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Twisted zastava and ¢-Whittaker functions

Alexander Braverman and Michael Finkelberg

To Valery Lunts on his 60th birthday

ABSTRACT

We implement the program outlined in Section 7 of our earlier paper [J. Amer. Math. Soc. 27
(2014) 1147-1168] extending to the case of nonsimply laced simple Lie algebras the construction
of solutions of ¢-difference Toda equations from geometry of quasimaps’ spaces. To this end we
introduce and study the twisted zastava spaces.

1. Introduction

In this note, we implement the program outlined in [5, Section 7] extending to the case of
nonsimply laced simple Lie algebras the construction of solutions of ¢-difference Toda equations
from geometry of quasimaps’ spaces.

1.1. Semiinfinite Borel-Weil-Bott

Let G be an almost simple simply connected group over C with Lie algebra g; we shall denote
by g the Langlands dual algebra of g. We fix a Cartan torus and a Borel subgroup ' C B C G.
Also let By denote its flag variety. We have Hy(Bg,Z) = A, the coroot lattice of g. We shall
denote by Ay the sub-semigroup of positive elements in A.

Let C ~ P! denote a (fixed) smooth connected projective curve (over C) of genus 0; we are
going to fix a marked point co € C, and a coordinate t on C such that t(co) = 0. For each
a € Ay we can consider the space Mg of maps C — B, of degree «. This is a smooth quasi-
projective variety. It has a compactification QM by means of the space of quasi-maps from
C to By of degree a. Set-theoretically this compactification can be described as follows:

oMy = | | MfxSym*#(C) (1.1)

0SB

where Sym® " (C) stands for the space of ‘colored divisors’ of the form )" ~;x;, where z; € C,
vi € Ay and Y «v; = a — 8. In particular, for 5 > a we have an embedding ¢, g : oMy —
QM? adding defect at the point 0 € C (such that t(0) = oo). The union of all QMY is an
ind-projective scheme 9. To each weight A € X*(T) of G one associates a line bundle O(})
on .

Recall the notion of (global) Weyl modules W()) over the current algebra g[t] (see, for
example, [8]). The following version of the Borel-Weil-Bott theorem was proved in [6] in case
g is simply-laced. First, the higher cohomology H>"(04,O())) vanish identically. Second, in
case \ is not a dominant weight, the global sections H 0(9,, O(\)) vanish as well. Third, in
case \ is a dominant weight, the global sections H°(£,,O()\)) are isomorphic to the dual
global Weyl module W(j\)v In Section 5 of the present note we extend the Borel-Weil-Bott
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theorem to the case of arbitrary simple g, and also prove that the schemes Q./\/lg‘ have rational
singularities.

1.2. The g-Whittaker functions

Let G denote the Langlands dual group of G with its maximal torus 7. Let W be the Weyl group
of (G, T). We recall the notion of ¢-Whittaker functions U5 (g, z): W-invariant polynomials in
z € T with coefficients in the field C(q) of rational functions in a variable ¢ (A € X*(T)" a
dominant weight of G). The definition of W3 (g, 2) is as follows. In [11] and [27] the authors
define (by adapting the so called Kostant—Whittaker reduction to the case of quantum groups)
a homomorphism M : C[T]" — Endc(,)C(q)[T7] called the quantum difference Toda integrable
system associated with G. For each f € C[T]" the operator M := M(f) is indeed a difference
operator: it is a C(g)-linear combination of shift operators T 5 where B € X*(T) and

Ts(F(q,)) = F(q.¢"z), 2 €T.

In particular, the above operators can be restricted to operators acting in the space of functions
on the lattice X*(T) by means of the embedding X*(T) < T sending every \ to ¢*. More
precisely, we have a restriction morphism res: C(q)[T] = C(q)[X*(T)], res F(q, \) := F(q, ¢*),
and a unique operator T ;: C(q)[X*(T)] — C(g)[X*(T)] such that T;res =resT ;. Namely,
T;(F(q, N\) = F(q, 4+ A). For any f € C[T]" we shall denote the corresponding operator on
C(q)[X*(T)] by M.

There exists a collection of C(q)-valued polynomials’ of ¥5(q, 2), A € X*(T), on T satistying
the following properties.

(a) ¥5(g,2) = 0if X is not dominant.

(b) Wo(g,2) = 1.

(c) Let us consider all the functions ¥5(g,z) as one function ¥(g,z): X*(T) — C(q)
depending on z € T. Then for every f € C[T]" we have

M (W(q,2)) = f(2)¥(q, 2).

There exists another definition of the g-Toda system using double affine Hecke algebras,
studied for example in [10]. To be more specific, we restrict ourselves here to the double affine
Hecke algebras of symmetric type in terminology of [19]. Since it is not clear to us how to
prove a priori that the definition of ¢-Toda from [10] coincides with the definitions from [11]
and [27], we shall denote the g-difference operators from [10] by M/;. Similarly we shall denote
by (./\/llf“)’ their ‘lattice’ version. We shall denote the corresponding polynomials by \I/’)\ (g, 2),
so that (Mlj‘?t)’(\ll’(q, z)) = f(2)¥(q, z). Their existence follows, for example, from the results
of [21].

1.3. Characters of twisted Weyl modules

In case g is simply laced, it was proved in [6] that U5(q, z) coincides with the character of the
global Weyl module W(X) over g[t] x C*; and it was explained in Section 1.4 of [6] that such
an equality does not hold in case of nonsimply laced g. In the nonsimply laced case we use the
following remedy. We realize § as a folding of a simple simply laced Lie algebra g’, that is, as
invariants of an outer automorphism o of §’ preserving a Cartan subalgebra ' C §’ and acting
on the root system of (§/,t). In particular, o gives rise to the same named automorphism of

the Langlands dual Lie algebras g’ D t' (note that say, in case g is of type B, g’ is of type

T Conjecturally, such a collection is unique. We do not use the uniqueness property in the present note. The
existence follows, for example, from the results of the present note.
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As,—1, while for g of type C,,, ¢ is of type D,11; in particular, g ¢ g’). Let d stand for the
order of 0. We choose a primitive root of unity ¢ of order d. We consider an automorphism
¢ of g'[t] defined as the composition of two automorphisms: (a) o of g’; (b) t — ¢t of CJt].
The subalgebra of invariants g’'[t]° is the twisted current algebra. The corresponding global
twisted Weyl modules Wisted(X) over ¢'[t]s x C* (still numbered by the dominant g-weights
A\ € X*(T)*) were introduced in [9].

In Section 4 of the present note we prove that the ¢-Whittaker function ¥j5(q, z) coincides
with the character of the global twisted Weyl module W'isted(}) over g'[t]s x C*. The relation
between the global and local twisted Weyl modules established in [9] then implies the following
positivity property of W5 (g, z). Let d; = 1 (respectively, d; = d) for a short (respectlvely, long)
simple coroot o; of g. For i € I:the set of simple coroots of g, we set ¢; := ¢%. We set W 5(g,2) ==
Us(q,2) - [Lies I1 ”“A)( —q!'). Then W5 (g, z) is a polynomial in z, ¢ with nonnegative integral
coefficients. Namely, W5 (g, ) is the character of the local twisted Weyl module.

In fact, the above results are known if one replaces s 5(¢,z) with the polynomials
W ((g,2) = (q,2) - [T, 1) (’“A)( q7) (these are often called g-Hermite polynomials in
the literature). Namely, the above local twisted Weyl modules coincide by [17] with the level
one Demazure module D®™isted(X) over g/[t]* x C*. Now the characters of level one Demazure
modules over dual untwisted affine Lie algebras were proved in [21] to coincide with the
g-Hermite polynomials \if’)\ (g, z). Thus we obtain the following corollary:

COROLLARY 1.4. We have V5(q,z) = W (q, 2). Hence the g-Toda systems of [11], [27] and
of [10] are equivalent (they generate the same commutative subalgebras in the g-difference
operators’ rings).

Let us note that the above proof of Corollary 1.4 is very roundabout. It would be nice to
find a more direct argument.

1.5. Twisted quasimaps

Our proof of the properties Section 1.2(a,b,c) of the characters of the global twisted Weyl
modules uses a twisted version of the semiinfinite Borel-Weil-Bott theorem of Section 1.1.
Namely, the automorphism ¢ of g[t] gives rise to the same named automorphism ¢ of the
ind-projective scheme Qg of Section 1.1. Its fixed point subscheme is denoted by Q. To each
weight A € X*(T') of G one associates a line bundle @(X) on Q. As in Section 1.1, we have
H>°(2Q,0()\)) = 0, while H°(Q,O()\)) = Whwisted ())V,

Now the g-difference equations of Section 1.2(c) for the characters of H°(9Q,O(\)) are
proved following the strategy of [5, 6] provided we know some favourable geometric properties
of the finite-type pieces QM C Q (twisted quasimaps’ spaces: the fixed point sets of the
automorphism ¢ of certain quasimaps’ spaces Q/\/l’g,) and their local (based) analogues: twisted
zastava spaces Z%. The verification of these properties occupies the bulk of the present note,
namely the central Section 3. Some properties, like irreducibility and normality of Z¢ are proved
similarly to their classical (nontwisted) counterparts, by reduction to the known properties of
the twisted affine Grassmannian of g’. Some other, like the Cartier property of the (reduced)
boundary, turn out harder to prove. Very roughly speaking, our derivation of the g-difference
equations for the characters of twisted global Weyl modules from the semiinfinite Borel-Weil—
Bott theorem is parallel to the derivation of the Weyl character formula from the classical
BWB theorem via localization to the torus-fixed points. Finally, note that the previous results
of [5, 6] are formally contained in the results of the present note in case of trivial folding when
c=1land d=1.
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2. Setup and notations

2.1. Root systems and foldings

Let § be a simple Lie algebra with the corresponding adjoint Lie group G. Let T be a Cartan
torus of G. We choose a Borel subgroup B O T It defines the set of simple roots {a;, i € I}.
Let G D T be the Langlands dual groups. We define an isomorphism o« — o* from the root
lattice of (G, T) to the root lattice of (G,T) in the basis of simple roots as follows: a; := c;
(the corresponding simple coroot). For two elements «, 3 of the root lattice of (G,T) we say
B < aif @ — B is a nonnegative linear combination of {«;, i € I'}. For such a we denote by 2%
the corresponding character of T'. As usually, ¢ stands for the identity character of G,,. We set
di = (ai, ;) /2, and ¢; = ¢

We realize § as a folding of a simple simply laced Lie algebra §’, that is, as invariants of an
outer automorphism o of §' preserving a Cartan subalgebra ¥ C §’ and a Borel subalgebra
b’ O ¥, and acting on the root system of (§,¥). Note that the unfolding (§' D b D ¥, 0)
is defined uniquely up to an isomorphism. In particular, o gives rise to the same named
automorphism of the Langlands dual Lie algebras g’ D t. We choose a o-invariant Borel
subalgebra t' C b’ C g’ such that b = (b')?. The corresponding set of simple roots is denoted
by I'. We denote by = the finite cyclic group generated by o. We set d := |Z|. Note that
d; € {1,d}. Let G’ DT’ denote the simply connected Lie group and its Cartan torus with
Lie algebras g’ D t'. The coinvariants X,(T"), of o on the coroot lattice X.(T") of (g’,t)
coincide with the root lattice of g and with the coroot lattice of g. We have an injective map
a: X.(Ty = X.(T")? from coinvariants to invariants defined as follows: given a coinvariant
o with a representative & € X, (1") we set a(a) 1=} .= £(&). The Weyl group W of GO T
coincides with the invariants (W')? of o on the Weyl group W’ of G’ D T”. We fix a primitive
root of unity ¢ of order d. We set K = C((t)) D O = C[[t]]. We set t :=t~ 1,

2.2. Ind-scheme 9

We denote by Gr the twisted affine Grassmannian G'(K)°/G’(O)°: an ind-proper ind-scheme
of ind-finite type, see [24, 29]. We consider the projective line C with coordinate t, and
with points 0 = 0c, oo = coc such that t(0c) = 0,t(coc) = co. We recall the setup of [6,
Section 2] with g’ (respectively, t) playing the role of g (respectively, t) of loc. cit. In particular,
R = CJ[[t71]] (respectively, F = C((t1))) of loc. cit. is our O = C[[t]] (respectively, K = C((t))).
Furthermore, A of loc. cit. is the cone in X, (T") generated over N by the simple coroots,
while AY of loc. cit. is the cone in X*(1") generated over N by the fundamental weights. Given
v € A4, we consider the quasimaps’ space Q/\/lg,.

Recall the notations of Section 2.1. We consider the cone Y, CY = X, (T"), generated
over N by the classes of simple coroots of g. Given « € Y, , we consider an automorphism ¢
of Q/\/l;,m) defined as the composition of two automorphisms: (a) o (arising from the same
named automorphism of G'); (b) t — ¢ ~'t. We define QM as the fixed point set (Q/\/lg,(a))g
equipped with the structure of reduced closed subscheme of Q./\/la,a).

For 8 > a € Y, (that is, 8 —a € Y}), we consider the closed embedding ¢, 5: QM® —
OM?” adding the defect a(B — ) -0 at the point 0 € C. The direct limit of this system is
denoted by Q.

2.3. Infinite type scheme Q

We fix a collection of highest weight vectors vy € V5, Ae AY C X*(T"), satisfying the Pliicker
equations. We denote by o: Vi —V, ) a unique isomorphism taking vy to v, and

intertwining o : G’ — G’. We denote by Q the infinite type scheme whose C-points are the
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collections of nonzero vectors vy (t) € Vi @ C[[t™!]], A € AY, satisfying the Pliicker relations
and the equation o(vy)(¢"'t) = Uy(s)(t). It is equipped with a free action of T'= (T")7: if
we view an element of T as a o-invariant element h € (7")7, then h(v(t)) = A(h)vs (t). The
quotient scheme Q = Q/T is a closed subscheme in [Ticr P(Ve, @ C[[t']]) where &; is a
fundamental weight of g’. Any weight A € AY = X*(T"), = X gives rise to a line bundle Oj
on Q.

The construction of [6, 2.3] gives rise to the closed embedding Q < Q.

Finally, recall that the restriction of characters gives rise to a canonical isomorphism
X =X*(T"); — X*(T). The T-torsor Q — Q defines, for any A € X, a line bundle O(\)
on Q. Same notation for its restriction to Q.

2.4. Twisted zastava

The twisted quasimaps’ space QM = (Q./\/l;,(a))< has an open dense subvariety ' QM® formed
by the quasimaps without defect at co € C. We have an evaluation morphism eve, : 'QM% —
B:=Bg = (G'/B')”. We define the twisted zastava space Z* 1= ev'(b_) = (Zg,(a))g. Recall
the factorization morphism 7 : Zg,(a) — A% .= (C-— oo)“(” ). We consider an automorphism
¢ of the coloured divisors’ space A“®) defined as the composition of two automorphisms: (a)
o on the set of colours; (b) t — ¢~'t on A'. We have (A%®)s = A®; a few words about the
meaning of the notation A® are in order. Let o =}, ; a;o; where I = I'/Z (the orbits of
the cyclic group generated by o) = Iy U I; where Iy consists of one-point-orbits (fixed points),
while I; consists of free orbits (so that a; is a long (respectively, short) simple root of (G, T) if
i € Iy (respectively, i € I1)). Then A® = [[,.; (C — 00) (@) x [Lics, ((C—00)/(t — ¢Ce)) (@),
Note that (C — o0)/(t + (~1t) ~ Al with coordinate t? (where d = |Z|, see Section 2.1). In
particular, the diagonal stratification of A%®) induces a quasidiagonal stratification of A®: a
point w € A* lies on a quasidiagonal if either of the following holds: (a) w; , = w; ¢ for 4,5 € Iy
ori,jel (and1<r<a;, 1<s<aj); (b) wi, :w;{S foriely, j€I.
Now 7 commutes with ¢, so that the following diagram commutes:

A Zg/(a)

l wl (2.1)

A Aa(a)

We will denote the left vertical arrow by 7 as well. The commutativity of the diagram (2.1)
implies that the factorization property holds for 7 : Z¢ — A“.

2.5. An example

We take g’ =sl(4) D (g')7 =sp(4) (the invariants of the outer automorphism). We denote
the simple coroots of g~ sp(4) by a1, as, and the simple coroots of g’ by 51, 2, 3, so that
a(ay) = B1 + B3, and a(az) = 282. We will exhibit an explicit system of equations defining the
twisted zastava Z¢ for « = a1 + aa.

To this end recall the fundamental representations of g': V =1V, with a base
v1,va,v3,v4; A2V =V, with a base vij = v; Avj, 1 <1< j <4, and finally A3V =V, with
a base v;j1 == v; Avj Avg, 1 <i < j <k < 4. The involutive outer automorphism o takes V' to
A3V, and A2V to itself; its action in the above bases is as follows: v| — V123, Vs — V124, U3 —>
V134, U4 bt V234; V12 =2 V12, V13 > V13, V24 k> V24, V34 > V34, V14 H> —UV23, V23 — —V14.

Zastava space Zs(ll(’f)’l) is formed by the collections of V, -valued polynomials of

the form (t — a1)v1 + agvz + azvs + aqvy, (t — a123)v123 + Q1240124 + A134V134 + A2340234, (82 +
biot — a12)viz + (bist + a13)viz + (baat + aga)vas + (baat + asa)vsa + (brat + ar4)via +
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(bost + asg3)vas subject to the Pliicker relations to be specified below. The twisted zastava
space ACD NS Zéll(’f)’l) is cut out by the following invariance conditions: ai23 = —ay, @124 =
—ag, @134 = —03, G234 = —Q4, D12 = D13 = bay = b3y = 0, baz = b14, ag3z = —aya.

When writing down the Pliicker relations explicitly we will make use of the above invariance
conditions to simplify the resulting equations. First, the s[(4)-invariant projection V @ A3V —
C must annihilate our polynomials, that is as3s —ay =0 and asaios + asa123 — a1a934 —
a2a134 = 0. Substituting the invariance conditions we get ay = assq4 = 0. Second, the sl(4)-
invariant projection A2V ® A2V — C must annihilate our polynomials, that is asy 4 bi4bez =
0, bigass + bagzais =0, ajgass — ajoazy — ajzasy = 0. Third, the sl(4)-invariant projection
V ® A2V — A3V must annihilate our polynomials, that is az + baz = 0, a4 = 0; as4 — asbig =
0, azs —agbis =0, asbez =0, a3 —aibez =0; ajazz + azaiz +azai2 =0, aijasy + azais +
asaiz =0, araszs + azayy — aga13 =0, asass — azasy + agasz = 0.

All in all, we have ay =0, bo3 = b1y = —ag, a3 = —ay4; substituting for asy, as4, a4 their
values from the third group of equations, we are left with the variables a1, as,as,a12,a13
satisfying the single equation az(a? — a12) = asai3. The factorization projection 7 : Z% — A®

sends (a1, as,as,a12,a13) to (a1,ai2). The boundary 2% = Z«\ Z¢ is given by a single
equation ag = 0.

2.6. Another example

We take g’ = 50(8) D (g')? (the invariants of the outer automorphism of order 3). We denote
the simple coroots of g of type G2 by a1, as, and the simple coroots of g’ by 81, 82, B3, B4, SO
that a(ay) = 361, and a(ag) = B2 + B3 + B1. We will exhibit an explicit system of equations
defining the twisted zastava Z< for a = a1 + aw, so that § = a(a) = 361 + P2 + B3 + Sa.

Zastava space Z f o(8) is formed by the collection of V. -valued polynomials of the form (t3 —
f/,t2 - f/t - f)vdil + (6”1’;2 + e't + 6)”@1*@1 +.o (t - a’)vdm + bvdiz*dz + CUGy— G0 —dn +.
and so on. One can show that the invariance conditions together with Pliicker equations
boil down to a single equation cutting out Z¢ in A® with coordinates (a,b,c,e, f), namely
c(a® — f) = be. The factorization projection 7: Z* — A% sends (a,b,c,e, f) to (a, f). The
boundary 0Z% is given by a single equation ¢ = 0.

In effect, let Y* =5 A® denote the above hypersurface c(a® — f) =be in A®, and its
projection (a, b, ¢, e, f)  (a, f) to A%. Then the open subvarieties 7~1(A%\ {(0,0)}) C Z® and
ww 1A%\ {(0,0)}) C Y are isomorphic by Lemma 3.2 below and, for example, [3, 5.6]. This
isomorphism extends to Y ~ Z% due to normality of Z¢ (Proposition 3.10 below).

3. Geometric properties of twisted quasimaps

3.1. Quasidiagonal fibers

The factorization property of w: Z% — A% implies that in order to describe the fibers of 7 it
suffices to describe the quasidiagonal fibers F§ := 7~ (- 0), and F{ := 7~ !(a - 1) (note that
F{* is isomorphic to 7 (ag - ¢? + a - ¢) for any ¢ # 0, where g := Zielo a;o;, and ap =
> icr, @ici). Recall that the diagonal fiber 771 (v - ¢) C Z;, is denoted by F, (these fibers are
all canonically isomorphic for various choices of ¢ € A'); it is equidimensional of dimension |7|.
Let us choose a decomposition a(a) =3 .= (&) as in Section 2.1 for & € A C X.(T").

LEMMA 3.2. (a) Ff' D F.
(b) Ff'=(Us .7-"5“,)/5 (the union over all the choices of & € Ay C X, (T") such that a(a) =
> ee= §()).

(¢) In particular, dim F¢ = |a|.
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Proof. Clear. O

In order to describe the (quasi)diagonal fiber F§ we need the twisted affine Grassmannian
Gr = G'(K)*/G'(O)° of Section 2.2. The T-fixed points of Gr form the lattice Y. The attractor
(respectively, repellent) of 2p(C*) to a fixed point p is the orbit N'(K)¢ - p =: S, (respectively,
NZ(K) - p=:T),). According to [28, 3.3.2], Gr = | oy Su = ey Tp-

LEMMA 3.3. (a) The closure T, = U, To
(b) The closure S, =, S

A Nt o
(¢) There is an isomorphism F§ ~ Sy NT_,.

Proof. (a) and (b): same as [23, Proposition 3.1]. (¢): same as [7, Theorem 2.7]. O
LEMMA 34. dim F§ = |a|.

Proof. Same as [23, Theorem 3.2], provided we know the dimensions of G'(O)*-orbits
in the twisted Grassmannian: dim Gr” = 2|p| for n € YT, according to, for example, [25,
Corollary 2.10]. O

COROLLARY 3.5. Any fiber of m: Z% — A is equidimensional of dimension |«|.
Proof. Factorization. O

3.6. Irreducibility

We consider the open subscheme Z¢ := (Zg,(o‘))q C Z* formed by the based twisted maps (as

[¢] [e]
opposed to quasimaps). The smoothness of Z;,(a) implies the smoothness of Z¢.

(e}
PROPOSITION 3.7. Z“ is connected.

Proof. We argue as in [4, Proposition 2.25]. By induction in « and factorization, if
there are more than one connected components, we may (and will) suppose that one of
them, say K’, has the property 7(K’) C A where A C A is the main quasidiagonal. By
Corollary 3.5, dim K’ < |a| + 1. By the same Corollary 3.5, there is another component K such
that 7(K) = A%, and dim K = 2|a|. In the case |a| = 1 (that is, a is a simple root of (G, T))
we are reduced to one of the two situations: (a) g’ = sla, and the degree a(«) is d (long root
a); (b) ¢’ = sI5?, and the degree a(a) is 1 along each factor (short root a). In both situations
one checks immediately Z% ~ A%, So we may assume |a| > 1, and hence dim K > dim K.

This inequality will lead to a contradiction. For ¢ € K we have dim K = dim Ty Z“. We have

T,Z% = H°(C, ¢*T By (—0oc))= where TBy stands for the tangent bundle of the flag variety
By = G'/B'. Since T By is generated by the global sections, H(C, ¢*TBy (—ooc)) = 0, and
dim T, Z“ can be computed as the invariant part of the equivariant Euler characteristic of
¢*T By (—ooc). By the Atiyah—Singer equivariant index formula [2], x(s, C, ¢*T By (—ooc))
is independent of ¢, that is, it is the same for ¢ € K and ¢’ € K’. Hence dim K = dim K, a
contradiction. g

COROLLARY 3.8. Z¢ is irreducible.
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Proof. We have to prove that Z% is the closure of Z®. The stratification Z g,<a) =
[e] [e]
La, 5y<a(a) Zg % (€ —00)*77 induces the stratification Z* = | |5, ZP x AP We argue as

in [4, Theorem 10.2]. Tt suffices to prove that (¢, z) € Z% x A®~7 lies in the closure of Z* for
z lying away from all the quasidiagonals and distinct from 7(¢). By factorization this reduces
to the case of simple a. In this case Z« ~ A? is irreducible, as was explained in the proof of
Proposition 3.7. U

3.9. Normality

Recall that each W-orbit in Y has a unique representative 7 such that a(n) € X (7") is a
dominant coweight. We call such 1 dominant as well, and we denote by Y+ the cone of all
dominant elements. Thus Y = Y/W ~ G'(0)*\G'(K)*/G'(O)°. We define the congruence
subgroup K_; C G'(K)* as the kernel of the evaluation morphism ev : G'(C[t™!])* — (G')°.
Given n € Y we consider the orbit W, :=K_;-nC Gr. For A>n €Y' we define the
transversal slice W;} as the intersection Gr* NW),. It follows from [24, Theorem 8.4] that

Wf‘] is normal with rational singularities.
ProprosITION 3.10. Z“ is normal.

Proof. Asin [5, Theorem 2.8] we construct a T' x G,,-equivariant morphism s,>7‘ : Wf; — Z°
for « = A —1n (note that in the present nonsimply laced situation, for the longest element
wy € W we have —wpa = «). More precisely, the desired morphism is just the restriction of
the similar morphism of [5, Theorem 2.8] to ¢-fixed points. Similarly to [5, Theorem 2.8] we
show that ;) induces an isomorphism (s))* : C[Z®] — C[W,] on functions of degree less than
or equal to n € N (with respect to the action of G,,), provided 7 is big enough. Now one

deduces the normality of Z% from normality of W% as in [5, Corollary 2.10]. (]

3.11. The boundary of Z¢

Recall the stratification Z% =[5, 78 x A°=F. The closure of the stratum Z°~7 x A7 is
denoted 0,Z¢. The union J;c; 0q, Z“ is denoted 0;Z“ and is called the boundary of Z°.
More generally, the union UI y>n 04Z* is denoted 9,2 (with the reduced closed subscheme
structure). The open subscheme Z° \ 9,Z“ is denoted Z*. By factorization and the calculations
for |a] =1 (proof of Proposition 3.7), Z% is smooth. We are going to prove that 9, 2% C Z¢
with the reduced closed subscheme structure is a Cartier divisor. Recall the function F,(,) on

Zg,(a) constructed in [5, Section 4].

PROPOSITION 3.12. (a) There is a function F,, € C[Z*] such that Fd = F, )| zo.
(b) Fy is an equation of 01 Z* C Z“.

Proof. Let us denote F,(4)|ze by fo for short. Recall that F,.) has simple zeroes at

any boundary component of Zg,(a) [5, Lemma 4.2]. We first prove that f, vanishes to the
order exactly d at any boundary component 9,,Z%, i € I. We start with ¢ € Iy (notations of
Section 2.4, a long simple root of (G, T)), that is, a Z-fixed point, say ', in I’). The corresponding
simple coroot of (G',T") will be denoted by «,. Since Z® is smooth at the generic point of
04, 2%, and Z;’,(a) is smooth at the generic point of 8Q;IZ§,((X), and set-theoretically 04, 2% =

Z*N 80,/_/Zg,<a), we have to check that the multiplicity of intersection of Z% with G(X{IZ;,(Q) is
generically equal to d. By factorization, we are reduced to the case g’ = sly, a(a) = d. Then
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7% is the moduli space of pairs of polynomials (P(t),Q(t)), P monic of degree d, @ of
degree less than d. Furthermore, F,(,) is the resultant Res(P, Q). For the sake of definiteness,
let d = 3. Then Za(”) ={(P= t3 +azt? + art + ag, Q = bat? + bt + bo)}, and Z¢ is cut out
by the equations a2 ay = by = by = 0. Then we have Res(P,Q)|z~ = b This takes care of
the case of a long simple root «;.

Now let i € I, be a short simple root of (G,T") corresponding to a free Z-orbit, say i’,4", i
in I’ (again, for the sake of definiteness, we take d = 3). Then i’,4"”,i" are all disjoint in the

Dynkin diagram of g’, and the intersection 9, Z“(") N Oy Z“(a) N0, Zg/(a) is generically

transversal. Moreover, each of O, Za(“) ,0ar,, Z“(a) ,O0n ,,,Z (a) is generically transversal to

Z° ¢ 24, and generically amza = Z°0 0, Z“(“) 2N 0, Ze'™ = 2% N4, 200 =

Z9N Ba{/Zg,(a) NOur, Zg,(a) Ny, Zg,(a). This takes care of the case of a short simple root a;.

///

We have f, : Z¢ — C*, and /f, is well-defined on an unramified Galois covering 7 — 7
with Galois group =. To show the existence of F,, we have to prove that this covering splits,

o
that is, the corresponding class in H'(Z%, =) vanishes. This is the subject of the following:

LEMMA 3.13. There is a regular nonvanishing function F,, € C[Z%] such that F¢ = f,,.

Proof. Given a positive coroot o’ of G’ we consider the moduli stack A‘g”/' of B’-bundles
over C' equipped with trivialization at oo € C, such that the induced T’-bundle has degree
. One can check that in case o’ is dominant (as a coweight of G') Ag, ~ A?l’l In general,

Ag,/ is a quotient of an affine space, and the automorphism groups of all points are unipotent.

The natural morphism Z ;‘,/ — Ag‘; is an affine open embedding with the image formed by all
the B’-bundles ¢ps such that the induced G’-bundle ¢ is trivial. The complement divisor

’ ’ o ’ ’
v =Ay \Z o Is irreducible, and F, (;1 extends to a regular function F’, on Ajg, vanishing to
the order 1 along CDS,/.

In case o' =a(a), the automorphism ¢ : Z;,(a) — Z;,(“) extends to the same named

automorphism ¢ : Ag(a> — Aa(a) and we denote the connected component of the fixed point

stack (Aa(a)) containing Z * by A%. One can check that in the appropriate coordinates of the

covering affine space A¥ — A ) the automorphism ¢ is linear, so that A is also a quotient

stack of an affine space, and the automorphism groups of all points are unipotent as well. We
denote the restriction F’ ((¥>| Aa by f! for short. The same argument as in the first part of the

proof of the proposition shows that f/ vanishes to the order exactly d at the complementary
divisor D¢ := A%\ Z«.

Finally, since 71 (A%) = H(A%,Z) = H; (A%, =) = 0, the vanishing of the class in H'(Z%,Z)
associated to {/f/ follows by excision from the above local computations around D¢. O

[e]

So F, is well-defined on Z¢, and extends by zero through the generic points of the boundary
divisor components 0,,Z“. Hence it is defined on the open subset whose complement has
codimension 2, and extends to the whole of Z% by normality of Z¢.

It remains to prove (b), that is to check that the zero-subscheme of F,, is reduced. In other
words, given f € C[Z?] vanishing at the boundary 91 Z% we have to check that f is divisible
by F,. The rational function f/F, is regular at the generic points of all the boundary divisor
components, so it is regular due to normality of Z¢. O
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PROPOSITION 3.14. F,, is an eigenfunction of T x G,, with the eigencharacter ¢(® /22"
(notations of Section 2.1).

Proof. Follows immediately from [5, Proposition 4.4] along with an observation that d -
(a, @) = (a(a), a(a)). O

REMARK 3.15. The invertible function Fa(a)|% is constructed in [5, Section 4] as the

a(a)
ratio of two sections of the determinant line bundle lifted from Bung/ (C) (the generator of
its Picard group). The action of Z on G’ gives rise to a group scheme G over C//= as in [20,
Example (3)]. We have a natural morphism Bung — Bung/(C), and the inverse image of the
determinant line bundle on Bung/(C) is the determinant line bundle on Bung (not its dth
power), as follows from [20, Theorem 3] and [24, 10.a.1, (10.7)].

3.16. Canonical class of Z¢

Recall the smooth open subset Z% C Z“ (notations of Section 3.11).

LEMMA 3.17. (a) The canonical line bundle &, of Z® is trivial.
(b) The weight of its generating section with respect to the loop rotations is M;(a)) +

la(a)].

Proof. (a) For a simple coroot «;, we have Z% ~ A?; let us introduce coordinates
w; along A% and z; along the fibers of m,,: Z% — A®. For arbitrary a =) a;q;, the
factorization gives rise to the rational coordinates w;,,z;,, 1 €I, 1<r<a; on Z%:=
Z% x 4o Al?l. Here the coordinates z;r are defined away from the quasidiagonal divisor in
Alel (see Section 2.4). Let us orient the Dynkin graph of g so that the arrows go from I

to I;. We define a rational section of the canonical line bundle of Z% by the following for-

L 1<r<s<a; 2 1<r<a;, 1<s<a; d \—1 1<r<a;, 1<s<a;
mula s, := Hie] ( i T wi,S) : Hi:>j (wi,r - wj,s) : Hi*}j (wiﬂ'
) 1 1<r<a; ) ) . . . . .
wj’s) -HZ—GI dw; rdz; . Here ¢ = j means this arrow belongs to the orientation chosen

above and i € Iy, j € I1; and ¢ — j means this arrow belongs to the orientation and i,j € I
or i,j € I;. This section extends regularly through the generic points of the irreducible
components of the quasidiagonal divisor due to examples in Section 2.5, Section 2.6 (for a
divisor w; , = wj s, @ = j); due to [3, 5.6] (for a divisor w; , = w; 5, ¢ = j); due to [3, 5.5] (for
a divisor w; , = w; 5). Moreover, this section is &,-invariant, hence it descends to a rational
section 5, of W, that is regular nonvanishing at the generic points of the irreducible components
of the quasidiagonal divisor (again due to [3, 5.5]). Hence 3, trivializes @,.

(b) The weights of w; ,, 2 ,, dw; -, dz; ,» with respect to the loop rotations are all equal to 1
if i € I, and to d if i € Iy. The explicit formula for 5, implies the desired result. [l

3.18. Rational singularities

PrROPOSITION 3.19. Z® is a Gorenstein (hence, Cohen—Macaulay) scheme with canonical
(hence rational) singularities.

Proof. We follow closely the proof of [5, Proposition 5.1], and use freely the notations

thereof. There we have considered the Kontsevich resolution 7 : M g’,(a) — Zg,(a) , and computed

its discrepancy divisor. Now we consider the (smooth) fixed point stack (M, ;,("))E (see [26,
especially Proposition 3.7] for the basics on fixed-point stacks with respect to the finite groups’
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actions); more precisely, its irreducible component M® which is the closure of Z¢ C Zg,(a) C

M;{(O‘)T. Note that there are other irreducible components of (M;,(Q))E7 for example, the loop
rotation invariant stable maps (M. g (a))(“’m (recall that B = B, is isomorphic to o-fixed points in
the flag variety of §’ since g’ is simply laced and hence isomorphic to §’. Hence B is isomorphic
to the flag variety By of g, and a(a) € Ho(B,Z) = Ha(By,Z)° = X.(T")?). In notations of
[5, proof of Proposition 5.1] the latter component consists of stable maps such that C' =
Cy U C, where degCp, = (1,0), and ¢(Cy N C,) = (0,b_). This component is isomorphic to
the substack of based stable maps in the moduli stack of stable maps Mg 1(B,a(c)), and has

dimension 2|a(«)| — 2. Note also that the fixed point stack (M£‘11,<a))E is not a closed substack of

Mg,(m: the natural morphism (Mg;(a) )= = M;/(a) has finite fibers over the points with nontrivial
automorphisms. o

The complement M®\ Z is a union of smooth irreducible divisors Dg numbered by all
B € Ay (notations of Section 2.2) such that > . = &(8') < a(a). The generic point of Dg
parametrizes the pairs (C,¢) such that C' = Cj, UC,, the degree of ¢|¢, equals (1,a(a) —
> ¢e=&(B")), and C, consists of irreducible components CS, €=, degCs = (0,£(8")) (B
invariance implies in particular that the set of points {C5 N Cj,}¢ez C Oy ~ P! is E-invariant).
Among those divisors, Dg: for simple ' project generically one-to-one onto the boundary
divisors of Z“. The remaining divisors are exceptional.

The discrepancy of w: M — Z% equals Zﬁ/: Sees £(8")<ala) mg Dg/, and we have to show
mg > 0. As in [5, Proposition 5.1}, by factorization it suffices to consider the components Dg
such that deE &(B') = a(a). The fixed point stack Dg’,’” with respect to the action of the loop
rotations contains all the pairs (C,¢) such that C consists of 2 + d irreducible components
Chn, CY, CS, € €Z, degC), = (1,0), degCS = (0,£(8")), degC? = (0,0), with the following
intersection pattern. The horizontal component Cj, intersects C° at the point 0 € O} ~ P
The component C¢ intersects only C, and Z acts on C preserving Cj,, C0, and permuting the
components C§, ¢ € . Note that the codimension of D% in Dg is one.

We will prove mg: = |8'| + [(8,5')/2] — 2 (cf. [5, Lemma 5.2]). We will distinguish between
the following two cases: (a) invariant case, when (3’ is Z-fixed; then the group of automorphisms
of generic point of Dg’]” is equal to Z; (b) noninvariant case, when ' # £3’ for a nontrivial

element £ € Z; then the group of automorphisms of generic point of Dg’,m is trivial.

We first consider the noninvariant case. Let (C,¢) € Dg be a general point, and let
pe := CSNCy. Then the fiber of the normal bundle Nbp,, /ue at the point (C,¢) equals
(@565 TpECS ® Tngh)E. As pe € C), tends to 0 € (), this tends to the fiber of NDW/MQ at a
point ('C,¢") of Dg’/’" equal to (Dcz Tpe 'C¢ ® TyCp)= where pe is the intersection point of
the components 'C$ and 'CY. The group G,,, acts on this fiber via the character ¢~ (cf. [5,

proof of Lemma 5.2]). On the other hand, the fiber of NDG""/DW at the point ('C,¢') equals
B/

ToCY ® TyCh, and G, acts on this fiber via the character ¢~1 as well. Finally, T(/c,¢')Dgé'” is
nothing but Z-invariants in the similar tangent space described in loc. cit. From this description
it follows that G,, acts trivially on these invariants. All in all, G,, acts on det T(:¢ 4\ M via
the character ¢~2, and on the fiber of the canonical bundle wyse at ('C,¢’) via the character
¢°. Now the same argument as in [5, proof of Lemma 5.2] yields mg = |8'|[(8',8")/2] — 2.

In the invariant case, due to the presence of the automorphism group =, repeating the
above argument, we obtain that G,,, acts on the fiber of N, D, /me at ('C,¢") via the character

¢~ %, and on the fiber of wye at ('C,¢') via the character ¢>?. From this we deduce again

mg = B+ (8, 58)/2] - 2.

1t is easy to see that (M:,(a))“ is actually a special case of the moduli space of twisted stable maps defined
in [1].
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Now we finish the proof of the proposition the same way as in [5, proof of Proposition 5.1]. O

3.20. Cohomology vanishing

Recall the notations of Section 2.2. We will consider the global quasimaps’ spaces QM®, and
the corresponding ind-scheme 9. We will generalize the results of [6, Section 3] on cohomology
of the line bundles Oj to the twisted case. We denote by H" (9, Oj) the subspace of G,,-finite
vectors in H™(Q, Oy ). Finally, given X € X, we define a cofinal subsystem Y_i‘ C Y, formed by
« such that a* 4+ X\ is dominant.

PROPOSITION 3.21. (1) Forn >0 and o € YJ} we have H"(QM®,05) = 0.
(2) Forn >0 and A € X we have H"(9,05) = 0.
(3) For A ¢ Xt we have H°(Q,05) = 0.

Proof. (3) is clear, and (2) follows from (1). We prove (1).
We will use the self-evident notation 9,, QM for the boundary divisors of QM®. We

[e]
consider a divisor A:=3%"._; 0., QM*. We introduce the open subvariety QM* C QM*
formed by all the twisted quasimaps without defect at co € C, and the evaluation morphism

EUso Qj\/lo‘ — B=(G'/B')?. It is a fibration with the fibers isomorphic to Z¢. We have
eviwp = O_yp. It follows from Lemma 3.17 that KQi\/tﬂ + A —evl Kp =0 (here K stands for

the canonical class). According to Proposition 3.19, Z¢ is Gorenstein with rational singularities;
but OM® is locally in étale topology isomorphic to Z“ x B, hence QM® is Gorenstein
with rational singularities as well. We conclude that the canonical bundle w® := wgpe =
Ogme(—A) ® O_g;. We have the following analogue of [6, Lemma 4]:

LEMMA 3.22. w® ~ O_y-_25.

Proof. As in the proof of [6, Lemma 4] we see that there is i € X such that w® ~ O,.
We have to check i = —a* — 2p. We will do this on an open subvariety Q}\/l“ C OM® with
the complement of codimension 2. Namely, Q../\/l” is formed by all the twisted quasimaps of
defect at most a simple coroot a;, ¢ € I (or no defect at all). Note that AN Q;\/l“ is a disjoint
union of smooth divisors 0, Q;\/lo‘. Moreover, Q;\/lo‘ itself is smooth, and the Kontsevich

resolution K — QM (cf. proof of Proposition 3.19) is an isomorphism over QM. Let us fix
a quasimap without defect ¢ € QM| choose a representative &; of «;, and consider a map
p: C— 0, QM sending t € C to ¢(Zj:1 o"d&; - (7Tt) (twisting ¢ by a defect in C(4)).
Clearly, if i € I; (a; is a short root of (G,T)), then p is a closed embedding; and if i € I

(o a long root of (G,T)), then p factors through C — C//Z < 0., Q}\/la_ We will denote the
categorical quotient C//Z (a projective line) by C, and its closed embedding into 9, Q;\/l"‘ by
P. In both cases, the image of C in 0,, Q;\/l“ will be denoted by C’f. It is easy to see that
deg Oy, |C;¢) = 0;; = (a4, @;). Hence it remains to check that deg(wo‘|05)) = —(ay,a* 4+ 2p). To
this end recall that w® ~ Ogpe(—A) ® O_y5, and the Kontsevich resolution K* — QM“ is

L]
an isomorphism over QM. Thus we have to compute the degree of the normal line bundle

. @ © . .
aaif(w/KJC? restricted to C}’, and prove degNaaif(w/KJCf = {a;, o).

We follow the argument of [15, proof of Proposition 4.4], and consider first the case i € I.
The universal stable map (C, ) over C,fs C K looks as follows. For t € C\ {0,000} (recall
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that Cj) ~ C) the curve C; has components C, = C,C}, 1 < r < d, and ¢¢|c, = (id, ¢), while
deg(pt|cr) = (0,0"@;). The intersection point Cy N C, is (7"t. For t = 0 (respectively, 0o), the
curve Cy has components Cj, = C,CY,C}, 1 <r <d, and ¢¢|c, = (id, ¢), while deg(p¢|co =
(0,0), and deg(p¢|cr) = (0,0"d). The intersection points of the components all lie on CY, and
CY N Cj, = 0 (respectively, co).

The description of the normal bundle deg Na o)
) = (ca;, @*). The argument in the case i € Iy is

Ko given in the proof of Proposition 3.19
implies deg/\fau’i[.(o/Ko |C§> =2+ (o, 0" —af
similar. O

Returning to the proof of the Proposition, it is finished the same way as the one of [6,
Theorem 3.2]. O

4. Fermionic formula and gq-Whittaker functions

4.1. Fermionic formula

Recall the setup of Section 2.1. In particular, an isomorphism « +— o* from the root lattice
of (G,T) to the root lattice of (G, T) defined in the basis of simple roots as follows: a := ¢;
(the corresponding simple coroot). For an element o of the root lattice of (G, T), we denote
by 2* the corresponding character of T'. As usual, ¢ stands for the identity character of G,,,
and ¢; = ¢%. For v =3, ; cia;, we set (q)y = [[;c; [T, (1 — ).
According to [12, Theorem 3.1], the recurrence relations
q(B:B)/2 87

Ju= Y o (4.1)

0<B<L

uniquely define a collection of rational functions J,, a >0, on T x G,,, provided Jy = 1.

Moreover, these functions are nothing but the Shapovalov scalar products of the weight

components of the Whittaker vectors in the universal Verma module over the corresponding
quantum group.

THEOREM 4.2. 7, equals the character of T x G,,-module C[Z?].

Proof. We have to prove that the collection of characters of T x G,,,-modules C[Z?] satisfies
the recursion relation (4.1). Given the geometric preparations undertaken in Section 3, the proof
is the same as the one of [5, Theorem 1.5]. O

We organize all 7, into a generating function J;Wi“ed(z, x,q) = ZQEA+ %7, the equivari-
ant twisted K-theoretic J-function of By . The same way as [5, Corollaries 1.6,1.8] follow from
[5, Theorem 1.5], Theorem 4.2 implies the following

COROLLARY 4.3. The equivariant twisted K-theoretic J-function J{'*d of By, is equal to
the Whittaker matrix coefficient of the universal Verma module of U,(§); it is an eigen-function
of the quantum difference Toda integrable system associated with §. O

4.4. Twisted Weyl modules and g-Whittaker functions

The notions of the local (respectively, global) Weyl modules over the twisted current
algebra (g'[t])* were introduced in [17] (respectively, [9, Section 9]). Recall the notations
of Section 2.4. Given a dominant G-weight \ = Zie]<ai?5‘>dji we define A* := ][, (C—
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oo) (@A) [Lics, ((C —00)/(t — C*It))“o‘i’;\v». The character of C[A*] with respect to the
natural action of C* is equal to [[,.; Hﬁi‘i”w(l —q7)~L. According to [9, Section 9] there

exists an action of C[A* on the global twisted Weyl (g/[t])s-module W™isted(X) such
that

(1) this action commutes with (G'[t])* x C*; )

(2) wtwisted(}) is finitely generated and free over C[AM];

(3) the fiber of WiWisted(X) at A .0 € A* is the local twisted Weyl module Dtisted(}X) of
[17).

Now the local twisted Weyl modules Dtisted(X) coincide by [17] with the level one Demazure
modules over g'[t]° x C*. And the characters of level one Demazure modules over dual untwisted
affine Lie algebras were proved in [21] to coincide with the g-Hermite polynomials \i/g\(q, z) (see
Section 1.3).

On the other hand, recall ¢-Whittaker functions ¥5(g,z) and \115\ (q,2) == T5(q, 2) -
[Lics Hﬁoﬁl’M(l —qF) of [6, Theorem 1.2]. Given the geometric preparations undertaken in
Section 3, the following theorem is proved the same way as [6, Theorem 1.3]:

THEOREM 4.5. The characters of T x C*-modules W*'*d(X) and D"™st*d(}) are given
by the corresponding g-Whittaker functions: x(W"Wsted(X)) = Uy (q,2); x(DWSted())) =
U5 (g, 2). O

Also, the same argument as the one for [6, Theorem 1.5] establishes the following version of
the Borel-Weil theorem for the dual global and local twisted Weyl modules:

THEOREM 4.6. There is a natural isomorphism T'((G'[[t]]/T"-U"[[t]])*,O(\)) ~
[(Q,O(\)) =~ whwisted(\)V - Similarly, T'((G'[[t]]/B"[[t]])¢, O(\)) =~ Dtwisted(X)V,

5. Nontwisted non simply laced case

5.1. Quasimaps: rational singularities

Recall that g is a nonsimply laced simple Lie algebra, and Z7 is the corresponding Zastava
space.

PROPOSITION 5.2.  Z¢ has rational singularities.

Proof. We are going to apply [14, Corollary 7.7]. Recall [14, Definition 3.7] that an effective
divisor A is called a boundary on a variety X if Kx + A is a Q-Cartier divisor. We will take
X =273, and A =3, ;04,27 (the sum of boundary divisors s, Zg with multiplicity one).
Recall the symplectic form € on Z constructed in [16], and let Al*lQ be the corresponding
regular nonvanishing section of we - According to [16], Al*IQ has a pole of the first order at

g
each boundary divisor component 9,,Zg C Z. Here Zg C Zg is an open smooth subvariety
with codimension 2 complement formed by all the quasimaps with defect of degree at most a

simple coroot. Recall a function F,, € C[Z{] [5, 4.1]. According to [5, Lemma 4.2], F;, has a
zero of order d; = (o, ;) /2 at 3aiZ§‘. Hence F,A!*IQ is a regular section of we nonvanishing

at the boundary divisors (“)al.Zg for a short coroot «;, and with a zero of orduer d; — 1 for a
long coroot a;. We conclude that wy = Oéa(ziel(di —1)0a,25), and Kéa + D icr Oai Zg
g g

g
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is the divisor of F,. So indeed >’
Definition 3.7].

Recall [5, Proof of Proposition 5.1] the Kontsevich resolution = : M* — Zg. According to
[14, Definition 3.8], the log relative canonical divisor Kﬁa/zg 1= Ko + Ay — 7 (Kz0 + A)
where Aj; is the proper transform of A on M®. According to [14, Corollary 7.7], if
K ﬁﬂ )Z3 is a sum of exceptional divisors of M“ with positive multiplicities, then Z7 has

ie1 00, Zg is a boundary on Zg in the sense of [14,

rational singularities. So we have to compute the multiplicities in K AA/IQ /70 We use freely
g
the notations of [5, Proof of Proposition 5.1]. As in loc. cit., by factorization it suffices
to compute the single multiplicity m, of D,. In case a = o is simple, we have m,, =0
by the definition of K ﬁa Jz0 since D, is not exceptional (note that this zero multiplicity
is not given by the formula of [5, Lemma 5.2]). In case « is not simple, the divisor
D,, is exceptional, and the argument in the proof of [5, Lemma 5.2] goes through word
for word, giving the result m, = |a| + [(a, @)/2] —2 > 0. This completes the proof of the
proposition. O

5.3. Quasimaps: cohomology vanishing

In this section we follow the notations of [6]. In particular, we will consider the global
quasimaps’ spaces Q./\/l;7 and the corresponding ind-scheme 4. We will generalize the

results of [6, Section 3] on cohomology of the line bundles O(\) to the case of nonsimply
laced G.

PROPOSITION 5.4. (1) Forn >0 and a € Ai we have H"(QMg, O\) =0.
(2) Forn >0 and A € AV we have H"(Q,4, O(\)) = 0.
(3) For A ¢ AY we have H°(Q4,O0(\)) = 0.

Proof. (3) is clear, and (2) follows from (1). We prove (1).
We will use the self-evident notation 0,, QMS‘ for the boundary divisors of Q/\/lg. We define

the boundary Aq := )7, ; 0o, QM. Recall the open subvariety QMg C QM formed by all

the quasimaps without defect at oo € C, and the evaluation morphism eve : QMG — By.
It is a fibration with the fibers isomorphic to Zg'. We have ev’ wp, = O(—2p). The proof of
Proposition 5.2 implies KQ%AQ +Aq —evi Kp, =0.

Now we have O( Lt GAQ) = O(—a* —2p). In effect, the proof of [6, Lemma 4] goes
g

K o
oM
L]
through word for word: first it suffices to check the equality on the open subvariety QM{ C
Q/\/lg‘ formed by all the quasimaps with defect at most a simple root since the complement
L]
QMg \ QMY has codimension 2. Second, it suffices to calculate the degree of the normal

bundle N .
00, QM3 QMg
deg NV

B, QMG / QM2 |ch
Finally, for & € A} the line bundle £ = O(\) ® O(—Komg — Ag) on QMY is very ample.

The vanishing of H>O(QM(;,O(5\)) =H>°(QM{, L ® O(Koms +Aq)) follows from [18,
Theorem 2.42] which in turn is an immediate corollary of [22, Corollary 1.3]. O

restricted to the curve Cf defined in loc. cit. Third, the equality
= (o, a* + 2p) is proved in [15, Proposition 4.4].

Acknowledgments. We are grateful to A. Kuznetsov, S. Kovéacs, Yu. Prokhorov, L.
Rybnikov, J. Shiraishi, and X. Zhu for their patient explanations.
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