EXTREMAL KAHLER-EINSTEIN METRIC FOR
TWO-DIMENSIONAL CONVEX BODIES

BO’AZ KLARTAG AND ALEXANDER V. KOLESNIKOV

ABSTRACT. Given a convex body K C R™ with the barycenter at the origin we
consider the corresponding Kihler-Einstein equation e® = det D?®. If K is a

simplex, then the Ricci tensor of the Hessian metric D?® is constant and equals

ﬁ. We conjecture that the Ricci tensor of D?@® for arbitrary K is uniformly
n—1

bounded by D) and verify this conjecture in the two-dimensional case. The

general case remains open.

1. INTRODUCTION

We consider a convex body K C R”™ with the barycenter at the origin and the
associated equation of the Monge-Ampére type
e ? = det D*®, (1.1)
VOo([R") = K. (1.2)
The function ®: R" — R is assumed to be convex. Given a solution ® to (1.1)
one considers the naturally associated Hessian (Riemannian) metric D?*® on R",
the so-called Kéhler-Finstein metric. After a suitable complexification this metric
indeed becomes a Kahler metric which is Einstein.

The interest in this equation is motivated by various problems of differential and
algebraic geometry. In patricular, equation (1.1) naturally arises in the theory of
toric varietes. The situation when K is a rational convex polytope is of particular
interest, because in this case K is a moment polytope of a toric orbifold M. We
refer to [2], [4], [15], [7], [14] for more information on K&hler geometry, toric varietes
and the importance of the equation (1.1) in convex geometry. The existence and
uniqueness of a solution to (1.1) under various assumptions has been proved in a
series of papers [15], [7], [14], [4], [5].

Another motivation for study (1.1) comes from convex analysis. There are deep
reasons to believe that equation (1.1) can contribute to understanding a number of
difficult open conjectures (KLS conjecture, slicing problem) from asymptotic convex
geometry (see [8], [9], [13]). See also [12], [10], [11], where Hessian metrics have been
considered in a more general measure-transportational setting. A comprehensive
overview of classical and modern results as well as open problems in convex analysis
the reader can find in [1].
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An important example of K is given by the simplex

n
S = {(xl,...,xn) € R"; Zwl <1, Vi,x; > —1}.
i=1
It is known that for K’ = S equation (1.1) admits an explicit solution (see Section 4.3
below). The corresponding Hessian metric D*® is isometric to a spherical orthant
{z e R%; Y7 a7 = 4(n+ 1)}. In particular, the corresponding Ricci tensor has

the form
n—1

An+1)
Motivated by problems from convex geometry we suggest the following conjecture.

Ricg = D?*®.

n—1
4(n+1)°

Conjecture 1.1. The Ricci curvature of D?*® is bounded by In particular,

the largest value is realized on S uniformly.

The aim of this article is to provide an affirmative answer to this conjecture in
the two-dimensional case. We pursue the approach initiated in the classical papers
of Calabi and prove the main resut by differentiating equation (1.1) and applying
the maximum principle. Here we follow the computational technique developed in
earlier papers [12], [10], [11]. Finally, we present the computations for the simplex
to demonstrate that our result is sharp, and also for the ball and the cube. The
general problem remains open.

2. NOTATIONS AND PRELIMINARY RESULTS

We assume throughout that we are given the standard Euclidean coordinate sys-
tem {z;}. For an arbitrary convex body K satisfying

/ x;dr =0
K

we consider ®, the smooth solution to (1.1) which is uniquely-determined up to
translation.
The space R" is equipped with the metric

h = hydz'da? = Oyda’da’ = (92, ®)da'da’
and with the measure p = e~ ®dw.

We give below a list of useful computational formulas, the reader can find the
proof in [12]. It is convenient to use the following notation:

®; = axl(p; (I)Z'j = aiiqu)7 @ijk = 83 @

TiTj T
We follow the standard conventions of Riemannian geometry (i.e., ¥ is inverse to
®,;, Einstein summation, raising indices etc.).

The measure p has the following density with respect to the Riemannian volume

1
pw=eTdvol,, P= §<I>.
The associated diffusion generator (weighted Laplacian) L has the form

Lf =®"f,.
Differentiating the Kahler-Einstein equation, one gets the folowing important

identity, that for any fixed index ¢, setting f = ®,,
Lf = @, = —®,. (2.1)
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The following non-negative symmetric tensor g plays prominent role in our anal-
ysis
Gij = @mbq)?b-
Finally, we give a list of formulas for the most important quantities (see [12], [11]).

(1) Connection

1
k k

(2) Hessian of f
1
Vifii = fij — §<I>fjfk:-
(3) Riemann tensor
s 1 a Qa

Rlemikﬂ = Z((I)z’la ki — (I)ijaq)kl)'
(4) Ricci tensor

1 1

RiCij = Z (Cpmbq)?b + q)”kq)k) == Z(gz] + (szk:q)k)
(5) Bakry-Emery tensor
1 1
(RiCu)m‘ = RiCij + Vipw = Zgz'j + §(I)ZJ

Let us recall some details about computations of the weighted Laplacian. We
stress that in this section we omit the subscript h for the sake of simplicity,
i.e. the symbols V, V? etc. are always related to the Hessian metric h, but not to
Eudlidean metric.

Let us recall that given a tensor T its Laplacian is defined as follows:

AT = "V, V T
Here VT is the covariant derivative, which means, in particular, that

Similarly, one can compute the weighted Laplacian
1
LT = AT — 5@'“va.

The following weighted Leplacians of several important tensors are taken from
[11].

Lemma 2.1.

1 1
LY, = —®; + —g*d,.
i I
Lemma 2.2.
1 1

1
Ly = §@iab - 5@%@2}@% + 1 (gf@kab + gF Dy + gz’f‘%m)-

Lemma 2.3.

1 ) . abe
Lgij = gi; + Eg;ﬂ-gf + 2Vp(1>mep<I>;‘b + 8R1emiabcR1emjb .
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Let us specify some of these results in the two-dimensional case.
We deal throughout with the orthonormal frame (n,v), where

Vo
n=-——.
VO

Therefore ®, = 1 and ®, = 0. We will often write ®;;,|V®| instead of ®;;,®".
Let us recall that in the two-dimensional case

RiCZ‘ j = RO

where R is the sectional curvature. In order to make the formulas less heavy we will
use throughout the following quantity instead of R:

A =4R.

R

In particular, we have

ARicy; = gi; + Bijn| V| = \D;;. (2.2)
Applying this identity to couples of vectors (n,n), (v,v), (n,v), one gets
g(n,n) 4+ Pppn| VO| = g(v,0) + Py | VO| = A
g(n,v) + @y | V| = 0.
Remark 2.4. (Bound for A from below). Applying identities

g(U7 v) = @31}’0 + 2®’I2J’U7’L —"_ @371/17/
and
g0, 0) + Py | VO| = A
we gel
Vo|?
A > 202+ Dy, |VO| > | 2 | :

Remark 2.5. The two-dimensional Riemann tensor has a particular simple struc-
ture

. 1 .
Rlemijk:l = Z(q)ilaq)kj - q)ikaq)jla) = R(q%kq)jz - q)iKCI)jk:)-

Hence . \
Riemm}nv - Z(q)nvaq);lw - @nnaq)vva) =R= Z

A

Riem,,,, = —Riemyy,,, = —Riem,,,,, = Riemy,,, = R = vk

Other components equal zero.
In particular
/\2
RiemgpqRiem® = 4R?* = —. (2.3)

4

We list below other important identities which will be applied in the computations.
First, there are several trace identities obtained by differentiating the Kahler-
Einstein equation (see (2.1)).

(T1)
(I)abcq)ab = _(I)c
(T2) Taking the covariant derivative of (T1) one gets

VaCDbculCI)Cd - - (VQq))ab
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(T3) Taking trace of A®;; = g;; + @ijkqﬂ“ one gets
2\ = Trg — |VO[* = $gp®®° — [VO|%.
(T4) Differentiating the identity (T3) one gets
(Vy@ape) 0% = (VD) OF + VA = (V2D),, [ V| + VA (2.4)
Similar computations show:

Lemma 2.6. (Tr) Trace

Tr(V2®) = oY (cbij - %cpif;@k) =2+ @.
(HS) Hilbert-Schmidt norm
IV2Q|? = (& — %@Z(I)k)(@ij - %@;ﬁ@ﬁ) =2+ |VOP + ig(n,n)|v<l>|2.
(D) Determinant
det V?® = % [Tr(V2®)] - %||v2<1>||2 =1+ ’V;W + W;D’Z (IV®[* = g(n, n)).

Finally, the following results for Laplacians follow from Lemma 2.1 and Lemma
2.3.

(L1)
LIV®]? = L(®'®;) = 2L(®;)®" + 2V, &, VPD' = 2L(®;)d" + 2||V*®||?
=[Vo] + %g(n, n)|[VO|? + 2| V?®|* = 4+ 3|V + g(n,n)|[VO|”.
(L2)
L(Trg) = Trg + %HgHQ + 8Riem,p.gRiem®? + 2Vp<I>abCVp<I>“bC,

where ||g|| is the Hilbert-Schmidt norm of the tensor g.

3. MAIN RESULT
In this section

n=2.

Theorem 3.1. Let A = 4R, where R is the sectional curvature of the Hessian metric
D?®. Then

Vo
8\ + |V

16]VA[2 4+ 2[4(1 — X) + |[VO[2|(VD, V)
8\ + |VO|?

2L(\) = (3A—=1) (M 1)+ (3A—1)%+

We postpone the proof of Theorem 3.1 for now, and present its following corollary:
Corollary 3.2. The sectional curvature function R satisfies

1
R < —.
- 12
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Proof. The idea is to apply Theorem 3.1 and the maximum principle. We proceed
as follows:
Step 1. Assume first that for any ¢ > 0
lim sup A(z)e**®@ < 0. (3.1)
T—r 00

In particular, Ae ¢® has a local maximum for every € > 0. Applying the maximum
principle to this function we get at the maximum point

A
VT =eVo,

LXx VA
A A
(we use here the relation L® = 2). By theorem 3.1
3|V<I>|2+8] 16|VA]Z +2[4(1 — \) + |[VO[2|(VD, V)
8N+ V2 8A + V2
Substituting the above relations into this formula one gets that at any local maxi-
mum point the following inequality holds

2
< 2¢

2L(\) = A(3A — 1) [1 +

1 3|V +8 71 162A|VOP +2:[4(1 — \) + [VO?]|V|?
3A-1) |5 } < 2e+£2| VO
A=V 5+ or ravap 16A 1 2|V o[ < 24|Vl
Rearranging the terms one gets
1 3|VOP|?+38 8(1—A) +2¢(1 —¢)| VO
3\ — 1 [— } < 2.
( 2 o ravar 16X + 2|V O] =
Equivalently,
3N—1 33X —1 2e(1 — VP2 +8[(3—e)d—1]+8
g BOA DT - VOPS@ N 148

16X + 2[VO]?

We may assume that ¢ < 1, as later € would tend to zero. We thus deduce from
(3.2) that

3\—1—4c  3BA—1)|VO+8[(3—e)A—1]+8
e 3 VO +8[B—2)A—1]+8 _

2 16X + 2[VO?
It is therefore impossible that both 3\ — 1 > 4¢ and (3 — )\ > 1. Hence
1+4
/\gmax( + 6, L ),
3 3-¢

at any local maximum of A\e~*®. By the maximum principle, we have that everywhere
in R",

1 + de 1 ) —emin
) € )
3 3—¢
. 1 1
Tending ¢ to zero we get A < 3, hence R < 5.

e *? < max( (3.3)

Step 2. Rational polytopes.

Assume that the convex body K C R”™ is a rational polytope, in the sense that
all the coordinates of all of the vertices of K are rational numbers. It is known that
in this case,

sup |A(z)| < oo, (3.4)

zeR”
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and in particular (3.1) holds true. In fact, in this case, one may consider the Rie-
mannian metric on the complex torus C"/(2mv/—1 - Z™) given by

h(z,y) = ®ij(x)deida? + Oy (z)dy'dy’ (3.5)
where (z,y) = (2',..., 2" ¢!, ..., y") € R* x R*® 2 C" are the standard coordinates,
and where the 1-forms dz', ... dz", dy',. .., dy" are well-defined on C" and also on

the quotient C"/(2wy/—1-Z"). The Riemannian metric h is in fact a Kéhler metric
on the complex manifold C"/(2wv/—1 - Z"). The equation (1.1) is equivalent to the
assertion that the metric / is an Einstein metric. Thus, up to translation, ® is the
unique function on R” satisfying (1.2) for which the metric & as defined in (3.5) is
an Einstein metric.

This toric Kéhler-Einstein metric 7 was studied extensively in the complex ge-
ometry literature. We refer the reader to Legendre [14] and references therein for
the following non-trivial fact: When K is a rational polytope, the metric h admits
a completion which is a smooth, compact orbifold. In particular all sectional curva-
tures of i are uniformly bounded on C"/(2mw\/—1-Z"). Since R = \/4 is a sectional

curvature of h, the proof of (3.4) is complete.

Step 3. Approximation by rational polytopes. Assume that K C R" is
a convex body with barycenter at the origin. Then there exist rational polytopes
K, K,,... with barycenters at the origin such that K,, — K in the Hausdorff
metric. By solving (1.1) for K,, we obtain a sequence of convex functions ®,,, and
according to [9, Proposition 2.1] we may assume that

b, — P (3.6)
locally uniformly in R”. We claim that
D*®,, — D*® (3.7)

locally uniformly in R". Indeed, it follows from (3.6) that if a subsequence of D*®,,
converges locally uniformly to a certain limit, then this limit must equal D?®. Thus
it suffices to show that the sequence D?®,, is precompact in local uniform norm.
This follows from the Arzela-Ascoli theorem and the local uniform bound on the
third derivatives (see Corollary 5.7). Thus (3.7) is proven.

For a point = € R™ and r > 0 write B,,(z,r) for the collection of all points whose
Riemannian distance from x, with respect to the metric induced by D?®,,, is at most
r. We set B(x,r) for the corresponding ball with respect to the metric induced by
D?*®. Tt follows from (3.7) that for any z € R™ and ry > 0 for which B(z,ry) C R”
is compact,

/ Vdet D2®,, dx "5 / Vdet D2® dz. (3.8)
B (z,r0) B(

z,70)
Thanks to the previous step, we know that the sectional curvature R, of the metric
induced by D?®,, satisfies R,,(x) < 1/12 for any x € R"® and m > 1. Fix x € R"
and rg > 0 such that B(x,ry) is compact with a unique geodesic connecting any
point y € B(z,7) to z. Then for a sufficiently large m, also B,,(z, 7o) is compact
with unique geodesics to the center z, with respect to the metric induced by D?®,,.
By the Rauch comparison theorem (e.g., [3, Section 6.5]), for any 0 < r < r( there
is a metric-contraction from the Riemannian ball B,,(x, ) onto the geodesic ball of
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radius 7 in a two-dimensional sphere of radius v/12. Consequently, we may compare
areas and obtain the inequality

/ Jdet D2®,, dx > 247 - (1 — cos(r/VI2)),

where the right-hand side is the area of the geodesic ball in the sphere. It thus
follows from (3.8) that for all 0 < r < rq,

— <7rr —/ - \/detT) dx < —24 (777“2 — 247 - (1 — COS(?“/\/E))) . (3.9

7TT4

r
When r — 07, the right-hand side of (3.9) tends to 1/12, while the left hand-side
tends to the sectional curvature R(x). Therefore R < 1/12. O

Remark 3.3. The fact that R = 1(Pgp @ — |[V®|?) is bounded from above looks
highly non-trivial. It can be shown that the quantity ®.p. P tends to infinity and,
moreover, has exponential growth. We show in the last section that in general R s
not bounded from below.

Corollary 3.4. The function ® is uniformly conver in Riemannian metric, more
precisely

Ve > 2.
In particular, the manifold (R™, D?*®) is geodesically conver.
Proof.
1 1 1 1 A 5)
(V2®);; = & _§q>ijkq>k = §gij+(1)ij - §(gij+¢ijk@k) = §gz’j+ (1- §)CI>ij > éfbij-

Thus in the manifold (R", D?*®) we have a global convex function ® satisfying
lim, oo ®(z) = 4o00. This is known to imply that the manifold is geodesically
convex, that any two points have at least one geodesic connecting them. U]

We continue with the proof of Theorem 3.1 and the required lemmata. The
argument involves linear algebra computations that are based on the differentiations
described in the previous section. We fix a point zy in R”, and our goal is to prove
the formula for 2L(\) from Theorem 3.1 at this point xy. The smooth function ® is
strongly convex, as det D?® never vanishes. In particular, the differential of ® can

vanish at most at one point. By continuity, in proving Theorem 3.1 we may assume

We proceed with algebraic computations at the point z,. Let (e,u) be an two
tangent vectors at the point o, which constitute an orthonormal frame consisting
of eigenvectors of V2®. Let

Ale), Au)

be the corresponding eigenvalues. In particular,
1
0= (V’2),, = Do = 5Peun®s.

Since ®., = 0 and ®,, # 0 then
CI)eun = 0.

Remark 3.5. The tensor
Qabcd = va(I)bcd
s symmetric with respect to any permutation of coordinates.
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From (T2) we infer that the components of the tensor () do satisfy the following
linear equations.

Qeeee + Qeeuu = _(v2q>)ee = _A(e) (310)
Qeeeu + Qeuuu = _(V2(I))eu =0 (311)
Qeeuu + Quuuu = _(V2(I))uu = _A(u) (312)

Lemma 3.6. At the point x,, we have
2L(A) = 2)\ + 302 + A|V®|? + 16(Q2, 1, + Q2een) + 2Qeenu(4 + |VO|?)
Proof. By (2.2) and (T1), one gets
1g]1? = [|A®s; — ®iju| V| ||* = 2)2 + 20| VO|? + g(n, n)|[ VD, (3.13)

where ||g||? is the square of the Hilbert-Schmidt norm of the tensor g. Then it follows
from (L2), (2.3) and (3.13).

1
L(Trg) = Tr(g) + 3X* + A\|[VO* + 5g(n, n)| VO 4 2V, ® 45 VPO,
Then the identities 2L(\) = L(Trg — |[V®|?) (follows from (T3)) and (L1) imply
1
2L(A\) = =4 +2X +3\* + (A — 2)|VD|* — 5g(n, n)| VO 4 2V, ® 4 VPO, (3.14)
Using (3.10)-(3.12) we rewrite V,® ., VPP in terms of Q:
vp@abcvpcbabc = geee + 4Q§eeu + 6Q§euu + 4quuu + QZuuu
= (Qeeun + A(€))? + 8Q2ee, + 6Q%esy, + (Qeeuu + A(u))?
1
= 8@ + Q) + Qe (44 [VOP) 2+ [VO + 2g(n, m) VO,
Substituting the above formula into (3.14) we get the result. O
Our next goal is to rewrite the result of Lemma 3.6 in terms of A\, VA. Note that
(V2D)on|[VO| = (V@) o @, + (VD)o ®, = Ale)D,.
Analogously
(V2®),,| V| = A(u)®,.
From (T4) we thus obtain the following Lemma.

Lemma 3.7. The components of the tensor @) satisfy the following equations:
Q€8€€¢€€8 + BQEBCU(PEBU + 3Q€8UU®€UU + QEUUUQUUU — A(e)¢€ + /\e (3‘15)
Q8€€U®88€ + 3@86’[111@86’& + 3Q€UUU¢€UU + QUUUUQUUU - A(U)CDU + )\U' (3‘16)

Let us consider equations (3.10)-(3.12) and (3.15)- (3.16) as a system of five linear
equations with five unknown variables which are the components of the symmetric
tensor (). This is an important feature of dimension n = 2, in higher dimensions
the number of unknown variables in this approach seems to exceed the number of
linear equations. This system is solved in the next lemma. From (T1) we obtain

CI)eee + q)euu = _q)67 q)uuu + CI)eeu = _CI)u
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Lemma 3.8. One has

AC + BD AD — BC
Qeeuu - m; Qeeeu — W;
and hence , ,
2 + Q2 — A + B 7
eeuu eeeu C2 + D2
where

A= —Qeuul(e) + A,

B = =Py A(u) + Ay,
C =3Py — Pece = 4Peyu + o,
D = 3Peey = Puuu = 4Puyce + o

PT'OOf. SUbStltUtmg Qeeee — _A(e) _Qeeuu; Quuuu — —A(U) _Qeeuzn Qeuuu - _Qeeeu
into (3.15), (3.16) one gets two linear equations:

OQeeuu + DQeeeu - A(e)@e + A(e)q)eee + )\e — _(DeuuA(e) + )\67

DQeeuu - OQeeeu = A(u)q)uuu + A(u)q)u + )\u - _(I)ueeA(u) + /\u
We rewrite these two real equation as a single complex-linear equation

(C - ZD) (Qeeuu + iQeeeu) =A—1iB.

Solving this equation one gets the desired result. 0
c
Lemma 3.9. (1) For any orthonormal frame (e, u)

A= 202 + Pru) + PeBue + PuPecy

(2) For the frame (e, u) of eigenvectors of V*®,

2q>euu 2q>uee

A= (Ale) — Alu) = (A(u) — Ale))
P, P,
(3) For the frame (e,u) of eigenvectors of V*®,
2(Ae@euu — MPuee) (A(u) — Ale)) = =NV, V).

Proof. 1) Follows from the trace identity —®, = @0y ®? = Prpp + Py, the relations
gle,e) = @2, 4282 +®2 = (B, +P,)2 202 +B2 = 2(®2 +D? )+28,D,,,+P?

g(u, u) = 2(P7y, + Prey) + 2PuPecy + D7,
and g(e,e) + g(u,u) = 2\ + |VP|?, according to (T3).
2) From the equation ®,;, = 0 we infer 0 = Doy, + Py Peyy. Hence

) )
euu —_ uee . 317
D, B, (3.17)

We note that by (T1),

) 1 1 P2 1
Ae) = (VP®)ee = 1 = 5Pelece — 5PuPecu = 1+ 7 + 5 (PePeus — PuPecu)-
2 2 2 2
o2 1
A(u) =1+ - _((I)ecbeuu - (I)u(beeu)-

2 2
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Hence
1
Ale) — A(u) = 5(@3 —B2) 4 (PePenss — PuPecu)- (3.18)
Applying relation ‘I’g;" = —‘I’éie and formula (1) one gets

®€U’U1
A= 2(@2 + @zeu) + Qe Puue + PuPeen = 2((1)2 + (I)geu) + (@g - @Z)

euy euy (Pe
2Py (P2 — P2 D 2P 1 D2 — P2 )
_ euu e u e q)Q @2 ) — euu( e u éeéeuu € @2 )
q)e < 2 + CI)euu( euy + eeu) q)e 2 + + q)euu eeu)
2P oy /1 PACTY
= T2 (82— 82) + (e — Buecs) ) = o (Afe) — A(u)).

3) In view of (2), it suffices to prove that

2o — MuBuce) (A1) — Afe)) = —2%““ (A(e) — A(w) (@A + uh).

e

This is equivalent to

q)euu
)\e@euu - /\uq)uee — (/\eq)e + )\u@u)T

which holds true in view of (3.17). O

The next lemma follows immediately from Lemma 3.8 and Lemma 3.9(1).

Lemma 3.10.

16(A? 4+ B?) 4+ 2(4 + |VQ|*)(AC + BD)
C? + D? ’

16( geuu + Qzeeu) + QQEEUU(4 + ’vq)‘Q) =

C? + D* = (4o + D.)? + (4Pyee + D)7 = 8A + |VO|2.
Lemma 3.11. The following identity holds
16(A% + B?) 4+ 2(4 + |V®|*)(AC + BD)
= A[|[VOP (A = [VOP) - 6|V — 8] + 16]VAP +2[4(1 - A) + [VO[|(VD, V).

Proof. Using identities A = —A(e)Peyy + Ae, B = —A(u)Peey + Ay One gets
A? + B? = N%(e)®2,, + N (u)®2,, + [VAI? — 2(AA(€) Py + M (1) Peeyr).

AC + BD = [—A(€)Peyu + Ae](APeuy + Pe) + [ A1) Py + Au](4Peey + D)
= —4A(e)®?,, — 4A ()P, — A(e)DPeyy — A(u) D, D,

euu ecy

+ )\6(4(I)euu + @e) + )\u (4q>eeu + (I)u)

Ve

From the trace identity ®*(V2®),, = 2 + =5 we infer

44+ |VOP =2(Ale) + Au)).
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Thus,
16(A% + B?) 4+ 2(4 + |V®|*)(AC + BD)
= 16(A?(e) @z, + A*(u )<1>§eu) + 16\VM2 — 32(AeA(€) Peny + A (1) Pecu)-
—4(A(e) + A(w)) (AA(e) @7, + AA(u) @7, + A(e) LePeuu + Au) Py Pecu)
+4(A(e) + A(w)) (Ae(z@euu + D)+ Au(APey + cpu))
= —8A(e)A(u)(A = PePeuu — Pueen) — 4(Ale) + A(w))(A(€)PePeuu + A(u) Py Peen)
+16[VA? +2(4 + [VO[P)(VE, VA) + 16X Loy (A(u) — Ale)) + 16X, Puce (Ale) — A(u))
= —8Adet V2@ + 4(A(e) A1) (PePeuy + PuPuee) — A2(€)PePeuy — A (1) Py Peew)
+16|VAP2 +2(4 + [V )(VS, VA) + 16(AePeyu — AuPuee) (A(uw) — Ale))
- —8)\(1 + T2 V2R (192 — g(n, n))) 4 AA (1) — A(€))(A() BBy — A1) By Bren)
F16|VAP + 2(4 + [VO)(VO, V) + 16(AePeuu — Xy Puee) (A(u) — Afe)).
Next we note that by (3.18),
(AO) Doy — M) Py Pres) = A(€) DDy, + Au) 223,
= e (A(e)®2 + Au)®2) = %—yv?@(vqu@).
Consequently,

(Alu) = A€)) (M) PePeu — A1) PuPecu) = (A(u) — Ale)) q)qi““ ViR (VP, V)

e

and using Lemma 3.9(2) we get
(M) = AN APBs — A1) Bers) = ~ 5 T°H(VE, VD).
Finally, recall that by Lemma 3.9(3)
16(Ae®Peuu — MiPuee) (A(u) — Ale)) = —8AX(VP, V).
Hence
16(A% + B?) 4+ 2(4 4+ |V®|*)(AC + BD)
= 8\ [1 + T2 | VR (|G J2 — g(n,n)) + LVE[A(V2D(n, 1))
+16|VA2 + 2[4(1 — X) + [VO )| (VD, V).
Finally, as V2®(n,n) =1 — |[V®| - 3, /2,
1+ T2 L N (1TD2 — g(n,n)) + LVOPR(V2B(n, 1))
el — g(n, 1) — By | VD|) = 1 4 2T VO
Substituting this identity one gets the claim. (

3|Vq>|2

—1+ -

—).

Proof of Theorem 3.1. By Lemma 3.6 and Lemma 3.10,
16(A? 4+ B?) +2(4 + |[V®|*)(AC + BD)
A+ |VO|?

We now plug in the formula from Lemma 3.11, and apply direct computations to
complete the proof of the theorem. O

2L(A\) = 2)\ + 3\2 + A|[VO|* +
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4. EXAMPLES

It follows from (L2) above that L(|V®[*) > 0 and in particular, |V®|? cannot be
a constant function. From Theorem 3.1 we thus conclude that there are only two
cases of the constant corvature in the two-dimensional case: A = 0 (cube) and \ = %
(simplex). In this section we consider both examples. In addition, we consider the
ball and demonstrate that the Ricci tensor can be unbounded from below.
4.1. Cube. In the case of the cube
K=[-1,1]"

the solution
r) = Z en)
i=1

is a sum of one-dimensional independent potentials solving the following:
' =e7?,
¢ (R) = (=1,1).
So ¢(t) = log[2 cosh?(/2)]. Since the Riemannian manifold (R", D?®) is Euclidean
(it is in fact isometric to a cube of sidelength v/2 - 7), one has
Ric = 0.
In particular, the following holds:

(I)abcq)abc _ i (90’”)2 (QZZ) — Zn: (200,”)2( _ ‘Vq)|2 Zetp x;)

3
= () =

The latter expression has exponential growth. This means, in particular, that the
natural Riemannian norms of the first and third derivatives of the potential ® are
in general unbounded.

4.2. Ball. Here K = B™ and n > 2. By uniqueness, the solution ® of (1.1) with
VO®(R") = B" is (up to translation) of the form
O(z) = p(|x))

where the smooth function ¢ on the half-line is increasing and it satisfies ¢'(0) =0
and ¢'(+00) = 1. The equation (1.1) takes the form

det [w’(lxl)% + (" (|z[) = ¢'(|z[)/|2]) xf{f = exp(—¢(|z]))
or equivalently,
(M) " o' (r) = e ).

In the Riemannian manifold (R", D?®), rays emanating from the origins are geodesics.

Denote .
D, :/ V' (r)dr :/ e /2 <—/T > Cdr < oo
0 0 % (7")

since the integral clearly converges at 0 (as ¢'(0) = 0 and ¢ is smooth) and at infinity
(as the integrand decays exponentially). Then the Riemannian manifold (R", D*®)
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is in fact an open Riemannian ball of a finite radius D, around 0, denoted by
B(0,D,,). For 0 < R < D,, let t = t(R) > 0 be such that

:/OR Vo dr

Then limg ,p, t(R) = 400. Recall that the volume of the Euclidean unit sphere
S 1is K, = na™?/T(1 + n/2). Then the Riemannian volume of the Riemannian
sphere 0B(0, R) equals

1
(1)
ast — oo or as R — D,,. Thus in this Riemannian manifold, a sequence of spheres

of bounded radius have volumes tending to infinity. This means that the Ricci
curvature is not bounded from below.

Fopt" e/ = kn (' ()7 — +00

Remark 4.1. What are the sharp estimates from below for the sectional curvature?
One bound is given in Remark 2.4. One might expect the two dimensional ball to
be a natural example to prove sharpness of this estimate. However, this is not the
case.

Indeed in polar coordinates, the metric is separated nicely as

h=¢"(r)(dr)* + (r¢ (r)) (d6)".

In the two-dimensional case, the sectional curvature is given by the usual formula

g d[w)w(r)]_
T | e

Since ¢/ (r)¢" (r) = re=%"), we have

e?? o T ()2 1 ¢ 1 T
H=—— . = |2 4 Zov/2| = 177 o0 L e 2
o dr |© 1 * gp’e 42 T 4 + 2r3  ryf * 2(90’)36
Recall that as r — oo, the ratio ¢'(r)/r tends to one. Therefore, for large r,

4r? 4

On the other hand |[V®|? = (¢')?/¢" = €% - (¢')?/r. We thus see that the estimate
from Remark 2.4 is off by a factor of roughly r?/2.

N2
H=— (¥) e“"+1+0<i2>.
r

4.3. Simplex. This is the most important example for us, because this is the ex-
tremal situation, where the maximal value of the Ricci tensor is attained (at least
in dimension 2).

It can be easily checked (see explanations in [8]) that in case of the simplex

=1

the explicit solution is given by the formula

® = (n+1)log(1+ Ze“’i) — le + ¢(n)
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Differentiating twice one gets
e*i
o =n+1l)—=— —1
i (TL )1 + Zi:l o
(1+2,)(1+ 9y
n+1
The note that D?® is nothing else but the Fubini-Study metric (after appropriate
complexification) in the complex projective space (see explanations in [8]).

1 5 1
o+ 1Y (L @) — 1
Next we proceed with the third derivatives

ip(®; +1)  Pyu(Pi +1)

CI)Z‘J' = (CI)Z + 1)5zg —

i

i, = Pidij —

n+1 n+1
oF — 5k _ oK@ +1)  0F(Pi+1)
e n+1 n+1
O;(D:+1)+ D (P, +1
cDijk(I)k:q)z’(Sij_ ( ]+ )+ ]( + )
n+1

Here 5% =1ifi=75=Fkand 5% = 0 in any other case. Let us compute tensor the
Gij

5 (P +1) 5;(<1>i+1))(5k B o5 (P + 1) B 5f(<1>j+1))
n+1 n+1 at n+1 n+1
:5”(1_2(<I>Z~+1)) n+3 Q;+1)+(P; +1)
Y n+1 (n+1) n+1 '

Finally, taking the sum of two tensors one can easily get

9ij = q)ikq)fl = (551« -

5 (@i +1)(P;+1) — (

n—1

1
Ricij = ~ (g3 + Piju®") = D)

4

5. APPENDIX

In the Appendix we establish estimates on the growth of the first and third deriva-
tives. Unlike the previous sections, we don’t assume that n = 2.

5.1. First-order estimates. In this section we prove a priori estimates for the
squared gradient norm
;0" = |V
Lemma 5.1. Assume that K C Bg(0). Then
|VCI>‘2 S 2n71R2n6<I>.

Proof.
2

3 R

VO[> = 07,0, < -
where Ay, is the minimal Euclidean eigenvalue of D?®. By the result from [9] the
maximal eigenvalue \,,,, is estimated by 2R?. Hence

e ® =det D?® < Ay AL < A (2R?)" 1

max

and we get the claim. O
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Now we prove yet another estimate which does not depend on the shape of K.
The proof is based on an application of the maximum principle to the function

log F' — a®,
where F' = &;0' = |[V®|? and o > 1.
Proposition 5.2. For every a > 1

|v®|2 — @ZQZ S Oé((ln + 4))277/e()é(‘:b(x)—Tn)7
-«
where m = min,egn O(x).

Proof. Since lim,_,,, ®(x) = 400, it follows from lemma 5.1 that the function log F'—
a® attains its maxumum at some point zy. The following relations hold at this point:

F;
LF VF?
Taking into account the first equation we get WFEZ'? = a?|V®|? = o’F. Applying the
formula LEF = 2n + 3F + g;;®'®7, proven as in (L1) above, we get
2 3F i DIDI
nt ;—g] < o’F + an. (5.3)

Let us estimate ¢;;®'®’. For every number ) one has the following identity:

o o ;0 ®p + iy D, PIPb + PEPey

G PV = By, DPD DT = (cbmb B W ; d ) (cb;b - )\4) i)
o B, Dp + Py ®,\ f PIDP + DEDE\

+ A(Bia®y + B3y D, ) DLD D — )\2( d ; b ) ( S )qﬂqﬂ

Note that the last term in the right hand side equals —\2F?2. To estimate the first

term we use the inequality TrA® > L(TrA)* in the form T, T4 > T.T};/n in the

sense of symmetric 2-tensors, as well as the relation

@ia@b + (I)ibcba
2

To estimate the second term let us use (5.1): aF®; = 2(®; — 1P, P*P") and hence

Pip@2P" = (2 — aF)®;. Thus

A @y + P P,) LD P/ = 2X(2 — aF)F.

D (B — A ) =—(1+ ),

Finally, one gets

o 1
9i;®'® > 2)\(2 — aF)F — N*F? + 5(1 + \)2F?

Together with (5.3) this implies

2n 1
> = - 2 _ 2).
an_F+3+4A+F(n(1+A) (/\+a))
Set A = —a.. We get
a(n+4)n

F< o
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This implies

4
log F' — a® < log[%] — ozn%in O (x)
and the result follows by the maximum principle. O

Since
2
€

¢ = sup @2 = sup ,
€R”:|v|=1 ecR™ e

where |v| stand for the Riemannian length of the tangent vector v, we get immedi-
ately the following corollary.

Corollary 5.3. For every e € R" and a > 1 one has

CI)z S q)ee Oé((ln +_4))2n6a(¢.($)m).
—

5.2. Third-order estimates.

Lemma 5.4. Asume that f is a non-negative smooth function on R™ satisfying the
nequality

Lf > Af + Bf?
for some A, B > 0. Then for every a > 1 the following inequality holds:
1 @ (n+4)n
< = _A T AT TN (@ () —m)
Proof. Let us show first that there exists a number ¢ > 0 such that
f < ce™®. (5.4)

Fix a point zy where ®(z) > 1 and set R = (1 4 £)®(zy). We are looking for a
maximum of the function

f(R—®)
on the set {®& < R}. Applying the standard maximum principle, we get
v/, Ve |
f R—®
L 2 2
Lf |Vfp_, VeP _, Lo
f f (R — ®)? R—®
Applying the relation L® = n, we get
V|2 2n
A+ Bf <6 . 5.5
R Ty S T (5:5)

Hence by Lemma 5.1
Bf(R — ®)? < ¢(n, K)e® + 2n(R — @) < C(n, K)e®

Using that R = (1 + ¢)®(z,) we obtain (5.4).
To get the claim let us apply the maximum principle to the function

log f — ad.
Indeed, one has at the maximum point
ﬁ = Oé(I)i

f
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Lf _|VsP

;oo s

Then it follows from the assumption of the lemma and Proposition 5.2 that

AN o@@)-m)
(1—a)?

and one easily gets the desired inequality. O]

A+ Bf <an+*|lVO]* <an+

Lemma 5.5. Let T: (R")?> — R be a trilinear form which is symmelric with repect
to any permutation of the arquments. There exists a unit vector v such that

T(U,U,U) = Sup T(€1762763) 2 07

€1,€2,€3

where the supremum is taken over all unit vectors ey, es, e3.
In addition, for every unit vector alv

T(a,v,v) =0,
T(v,v,v) > 2T (v,a,a).

Proof. Let €9, €5, €3 € S"~! be such that

sup T(eh €2, 63) = T(€(1)7 637 eg)

€1,€2,€3
We claim that €3 = 4-¢3. Indeed, by linear algebra, the supremum of the symmetric
quadratic form

(v, w) = T(ef, v, w)

over unit vectors v, w is the largest modulus of an eigenvalue and necessarily v = +w
are corresponding eigenvectors. Hence €5 = 4-¢3. By the same argument € = 4¢3 =
+eJ. Tt is clear that replacing some of €2, ¢e) el by —e?, —e3, —e3 if necessary, we
may chose v satifying 7'(e?, €3, €3) = T'(v, v, v).

Next we note that for every ¢ € R and a_Lv,

T(v,v,v) >T(cosev +sinea,cosev + sine a,cose v +sine a)

1
=T(v,v,v) + 3¢T(a,v,v) + 3*(T(v,a,a) — §T(v, v,v)) + o(g?).

The claim follows by the maximality property of the unit vector v. ([

In what follows we apply the following formula for the Laplacian of the 3-linear
form ®;,, (see Lemma 2.2):

1 1 1
L®y = §@mb - 5@%@2}@% + 1 (Qf(bkab + gF Dy + gf@kia>-
Proposition 5.6. The function
f(x) = e{r‘t?le (I)eee(x) (5 6)

satisfies the following inequality

1 1
Lf> §f+1f3-
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Proof. Fix a point xy. According to the previous Lemma

f(xO) = e-\e\a:Xl @eee(IO) = q)vvv(xO)
for some unit vector v € TM (zo). Extend v locally to a unit vector field v(x) with
the properties

Vuo=0, Av=0 (5.7)
at xy (see, for instance, Theorem 4.6 of [6]). Clearly, f(z) > ®yy(z) and f(zo) =
@,y (29). By the maximum principle

Lf($0) Z Lq)vvv(m)’xzxo-
Applying (2.2) and (5.7) one gets at xy (thus in any other point)
1 1 1 :
Lf> §(I)iab - §@ék@$@l§m 1 (gf@kab + ghPpip + gf@km)]vzvavb-
By the previous Lemma ®,,, = 0 for every unit a_Lv. Hence

n

1 3 1
L > — “Yuv) T S @3,.7
f25f+S0mf = 5D Pl

i=1
where v;,1 < ¢ < n is an orthogomal frame chosen in such a way that the quadratic
form (u,w) — Py is diagonal in this frame and v; = v. Note that

Guv = zn: szvivi = f2 + zn: q)?wivi'
i=1

1>1

By the previous Lemma f = &,,, > 2®,,,,, for any 7 > 1, hence,

fg'UU 2 f3 + 22®31}i1}i'
1>1

Substituting this into the inequality for L f

1 1 1 - 1 < 1 1 1
LE>Zf+-guf+-(fP+2Y @ V== @& > _f+ _guf— -1
f2 50+ Sonf + (P23 @0,) 2; b = 5 500 = 3

i>1
Since fg,,/2 > f3/2 we obtain the claim.

In particular, it follows from this proposition that f from (5.6) satisfies L(f?) >
+ /% We immediately get from Lemma 5.4

Corollary 5.7. For every a > 1,
3,2
max §2,, < e eo(®(@)-m)
ele|]=1 (1 — 04)2
where ¢ > 0 is a universal constant. Equivalently, for any triplet of vectors u, v, w
(not necessary unit ones)
3,2

[61) '
@’IQLUU} S CQuu@vv@wwmeﬂ(@(m) )

Similarly, Lemma 2.3 implies the estimate L|lg|| > [lg]| + 3/lg/|*, where [|g|| =
SUP,.[e|=1 Jee 1S the operator norm of g in the metric h. From this we get
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Corollary 5.8. For every a > 1,

2
max < c———e
elle|=1 Jee = (1 — 01)2 ’

where ¢ > 0 is a universal constant.
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