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Construction of a root system G:

J-P. Serre, Lie Algébres de Lie Semi-simples Complexes,

Benjamin, New York, 1966, §16:

“This system can be described as the set of algebraic integers of a
cyclotomic field generated by a cubic root of unity, with the norm 1
or 3.
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Part 1: Realization of root systems in number fields |
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Root systems: reminder

Let V be a finite-dimensional vector space over Q and let v € V
be a nonzero vector.

A linear map o: V — Vis called a
reflection with respect to v if

e ofv)=-—v,
e V2 isa hyperplanein V.

In this case, for the linear operator o — id,

e the image of o —id is the line Qv,
e the kernel of p —id is the hyperplane V@.
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Root systems: reminder

Let V be the Q-linear span of a finite set R and 0 ¢ R. If the
following hold, then R is called a root system in V:

e for every a € R, there is a reflection p, with respect to a such
that 02(R) = R (such a g, is automatically unique);
o (0, —id)(b) € Za for all a,b € R.
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Root systems: reminder

Properties and terminology:

Let R be a root system in V.
.|
e The Z-linear span of R in V is a free Z-module of rank dim V.
Its rank is called the rank of R.

(A
e The group W(R) generated by all reflections p,, a € R, is finite
and called the Weyl group of the root system R.

The type of Dynkin diagram of R is called the type of R.
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Let L be a free Z-module of finite rank n > 0 considered as a
subset of the Q-vector space V = L ®7 Q.

Every type R of root systems of rank n is realizable in L:

there is a root system R in V of type R such that R C L.

However, if the pair (V, L) is endowed with an additional
structure, then the Weyl W(R) may not be consistent with it. For
instance, if V is endowed with an inner product, then W(R) may
contain nonorthogonal transformations.
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Let n =2 and let e, e € L be an orthonormal basis in V. Then
R = {te;,+ey, £(e1 + )} is the root system in V of type A;.
Not all transformations from the Weyl group W/(R) are orthogonal.
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A natural source of pairs (V, L) is algebraic number theory, in
which they arise in the form (K, &), where K is a number field
and O is the ring of integers of K.

Some additional structures/objects are naturally associated with
every pair (K, ). Among them are the following
three subgroups in GLg(K):

e the automorphism group Aut(K) of the field K;

e the group mult(K™*), where mult(a) is the operator of
multiplication by a € K*:

mult(a): K — K, x — ax.

o the group L£(K) generated by Aut(K) and mult(K*).
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Realizations of a root system type in a number

field

We say that a type R of (not necessarily reduced ) root systems
admits a realization in a number field K, if

o [K : Q] = tk(R);

e there is a subset R of rank rk(R) in &, which is a root system
of type R such that W(R) is a subgroup of the group L(K).

In this case, R is called a realization of the type R
in the field K.
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Remark
In this definition, replacing & by K does not yield a broader concept

Explanation:

In this case, there is a nonzero m € Z such that
m-R:={ma|aeR}CO.

The set m - R has rank rk(R), it is a root system in K of type R,
and W(m- R) = W(R).
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Integer elements of a fixed norm

Notation:

0(d) is the set of all elements of &, whose norm is d.
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Realizations of rank 1 root system types in

number fields

A
Root systems of types A; and BCjy: J

Take K = Q. Then ¢ = Z and L(K) = mult(Q*).
Let « € Z, a # 0. Then

R:={xa} v R :={£a,+2a}

are the realizations of types A; and BCj in the field K.
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Realizations of rank 2 root system types in

number fields

Root systems of types Ay and G:

Let K be the third cyclotomic field:

K = Q(V3)

Then & = Z + Zw, where w = e27/6 — (1+ i\/§)/2, and
Aut(K) = (c), where c is the complex conjugation a — a.

Every element a € L(K) of a finite order is the
orthogonal transformation a: K — K with respect to the
Euclidean structure on K:

K x K = Q, (a, b) — Tracek g(ab) = 2Re(ab),
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Realizations of rank 2 root system types in

number fields

For every nonzero element a € K, the operator

r, == mult(—aa 1)c € L(K)

is a reflection with respect to a.
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Realizations of rank 2 root system types in

number fields

O(1) = {&1, 4w, +w?} (all 6th roots of 1).
03) = (

(3) = (1 +w)o(1).
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Realizations of rank 2 root system types in

number fields

ﬁ(l) = {ZI:Oél, :l:a27:l:(051 + 062)} where a1 = 1, Qp = w2_

Therefore,

e O(1) is the root system in K of type A, with the base a1, as.

e ((3) is the root system in K of type A, with the base
b1 = (1 + w)al, Bo = (1 + w)ag.

e 6(1)U6(3)
= {Fa1, £62, £(a1+52), £(201 +F2), (31 +B2), £(3a1 +252) }

is the root system in K of type G, with the base ay, 85.
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Realizations of rank 2 root system types in
number fields

For every a € 0(1)|J €(3) and positive integer d,

Therefore, W(0'(1)), W(€(3)), and W(O(1)|J 0(3)) are the
subgroups of L(K). Hence

e O(1) is the realization of type A in the field K,

e O(3) is the realization of type A in the field K,
e O(1)JO(3) is the realization of type G in the field K
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Realizations of rank 2 root system types in

number fields

Root systems of types By, 2A;, BCy, 2BC;, and A; + BC;:

Let K be the fourth cyclotomic field:

K = Q(v-1).
Then ¢ =7 + Zi and Aut(K) = (c), where c is the complex
conjugation a +— a.
Every element a € £(K) of a finite order is the
orthogonal transformation a : K — K with respect to the same
Euclidean structure on K as above:

K x K = Q, (a, b) — Tracek g(ab) = 2Re(ab),
As above, for every nonzero element a € K, the operator
r, = mult(—aa )c € L(K)

is a reflectrion with respect to a.
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Realizations of rank 2 root system types in

number fields

O(1) = {1, £} (all 4th of 1).
6(2) = (1+)o(1).
6(4) = 20(1).
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Realizations of rank 2 root system types in

number fields

0(1) = {:I:Oé]_, :l:a2} Where a1 = 1, Qp = /.
Therefore,

e 0(1), O(2), O(4) are the root systems in K of type A; + A;
resp. with the base

a1, an, (1= (1 + I')Oé]_,ﬁz = (1 + i)az, and 201, 2ap.

° ﬁ(l) U 6(2) = {:I:ah +05,, i(al + ﬁg), :|:(2C¥1 + /82)}, is the
root system in K of type B, with the base ag, 8>.
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Realizations of rank 2 root system types in
number fields

e 0(1)|J O(4) is the root system in K of type 2BC; with the
base a1, ao.

e 0(1)|J{=£2} is the root system in K of type A; + BC; with
the base a1, as.

e 0()UO(2)UO(4)
= {Fo1, X201, £, £(a1 + B2), £2(c1 + (2), £(2a1 + B2)},

is the root system in K of type BC, with the base a1, fs.
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Realizations of rank 2 root system types in

number fields
For every a € (1) |J €(2) and positive integer d,

ra(0(d)) = 6(d).

Therefore, W(0(1)), W(0(1))UW(€(2)), W(o(1)UO(4)),
W(o(1)Uo(2)Ud(4)), W(O(1)U{+2}) are the subgroups of
L(K). Hence

A
e 0(1) is the realization of type A; + A1 in the field K,
1)J @(2) is the realizations of type B; in the field K,

o(1)
o(1)
O(1)|J O(4) is the realizations of type BC; + BCy in the field K,
o(1)
o(1)

1)U O(2)J O(4) is therealizations of type BCy in the field K,
1) |J{=2} is the realizations of type A; 4+ BCj in the field K
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Arbitrary rank case

Theorem

The following properties of the Weyl group of a reduced root
system of type R and rank n are equivalent:

e This Weyl group is isomorphic to a subgroup of the group
L(K), where K is a number field of degree n over Q.

e R is contained in the following list:

A1, Ay, By, Ga, Ar+Ap, A+ A;+ Ay Ay+ B
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Comparing this theorem with the next one shows the following:

The existence of an isomorphism between a subgroup G of the
group L£(K) and the Weyl group of a root system of rank [K : Q]
and type R is not equivalent to the fact that G = W(R), where

R is a root system of type R in 0.
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Classification of root systems types realizable in

numeric fields

For every type R of root systems (not necessarily reduced), the
following properties are equivalent:

e There is a number field, in which R admits a realization;

e 1k(R) =1 or2.
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Part 2: Realizations of root lattices in number fields |
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Definition

We call a lattice every pair (L, b), where L is a free Z-module of a
finite rank, and
b:LxL—Z

is a nondegerate symmetric bilinear form.

In what follows, L is always considered as an additive subgroup
in the vector space V = L ®7 Q nag Q.
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Definition

A nonzero lattice (L, b) is called primitive, if the greatest common
divisor of all integers b(x, y), where x,y € L, equals 1.

Definition
A lattice (L, b) is called even if b(x, x) € 2Z for all x € L.
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Definition

A lattice is called indecomposable if it is inexpressible as
orthogonal direct sum of nonzero sublattices

Definition

A lattice (L1, by) is called similar to a lattice (Lp, by) if there are
integers my, my € Z such that (L1, mib1) and (La, mabo) are
isometric.
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Notation

The orthogonal direct sum of s copies of a lattice (L, b) is denoted
by (L, b)®.
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Root lattices

Definition

A nonzero lattice is called a root lattice if it is isometric to
orthogonal direct sum of lattices belonging to the union of two
infinite series Ay (¢ > 1), Dy (¢ > 4), and four sporadic lattices Z!,
Es, E7, Eg, whose explicit description is given below.
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Explicit description of lattices A,, D,, Z!, E¢, E;, Eg

Notation

e R™ is the m-dimensional coordinate real vector space of rows
endowed with the standard Euclidean structure

R™ xR™ =R,  ((x1,--+,%m)s V155 ¥Ym)) i= ijzl xiyj. (%)
e ¢:=(0,...,0,1,0,...,0), where 1 is on the jth position.

e |If Lis the Z-linear span of a set of linearly independent elements
of R™ such that b(L x L) C Z, where b is the restriction of map (x)
to L x L, then (L, b) is called a lattice in R™ and denoted just by L.
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Explicit description of lattices A,, D,, Z!, E¢, E;, Eg

Then, using these notation and conventions,

e 7" is the lattice {(x1,...,xn) | x;€Z for all j} in R".

o Ay is the lattice {(x1, ..., xp41) EZ™ | Y71 x5 = 0} in R™1,
o D, is the lattice {(x1,...,x,) €Z" | >27_; x; is even} in R", n>4.
e Eg is the lattice Dg | J (Dg + %(el + -+ eg)) in R8.

e [E7 is the orthogonal in Eg of the sublattice Z(e7 + eg).

e [E¢ is the orthogonal in Eg of the sublattice Z(e;+eg)+Z(es+e3).
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Properties of lattices A,, D,, Z!, Eq, E;, Eg

o Ay, Dy, Z1, B, E;, Eg are indecomposable.

e Decomposition of any root lattice as orthogonal direct sum of
indecomposable lattices (called its indecomposable components)
is unique.

o Aynpu £ #1, Dy, Z1, Eg, E7, Eg are primitive.
e Aj is not primitive.
o Ay, Dy, Eg, E7, Eg are even.

e 71 is not even.
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Root lattices and root systems

e If R is a root system in a vector space V over Q, and L = ZR,
then there is bilinear form b: L x L — Z such that (L, b) is a root
lattice.

e Every root lattice is obtained in this fashion (generally speaking,
not in the only way).

e If R is irreducible, then in all cases except type A1, the bilinear
form b is uniquely determined by R and the set of following four
conditions:

(a) b is invariant with respect to the Weyl group W(R),

(b) b takes values in Z,

(c) b is positive-definite.

(d) (L, b) is primitive.
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Root lattices and root systems

For an irreducible reduced root system R, the relationship between
the type of R and the type of the root lattice (L, b) is given by the
following table:

type of R type of (L, b)
Al >1 Ay
By, £>2 Z*
Ce, £ >3 Dy
Co 72
Dy, >3 Dy
E, (=6,7,8 E,
Fq Dy
Gy Ap
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Characterization of root lattices: Witt's theorem

Theorem (E. Witt)

A lattice (L, b) is a root lattice if and only if the following two
conditions hold:

(1) the form b is positive-definite;

(ii) the Z-module L is generated by the set

{xeL| b(x,x)=1 or 2}.

In view of Witt's theorem, all root lattices are split into the
following three disjoint types:
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Three types of root lattices

e Root lattices of unmixed type I

These are the lattices (L, b), for which the Z-module L is generated
by the set {x € L | b(x,x) = 1}.

Equivalent description :

These are exactly all lattices isometric to Z".
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Three types of root lattices

e Root lattices of unmixed type II

These are the lattices (L, b), for which the Z-module L is generated
by the set {x € L| b(x, x) = 2}.

Equivalent description:

These are exactly all even root lattices.

One more equivalent description:

A
These are exactly all root lattices, all of whose indecomposable
components are not isometric to Z1.
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Three types of root lattices

e Root lattices of mixed type

These are all other root lattices.
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Constructions of lattices in number fields

Algebraic number theory is a natural source of lattices. Namely:

LetK be a number field, let & be the ring of integers of K, and
n:=[K:Q] < occ.
Let o1,...,0, be the set of all field embeddings K — C.
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Constructions of lattices in number fields

A classical construction of geometric representation of algebraic
numbers embeds K into the space R" endowed with the standard
Euclidean structure. This endows K (and hence &) with the
following Q-bilinear form:

bk: K x K= C, bk(x,y) =31 0;(x)a;(y)
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Constructions of lattices in number fields

e The Q-linear span of the set bx(K x K) is a proper subset of R
containing Q.
e The bilinear form by is symmetric and positive-definite.
e Properties (a), (b), (c) listed below are equivalent:
(a) b(K x K) = Q.
(b) bk(0 x 0) C Q.
(c) There is T € Aut K such that 72 = id and

bk(x,y) = Tracey ;o(x-7(y)) forallx,y € K.

e If(c) holds, then either K is totally real and T =id or K is a
CM-field and T is the complex conjugation.
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Constructions of lattices in number fields

Generalization of the classical construction

We fix an involutive automorphism

0 € AutK, 62 =id.

Then
trig: KX K= Q, trgg(x,y) = Tracey q(x-0(y))

is a nondegenerate symmetric bilinear form and
for every nonzero ideal I in €, the pair

(1, tri0) := (I, triolixr)

is a lattice of rank n.
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Constructions of lattices in number fields

Further generalization

Let J be a nonzero (fractional) ideal of K, and let a € K be a
nonzero element such that 6(a) = a, Tracey g(ax - 0(y)) € Z for
all x,y € J. Let

trkpa: dxXJ—=Z, trggya(x,y) = TraceK/Q(ax-H(y)).

Then (J,trk g ) is a lattice of rank n.

The origins of this construction essentially go back to Gauss:

for n =2 and a = 1/Norm /g(J) it gives the classical
correspondence between ideals and quadratic binary forms
established by Gauss.
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Remarkable lattices of the form (J,trx )

Some remarkable lattices are isometric to lattices of the form
(J,trk.0.0.2)

Examples, in which K is a dth cyclotomic field

e Root lattices A,_1 with odd prime p for d = p (Ebeling).

e Root lattices Eg and Eg, for d = 9 and resp. d = 15, 20, 24
(Bayer-Fluckiger).

e Coxeter-Todd lattice for d = 21 (Bayer-Fluckiger, Martinet).

e Leech lattice for d = 35, 39, 52, 56, 84 (Bayer-Fluckiger,
Quebbemann).

e Classification of root lattices isometric to (J,trx g s,) type
lattices is known (Bayer-Fluckiger, Martinet).
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Problems

e Given a lattice (L, b), find out whether it is isometric to a lattice
of the form (J,trk ¢ 4.4) for suitable K, 6, J, a.

e Given a lattice (L, b), a field K, and its nonzero ideal J, find out
if there are § and a such that (J,trk 9 .) and (L, b) are
isometric lattices.
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Among all nonzero ideals of K there is a naturally distinguished
one, namely, &. For it, there is a naturally distinguished a suitable
for all automorphisms 6, namely, a = 1.

This leads to the problem of finding remarkable lattices
isometric (or, more generally, similar) to lattices of the form
(ﬁ, trK,g).

Below this problem is considered for root lattices.
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Problems

(R) Classify pairs K, 0, for which (O, trg g) is a root lattice.

(S) Generalization: Classify pairs K, 0, for which (O, trk p)
is similar to a root lattice.

The following examples show that pairs K, 6 with the indicated
properties do exist.
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Examples of root lattices of the form (&, trg )

Let n=1.
Torpa K=Q, ¢ =7, 0 =id, and TraceK/Q(x) = x for all x € K.

Therefore, in this case, (&, trx g) is the root lattice Z! (which is

similar but not isometric to the lattice Ap).
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Examples of root lattices of the form (&, trg )

Example

Let n =2 and let K be the 3rd cyclotomic field: K = Q(1/—3). Let
0 be the complex conjugation. Then & = Z + Zw, where

w=(14++-3)/2, and
Tracey /q(x) = x + 6(x) = 2Re(x) for all x € K.

Therefore, (0, trk g) is the root lattice isometric to As.
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Examples of root lattices of the form (&, trg )

Example

Let n =2 and let K be the 4th cyclotomic field: K = Q(1/—1). Let
0 be the complex conjugation. Then & = Z + Z+/—1 and

Tracey q(x) = x + 0(x) = 2Re(x) for all x € K.

Therefore, (0, try ) is the root lattice isometric to A3.

Vladimir L. Popov Root Systems and Root Lattices in Number Fields



Classification of root lattices of the form (O, trg )

Solution to Problem (R):

The following properties of a pair K, 0 are equivalent:

o (U, triyp) Is a root lattice;

e K, 0 is one of the following three pairs:
. K=Q, 0=id;
. K=Q(v/-3), 0 is the complex conjugation;
. K=Q(v/~1), 0 is the complex conjugation.
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Problem (S)

Let us now consider problem (S) on the classification of lattices
(O, trk g), which are similar (but not necessarily isometric) to root
lattices. It appears that there are many more of them, than the
lattices (&, trk ¢), which are root ones.

Notation:

m is the unique positive integer such that

Tracek /o(€) = mZ

(such m exists because Tracek o: & — Z is a nonzero additive
group homomorphism).
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Classification of lattices (O, trx ) similar to

root lattices of unmixed type I

The following properties of a pair K, 0 are equivalent:

(a) (O, trk ) is similar to Z.";

(b) (O,trk ) is similar to Af;

(c) (O,trk g/ m) is isometric to Z.";

(d) (O,2trk g/m) is isometric to Af;

(e) K is a 27th cyclotomic field, where a € 7, a > 0, and 0 is the
complex conjugation ifa> 1, and 0 =id if a= 1.

If these properties hold, then n =221 and m = n. .

In (e), let (o € K be a 22th primitive root of 1, and let x;:=(}..
Then the set of all indecomposable components of the root lattice
(O, trk 9/ m) coincides with the set of all its sublattices 7.x;,
0 <j < 2% 1 —1. Forevery j, the value of tri g/m at (xj,x;) is 1.
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Classification of lattices (O, trx ) similar to

root lattices of unmixed type II

The following properties of a pair K, are equivalent:
(a) (O, trk ) is similar to an even primitive root lattice.
(b) (O,trke/m) is an even primitive root lattice.

(c) nis even and (O, trk g/ m) is isometric to Ag/2.

(d) K is a 223Pth cyclotomic field, where a, b € Z, a > 0, b > 0,
and 0 is the complex conjugation.

If these properties hold, then n = 223°=% and m = n/2.

In (d), let (2 and (3» € K be respectively a primitive 2°th and
3Pthe roots of 1. Let x; j := CﬁaCéb- Then the
set of all indecomposable components of the root lattice
(O, trk 9/ m) coincides with the set of all its sublattices
Zxij+ Zx; j136-1, 0 < i <2271 —1,0< <371 — 1. Forall i, j,
the values of tri o/ m at (xij, Xij), (X j136-1,%; j36-1), and
(Xij; Xi j+30-1) are, respectively, 2, 2 and —1.
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Application: (0, trk ) and the Leech lattice

Since Eg is the unique (up to isometry) positive-definite even
unimodular lattice of rank 8, as a corollary of the previous theorem,
we obtain

Every lattice (O, trk g) is not similar to the Leech lattice.
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Application: (0, trk ) and positive-definite

even unimodular lattices

In fact, we obtain a more general result:

Every positive-definite even unimodular lattice of rank < 48
not similar to a lattice of the form (0, try g).

This theorem excludes many lattices from being similar to lattices
of the form (0, trk g). Indeed, if ®(r) is the number of pairwise
nonisometric positive-definite even unimodular lattices of rank r,
then

®(8) =1, d(16) = 2, d(24) = 24, d(32) > 107, $(48) > 105L.
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Lattices (O, trx ) similar to root lattices of

mixed type

Notation:

1k is the (finite cyclic) multiplicative group of all roots of 1 in K.

€D denotes the orthogonal direct sum of lattices.
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Restrictions on lattices (0, trk ), similar to

root lattices of mixed type

If (O,trk g) is similar to a root lattice of mixed type, then

(a) m=n>1;

(b) all prime numbers dividing the number n are ramified in the
field extension K/Q and if a prime p € 7 is ramified in K/Q, then
p<n;

(c) the discriminant of K /Q is divisible by n";

(d) |uk| = 22 for a certain a € Z, a > 0; the number 221
divides n, but is not equal to it;

(e) (O, trk g/ m) is isometric to a root lattice 72" @ L, where L
is a nonzero even root lattice whose rank is divisible by 2271, and
pk ={x € 0| (trk 9/ m)(x,x) = 1};
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Quadratic fields K with lattice (0, trk ) similar to
a root lattice of mixed type

Theorem

If K is a quadratic (i.e., n = 2) field, then the following two
properties of a pair K, 0 are equivalent:

(a) (O, trk ) is similar to a root lattice of mixed type;
(b) either K is isomorphic to Q(v/2) and 6 = id, or K is
isomorphic to Q(+/—2) and 0 is the complex conjugation.

If (a), (b) hold, then (O, tri ¢/2) is isometric to the lattice
Z' @ A;.
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Cubic fields K with lattice (0, trxy) similar to
a root lattice of mixed type

Theorem

If K is a cubic (i.e., n = 3) totally real field and 6 = id, then the
following two properties of a pair K, 0 are equivalent:

(a) (O, trk ) is similar to a root lattice of mixed type;
(b) K is the maximal totally real subfield of a 9th cyclotomic
field.

If (a), (b) hold, then (O, tr ¢/3) is isometric to the root lattice
Zl D Ag.
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Lattices (O, trx ) similar to root lattices of

mixed type: Examples

The following group of examples gives an infinite series of pairs
K, 0, for which (&, trk g) is similar to a root lattice of mixed type.

The construction uses cyclotomic fields Q((4), where (4 is a
primitive root of 1 of degree d, and their maximal totally real
subfields

Q)T = Q¢ + ¢ Y.
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Lattices (O, trx ) similar to root lattices of

mixed type: Examples

Example (A. A. Andrade and J. C. Interlando)

Let a € Z, a > 2 and let
K =Q(Ge)*, 0=1id
Then

m=n=22 and

o o n n a—2_
(O, tri g/ m) is isometric to the root lattice Z* @ A" 1,
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Lattices (O, trx ) similar to root lattices of

mixed type: Examples

Example (E. Bayer-Fluckiger)

Let b€ Z, b > 1 and let

K =Q(Cp)t, 0=id.

Then

3b—1

m=n= and

b—1__
(O, trk 9/m) is isometric to the root lattice Z! ® A§3 D2,
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Lattices (O, trx ) similar to root lattices of

mixed type: Examples

Example (E. Bayer-Fluckiger and P. Maciak)

Let a € Z, a> 2 and let

K =Q(Ce — () € Q&)

6 is the complex conjugation

(this field K is a purely imaginary quadratic extension of the totally
real field Q((ps-1)"). Then

m=n=2"2 and

5 g o o a—2_
(O, trk g/m) is isometric to the root lattice Z! @ A? .
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Lattices (O, trx ) similar to root lattices of

mixed type: Examples

Let a,bceZ,a>1, b>1and let

K = Q(C20) ®g Q(¢36)T = Q(C2o(Cap + (557)) € QG23s),

6 is the complex conjugation.

Then

m=n=2"13"1 44

a— a—2(b—1__
(O, trk p/m) is isometric to the root lattice Z? IEBAE S
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