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Abstract

We construct a filtration on integrable highest weight module of an
affine Lie algebra whose adjoint graded quotient is a direct sum of global
Weyl modules. We show that the graded multiplicity of each Weyl module
there is given by a corresponding level-restricted Kostka polynomial. This
leads to an interpretation of level-restricted Kostka polynomials as the
graded dimension of the space of conformal coinvariants. In addition, as an
application of the level one case of the main result, we realize global Weyl
modules of current algebras of type ADE in terms of Schubert manifolds
of thick affine Grassmanian, as predicted by Boris Feigin.

Introduction

Let g be a simple Lie algebra over C. Associated to this, we have an untwisted
affine Kac-Moody algebra g and a current algebra g[z] := g ® C[z] C g. The
representation theory of g attracts a lot of attention in 1990s because of its
relation to mathematical physics [9, 41, 19, 21] in addition to its own interest [18,
25]. There, they derive numerous interesting equalities and combinatorics. The
representation theory of g[z] and its variants are studied in detail by many people
from 2000s [24, 6, 3, 12, 4, 33] as a fork project on the study of representation
theory of g.

The representation theory of g[z] is essentially the same as g[z,z71], that
can be also seen as a part of the representation theory of g, and it also affords
the natural space of intertwiners of representations of g. Moreover, g[z| inherits
many representations directly from g. Therefore, the representation theory of
current algebra can be seen as a bridge between these of g and g. The goal
of this paper is to provide several basic results that support this idea, and to
connect them with the combinatorics/equalities from 1990s.

We have an integral weight lattice P of g and the integral weight lattice P of
g, so that we have a canonical surjection P € A+ A € P. Let P, be the set of
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dominant weights, and let ]Bf C P be the set of level k dominant weights. For
each A € Py, we have a local Weyl module W (), 0) and a global Weyl module
W (A) defined by Chari-Pressley [6].

Both local Weyl modules and global Weyl modules constitute a basis in Ky
of the category of graded g[z]-modules. It was recently shown ([28, 29, 4, 30, 32|)
that these bases are orthogonal each to other with respect to Ext* scalar prod-
uct (see Theorem 2.2) and their characters are related to a specialization of
Macdonald polynomials at t = 0. It appeared that characters of some natural
representations of g[z] can be expressed via Weyl module characters with pos-
itive coefficients. In particular, the Cauchy identity implies that the projective
g[z]-modules have a filtrations whose adjoint graded space consists of global
Weyl modules ([4]).

Let us choose an inclusion of g[z] into g contains as the nonpositive part of g,
so the representations of g can be considered as g[z]-modules. For each A € ]Bf,
we have a level k integrable highest weight g-module Li(A). In [7], it is shown
that the characters of Li(A)®™ (n > 1) can be expressed via characters of the
global Weyl modules with positive coefficients.

Our main result provides an explanation of this phenomena:

Theorem A. For each A € ﬁ_’ﬁ, the glz]-module Li()\) admits a filtration by
global Weyl modules.

Let M be a finitely generated graded g[z]-module stratified by global Weyl
modules. We denote the graded multiplicity of W(\) in M by (M : W(X))g.
Theorem A implies that we have a well-defined notion of the graded multiplicity
(Li(T) : W(X))q that counts the number of occurrences of W () in the filtration
of Ly(T") (with grading shifts counted).

Since the representation theory of g[z] naturally carries the information of
Macdonald polynomials specialized to t = 0, Theorem A and a version of the
BGG reciprocity implies:

Corollary B. For each A € Py and T € ﬁ_ﬁ, we have
(Li(T) : W(A)g (i =0)
0 (i#0)’

where wy denote the longest element in the Weyl group of g. In addition,
(Li(T) : W(A))q coincides with the restricted Kostka polynomial of level k de-
fined combinatorially in §5.

gch H;(g[z], g; W (—woA, 0) ® Li(T)) = {

Corollary B can be seen as a direct extension of Feigin-Feigin [8]. The same
idea as the proof of Theorem B also yield an elementary proof of Teleman’s
Borel-Weil-Bott theorem [41, Theorem 0 a)] that avoids the use of Laplacian
calculations (= Corollary 3.7). From this view point, it is natural to reformulate
our results in terms of conformal coinvariants.

Theorem C. For each A € P and T € ﬁf, the vector space
Ho(g[z], s W(A) @ Ly(I))

is a free module over C[A(A)], where AX) is a certain configuration space of
(p¥, \)-points in A'. Its specialization to each point ¥ € A gives the space of
the generalized conformal coinvariants (see §3).



We remark that if we specialize to a generic Z, then Theorem C reduces
into Teleman’s result [41]. In general, the above homology group has subtle
cancelations that is observed in [8] when g = s((2).

Assume that g is of type ADE. Then, the G-invariant Schubert variety of
the thick affine Grassmanian [22] is in bijection with P, (see e.g. [42]). Our
analysis, together with that of Cherednik-Feigin [7] and a result of [27], implies
the following realization of global Weyl modules predicted by Boris Feigin:

Theorem D. Assume that g is of type ADE. For each §) € ]B}r and A € Py so
that X\ > Q, we have the following isomorphism of g[z]-modules:

To(Grd, Ocreg (1)) — W(A)*.

The organization of the paper is as follows: In section one, we prepare
basic notation and environments. In section two, we exhibit that the Bernstein-
Gelfand-Gelfand-Lepowsky resolution gives a projective resolution of an inte-
grable highest weight module. In section three, we define the level-restricted
Kostka polynomials and provide its main properties (Theorem A and Theorem
B). In addition, we identify our coinvariant space as a natural enhancement of
conformal coinvariants (Theorem C). In section four, we derive Feigin’s realiza-
tion of global Weyl modules in terms of a Schubert subscheme of thick affine
Grassmanian. In section five, we provide an alternating sum formula (Theo-
rem 5.11) for the polynomials that naturally extends the level-restricted Kostka
polynomials (that is implicit in the literature), which plays a crucial role in the
comparison with our level-restricted Kostka polynomials (Corollary 3.11). The
appendix (by Ryosuke Kodera) contains a bypass of Theorem A in the proof of
Theorem D using free field realizations.
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stimulating discussions.

1 Preliminaries

A vector space is always a C-vector space, and a graded vector space refers
to a Z-graded vector space whose grading is either bounded from the below or
bounded from the above and each of its graded piece is finite-dimensional. For a
graded vector space M = @,_, M; or its completion MM = [1;cz M;, we define
its dual as M* := @,., Homc(M;, C), where Homc (M;, C) is understood to
have degree —i. We define the graded dimension of a graded vector space as

gdim M := Z q¢' dime M; € Q[q,q ']
i€z

For each n € Z, let us define the grade n-shift of a graded vector space M as:

(M (n))i := My for every i € Z. For f(q) € Q(q), we set f(q) := f(g~").

1.1 Algebraic groups and its Lie algebras

Let G be a connected, adjoint semi-simple algebraic group over C, and let B
and H be a Borel subgroup and a maximal torus of G so that H C B. Let



Gy be the simply connected cover of G, and Hy. be the preimage of H in
Gsc. We set U (= [B, B]) to be the unipotent radical of B and let U~ be the
opposite unipotent subgroup of U with respect to H. We denote the Lie algebra
of an algebraic group by the corresponding German letter. We have a (finite)
Weyl group W := Ng(H)/H. For an algebraic group F, we denote its set of
C[z]-valued points by E|[z], its set of C[z]-valued points by E[z], and its set of
C(z)-valued points by E(z).

Let P := Homg, (Hs,C*) be the weight lattice of Hy, let A C P be the
set of roots, let AT C A be the set of roots belonging to b, and let II C AT
be the set of simple roots. We denote by IIV the set of simple coroots of g.
For A\, € P, we define A > p if and only if A — p € Z>oAT. Let QY be
the dual lattice of P with a natural pairing (e,e) : QV x P — Z. Let r be
the rank of G and we set I := {1,2,...,r}. We fix bijections I = II = IV so
that ¢ € I corresponds to a; € 11, its coroot oy € IV, (non-zero) root vectors
E;, F; corresponding to ay, —«;, and a simple reflection s; € W corresponding
to a;. We also define a reflection s, € W corresponding to o € AT. Let
¢ : W — Z>( be the length function and let wy € W be the longest element.
Let Py :={\ € P | (o), \) € Z>¢,i € I}. Let {w;}ier C Py denote the dual
basis of ITV. For each A\ € Py, we have a finite-dimensional irreducible g-module
V(A) with highest weight .

Let Aas := A X Z§ U Zxpd be the untwisted affine root system of A with
its positive part AT C A:f. We set ag := =0 + 9, Iy := T U {ap}, and
I := IU{0}, where 9 is the highest root of A*. We define a normalized inner
product (e, e) : hb* x h* — C to be the unique W-invariant inner product such
that (9,9) = 2. We set Wy := W x QV and call it the affine Weyl group. It
is a reflection group generated by {s; | i € ¢}, where sq is the reflection with
respect to . This equips Wy a length function £ : Wye — Z>¢ extending that
of W. For a subgroup W' C W,¢ generated by a subset of {s;};c1, we identify
Wae /W' with the set of minimal length representatives of right W’-cosets in
Wat.

1.2 Affine Lie algebras
Let g be the untwisted affine Kac-Moody algebra associated to g. I.e. we have
g§=g®cCl,¢ o CK @ Cd,

where K is central, [d, X ® {™] = mX ® ™ for each X € g and m € Z, and for
each X,Y € g and f,g € C[¢F!] it holds:
g
¢’
where (e, ®)4 denotes the unique g-invariant bilinear form such that (o, ")y =
2 for a long simple root . We set Ey := Fy®¢ and Fy := Ey®E~! (these are root
vectors of ag, —ayp, respectively). Then, {E;, F;};c1,, generates a subalgebra g
of g. We set a = h & CK and E = EEB Cd. For each i € I, we denote by
ay € b the coroot of o; whose set enhances ITY C h. Let J C g (resp. J7) be
the subalgebra of § generated by b and {E;}icr, (resp. § and {F}}icr,).

By introducing z = ¢! € C[¢*!], we define a Lie subalgebra g[z] C g. We
have an involution 6 on g that is identity on g and swaps 2™ with ™ for each
m € Z (and hence K is sent to —K and d is sent to to —d).

[X®f,Y®g] = [X,Y] ®fg+ (X7Y)9'K'RGS£:0]C



We set P to be the lattice spanned by a fixed choice of fundamental Welghts
Ag,Aq,..., A € b* of . We define Py =3 Z>oA; and P:= >
For k € Z>(, we also set

€Ly i€l f

PP ={AeP, | (K,A)=k}C{AecP|(KA)=k}= P
We define P := P & Z§. We have projection maps
P— P75~ P — P/ZAy = P

We denote the projection of A € PorPtoP by A. Let us denote the image of
Pk under this projection by Pk We also identify P with PO c P.

Let k € Z. We fix an element py € h* so that () pry = 1 for each i € I,
and (ag, pr) = k+ 1. For each w € Wy and A € P, we define

wop A:=w(A+ pr) —

When k = 0, then we simply write o instead of og. Note that for w € W, and
A € P, we have wo (A4 kAg) = W o A + kAo.

Every element of P is either og-conjugate to Pfj modulo Zd or Wyt has a
non-trivial stabilizer group with respect to the og-action.

Finally, we set Ux(g) := U(g)/(K — k)U(g) and U;c( 9):=U@Q)/(K—k)U(g).
We refer Uy (g)-modules and Uy (g)-modules by the gg-modules and gx-modules,
respectively.

1.3 Representations of current algebras
We review some results from current algebra representations (cf. [26] §1.2).

Definition 1.1 (g-integrable module). A g[z]-module M is said to be g-integrable
if M is finitely generated and it decomposes into a sum of finite-dimensional g-
modules. Let g[z]-mod be the category of g-integrable g[z]-modules. For each
X € Py, let g[z]-mod=?* be the full subcategory of g[z]-mod whose object is iso-
morphic to a direct sum of g-modules in {V' (1) },<x.

A g[z]-module M is said to be graded if M is a graded vector space and we have
(X ® 2")M,, C My 4, for each X € g and n,m € Z. We denote the category
of graded g-integrable g[z]-modules by g[z]-gmod.

Definition 1.2 (projective modules and global Weyl module). For each A € Py,
we define the non-restricted projective module P()) as

P(A) = Ulglz]) @u(g) V(N
Let P(\; ) be the largest g[z]-module quotient of P(\) so that

Homg(V(7), POv ) = {0} it~ % . (L1)
We define the global Weyl module W () of g to be P(A; \).

For each A € P; and a € C, the g-module V(\) can be regarded as a g[z]-
module through the evaluation at z = a map g[z] — g for each A € P.. We
denote it by V (A, a). We can further regard V (A, 0) as a module in g[z]-gmod by
putting a grading concentrated in a single degree. For a module M € g[z]-gmod,
we have M (n) € g[z]-gmod for every n € Z.



Lemma 1.3. Let A\, € Py. The projective module P(X), its quotient P(\; u),
and global Weyl modules W (X) can be regarded as graded modules with a simple
head V(\,0) sitting at degree 0. O

Lemma 1.4. The module P(X) is the projective cover of V. (X, x) as a g-integrable
g[z]-module for every x € C;

In order to establish relation between global and local Weyl modules we set
Al == 1 (@, \) and

ClaM) = @cix”, x50, XIS mi = (o)),
i€l
where we understand that (C[A(’\)] is a graded ring by setting deg Xj(-i) =1 for
every 1 € T and j € Z.
Theorem 1.5 (Chari-Fourier-Khandai [2]). The module W(\) admits a free

action of C[AN] induced by the U(h[z])-action on the h-weight A-part of W (),
that commutes with the g[z]-action and respects the grading of W(X).

Definition 1.6. For each z € AW, we have a specialization W(\,z) :=
W(A) @cpacn) Ca. These modules are called local Weyl modules.

Lemma 1.7 (see [2]). If x € AD) is the orbit of |\|-distinct points, then we

have N
W\, z) = ® ® W (@i, i j)-

i=1 j=1
Here (z;1,...,%ix;) € AN corresponds to x (up to &y, -action).

Theorem 1.8 (Chari-Loktev [5], Fourier-Littelmann [12], Naoi [37]). The ac-
tion of CI[AMN] on W(X) is free, so W(\, x) = W(\,y) as g-modules for each
z,y € AN in particular W (A, x) is finite-dimensional for any x.

1.4 Verma and Parabolic Verma modules

We set gz]1 := zg[z] = ker(g[z] — g) = g®2C[z] and g[¢]1 = £g[¢] = ker(g[¢] —
g) =& g ® ECJE] (recall that € = 271).

Definition 1.9. We say that a g-module M belongs to the parabolic category
O if

1) M graded with respect to the action of h with finite-dimensional graded
spaces and bounded from above eigenvalues of d € b;

2) The action of g[¢] is locally finite (each vector generates a finite-dimesional
space under this action).

Remark 1.10. A restriction of such a module to g[z] is g-integrable.
Remark 1.11. One can replace the condition 2 in Definition 1.9 with locally
finiteness of the action of J to obtain the usual category O.

Definition 1.12 (integrable modules). A module from the parabolic category
O is said to be integrable if the actions of Ey and Fj are locally finite.



Let A € Py and k € Z. We have the corresponding one-dimensional module

Ciavrng) of E, that can be inflated to a module of J by the trivial action of
[3,7]. We define the Verma module My () as

My(A) :== U(9) ®u3) Corgrng)s

and its (unique) simple quotient by Li () (see e.g. [25, §1.2]). In case A € Py,

we have a finite-dimensional irreducible g+ bh-module V' (\) ®c Cya, with b-fixed
vector vy of h-weight A + kAg. We inflate V' (X) into a (g[¢] + h)-module by the
trivial action of g[¢];. We define the Parabolic Verma module My (X) as

Mi(N) = U(8) @y g1e145) (VN ®c Cra,) -

Twisting C1s on the RHS gives rise to isomorphic gg-modules (up to the shift
of the Cd-action). We understand this twist as the grading shift of gx-modules.
By construction, we have g-module surjections

for each A € Py. We understand that their cyclic vectors are degree 0 by
convention. The following fact is crucial in what follows:

Proposition 1.13. Modules My (\) and Li(\) belongs to the parabolic category
O. Moreover, Li(X) is integrable if and only if A € Pf.

Proposition 1.14 (see e.g. Chari-Greenstein [3]). For each A € Py, we have
Mi(A) = U(glz]1) @c V(X)

as graded g-modules. Moreover, My(\) is isomorphic to a projective module
P(X) in g[z]-mod. O

Lemma 1.15. For each A € Py and a g-module N from the parabolic category
O, we have an isomorphism

Homg (M (), N) = Homg (C,, NoEh).

Proof. The RHS corresponds to the space g-module morphisms 1) : M (\) — N.
Consider the g-module maps

Mk(U}O)\)—>Mk()\) weW

induced by the U(g)-module inclusion of their g[¢];-fixed parts. By the classifi-
cation of finite-dimensional highest weight g-modules, we deduce that My (w o
A8l has a g-integrable quotient if and only if w = e. Since N belongs to
the parabolic category O and, hence, g-integrable, ¢ must factor through the
quotient of My (A) by the images of Mg (w o X) (w # e), that is My (X). So the
assertion follows. O

Theorem 1.16 (see [18], Chapter 7). Let A € PY. Then, we have

Le(A) = MV /U@ Fy~ "V oy



This isomorphism can be extended to the resolution of Li(\) by parabolic
Verma modules.

Theorem 1.17 (Hackenberger-Kolb [15], Theorem 3.6). For each A € Pf, we
have a resolution by parabolic Verma modules

RN D Mi(w o A) 25 My (50 0% A) -2 My(N) = Li(A) — 0.
wGW\Waf,Z(w):Q
(1.2)

Combaining this statement with Proposition 1.14, we obtain

Proposition 1.18. By restricting to g[z], the resolution (1.2) can be seen as a
graded projective resolution of L (\) whose grading arises from the (—d)-action.

2 The Weyl filtration

We retain the setting of the previous section. In this section, we utilize the
following two rather recent results on current algebra representations to prove
Theorem 2.15.

For M € g[z]-gmod and X\ € P, , we set

[M: V(A0)]g:= Y ¢"-dim Homg(V()\), M)
neZ

ch M = Z et - gdimHomy (C,, M,).
neL

In case M is a gz-module, then g represents e~® in the standard convention.
Theorem 2.1 (Chari-Ion [4]).

1. The projective module P(\) ofg[z]—modg“ admits a finite graded filtration
by {W (1) }u>x with suitable grading shifts;

2. If we denote by (P(\) : W(u)), the number of W(p) appearing in the
filtration (in a graded sense), then for each A\, € Py we have

(PA): W(p)g = [W (1, 0) : V(A)lg-
In particular, the both sides belongs to Z>olq].
Theorem 2.2 (Kleshchev [30] Theorem 7.21 and Lemma 7.23, cf. §10.3).

1. We have

EXt] (2] moa (W (A), W (11, 0)" (m)) = {({Co} Ezt;;jfféﬁz “om

2. A finitely generated g-integrable g[z]-module M admits a filtration by global
Weyl modules if and only if

Extgr (M, W(X,0)") = {0} VA€ Py



3. A finite-dimensional graded g[z]-module M admits a filtration by the dual
of local Weyl modules if and only if

Exty (W (A), M) ={0} VA€ P,

Remark 2.3. For each M, N € g[z]-mod, we have

EXt](1.moa (M, N) — Ext};(M,N) i€Z
since the category of finite-dimensional g-modules is completely reducible (cf.
[31, §3.1] or [11, Remark 0.2]).

2.1 The Demazure property

Note that we can consider the current algebra representation as the modules of
(g[z] + b) with K = 0 and the action of (—d) as the grading operator.

Definition 2.4. Let V be a representation of a subalgebra of g contating H and
Ey. We say that V satisfies the Demazure property if for each n > 0 and v € P
such that (o,vy) = —n, the action of (Eo)""" on the corresponding weight
space V7 = C, ® Homy(C,,V) C V has trivial kernel.

Remark 2.5. 1) This definition is motivated by the fact that for the simply-laced
g, local Weyl modules coincide with the level one Demazure modules, and this
property can be deduced from the structure of its Demazure crystal.

2) The assumption on the Lie algebra of Definition 2.4 is automatic for

(glz] +b), (g¢] +b), and J.

Let us introduce some notation. For each i € I,¢, we have a minimal para-
holic subalgebra J C J(i) = CF; & J. We denote by sl(2,4) the Lie subalgebra
of g generated by F; and F;, and b(7) the Lie subalgebra of g generated by
E; and b. A string b(i)-module is a finite-dimensional b(i)-module that is b-
semisimple and have unique simple submodule and unique simple quotient (that
is automatically isomorphic to an irreducible sl(2,¢)-module up to a H—weight
twist).

Theorem 2.6 ([26] Theorem 4.12 (2)). For each X € Py, there exists a J(0)-
module W(X\)s, so that
W(A) CW(A)s,-

The J(0)-module W(A)s, is completely reducible as a s[(2,0)-module. For
each m € Zxo, let W(A)% denote the sum of irreducible sl(2, 0)-submodules of
dimension m. We have W())s, = D, WAL

We define the canonical filtration of W (\)s, as:

FaW(N)s =Y W)

m>n

This defines a decreasing separable filtration of W (), so that FoW(\)s, =
W(A)s,-



Theorem 2.7. For each A € P, and m > 0, the module
(EnW(X)so NW(A)/(Fns1W(A)s, NW(N))

constructed from the inclusion in Theorem 2.6 is b(0)-stable, and it is the direct
sum of irreducible (s1(2,0) + bh)-modules of dimension m, and one-dimensional
h-modules C,, so that (o, p) = m — 1.

Proof. The assertion follows by [26, Lemma 4.4 and Corollary 4.8] O

Theorem 2.8. Keep the setting of Theorem 2.7 and Theorem 1.8. Then, the
C[AM]-action on W(X) naturally induces b(0)-endomorphisms of W(\)s,. In
addition, this C[AM]-action on W(\),, is free.

50

Proof. The first part of the assertion follows by Theorem 1.8 since C[AM] is also
isomorphic to the h-weight sy -part of W(A) (by the g-invariance) and W (),
is cyclically generated by the h-weight sgA-part inside W (A) by [26, Proof of
Theorem 5.1]. The freeness assertion is [26, Theorem 5.1]. O

Lemma 2.9. Global and local Weyl modules satisfy the Demazure property.
Proof. We first check the Demazure property for the global Weyl module W ().

Suppose v € W () is a non-zero vector of (h-)weight v with (ay,~) = —n < 0.
Then v € F,W(\)s, N W(X) with some m > n. As (af,7) < 0, the only
possibility provided by Theorem 2.7 is that v belongs to F,,WW(A)s, N W(A)
alltogether with the irreducible (sl(2,0) + H)—modules of dimension m > n. In
particular, we have even stronger statement (Eg)" v # 0.

We consider the case of local Weyl modules. Suppose that v € W(A,0) is
a non-zero vector of weight v with (a,v) = —n < 0. Then wu is the image of
some v € Fp,W(A)s, N W(A) with m > n (as we discussed in the above) under
the natural projection of W (A) onto W (),0). As we know that (Eg)" v # 0
in W()\), it remains to check that the projection of (Eo)" ' is not zero in
W(A,0).

By Definition 1.6 the module W (A, 0) is isomorphic to a quotient of W (X) by
the action of the augmentation ideal I ¢ C[AN]. As (Eo)" " v € Fy,W(A)s, N
W (), it is enough to show that (Eo)" " v & I - (F,W()\)s, N W(A)) in view of
Theorem 2.8.

We prove this assertion by finding a contradiction. So suppose (Eo)nf1 v =
P-v', where P € T and v’ € F,,,W(\)s, "W (}) is a vector of weight v—(n—1)ay.
Here we have {a,v — (n — 1)ap) = n—2 < m—1, the above consideration shows
that this weight appears only in the sum of irreducible (s[(2,0) + h)-modules
inside F,,,W (X\)s, "W (). Therefore, v’ belongs to a (s[(2,0) +b)-module inside
Fo W (A)s, NTW(A).

Since the action of C[AM] on W (\),, preserves the action of sl(2,0), so is
P ¢ I. As this C[AM]-action is free, we have Pv € F,,W()\)s, N W(A) for
v € W(N),, if and only if v € F,,W()\)s,. This implies that (Fp)" "¢ is a
non-zero element of Fy, W (\)s, NW(A) and P - (Fy)" "+’ is proportional to v,
hence we conclude u = 0. This is a contradiction, and hence we conclude that
the projection of (Eo)" ' v is not zero in W (), 0) as required. O

10



2.2 Ext’s in the Parabolic Category O

Proposition 2.10. Let A € Pf. For each w,v € Wyt so that wop \,v o X €
P., we have wop A <wvop A if w < w.

Proof. We replace A with X := k—il/\ € bh. The weight A\’ belongs to the fun-
damental alcove (denoted by A} for v = 0 in [34]). We have wor A € A =
wAY, Zgvor A € A = vAf. By [34, Lemma 3.6], we have d(4, Aj) = {(w),
and d(A’, AT) = ¢(v). By the above identification of d(e, A7) and £(e), we de-
duce (wty) = £(w) + £(t,) and {(vty) = £(v) + £(t,) for some large dominant
coroot v. Now the subward property of the Bruhat order yields wt,, < vt,, that
is equivalent to A < A’ (inside the dominant chamber with respect to W) by
the equivalence of assertions after [40, Claim 4.14]. Since wox A —vop A € Q,
we conclude the result. O

Theorem 2.11 (Kac-Kazhdan [17] Theorem 2, cf. Fiebig [10] §3.2). Let A\, €
P,. Then, we have

D Exty, (L), L) # {0}

=
only if A and p belongs to the same og-orbit of Wys. O

For a gi-module M, let us denote M# the module obtained from M by
taking the action of the opposition of g on the dual space to M (with £ being
fixed). Then, the gg-module Li(\) viewed as a g[z]-module is sent to the g-
module L (A), with its g[z]-module structure given through X ® 2 — X ® &™
for each X € g and m € Zso. The same procedure makes My (u)# into an
injective envelope of V(1) (as My () is a projective cover of V(u)).

Proposition 2.12 (Shapiro’s Lemma). Let V be a graded g[¢]-module (or a
graded J-module) and let M be a gi-module. Then, we have

Ext}, (Ux(8) ®ugle+ca) Vi M) =2 Bxtyg ca(V. M) i€ Z,
(or the isomorphism obtained by replacing (g[¢] + Cd) with TJ).

Proof. Tt is straight-forward to see that U(g)y is a free U(g[¢])-algebra and also
a free U(J)/(K — k)-algebra (by the PBW theorem). Hence, Shapiro’s lemma
imply the results. O

Corollary 2.13. Let \,pu € Py so that A\ ¥ u. Then, we have
Extg, (My(X), Li(1)) = {0}.

In particular, My()\) is projective in the parabolic category O when \ € PJ’j.

Proof. By Proposition 2.12, the assertion is equivalent to

Extgpe (V(A), Li () = {0}

Since # exchanges an injective resolution of Ly () (viewed as g[¢]-module) and
a projective resolution of Lj(u) viewed as g[z]-modules, we deduce that

Exctgie) (V(A), Ly, (1) 2= Extyr (Li (1), V(N)- (2.1)
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Since M, (1) is the projective cover of Li(u) as g[z]-modules, the non-trivial
extension in the RHS of (2.1) occurs in the highest weights in My (p). Thanks
to Proposition 2.10, we need p < A to obtain a non-trivial extension. This
proves the first assertion. In view of Theorem 2.11 and the fact that ij is
contained in the fundamental domain of the og-action on (the real part of) h*,
we deduce the latter assertion again by Proposition 2.10. O

Lemma 2.14. Suppose that A € P_’ﬁ. Let V' be a finite-dimensional string b(0)
module containg weights (A + kAg) and (so o A+ kAg). We inflate to regard it
as a J-module, where other graded elements act by zero. Then, the maximal g-
integrable quotient of Uy (g) @u(3) V contains the non-trivial extension of My(X)
by My(so o A) as its subquotient.

Proof. Note that as A € P,j we have \ — sg o, A = mayg for some m > 0.

By v denote a highest weight vector of V', that is, a non-zero vector of the
head of V' (it is unique up to a scalar). We denote by p the h-weight of v.

We introduce an increasing filtration on V' defined by

F" =(v,Eyv,....,El'v) for m€Zso.

Then each adjoint graded factor is spanned by a single vector with trivial action
of EQ.

Thanks to the exactness of the induction, this filtration produce a filtration
on the maximal g-integrable quotient of Ux(g) ®y(5) V' with its adjoint graded
quotients isomorphic to My (u — may) for m =0,1,....

We denote by 2 the Casimir element of g (see [18, Chapter 2]). It belongs
to the center of a suitable completion of Uy(g) and acts on each highest weight
module, particularly on finite successive extensions of { My (A — mag) bmez,-

For each yu € P, the action of Q on each My(u — map) is by a scalar,
depending on m as a degree two polynomial on m (see [18, Chapters 2,7]). Also
action of  on My () is invariant with respect to the og-action of the affine Weyl
group on P that arises from highest weights (see [18], Chapter 7). In particular,
the scaling factor of € is the same for My (\) and My (so ox A) and differs for
other factors. We denote the scaling factor of € on Mj(\) by c.

As © belongs to the center and our module is a finite successive extension
of the modules in which Q acts by scalars, the generalized c-eigenspace M of
Q in Ur(g) ®u(z) V is a direct summand. Moreover, by the above eigenvalue
analysis, it admits a filtration whose adjoint graded quotients are Mj(\) and
My (so o A) . Therefore, M is a trivial or non-trivial extension between My ()
and Mk«(SO Ok )\)

Note that the h-weight (so or A + kAg)-parts of the both of M()\) and
My (sg o M) consists of highest weights (see Theorem 1.16). Hence, in case M is
a trivial extension, the H—weight (soor A+ kAg)-part of both modules can not get
to a non-trivial vector of weight A. But in our case it can be done by the action
of Ey in V itself, and hence M cannot be a trivial extension as required. O

2.3 The Main Theorem

Theorem 2.15. For each A € PY, the g[z]-module Li()\) admits a filtration by
global Weyl modules.

12



Remark 2.16. In fact, our proof of Theorem 2.15 carries over to the case of the
twisted affinization of g by a straight-forward modification.

Proof of Theorem 2.15. We check the condition in Theorem 2.2. Applying #
to the BGGL-resolution of L (\), we deduce:

d# d;# m2
0 = Lp(N)* — Mp(\N)* =5 My (sg op N —» @ (M () )" 5 ..

(2.2)
Note that the opposition of g sends W(A) (the projective cover of V(A) in
glz]-mod=*) to the projective cover of V(—wo)) in g[z]-mod=""°* that is
W (—woA). Hence, it sends W (u,0) to W(—wop,0). By chasing the image
of the maps obtained by applying Homgp.;(W (u,0), e) to (2.2), we deduce

Exté[ (Le(N), W(—wop, 0)*) = Exté[z] (W (p,0), Lp(N)7). (2.3)

2]

Here we want to show the vanishing of the LHS of (2.3) for every p € P;.
By Proposition 2.12, we have

Exty (W (1, 0), L (\)¥) = Extg, (Ux(8) Q@u(gen W (1, 0), Li(A).  (2.4)

By using the g[¢]-module filtration on W (u,0) and the exactness of the induc-
tion, we deduce that U(gk) ®u(gle)) W (i, 0) is a finite successive extensions of
parabolic Verma modules of level k. In view of Proposition 2.12, we have

Extyeeca(V(7,0), Lr(N)) = Exty, (Mg(7), Li()))
Ext}(Cy, Li (X)) = Extg, (Mg(7), Lr(X)).

By Theorem 1.17, and the genuine BGG-resolution, we deduce

Exth (My(7), L(\) # {0} = v =500\,
Ex%k (Mg (7), Le(N) #{0} = v € {si ok Alicr.,, (2.5)

and these extensions are at most one-dimensional. It follows that

Extgiejoca(V(7,0), Li(N) == Extg, (My(v), Lr(N))

Ext}(C, Li(\)) =——= Extg, (My(7), Lr(}))

and the extension is at most one-dimensional.
As X € P_’ﬁ, the classical weights A and sg o A are both dominant.
We have the following map

m

W(,0) —% = W(u,0)  m=— {0V, \) +k >0,

J J

W (11, 0)* —= W (p, 0)0°4

o]

where W (p,0)" for v € P denotes the h-weight y-part of W (g, 0).
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By Lemma 2.9, the map Ej* in the bottom line is injective. Therefore,
Lemma 2.14 implies that the extension of My (sg ox A) by My()) is already
attained in the subquotient of Uy (g) ®u(z) W (i, 0) .

This forces the RHS of (2.4) to be zero for v = sg o A. In view of (2.5), we
deduce

Extg, (Uk(8) @y (gieosy W (1 0), Lk(V) = {0} Vu € Py,
that implies the result. O

Corollary 2.17. Let )\ € Pf. The projective resolution of Ly () borrowed from
Theorem 1.17 respects the filtration by global Weyl modules.

Proof. Applying Theorem 2.2 to the long exact sequence obtained by applying
Extgp.;(e, W (x,0)*) to the short exact sequence

0 — kerg — Mi(\) — Li(N\) — 0,

we deduce kerg admits a filtration by global Weyl modules.

We have ker d; = Imd;; for each ¢ > 0, and it is finitely generated by
examing the next term. Hence, we apply the same argument by replacing My ()
with @, ey wiy e (w)=i Mr(worA) and Ly (A) with ker d; to deduce the assertion
inductively. O

3 The level-restricted Kostka polynomials

We work in the setting of the previous section. Fix a positive integer k in the
sequel. Let M be a g-integrable graded g[z]-module. Then, we define its i-th
relative homology group as:

H;(g[2], 9 M) := Homy(C,R™"Homygy,;, (M, C)).

This is a graded vector space.

Remark 3.1. Thanks to Proposition 1.14, the projective resolution of M is g-
semisimple. In particular, ]R*Z'Homg[z}1 (M, C) is semi-simple as g-modules and
hence our definition of the relative homology group coincides with these in [1,
Chapter I] (see also Remark 2.3).

Lemma 3.2. Let k € Z~o and let \,u € P,. We have
gdim Ho(g[2], g; W (1, 0) @c My(N)) = [W(1,0)" : V(N)]g-
Proof. By unwinding the definition and applying Proposition 1.14, we have

Ho(g[z], 9: W (1, 0) @c My(A)) = Homg (C, Homygy,, (W (1, 0) ®@c My (A), C))
= Homg[z] (Mk()‘)v W(:u‘7 O)*) = Homg[z] (P(A)v W(.u’ O)*)

Therefore, the assertion holds. O

Definition 3.3 (Feigin and Feigin [8]). Let A € P} and p € P,.. We define the
level-restricted Kostka polynomial Pl(bk))\(q) € Zlq,q~ '] by

PX (g7 = gdim Ho(glz], g; W (—wop, 0) ®c Li(N)).
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Remark 3.4. 1) The original definition of the level-restricted Kostka polynomial
is due to Schilling-Warnaar [39]. We provide a comparison with a straight-
forward generalization of their definition with ours in Corollary 3.11. 2) Since
P\ & Wm, L (\) as graded g[z]-modules, it holds that

. k
lim P (q) = Puala).
3) If g is of type A, then P, \(¢q) coincides with the Kostka polynomial if we

take “transpose” of pu.

Theorem 3.5. Let \ € Pf and i € Py. We have
Hi(glz], 0 W (1, 0) ®c Lie(A)) = {0} i #0.
Proof. Taking account into Remark 3.1, we have
Hz(g[z]a g3 W(Ma O) Ac Lk()‘)> = Homg((C, R_zHomg[z]l (W(Mv O) Sc Lk()‘)a (C))
> Homg (€, R~"Homg., (Li(N), W (1, 0)")
= IR_iHorng[z]-mod (Lk(/\)a W(
= Ext;[lz]_mod(Lk.(/\), W, 0)%).

By Theorem 2.15 and Theorem 2.2 2), we deduce that

Eth_[z]—mod

(LX), W(w,0)*) = {0} foreach —i#0
as required. O

Corollary 3.6. For each A € Pfj and p € Py, we have

PRUg) = (Li(A) - W(R)ge

Proof. By Theorem 2.15, we can repeatedly apply (the Ext'-part of) Theorem
2.2 to short exact sequences that respects the filtration by the global Weyl
modules Lg(A). This yields the additivity of the Hom-part, namely

gdim Homg) (Lg (), W (p,0)") = Z (Lk(N) : W(7))q-gdim Homgp (W (y), W (g, 0)").
veP;
Applying the Hom-part of Theorem 2.2, we conclude the result. O

The following result is the Teleman’s Borel-Weil-Bott theorem [41], that we
supply an elementary proof that essentially depends only on Proposition 1.14
and Theorem 1.17 (and does not depend on any results in §1.3).

Corollary 3.7 (Teleman [41]). For each A, pu € P§ and w € W\Was, we have

gldwor) A =p,i=—L(w))

dim Hi(g[2], g; V(@Wor i, 0)* @c L (M) = :
gdim Hi(g[2], g; V(wor 11, 0)" @c Li(A)) {0 (otherwise)

15



Proof. Note that we have woy i € Py. By unwinding the definition as in the
proof of Theorem 3.5, we have

Hi(g[2], 0; V(wor 1,0)" @c Li(N)) = Ext ! (Le(N), V(wop 1))

As the BGGL resolution is minimal as a projective resolution, we conclude the
result. O

For each p € Py, let us regard W (u, 0) as a g[¢]-module through the involu-
tion X @ 2" = X @ £" (X € g,n > 0). We define

Wi.(1) := Up(8) @u(qre)) Wk 0)

and call it the generalized Weyl module of g with highest weight u and level
k. We fix a sequence of distinct points @ = (a1,...,a,) € C™ and weights
= (p1, 2,y ) € (P+)™ so that u = p1 + po + -+ + fyn. Then, we define
the space of generalized conformal coinvariants as:

Li(N) © Qi Wi (1)

cC(a, i, \) = il ,
(@I = g 50 02) (L) © @I, Weli)
where Oz = Clz, ﬁ,..., x_lam} and an element X ® f € g ® Oz acts on

Wi (1;) (1 <i < m) through its Laurent expansion along z = x — a;, and acts
on Ly (X) through its Laurent expansion along z = oo (cf. Teleman [41, §3.6]).

Theorem 3.8. Let A € PJ’f and let p € Py. The space

Ho(g(z], 9; W () ®c Lr(N))

is a free C[AW]-module, and the specialization to @ € AW corresponding to a
distinct points a1, as,. .., a, with their multiplicities py, pa, ..., tm € Py (i.e.
when the multiplicity of ap with respect to the i-th set of unordered points is
() ux)) yields an isomorphism of vector spaces

Ca ®cpaom) Ho(glz], o W (k) ®@c Li(N)) = CC(a, fi, A).

Proof. By Theorem 1.8, the module Hy(g[z],9; W (1) ®c Li(N\)) admits a de-
creasing separable filtration whose adjoint graded quotient is the direct sum
of quotients of Hy(g[z], g; W (u,0) ®c Li(A)) with grading shifts. By Theorem
3.5, we deduce that the adjoint graded quotient of Hy(g[z], g; W (1) ®c Li(N))
is the direct sum of Ho(g[z], g; W (p,0) ®c Li(N)) (instead of its proper quo-
tient) with grading shifts. Our homology group commutes with inverse limit by
the degree-wise Mittag-Leffler condition thanks to [41, Theorem 0] and Theo-
rem 3.5. Therefore, we conclude that the free C[A()]-action on W () lifts to
Ho(glz], ;W () ®c Li(X)). In addition, we have

Hi(glz], s W(p) ®c Li(A)) = {0} i #0.

By the semi-continuity theorem applied to 0 € A®) by regarding W (1) ®c
Li()\) as a finitely generated U (g[z]) ® C[A)]-module (through the above con-
struction), we deduce that the natural map

Ca ®ciamm) Holglz], g W(p) ®c Le(N)) — Ho(g[2], 8: Ca @cpaw) W k) ®c Li(A))
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is an isomorphism. The RHS is further isomorphic to

m

Ho(g[2], ; ® W(pi,a:) @c Li(N)),

i=1

where {a,...,a,} C C denotes the set of distinct points in the configuration
a, and p; is the sum of fundamental weights that is supported on a;. This last
vector space is precisely CC(d, fi, ) in view of [41, Corollary 3.6.6]. O

Theorem 3.9 (Weyl-Kac character formula [18], see also [31] Theorem 2.2.1).
For each )\ € Pf, we have the following equality of characters:

ch Lk()\) = Z (_1)[(11))(:}] Mk(w Og )\) Rc C(d,wok)\)d-
wEW\ Wy

Corollary 3.10. For each A\ € Pf and p € Py, we have

k w) . —{d,wo
PR = Y (-)fwgdueedp —(q).
wEW\Waf

Proof. Combine Theorem 3.9, Corollary 3.6, and Lemma 3.2, taking into ac-
count into the fact that {chW(\)} cp+ forms a basis in the space of charac-
ters. O

Corollary 3.11. For each A\ € P} and p € Py, we have Plik;(q) = X(k))\(q),

where belf}\(q) is defined in section 5.

Proof. Compare them using Corollary 3.10 and Theorem 5.11 since we have
Py .(q) = X .(¢) by Lemma 3.2 and Theorem 5.10. O

4 The Feigin realization of global Weyl modules

We retain the setting of the previous section. We assume that g is of type ADE
in addition.

Theorem 4.1. Let w € P} and let pp € Py. Then, we have
—(d,w(w+Ag)) _
q (u=w(w+ Ag),w € Wa)
(La(w) - W(n))g = . :
0 (otherwise)

Proof. By Cherednik-Feigin [7, (1.25)], the character of L; (=) is the multiplicity-
free sum of these of W (i) up to grading shifts (note that we used Q = QY C Wy
here). Since the graded characters of {W(u)},cp, are linearly independent, we
deduce the ¢ = 1 case of the assertion.

Let us normalize L () so that its highest weight vector has d-degree 0. For
w € Wt we set ay, := (d,w(w + Ag)). Then, we have

Claim A. Assume that w € Wae. Let p be the h-weight of Ly(w) that appears
in the (—d)-degree > ay-part. Then, we have p < w(w + Ag).

Proof. Easy consequence of [18, Proposition 11.3] O
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We return to the proof of Theorem 4.1. In view of the ¢ = 1 case, Claim A
forces the degree shift of W (w(w + Ag)) appearing in L;(w) to be exactly a,,
as required. O

Let us define the thick affine Grassmanian as
Grg := G(§)/G4],

that can be presented as an infinite type scheme [20, 27]. The scheme Grg
carries a canonical G ((€))-equivariant line bundle O(1) that we call the deter-
minant line bundle (see e.g. Kashiwara [22]).

By our adjointness assumption on G, the set of connected components of
the scheme Grg is in bijection with the set of level one fundamental weights Pi
(see Zhu [42, §0.2.5] but beware that our affine Grassmanian is “thick”). For
each w € P}r, we denote by ®Grg the corresponding component.

Each A € P, defines a cocharacter of H by our assumptions of G. Hence, it
defines a point of H((¢)), and hence a point [¢*] € Grg. From this, we define
the Schubert variety Gry: as the G[¢]-orbit through [€}]. We have Grg, C Gry
if and only if A > pu (see e.g. Kashiwara-Tanisaki [25, §1.2]).

Theorem 4.2 ([27] Theorem 2.13 and Theorem 2.14). Let w € P} and let
A € Py so that w < A\, we have

D(Grg, O(1))" 2 U(g[z])or € La(w),

where vy is an extremal weight vector of Li(w) of h-weight A. Moreover, the
natural restriction map

[(TGrg, O(1)) = [(Gry, O(1))
1S surjective. O

Theorem 4.3. Let w € P{ and let X € Py so that @ < X\. We have an
isomorphism

W(A)* = ker | T(Grgy, O(1)) — @ T(Grf, O(1))
w>A

as g[z]-modules. (Here the maps in the RHS is the restriction maps.)

Proof. We borrow the setting in the proof of Theorem 4.1. By Claim A, the
extremal weight vector of Li(w) with its h-weight w(w + Ag) is contained in
the head of W(A) in the g[z]-module stratification of Li(w) by global Weyl
modules. Hence, Theorem 4.2 implies that the graded g[z]-module

*

I.(Grgy, O(1))" :=ker | T(Grg,0(1)) — @) T(Grl, 0(1))
n>A

admits a surjection to W(\), that we denote by x. Thus, we have
Yoo g ERchw() < Y chT(Gry, O(1)* = ch Ly (m),

)\EW+Q+QP+ )\EW+Q+QP+
(4.1)
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where < means we have the inequality for every coefficients of the monomial in
P x Z4. By construction, the inequality in (4.1) is a genuine inequality if and
only if k) fails to be surjective for some A € (w + Q4+ N Py). By Theorem 4.1,
the most RHS of (4.1) is equal to the most LHS of (4.1). Therefore, we deduce
that every k) induces an isomorphism

*

T.(Gryy, O(1)* =ker | [(Grgy, 0(1)) — P T(Grf, 01) | — W(N)

n>A

as required. O

5 A combinatorial definition of level restricted
Kostka polynomials

This section exhibits a collection of folklore statements that are (most likely)
originally due to Okado [35]. Thus, we do not claim the novelty of the materials
here. However, we provide their proofs that maybe of independent interest.

We employ the setting of §1.2. We have quantum algebras U,(g) and U,(g)
associated to g and g so that U,(g) C U,(g) (cf. [16, §3.1]).

Definition 5.1 (Crystals, cf. [16] §4.2). An affine crystal
B= (Bv Wt; {Eiv 1/%'7 éiv ﬁ}iGIaf-)
consists of the following data:

1. Bisaset, wt: B— P, e : B— Zsg (i € Iag), and ¢; : B — Zg
(1 € Ia¢) are maps;

2. For b € B and i € I, we have (o), wtb) = —&;(b) + 1;(b);

3. Forb € Bandi € I, we have maps é; : B — BLU{0} and f; : B — BLU{0}
with the following properties:

e We have & (b) # 0 if and only if £;(b) > 0. We have f;(b) # 0 if and
only if ¢;(b) > 0;

o If £;(b) > 0, then wt&;(b) = wtb+ . If 4;(b) > 0, then wt f;(b) =
wt b — ay;

o If £;(b) > 0, then f;(;(b)) = b. If ¥;(b) > 0, then & (f;(b)) = b.

A classical crystal B = (B, wt, {&;, ¥;, &, ﬁ-}igaf) is the data obtained from the
definition of an affine crystal by replacing P with P. We refer crystal as either
affine, classical, or finite crystal, and refer B as its underlying set. By abuse of
notation, we may abbreviate b € B by b € B. A morphism of a crystal is a map
of underlying set that intertwines wt, {&;, ¢, &, fi}ielaf (that is usually referred
to as a strict morphism in the literature).

A highest weight element (resp. finite highest weight element) in a crystal B
is an element b so that €;(b) = 0 for every ¢ € I, (resp. every i € I). A
crystal is connected if and only if each two elements are connected by finitely
many sequences of fl and é;. For an affine crystal B and ¢ € I,¢, an i-string
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is a connected subgraph B’ C B that is closed under the action of {¢;, fz} and
satisfies (o), wt b) = &;(b) —1);(b). For b € B and i € I,¢, we denote the i-string
that contains b as 9;(b).

Definition 5.2 (Tensor product of crystals, cf. [16] §4.4). Let B; and B,
be crystals with underlying sets By, Bo. We define the tensor product crystal
By ® By with its underlying set By x Bs (to which we refer its element (b1, b2)
as by ® by) by defining:

e For each by € By and by € By, we have wt (b) ® by) := wt by + wt by;
e For each by € By, by € By, and i € 1., we define

€ib1 @by (i(b1) > €4(b2))
b1 ®éiby  (Yi(b1) <€

where we understand that 0 ® by = b; @ 0 = 0.

éi(b1®bg) = { s and ﬁ(b1®b2) = {

The functions e; and ; (i € I,¢) are uniquely determined by the above.
For a crystal B, we define its character as:

chB:=> vt

beB

Theorem 5.3 (Kashiwara [20], cf. [16] §5.1). For each A € P, so that (K,A) =
k € Z~o, we have an affine crystal B(A) that parametrizes a basis of L (A) so
that chB(A) = ch Li(A) up to €™ -twist for some m € Z. Each B(A) contains
a unique element by so that wtby = A and ;b = 0 for every i € I,;.

Theorem 5.4 (Kashiwara [23] §3). For each A € P, and w € Wat, we have a
subset B(A),, C B(A) that is stable under the action of €; for every i € Iys. For
each i € I,¢ so that s;w > w, we have

B(A)s;w = U ﬁmB(A)w‘

m>0
For each b € B(A)y, the set
{ei " b} nm>0 NB(A)w
is either singleton or isomorphic to an i-string.

For each A € P and i € I.r, we define

Ay Dwew, (S Wever L Doty .o et
) _ _ p,o\mult o and, 2(6 ) = R
HaEA;f(l e”) (1 —e—i)

where mult o denote the dimension of the a-root space of g. We define

x(e

Z[P)" :=1m Z[P]/(e” | B € P, (d, B) < —n)

The original form of the Weyl-Kac character formula asserts (see Theorem 3.9)
that _
x(e*)=chLy(A) AcPy. (5.1)

20

fibl ®~bz (i(b1) > €i(b2))
b1 @ fiby  (¢i(b1) < ei(ba))’



In addition, x naturally extend to a linear operator

Z|P) - Z[P],

while D; (i € I,¢) define linear operators on Z[P]. By Kumar [31, Theorem
8.2.9 and §8.3], there exists an infinite sequence

i= (il,iz,...) S Ig?

so that

X = klinéo D; o---D;,0oD; on Z[P]. (5.2)

Definition 5.5 (Restricted paths). Let B be a classical crystal. For each I' €
P, we define the set of restricted paths as:

PB,T) :={beB|ei(b) <(a,T) foreach i€ I}
Similarly, for each v € P, we define the set of finitely restricted paths as:
Po(B,7v) :={beB|e(b) <(a),v) foreach ie I}.

Theorem 5.6 (Kashiwara, Naito-Sagaki). We have a classical crystal B(w;)
corresponding to a (finite-dimensional) level zero fundamental representation
W(w;) so that chB(w;) = chW(w;) for each i € I.
For each A =Y _;_, myw; € Py, we define the tensor product (classical) crystal
Bioc(A) as

Bioc(A) :=B(w)®™ ® - - @ B(w,)®™.

Then, Bioc(A) is a connected crystal and is equipped with a function D : Bioc(A) —
Z with the following conditions:

1. D is preserved by the action of & and f; for each i € I;
2. D(bg) = 0, where by € Bloe(N) is the unique element so that wtbg = A;
3. we have D(égb) = D(b) — 1 for each b € Bioe(A) so that eo(b) > 2.

Proof. The definition of B(w;) is due to Kashiwara [24, Theorem 5.17]. The
character comparison follows from the works of Naito-Sagaki [36] and Chari-Ton
[4] (cf. [26, Theorem 1.6]). The function D is studied in [36, §3] under the name
of degree function and its relation to the energy statistic is in [33, Theorem 4.5].
The first two properties of D is in [36, Lemma 3.2.1], while the third property
of D also follow from [36, (3.2.1)] in view of [36, Lemma 2.2.11]. O

Theorem 5.7 (Kashiwara [19, 21|, see Hong-Kang [16] §10). Let u € Py. We
have an isomorphism

B(kAg) @ Bioe (1) = b B(wtb+ kAo — D(b))
beP (Bioc (), kAo)

of affine crystals.
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Proof. Let W be the tensor product representation of Uy(g) corresponding to
Bioe (1) borrowed from Theorem 5.6. Being a finite-dimensional integrable rep-
resentation of the quantum group of g, we can apply the argument in [16, §10.4].
By calculating using the lower global basis, we have

> e =ch{veW|Ef v =0Ev=0, ieT},
bGP(Bloc(l")>kA0)

where E; € U,(§) (i € Iaf) is e; in [16, Definition 3.1.1]. Applying [16, Theorem
10.4.3, Theorem 10.4.4], we deduce a classical crystal morphism

U P Bwtd+kAo) — B(kAo) @ Broc(p)-
bEP (Bioc (1), ko)

Since each direct summand of the LHS is a connected crystal (Theorem 5.3) and
the maps are distinct, it follows that ¥ is an embedding of crystals. Therefore,
the set B(kAg) ® Bioc(p)\Im ¥ is a classical crystal. As all the highest weight
elements of B(kAg) ®Bjoe(1t) are contained in Im ¥, it does not contain a highest
weight element. A successive application of {€;};c1,, sends an arbitrary element
of B(kAg) ® Bioc(it) t0 bra, ® Bioe(1). The set bipp, @ Bioc(i) is stable under
the action of {€;}icr,,. Therefore, it suffices to prove that applying sufficiently
many {€;}ie1,, annihilates every element of bya, ® Bioc(pt) in order to prove
B(kAo) @ Bioc(p) = Im .

By the definition of the tensor product action and Theorem 5.6, we deduce
that the value of D decreases (by one) when we apply €y to bra, @ Bioe(i).
Since bia, ® Bloc (1) is a finite set, it follows that applying €y (and other {€;};e1)
sufficiently many times annihilates the whole of byp, ® Bioc(pt). Therefore, we
deduce that ¥ is a bijection.

By the same argument, we conclude that —D(e)d equips bra, ® Bioc(pt)
with P-valued weights. This makes ¥ into an isomorphism of affine crystals as
required. O

Remark 5.8. Theorem 5.6 only states that we can equip B(kAg) @ Bioc(pt) a
structure of affine highest weight crystals so that byp ® Bjoc(1) contains all the
highest weight vectors and the D-function gives the affine weights of the tensor
product. In particular, we have

> chB(wtb+ kAo — D(b)d) # > P2 ewt () 4wt (b)
beP(Bloc(p’)vaO) b/®b€B(kAO)®Bloc(.“')

in general. Note that wt (b) € P (as Bjoc(u) is a classical crystal), while wt () —
kAo € P x Z6 (as B(wt b+ kAo — D(b)d) is an affine crystal).

Using Theorem 5.6, we define
gchBioc(V) = Y PP ®) e Z[PY]
bEBIoc(A)
for each X\ € P;.
Definition 5.9 (Restricted Kostka polynomials). For each p, A € P, we define

Xal)= S g PO

bEPo (Broc(11),A)
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For each 4 € Py and X € Pf, we define
k _
XM (a) = > g ",
bEP (Broc (1), kAo),wt (b)=A

Theorem 5.10 (Lenart-Naito-Sagaki-Schilling-Shimozono [33]). For each p, A €
P, , we have an equality

= Y POt ® = 3" X, 5 (q) - ch V(A) = geh Bioc(h),
bEBoc (1) APy

where P, (q,t) is the Macdonald polynomial. O

The following result is a straight-forward extension of a result due to Okado
[35] (which in turn uses [14]) for type A (see also Schilling-Shimozono [38, §3.6]).

Theorem 5.11. Let p € Py and A € Pf. We have

k w —wo
XM= Y (r)fwgldamueNx (),
wWEWar,woN€EP

Proof. We set Bioc (15 A) := {b € Bioc(1t) | wt (b) = A} for each A € P. In view
of (5.1) and the Z-linearity of x, we deduce

XM geh Boe(n)) = Y x(et (M -PMotkAa)
bEBoe (1)

_ Z Z X(e)\+kAo—D(b)6)

wEW g, wop /\EPJE bEBIoe (/—";A)

— Z Z (71)Z(w)q(d,>\7/\+)X(eAJr«HcAofD(b)é)

wWEWar,Ap=woy )\GP_*"_' bEBoc (115A)
(5.3)

= Z Z (—1)A) gldA=20) X (g7 )y (et Hio).

AEPL weW\War, A =wor A€ PF
(5.4)

Here we used the fact that the reflection by o is compatible with the function
D by Theorem 5.6 1) and 3) in order to derive the third equality.

The tensor product crystal B(kAg) ® Bioc(1t) is a classical crystal generated
by its highest weight elements.

The set bra, ® Bioc(t) decomposes into the disjoint union

bia, @ Bioc(pt |_| bra, ® Broe(p)' C |_| B(AY) A€ ﬁf (5.5)
>1 >1

that respects the tensor product decomposition in Theorem 5.7. Here we warn
that we equip B(A") a structure of affine crystals. Since bya, @ Boc(1)" is stable
under the action of {€;}c1,,, the embedding bya, ® Bioc(1)! C B(A?) is stable
under the action of {€;}ie1.

For each w € W and i € I,¢, Theorem 5.4 implies that B(kAg),, is a disjoint
union of i-strings or a highest weight elements in i-strings. Here By, (p) is stable
under the action of {&;, f;}.
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By a rank one calculation, we deduce that B(kAg)., ® Bloc(t) is a disjoint
union of i-strings or a highest weight elements in i-strings. Therefore, the set

B(A"Y)y, == B(kAg)w @ Bioc (1) NB(AY) C B(A")

is a disjoint union of i-strings or a highest weight elements in é-strings. In
addition, we have

B(At)sz'w = U J}Vz‘mB(At)w

m>0

by Theorem 5.4 and rank one calculation.
In particular, we have

Z ewtb — Z Di(BWtb)

bEB(A) 5w bEB(A)y,

for each i € I, so that s;w > w (here we again warn that the weight here is
affine weight).
Applying (5.2), we deduce that

x(ehgehBoe(u) = 37 g7 x(eth)
b’ E]Bloc (,u‘)

Z Z qD(b')X(echo+wt b/)

t21 b E€Bloc(p)?

_ wlgnoo Z Z X(eker+wt b)

t>1 beB(A),

=D x(A) = > POy, (5.6)

t>1 bEP (Bioc(1),kAo)

where w — oo means that we take a limit limy_,o i, - - Si,8:,. Therefore,
equating (5.4) and (5.6) implies the result as required (with g+~ ¢~ 1). O
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Appendix A A free field realization proof of The-
orem 4.1 by Ryosuke Kodera!

For general notation, we refer to §1 and the beginning of §2 in the main body. Let g
be a simple Lie algebra of type ADE. The goal of this appendix is to provide a proof of
the following result (without using Theorem 2.15) based on the free field realizations.

Theorem A.1 (= Theorem 4.1). Let w € P{. The g-module Li(w), viewed as a
glz]-module, admits a filtration by {W(u)}.ep, . Moreover, we have

(La(@) : W(p)q =

q_<d’“’(w+A0)> (p=w(w+ Ao),w € Wa)
0 (otherwise)

for each € Py.
Thanks to [7, (1.25)], it suffices to show:

Proposition A.2. There exists a filtration of L1(ww) whose adjoint graded yields the
inequality
ch Li(w) < S @2 V=== eh ().
AEPLNWot(w+Ao)

The rest of this appendix is devoted to the proof of Proposition A.2.

We recall the Frenkel-Kac construction of level one integrable representations of
d. Let @ be an element of P_~1_ and L1 (w) be the integrable highest weight g-module
with highest weight w + Ao.

lrkodera@math.kyoto-u.ac. jp, Department of Mathematics, Kyoto University, Oiwake,
Kita-Shirakawa, Sakyo Kyoto 606-8502 JAPAN
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Lemma A.3. We have Was(w + Ao) = {t,(@w + Ao) | v € Q}. In particular, extremal
weights in Li(w) are parametrized by Q.

Proof. The equality follows by [18, Lemma 12.6]. O

Remark A.4. In this case we also have max(w+Ao) = Wag(w+Ao). Here max(w+Ao)
denotes the set of the maximal weights of L ().

Lemma A.5. We have Py N Wat(ww + Ao) = P+ N (w + Q).

Proof. We have Wat(w 4+ Ag) = w + Q by Lemma A.3. It is well known that for
any X\ € P, there exists unique @’ € P{ ~ P/Q such that A > @’. Thus we have
P.N(w+Q)=P,N(w+Qy). O

We use the symbol X (k) = X @ ¢¥ = X ® 27" € g for an element X € g. Define
a Lie subalgebra 5 of g to be 5 = h[£,£7!] @ CK. Then 5 is a direct sum of the
Heisenberg Lie algebra s = Db ®£&") @ CK and an abelian Lie algebra h ® 1. Put
550 = @b ®EM)@CK and let C; be the one-dimensional representation of 5>¢ via

heek —0 (k> 0) and K ~— id. Let F' be the Fock representation of the Heisenberg
Lie algebra s defined by the induction

F =U(8) ®u(ss,) Ci-

We denote by |0) the element 1 ® 1 € F. Consider C[Q] the group algebra of Q. It
has a C-basis ¢” (y € Q) and the multiplication is given by efe’ = e, We denote
by e®C[Q] a C-vector space which has a C-basis e®*? (v € Q). An action of h ® 1
on e®C[Q] is given by h(0)e®™t? = (h,w + 7)e®t? for h € h. Then F ® ¢”C[Q)] is
naturally a module of 5 =5 ® (h ® 1). We define a Z-grading on F @ e®C[Q] by

deg(h® € ") =k (k> 1) and dege™ " = (w,7) + = (7,7)-

N | =

Thus F ® e”C[Q)] is extended to a module of § & Cd so that (—d) counts the degree.

Remark A.6. The degree of ™17 is determined so that the h-weight of |0) ® et is
tW (w =+ Ao)

We take a certain 2-cocycle €: @ x Q — {£1} as in [13, 2.3]. For an element
v € Q, we define an operator T, on e C[Q] by T,e™+* = (v, B)e 77 (8 € Q). By
[13, Proposition 2.2], we can choose root vectors Fq € go for a € A satisfying certain
relations, e.g., [Fa, Eg]l = (8, @) Eatp if o+ € A.

Theorem A.7 (Frenkel-Kac [13]). 1. The restriction of the level one representa-
tion L1(w) of g to s & Cd is isomorphic to F ® e C[Q).

2. The (5 ® Cd)-module F ® e”C[Q)] is extended to g by

ZEa(k)U_k s exp (Z av(kk)uk> (Tauuav)exp (_ Z akak) u—k)

kEZ k>0

and it is isomorphic to L1(w) as a g-module.

Proof. The assertion is proved by [13] for the case w = 0.

A proof of (i) for a general w is similar. We give a sketch. Let vy, ., be an extremal
weight vector in L1 (@) of weight ¢ (w + Ag). Then U(s @ Cd)vL, ., is isomorphic to
F ®e®"7 as a module of 5 ® Cd. Hence we have an injection F ® e®C[Q] — L1 (w).
By comparing their characters, we see that they are isomorphic.

A proof of (ii) is same as [13]. O
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For each y € Q, we put vey, = T5(|0) @ €¥) = |0) ® e € F © e®C[Q]. (We
note that e(y,0) = 1.) We regard v~ as an extremal weight vector in Li(w) via the
Frenkel-Kac construction. The h-weight of voyy is

w+y— <(ww)+%(%v)) §+ Ao

by construction. Hence the following lemma follows.

Lemma A.8. The vector veoy~ is an extremal weight vector of weight t(ww + Ao).
Moreover, nyvoy~y = 0 if and only if w + v is dominant.

The following lemma follows from Lemma A.3.

Lemma A.9. Any extremal weight vector in L1(w) is of the form vei~y (v € Q) up
to scalar.

We use the Frenkel-Kac construction to prove that L;(w) has a filtration whose
successive quotients are quotients of global Weyl modules. We set

gry Li(w) == Ulal)os/ > Ulalzhv. A€ Py (w+ Q).

HEPLN(w+Q ),
B>

Proposition A.10. Let A be an element of Py N (w + Q+). The image vx of vx in
gry, Li(w) satisfies

h(0)Tx = (h,\)x (h € h) and ni[z]on =0.

Hence we have a surjective morphism of degree %(()\,)\) — (w,w)) from the global
Weyl module W (X) to gry Li(w).

Proof. The relation h(0)ox = (h, A\)Uy follows since the h-weight of vy is A by con-
struction.
Let o € A4. Then for k > 0, we have

Eo(—k)ux € F@ M =UE'hE'])(0) ® %)

by Theorem A.7. Here |0) ® M = a4 4 is an extremal weight vector in Li(w). The
g-submodule U(g)va+q is finite-dimensional and simple. Let pu € Py be the highest
weight of this module. Then U(g)va+ contains v, as its highest weight vector by
Lemma A.8 and A.9. Hence we see that vaya € U(n-)v, and A < A+ a < p. This
implies that

Ea(=k)ux € U(E [ DU (- v

and completes the proof. O

Proof of Proposition A.2. The filtration is constructed as above. The inequality

ch L1(w) < Z q%<<>\’>\)7<w’w))ch W()\)
AePyN(w+Qy)

follows from Proposition A.10. The summation in the right-hand side is over Py N
Wat(ww + Ap) by Lemma A.5. O

Acknowledgments: R.K. thanks Sergey Loktev for the explaining his idea to use
the free field realization in the proof of Theorem 4.1.
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