP-Completeness of the 3- COL Problem

A badge is the graph drawn in Fig. 3.

Lemma 1 The graph badge is 3-colorable. Moreover, in any 3-coloring of a badge,
the vertices x1, X2, X3, X4 receive the same color.

@ Springer
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Fig. 4 The graph spider T2 21 22 T4
T
z1 Y1 Y2 x3
Fig. 5 The graph chevron Ty 2 3
21 Y2
Y1 22
T4
Fig. 6 The graph castle v1 23 V2
x1 Y1
21
3 Y3
x2 22 Y2

Proof Firstly, we show that a badge is 3-colorable. Assign 1 as the color of
X1, X2, X3, X4, Y2, ¥3, 2 as the color of yy, y4, u1, us, z3, 3 as the color of z1, z2, z4, us,
u4. The resultant mapping is a 3-coloring. Let ¢ be an arbitrary 3-coloring of a
badge. Then, c(x1) = c(x2), c(x3) = c(xa), c(u1) = c(uz), c(uz) = c(uqg). Clearly,
c(x1) # c(uy), c(ua) # c(uz), c(x2) # c(u3). Hence, the vertices x1, un, uz have
pairwise distinct colors. Therefore, c(x1) = c(x2) = c(x3) = c(x4). O

A spider is the graph drawn in Fig. 4.
A chevron is the graph drawn in Fig. 5.
The following lemma is easy to prove.

Lemma 2 The graph spider is 3-colorable. Additionally, x, x1, X2, x3, X4 have the
same color in any 3-coloring of a spider. A chevron has the unique 3-coloring, where
{x1, x2, x3, x4}, {y1, W2}, and {z1, 22} are the color classes.

The graph castle is drawn in Fig. 6.

Lemma 3 The graph castle is 3-colorable. Moreover, in any 3-coloring of a castle,
the vertices x3 and y3 receive the same color.

@ Springer
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Proof Firstly, we show that a castle is 3-colorable. Assign 1 as the color of x1, z3, y1,
2 as the color of x2, z1, y2, 3 as the color of x3, z2, y3, v1, v2. The resultant mapping
is a 3-coloring.

Assume that there is a 3-coloring ¢ of a castle such that c(x3) # c(y3). We also
assume that c(x1) = 1 and c(x2) = 2. There are the only four possible cases for the
value of (c(y1), c(y2)), they are (1, 3), (3, 2), (2, 3), (3, 1). The first two cases are
equivalent, the second two are also equivalent. In the first two cases, there are two
vertices in {x1, x2, y1, y2} with the same indices having the same color. In the second
two cases, vertices in the set with the same color have different indices. Suppose that
c(y1) = 1 and c(y2) = 3. Hence, c(z2) = 1,c(v;) = 3,c(v2) = 2. Therefore,
c(z3) = 1. We have a contradiction, as z, and z3 have the same color. Now, suppose
that c(y;) = 2 and c(y2) = 3. Hence, c(z2) = 1,c(z1) = 3, and ¢(z3) = 2. The
vertex v must have the color 2, as ¢(x;) = 1 and c¢(y2) = 3. We have a contradiction,
as vy and z3 receive the same color. So, the initial assumption was false. O

Let G be a graph, x be a vertex of G, whose neighborhood consists of 4 ver-
tices v1, vz, v3, v4. Let H be an arbitrary graph in {badge, spider, chevron}. An
H -implantation to x is to delete x from G, add H and the edges xjv1, X2v2, X3V3, X4V4.
A castle-implantation to x is to delete x from G, add a castle and the edges
V1X3, V2X3, V33, V4y3. By Lemmas 1-3, all the resultant graphs are 3-colorable when-
ever G is 3-colorable.

Lemma 4 The 3-COL problem is NP-complete for each of the classes X5, X, X5, X

Proof The 3- COL problem is NP-complete for the class ) of all connected graphs
having degrees of all vertices equal to 4 [4]. Let us consider a graph G € Y and
an arbitrary graph H € {badge, spider, chevron}. We simultaneously apply an H-
implantation to all vertices of G. The resultant graph G” belongs to X3 or X} or X
if H = badge or H = spider or H = chevron, respectively. To justify this fact,
let us consider an induced subgraph G* of G’ on at most 5 vertices. If G* is not
connected, then G* € X[ U XS, except the cases, when G* = diamond + K, or
G* = C4+ K1, H = chevron. If G* is connected, then it contains at most one edge
in E(G)N E(G’) or itis isomorphic to a Ps. The graph Ps belongs to X. Clearly, G*
belongs to one of the classes X3, X, X5 (depending on the choice of H) whenever
|[E(G*) N E(G)| < 1. The graph G’ is 3-colorable if and only if G is 3-colorable, by
Lemmas 1 and 2. Hence, the 3- COL problem for ) can be polynomially reduced to
the same problem for each of the classes X5, X}, XZ. Therefore, it is NP-complete
for each of them.

The 3- cOL problem is NP-complete for the class Z of all connected triangle-free
graphs having degree of every vertex atmost4 [14]. Let G € Z. We will simultaneously
apply a castle-implantation to all degree 4 vertices of G. Similar to the reasonings
from the previous paragraph one can prove that the resultant graph G” belongs to
A¢. By Lemma 3, G” is 3-colorable if and only if G is 3-colorable. Thus, the 3- coL
problem for Z can be polynomially reduced to the same problem for A¢". Therefore,
it is NP-complete for A¢. O

@ Springer
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4 Irreducible Graphs and their Properties

An odd wheel is an arbitrary graph in {W3, W5, W7, ...}. A graph is said to be
odd wheel-free if it does not contain an induced odd wheel. This property can be
checked in polynomial-time. Since any odd wheel is not 3-colorable, a necessary
condition for a graph to be 3-colorable is to be odd wheel-free. Note that a graph
is odd wheel-free if and only if it is odd wheelg-free, i.e. it does not contain an
odd wheel as a subgraph. This property can be checked in polynomial time because
it is equivalent to the property that every neighborhood induces a bipartite subgraph.

If a graph contains a spindle as a subgraph (not necessarily induced), then the
graph is not 3-colorable. Hence, a necessary condition for a graph to be 3-colorable
is to be spindleg-free. This property can also be tested in polynomial time.

Two non-adjacent vertices of a graph are called rwins if they have equal neighbor-
hoods. Two vertices are said to be quasi-twins if the neighborhood of one of them is
included in the neighborhood of the second one. If G is a graph, x, y € V(G), and
N(x) € N(y), then x(G) = x(GP\{x}). Indeed, one can arrange a color of y from
a 3-coloring of G\{x} to the vertex x to produce a 3-coloring of G.

A cut-vertex of a connected graph G is a vertex x, whose removal disconnects the
graph. An x-block of G is any subgraph of G induced by all vertices of a connected
component of G\{x} and x. Verifying that a given vertex is a cut-vertex of G and
computing all the corresponding blocks can be done in linear time by the depth first
search algorithm. If G7, ..., G§ are all x-blocks of G, then x (G) = max(x (G})).

iel,s

Clearly, if a vertex x of a graph G has degree at most 2, then G is 3-colorable if
and only if G\{x} is 3-colorable. Moreover, by Brooks’ Theorem [3], a graph G is
3-colorable whenever A(G) < 3 and G is not isomorphic to a K4.

If Gy1,...,Gs are all connected components of a graph G, then x(G) =
max(x (Gy)).-

iel,s
The properties, decompositions, and compressions above lead to consider irre-

ducible graphs, i.e. connected odd wheel- and spindleg-free graphs without pairs of
quasi-twins, cut-vertices, vertices of degree at most 2 having maximum degree at least
4. The following lemma is clear.

Lemma 5 For any hereditary class X, the 3- COL problem for X can be polynomially
reduced to the same problem for the set of all irreducible graphs in X.

By R(p, gq) we denote the corresponding Ramsey number, i.e. minimum number v
such that every graph with v vertices contains an O, or a K as an induced subgraph.
As any irreducible graph must be K4-free, the following lemma is true.

Lemma 6 Forany irreducible K1 p-free graph G, the inequality A(G) < R(p, 3)—1
holds.

As R(4,3) =9, for any irreducible K 4-free graph G, the inequality 4 < A(G) <
8 is true. Any vertex of maximum degree of any irreducible K 4-free graph must
belong to some triangle of the graph. Indeed, the contrary would imply that in some
irreducible K 4-free graph the neighbourhood of some vertex of maximum degree
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induce an empty graph and this empty graph has at most three vertices. Hence, the
graph cannot be irreducible.

Lemma 7 There are no irreducible {K| 4, diamond, bull}-free graphs and {K a4,
diamond, cricket, butter fly}-free graphs.

Proof Let G be an irreducible {K 4, diamond}-free graph, x be a vertex of G of
maximum degree. Then, there is a triangle (x, y, z), vertices x" and x” each adja-
cent to x and simultaneously non-adjacent to y and z. If x’x” € E(G), then G is
not butter fly-free, otherwise G is not cricket-free. Hence, there are no irreducible
graphs in Free({K1.4,diamond, cricket, butter fly}). As G is irreducible, each of
the degrees of y and z must be at least 3, simultaneously. Hence, there are vertices
y’" and z’ such that y € N(y)\(N(x) U N(z)) and 2’ € N(2)\(N(x) U N(y)). If
G is bull-free, then y'z', y'x', y'x”, z/x’, Zx" are edges of G. Hence, the vertices
x',x”,y’, 7 induce a diamond or a K4 in G. We have a contradiction. Thus, there
are no irreducible {K 4, diamond, bull}-free graphs. O

Lemma 8 Everyirreducible {kite, cricket, butter fly}-free graph is diamond-free.
Every irreducible {K 4, kite, bull}-free graph on at least 8 vertices is diamond-free.

Proof Assume that there is an irreducible {kite, butterfly, cricket}-free graph G
containing a diamond induced by vertices x’, x”, v, z, where x'x” ¢ E(G). As x" and
x" are not quasi-twins, there are vertices 77 € N(x")\N(x”) and y’ € N(x")\N (x’).
Each of the vertices y’ and z’ belongs to (N(y)\N(z)) U (N()\N(y)), as G
is irreducible and kite-free. Without loss of generality, z’y € E(G). As G is
{kite, butter fly}-free, y'z € E(G).Otherwise,y’ € N(y)\N(z)and y'z’ ¢ E(G), as
G isodd wheel-freeand y, x’, z/, ¥/, x” induce a butter fly. As 7’ and z are not quasi-
twins, there is a vertex y” € N(z/)\N(z). Clearly, y” and x’ are adjacent, otherwise
v’y € E(G) and y"x" € E(G), as G is {kite, butter fly}-freeand x', z’, y", x", z, y
induce a Ws. Similarly, there is a vertex 7”7 € (N(x”) N N(y)\(N(y) U N(z)). To
avoid an induced kite, x"y”, y'z', x'7" are edges of G. To avoid a cricket induced by
x",y,z,y", 7", the vertices y” and z” must be adjacent. Then, x’, y, z, ¥”, z”” induce
a butter fly. We have a contradiction with the assumption.

Let G be an irreducible {K 4, kite, bull}-free graph having at least 8 vertices. We
show that G cannot contain an induced cycle (xi, x2, x3, x4, X5, Xg) and a vertex x
adjacent to all vertices of the cycle. Assume that G contains such a cycle and such a
vertex x. As G is connected and |V (G)| > 8, there is a vertex outside V’ having a
neighbor in V', where V' £ {x, x1, X2, X3, X4, X5, X6}. As G is K1 4-free, for every
vertex outside V'’ having a neighbor in V', it has a neighbor in V’\{x}. Let y be such
a vertex. Let us show that y is adjacent to each of the vertices x1, x2, X3, X4, X5, X¢.
Suppose that x; and y are adjacent, but y and xp are not adjacent. If yx ¢ E(G),
then yx4 and yxs are edges of G, to avoid an induced bull. Hence, x, y, x5, x4, X2
induce a kite. If x and y are adjacent, then yx4 ¢ E(G) and yxg ¢ E(G), as G
is odd wheel-free. Hence, x, y, x2, x4, X¢ induce a K1 4. We have a contradiction
in both cases. Clearly, N(x) = {x1, x2, x3, X4, X5, X¢}, as a possible neighbor of x
distinct from x1, x2, x3, X4, X5, X must be adjacent to each of the 6 vertices and to
x, by the previous reasonings from this paragraph and the fact that G is K 4-free.
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Hence, G would not be odd wheel-free. Therefore, N(x) € N(y), i.e. x and y are
quasi-twins. We have a contradiction with the assumption about the existence of a
6-cycle and a vertex.

Assume that there is an irreducible {K 4, kite, bull}-free graph G on at least 8
vertices containing an induced diamond.Letx’, x”, y, z, y', z’ have the same meaning
as in the first paragraph up to and including the hypothesis that 7'y € E(G). We show
in this paragraph that yy’ ¢ E(G), i.e. y'z € E(G). Suppose the opposite. Clearly,
7'y ¢ E(G), otherwise 7', x’, z, x”, y’, and y induce a W5s. As z and 7’ are not quasi-
twins, there is a vertex z; € N(z))\N(z). Clearly, z1 # y’. The vertex z; cannot
be adjacent to x’, otherwise x', y, z,z1, ¥ or x’, 7/, z1, z, ¥ induce a bull. Hence,
z1y € E(G). As z and y’ are not quasi-twins, there is a vertex zp € N(y)\N(z).
Clearly, zo # 7/, x"z0 ¢ E(G), and z2y € E(G). Clearly, z; # 73, otherwise
(z,x',7Z/,z1,y’, x") is an induced 6-cycle and y is adjacent to all its vertices. Since G
is odd wheel-free, z1z2 ¢ E(G). Then, y, 71, z2, x’, x” induce a K| 4.

So, y’ is adjacent to z and x”. As z and 7z’ are not quasi-twins, there is a vertex
y” € N(z)\N(z). We may assume that y” is adjacent to x’ and 7/, by a similar
argument as above. As G is spindleg-free, y'y" ¢ E(G).Then, x’, y, z, y', y” induce
a bull. We have a contradiction. O

Lemma 9 Every irreducible {K| 4, bull, cricket}-free graph containing either a Fy
or a Wy as an induced subgraph has at most 457 vertices.

Proof Let G be an irreducible {K 4, bull, cricket}-free graph. Assume that G con-
tains an induced F4. We use the same notation for vertices of the subgraph as in the
definition. We will show that every vertex of G lies from x at distance at most 2.
Assume that there is a vertex z of G lying from x at distance 3. Let (x, x', y, 2)
be a length 3 induced path and V' £ {x1,x2, X3, X4} Clearly, y ¢ N[x] and
N(z) N N[x] = #. One may assume that x’ € V’. Suppose the opposite. Then,
x' ¢ V and N(y) N ({x} U V') = @. Clearly, x’x; ¢ E(G) and x'x4 ¢ E(G), oth-
erwise both x'x; and x’x4 are edges of G, to avoid an induced bull. Tt is impossible,
as G is odd wheel-free. To avoid an induced cricket, x'x, and x'x3 are edges of G.
Hence, G is not odd wheel-free. We have a contradiction. So, x’ € V’. To avoid a bull
induced by a subset of V' U {x, y, z}, either N(y) N V' = V' or N(y) N V' = {x1, x4}
is true. The first case is impossible, as G is cricket-free. As G is irreducible, y is not
a cut-vertex of G. Hence, there is an induced path connecting x and z of length at least
3. Its third vertex must be distinct from y and simultaneously adjacent to x; and x4. It
is impossible, as G is cricket-free and spindles-free. We have a contradiction with
the assumption. As every vertex of G lies from x at distance at most 2 and A(G) < 8,
[V(G)| <148+7-8=065.

Assume that G has an induced W4 and G is F4-free. We also use the same
notation for vertices of the subgraph Wy as in the definition. As x; and x3 are
not quasi-twins, there is a vertex y; € N(x)\N(x3). As G is {K4, Fy}-free,
y1 € N(xp)\(N(x2) UN(x3) U N(x4) UN(x)). Similarly, for any i = 2, 4, there is a

4
vertex y; € N(x)\( | N(x;j)UN(x)). As G is bull-free, y1y2, Y23, Y34, Yay1

Jj=1.j#i
are edges of G. Similarly, y;y3 ¢ E(G) and yy4 ¢ E(G). We will show that every
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vertex of G lies from x at distance at most 3. Assume that there is a vertex y lying
at distance 4 from x. Consider an induced path (x, a1, az, az, y). We may consider
that a; € V’. Otherwise, as G is {bull, K4, F4}-free, there are the only following
cases: a) N(a)) N V' = @,b) N(a;) N V' = {x1,x3},¢) N(a)) N V' = {x, x4}.
Moreover, N(az) N V' = ¢ and N(az) N V" = @, where V" £ {y1, 2, y3, y4}.
In case a, aiyi,a1yz, aiys, ajys are edges of G, as G is bull-free. Since G €
Free({bull, K4, F4}), ary1 ¢ E(G),a2y2 ¢ E(G),a2y3 ¢ E(G),a2ys ¢ E(G).
Hence, x, a1, az, y1, y2 induce a cricket. Let us consider case b, case ¢ is similar.
As G is {Fy, bull}-free, a1y1 ¢ E(G),a1y3 ¢ E(G),a2y1 € E(G),axy3 € E(G).
Hence, yi, y3, a1, a2, a3 induce a K 4.

So, we assume that a; € V’. Suppose that a; = x;. We may also consider that
ay = yj.Otherwise, N(a3)NV" = @, x, x1, x3, y1, az induce a graph in { Fy, cricket}
or the graph bull is induced by one of the sets {x1, x2, y1, a2, az3}and {y1, x1, a2, x, az}.
As G is {K.4, bull, cricket}-free, azyi, azy2, azys, azys are edges of G. Hence,
Y1, ¥2, a1, az, as induce a bull. We have a contradiction with the assumption. So,
distance between x and any vertex of G is at most 3. Hence, |V(G)| < 1+8+47-8+
7-7-8=457. O

Lemma 10 The 3-COL problem can be solved in polynomial time for each of
the classes Free({Kia,bull,cricket,crown}) and Free({Ki4,bull,cricket,
butter fly}).

Proof Let G be anirreducible {K 4, bull, cricket}-free graph. By Lemma 9, we may
assume that it is { F4, Wy }-free. Let us show that A(G) = 4. Let v be a vertex of G
having neighbors vy, v2, v3, v4, vs5. As G is {K1 4, K4, cricket}-free, there are three
of them inducing a P3 in G. Suppose that (v1, vz, v3) is the induced 3-path. As G is
{K4, Fs, Wa}-free, neither v4 nor vs belongs to N (vi)UN (v3). Hence, v, vy, v3, v4, v5
induce a cricket or a K1 4. We have a contradiction.

Suppose that G contains an induced fish. Let y; and y; be the degree 3 vertices of
the fish, x; be its degree 4 vertex, (x1, y1, ¥2) and (x2, z1, z2) are its triangles. We will
show that N (y1)\{y2} = N (y2)\{y1}. Assume the opposite. Without loss of generality,
one may assume that there is a vertex y ¢ {x1, x2, y2} adjacent to y; and non-adjacent
to y2. It cannot be adjacent to each of the vertices x; and x», as G is { F4, Wa}-free. As G
is bull-free, yz1 and yz, are edges of G. As G is irreducible and { F4, Wy }-free, there is
avertex x € N(x1)\(N(x2)UN(y1)UN(y2)). To avoid an induced bull, yx € E(G).
To avoid an induced cricket, x must be adjacent to at least one of the vertices z; and
z2. Hence, x, y, x2, 21, z2 induce a F4 or a Wy. Therefore, N (y1)\{y2} = N(y»)\{y1}
is true. Similarly, if there is a common neighbor of z; and z; distinct from x;, then
N(z1)\{z2} = N(z2)\{z1}. Such a neighbor must exist, otherwise, there are vertices
7 € N(z1)\N(z2) and 7” € N(z2)\N(z1), as G is irreducible. Recall that the degree
of x; is 4. Hence, as G is bull-free, 7’7", 7'y1, 2’ y2, 2" y1, 7" y> are edges of G. We
have a contradiction, as G is K4-free. If deg(y;) = deg(y2) = 3, then the graph H*
formed by deleting x>, y1, y2 and adding the edges x1z1 and x1z is 3-colorable if and
only if it is so for G. It is not hard to see that H* is also {K| 4, bull, cricket}-free. So,
for any induced fish, we may assume that a diamond included in it must be included
in an induced crown.
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Let ay, az, b1, by be vertices of G inducing a diamond such that aja, ¢ E(G).
Assume that this diamond is not included in an induced crown. Let N; £
(N(a1) U N(ax)\{a1,az, by, ba} and Ny £ (N(by) U N(bp) \ {a1,az, b1, by}
As G is {K4, F4, Wa}-free, none of the elements of N; is adjacent to an element
of {b1, b2}, none of the elements of N, is adjacent to an element of {aj,as}.
As G is irreducible, then max(deg(ay),deg(az)) > 3. As G is cricket-free, if
deg(ay) = 4, then its two neighbors each distinct from b; and b> must be adja-
cent. Moreover, one of them is adjacent to a,, otherwise there is a diamond included
in an induced fish that is not included in an induced crown. As G is irreducible,
deg(ar) = 4. Therefore, if max(deg(a;), deg(ay)) = 4, then there are vertices
u1 € N(a))\N(a2),uz € N(az) \ N(a1),u € N(a;) N N(az). As G is cricket-
free, uu» is an edge of G. As G is bull-free, u1 and u, are adjacent. Hence, G is not
spindleg-free. So, deg(ay) = deg(az) = 3.

Suppose that N> has two elements or one element simultaneously non-adjacent
to by and by or N = . Our aim is to show that G is 3-colorable if and only if
H** 2 G\{ay, ap, by, by} is 3-colorable. Since G is bull-free, if N, has two elements,
then they must be adjacent. Assume that H** has a 3-coloring. There is a color (say,
1) distinct from the colors of the vertices in Nj. Assign 1 as the color of a; and a. If
|N2| = 2, then its elements have the colors 1 and 2 or 1 and 3 or 2 and 3. In each of
the three cases b1 and b, can be colored in 2 and 3 such that the resultant coloring of
G is a 3-coloring. Similarly, G has a 3-coloring whenever |N»| < 1.

By the previous reasonings and Lemmas 5 and 9, the 3- COL problem for
Free({K1.4, bull, cricket, crown}) can be polynomially reduced to the 3- COL prob-
lem for Free({K1 4, bull, diamond, cricket, crown}). By Lemma 7, the problem is
polynomial for Free({K1. 4, bull, cricket, crown}).

Assume that G is an irreducible {K 4, bull, cricket, butterfly, Fs, W4}-free
graph. Let ay, a», by, by, bz be vertices of G inducing a crown such that (ay, as, by),

3
(a1, az, by), (a1, az, b3) are the triangles of the subgraph. Let N £ U N®)\{a1, az}.
i=1

We call the set N the neighborhood of the corresponding induced crown. It is easy to
see that deg(b1) = deg(by) = deg(b3) = 3,1.e. [N| < 3. As G is bull-free, N does
not induce a K3. It is easy to verify that G is 3-colorable whenever N has at most 2
elements and H' £ G\{ai, a2, by, b>, b3} has a 3-coloring. If N has 3 elements, then
G is 3-colorable if and only if there is a 3-coloring of H’ in which the elements of
N receive at most two distinct colors. The graph G’ is obtained from H’ by adding
a new vertex adjacent to all elements of N. In other words, G’ can be obtained from
G by contracting {ay, a», b1, by, b3} into a single vertex. Notice that the three edges
between {by, by, b3} and N in G also exists in G’. Clearly, G’ is 3-colorable if and
only if there is a 3-coloring of H' in which the elements of N receive at most two
distinct colors. In other words, G is 3-colorable if and only if G’ is 3-colorable.

By the reasonings above, we may assume that every induced diamond of G is
contained in an induced subgraph crown of G, every induced subgraph crown of
G has neighborhood with 3 elements. Any two induced copies of a crown have no
common vertices. Let G* be the graph obtained by contracting vertices into a single
vertex in every induced copy of a crown in the graph G. As G is 3-colorable if and only

@ Springer



1020 Graphs and Combinatorics (2017) 33:1009-1022

if G’ is 3-colorable, itis so for G and G*. As G is {K| 4, cricket, butter fly, Fy, Wa4}-
free, every degree 4 vertex v of G is a degree 3 vertex of an induced diamond. In other
words, v is a degree 4 vertex of an induced crown. Hence, A(G*) < 3, as A(G) = 4.
By Brooks’ Theorem, G* is 3-colorable. Hence, G is 3-colorable. Therefore, the 3- COL
problem for Free({K1.4, bull, cricket, butter fly}) can be polynomially reduced to
the 3- COL problem for Free({K1 4, bull, diamond, cricket, butter fly}). Hence, by
Lemma 7, the lemma holds. O

5 Main Result

Recall that X7} is the set of all forests, X is the set of all line graphs of forests of
maximum degree at most 3. For any i € 3, 6, the class X" is the set of all graphs in
which any 5 vertices induce a subgraph in:

X[ U XS U{cricket, kite, diamond + K1} fori =3

X[ U XS Ulkite, diamond + K, butter fly, crown} fori = 4

- XU XS U {kite, diamond + Ky, house, C4 + K1, F4, Wy, bull, dart, crown}
fori =5

- X UXS U{cricket, bull, house, banner, C4 + K1, Cs} fori =6

Theorem 1 Let S be a set of graphs each on at most 5 vertices such that either S
has at most 3 graphs or bull € S. Then, the 3- COL problem is NP-complete for
X = Free(S) if X includes at least one of the classes X{'=X¢. It is polynomial-time
solvable for each of the remaining cases.

Proof 1t is known that the 3-COL and the EDGE 3- COL problems are NP-complete for
Free({C3, Cy, ..., Cy}) for every k > 3 [12]. Hence, for every k > 3, the 3- COL
problem is NP-complete for the class of line graphs of all {C3, C4, . .., Ci}-free graphs
of maximum degree at most 3. Therefore, the 3- COL problem is NP-complete for X if
NS =9Por XY NS = (. In other words, when X' 2 X} or X D A The 3- cOL
problem is NP-complete for each of the classes X5, X, XS*, A¢, by Lemma 4. Hence,
the problem is NP-complete for A" if it includes at least one of the classes AX['—X¢".
Assume that X" & X, Xy € X, X € X, X ¢ X, x5 ¢ XX ¢ X
If Gy € X and G, € A are arbitrary graphs each having at most 5 ver-
tices, {G1, G2} # {Kia,bull} and {G1, G2} # {Kia,butterfly}, then the
3- coL problem is polynomial-time solvable for Free({G, G2}) [16]. Hence, we
may also assume that a K 4 is the unique forest in S, a bull or a butterfly
is an element of S, (XJ\{bull, butterfly}) NS = (. Suppose that bull € S.
As X5 ¢ X, S contains an element G’, which is an induced subgraph of a
graph in {cricket, kite, diamond + K}. Hence, G’ € {cricket, kite, diamond +
K1, diamond}. Clearly, any H + K-free graph G is H-free or it contains at most
(A(G) + 1)|V(H)| vertices. By this fact, Lemmas 7 and 8, the problem is poly-
nomial for X if G' € {kite,diamond + Ki,diamond}. If cricket € S, then
{butterfly,crown} NS # @, as X} ¢ X. By Lemma 10, the problem is poly-
nomial for A" in both possible cases. Suppose that butterfly € S and bull ¢ S.
As X ¢ X, S contains a graph G” € {cricket, kite, diamond + K, diamond}.
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In other words, S = {K 4, butterfly, G"}. If G = cricket, then X includes X2
If G” € {kite,diamond + K1, diamond}, then X includes X¢. The last cases are
impossible. O

6 Concluding Remarks and Problems for Future Work

In this paper, we have presented a complexity dichotomy for the 3- COL problem in
the families: {Free({Hy, Hy, H3})| max |V (H;)| < 5} and {Free(S)| each graph
iel,3
in S has at most 5 vertices and bull € S}. More precisely, if X is a class in the
families, then the 3- COL problem is NP-complete for X" if X 2 Xi* forsomei € 1, 6,
otherwise the problem can be solved in polynomial time for graphs X’. This result has
a natural consequence for the COL problem, as this problem becomes NP-complete
for any class in the families that contains one of the 6 classes of graphs. However,
we cannot claim polynomial-time solvability of the COL problem for the remaining
classes in the families, as some places in the proofs from Section 5 heavily use the
assumption that the vertices may only be colored with at most 3 different colors.
Clarification of the complexity of the COL problem for at least some of these classes is
an interesting research problem for future work. Concerning the 3- COL problem, the
next natural step pushing the research forward is to obtain a complexity dichotomy for
all hereditary classes defined by four forbidden induced structures each on at most 5
vertices. Perhaps, such a dichotomy will already give a complete classification for all
hereditary classes defined by forbidding induced subgraphs each on at most 5 vertices.

Acknowledgements The research is partially supported by Russian Foundation for Basic Research, grant
No 16-31-60008-mol-a-dk; by RF President grant MK-4819.2016.1; by LATNA laboratory, National
Research University Higher School of Economics. The author would like to thank anonymous review-
ers for their valuable comments.

References

1. Bonomo, F., Chudnovsky, M., Maceli, P., Schaudt, O., Stein, M., Zhong, M.: Three-coloring and list
three-coloring of graphs without induced paths on seven vertices (2015)

2. Broersma, H.J., Golovach, P.A., Paulusma, D., Song, J.: Updating the complexity status of coloring
graphs without a fixed induced linear forest. Theor. Comput. Sci. 414, 9-19 (2012)

3. Brooks, R.L.: On colouring the nodes of a network. Proceedings of the Cambridge Philosophical
Society. Mathematical and Physical Sciences 37, 194-197 (1941)

4. Dailey, D.: Uniqueness of colorability and colorability of planar 4-regular graphs are NP-complete.
Discrete Math. 30, 289-293 (1980)

5. Golovach, P.A., Johnson, M., Paulusma, D., Song, J.: A survey on the computational complexity of
colouring graphs with forbidden subgraphs. Journal of Graph Theory (2016). doi:10.1002/jgt.22028

6. Golovach, P.A., Paulusma, D., Song, J.: 4-Coloring H-free graphs when H is small. Discrete Appl.
Math. 161, 140-150 (2013)

7. Golovach, P.A., Paulusma, D., Ries, B.: Coloring graphs characterized by a forbidden subgraph. Dis-
crete Appl. Math. 180, 101-110 (2015)

8. Hoang, C., Kaminski, M., Lozin, V., Sawada, J., Shu, X.: Deciding k-colorability of P5-free graphs in
polynomial time. Algorithmica 57, 74-81 (2010)

9. Hoang, C., Lazzarato, D.: Polynomial-time algorithms for minimum weighted colorings of (Ps, Ps)-
free graphs and similar graph classes. Discrete Appl. Math. 186, 106-111 (2015)

@ Springer


http://dx.doi.org/10.1002/jgt.22028

1022 Graphs and Combinatorics (2017) 33:1009-1022

10.

11.

12.

13.

14.

15.

16.

Huang, S.: Improved complexity results on k-coloring P¢-free graphs. Eur. J. Comb. 51, 336-346
(2016)

Kral’, D., Kratochvil, J., Tuza, Z., Woeginger, G.: Complexity of coloring graphs without forbidden
induced subgraphs. Lect. Notes Comput. Sci. 2204, 254-262 (2001)

Lozin, V.V., Kaminski, M.: Coloring edges and vertices of graphs without short or long cycles. Con-
tributions to Discrete Mathematics 2 (2007)

Lozin, V.V., Malyshev, D.S.: Vertex coloring of graphs with few obstructions. Discrete Applied Math-
ematics (2015). doi:10.1016/j.dam.2015.02.015

Maffray, F., Preissmann, M.: On the NP-completeness of the k-colorability problem for triangle-free
graphs. Discrete Math. 162, 313-317 (1996)

Malyshev, D.S.: The coloring problem for classes with two small obstructions. Optim. Lett. 8, 2261—
2270 (2014)

Malyshev, D.S.: The complexity of the 3-colorability problem in the absence of a pair of small forbidden
induced subgraphs. Discrete Math. 338, 1860-1865 (2015)

. Malysheyv, D.S.: Two cases of polynomial-time solvability for the coloring problem. J. Comb. Optim.

31, 833-845 (2015)

@ Springer


http://dx.doi.org/10.1016/j.dam.2015.02.015

	The Complexity of the Vertex 3-Colorability Problem for Some Hereditary Classes Defined By 5-Vertex Forbidden Induced Subgraphs
	Abstract
	1 Introduction
	2 Notation and Formulation of the Main Result
	3 Some New Results on NP-Completeness of the 3-col Problem
	4 Irreducible Graphs and their Properties
	5 Main Result
	6 Concluding Remarks and Problems for Future Work
	Acknowledgements
	References




