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Abstract—The independent set problem for a given simple graph consists in computing the size
of a largest subset of its pairwise nonadjacent vertices. In this article, we prove the polynomial
solvability of the problem for the subcubic planar graphs with no induced tree obtained by identifying
the ends of three paths of lengths 3, 3, and 2 respectively.
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INTRODUCTION

The article is a continuation of the series of papers [3—6, 8—10], where the algorithmic complexity
of the independent set problem (the IS problem) was studied. Recall that an independent set (i.s.) in
an simple graph is a set of its pairwise nonadjacent vertices. A maximum independent set (m.i.s.)in G
is an independent set with the greatest number of vertices; its size is called the independence number
of G and denoted by a(G). The IS problem for a given graph G and a natural number & consists in finding
whether o(G) > k.

Several algorithmic instruments for graph reduction are known for solving the IS problem. For
example, the so-called adjacent absorption law. A vertex a in a graph G adjacently absorbs
avertex bif ab € E(G) and N(a) O N(b) \ {a}. In this event, a(G) = a(G \ {a}). Adjacent absorption
is a particular representative of the so-called compressions [1]; i.e., the mappings of the vertex set of
a graph into itself that are not automorphisms and under which every two distinct nonadjacent vertices
go to distinct nonadjacent vertices. Thus, compression transforms a graph into its induced subgraph,
and the independence number is obviously preserved. Recall that a graph H is called an induced
subgraph of a graph G if H is obtained by removing some vertices of G. A graph H is called a minor of
a graph G if H is obtained from G by removing vertices and edges and also by contracting edges.

A graph class is an arbitrary set of ordinary graphs closed under isomorphisms. A graph class is
called I1S-simple if the IS problem is polynomially solvable for the graphs of this class. A graph class
with NP-hard IS-problem will be called [S-hard.

A class is called hereditary if it is closed under vertex removal. It is known that every hereditary
class X can be defined by the set S of its minimal forbidden induced subgraphs; here the notation
X = Free(S) is adopted. A hereditary class is called finitely defined if the set of its minimal forbidden
induced subgraphs is finite. A minor closed graph class is a class that, together with its every graph,
contains all minors of this graph. Every minor closed class can be defined by the set of its forbidden
minors. For example, the class of planar graphs P is minor closed, the set of its forbidden minors consists
of the graphs K3 3 and K5 by Wagner’s Criterion.

A triod T; ;1 is a tree obtained by identifying three endvertices of paths P41, Pji1, and Py
respectively. The class 7 consists of all possible graphs whose each connected component is a tree
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with at most three leaves (i.e., a triod). It is proved in [5] that every finitely defined class X containing 7
is [S-hard. The same is true if, instead of X', we consider the class P(3) N X, where P(3) is the set of
subcubic planar graphs, i.e., of planar graphs with all vertex degrees at most 3. In the same article [5],
there was made the conjecture that each finitely defined class not containing 7 is [S-easy. To this end, it
suffices to show that, for every graph G' € 7, the class Free(G) is [S-easy. At present, this is proved for
every graph G € 7 with at most 5 vertices. The complexity status of the IS problem is unknown already
for the class Free(Fs).

At the same time, it would be of interest to study the complexity of the IS problem for the classes
of the form Y NFree(G), G € T, where ) is a proper hereditary subset of the set of all graphs.
Some authors earlier proved that the following classes of graphs free of triods of a given type are IS-
simple: the class D(d) N Free(T1 ;) [8] for every d,i € N, where D(d) is the class of graphs with all
vertex degrees at most d; for each ¢ € N, the classes P NFree(T72;) [3, 9], P N Free(T} ;) [6], and
P(3) N Free(Ts2,) [4], and also the class D(3) N Free(T32.2) [10].

In this article, we prove that the graph class P(3) N Free(T3 32) is [S-simple.

1. NOTATIONS

We use the following notations: P, is a simple path with n vertices, K, is a complete graph with n
vertices, K,, m is a complete bipartite graph with n vertices in one part and m vertices in the other, a, b is
the set of naturals {a,a + 1,...,b}, and N(x) is a neighborhood of . The graph G \ V" is obtained from
a graph G by removing all vertices of V! C V(G), and G[V'] is the subgraph of G induced by V! C V(G).

The notation [a, by, b2, b3, c1, 2, 3, d1, d2] means that the vertices involved generate the triod 73 3 2
with the edge set {aby, b1ba, babs, acy, c1ca, cacs, ady, dyds}.

The domain in a plane embedding of a planar graph bounded by a induced cycle (v1, ..., vx) of this
graph will be denoted by D(vy, ..., vg).

2. THE REPLACEMENT OPERATION AND ITS IMPORTANCE

In this article, we will use some local graph transformations that are particular cases of the so-
called replacement schemes proposed in [2]. In [2], the sufficiently general class of transformations is
considered under which the independence number is exactly preserved but it is observed that admitting
the change of the independence number by some constant would give nothing principally new.

Let Hy and Hs be graphs and let A C V(H;) NV (Hs). We say that Hy and Hs are a-similar with
respect to A if there exists a constant ¢ such that a(H; \ X) = a(Hz \ X) + ciorevery X C A.

Let G be a graph and let H be its induced subgraph. Call a subset A C V(H) H-separating if none
of the vertices in the graph H \ A is adjacent to any of the vertices of G \ V(H).

Suppose that graphs H; and Hs are a-similar with respect to A C V/(Hy) NV (Hy). Assume that G
contains a induced subgraph H; with H;-separating set A. The replacement of the subgraph Hy in G
by the graph Hs consists in formation of the graph G* with the vertex set (V(G) \ V(H1)) UV (H2)
and the edge set (E(G) \ E(H1)) U E(Ha).

Lemma 1. /f G* is the graph obtained by replacing Hy with Hy in G then
a(G*) = a(GQ) + a(Hz2) — a(Hy).
Proof. Let Sbeam.is.inG,

M=S\V(H), X= ] nV(H)).
xeM

Since X C A, we have a(G) = |[M|+ a(H; \ X). liwe add to M am.i.s. of Hy \ X in G* then we obtain
an i.s. of size |M| + a(Hy \ X). Consequently,

a(G*) > M|+ a(He \ X) =a(G) —a(H1 \ X) + a(H2 \ X) = a(G) — a(Hy) + a(Hj).

The reverse inequality is proved by analogy. Lemma 1 is proved. O

The replacement is the most important instrument for obtaining the main result of this article.
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3. IRREDUCIBLE GRAPHS AND THEIR PROPERTIES
3.1. Compressible Subgraphs with Separating Set

Suppose that H is a graph, A C V(H),and B =V (H) \ A. Let M(H, A) denote the family of all sets
X C A such that a(G[BUY]) < a(G[B U X]) for each Y C X. The definition of a-similarity shows
that ¢ = a(Hy) — a(H3), and so a(Hy) — a(Hy \ X) = a(H3) — a(Hz \ X) for every X C A. Hence,
after removing the vertices of every set X C A from H; and Hs, the independence numbers change
identically. It follows that 9(Hq, A) = 9M(Hs, A) for a-similar graphs Hy and Hy with respect to A.
The converse is also obvious: Hy and Hy are a-similar with respect to A C V/(H;) N V(Hy) if and only if
M(H, A) = M(Ha, A).

Call a pair (H, A) degenerate if the union of all elements in M(H, A) is not equal to A.

Lemma 2. If a graph G has a induced subgraph H with H-separating set A and (H,A) is
a degenerate pair then, for some vertex x € A, we have a(G \ {z}) = a(G).

Proof. Suppose that a vertex x € A belongs to no set of the family 9t(H, A). Assume that S is an m.i.s.
in G and x € S. The set X = AN S does not belong to M(H, A). Then there exists Y C X such that
x €Y and

a(H[BUX]) = a(H[BUY]) = [SNV(H)|.

Let Z be an m.i.s in H{BUY]. Then (S\ V(H))U Z is an i.s. of size «(G) in G \ {z}. Lemma 2 is
proved. O

Below in Section 3.1, we assume that the pair (H, A) is nondegenerate. If A = {v1,v2} C V(H) then
there are three possible cases:

(DM(H, A) = {{vr, 02}, ADM(H, A) = {{v1}, {va}},  (HDM(H, A) = {{or}, {v2}, {01, v2}}.
In each of these cases, define a graph H' as follows:
(I) H' is a simple path (vy,v3, v2); (IT) H' is the complete graph on the two vertices vy, vs;
(II1) H' is the empty graph on the two vertices v; and vs.
In each of these cases, the graphs H and H' are a-similar with respect to A.
Lemma 3. Suppose that H = (V, E) is a connected induced subgraph in G including an H-
separating set A = {vy,va} and |V (H)| > 3. Let G*(t) be the result of replacing H by H'(t) in G,

where H'(t) is defined by the rule number t. Then, for every t, G*(t) belongs to P(3) N Free(T332)
if G does not contain separating cliques and lies in the same set.

Proof. Obviously, G*(t) € P(3). Assume that G*(¢) has a induced triod T3 3 5. Since G does not include
separating cliques and |V (H)| > 3, therefore v1vy is not an edge in G. This and the connectedness of H
imply that H contains a induced path of length at least 2 between v; and vy. Therefore, G has a induced
subgraph T3 35 in each of the cases (I)—(III) by the definition of H'(t); a contradiction. Hence, the
assumption was erroneous, and Lemma 3 is proved. O

Refer to a induced connected subgraph H in a graph 2-compressible if H has an H-sepa- rating set
with exactly two vertices and |V (H)| > 4.

Let H be a graph and let A = {v1,v2,v3} C V(H). Depending on the family 9 (H, A), in each of the
cases, define the graph H’ as follows:

(I) if m(H, A) = {{’Ul}, {’Ug}, {Ug}, {’Ul, ’Ug}} then H' is a simple path (Ul, V3, V4, Vs, UQ);

(IN)if9Mm(H, A) = {{v1,v9,v3}} then put H' to be a simple path (v1,v4,ve, v5,v3);

(1) if M(H, A) = {{v1}, {ve,vs}} then H' is a simple path (v, ve, v4,v3);

(IV)itM(H, A) = {{v1}, {va}, {vs}, {v1,v2}} then H' is the tree with vertices v1, va, v3, v4, v5 and
edges V1V4, V2V4, V405, and V5V3,

(V) if M(H, A) = {{v1,v2},{v1,v3}} then H' is the graph with vertices vy, v, v3, v4, v5, v6 and
edges V1V4, V4V5, V4V2, V2V5, U5V, and Vg U3,
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(VI)it Mm(H, A) = {{v1},{va}, {vs}} then put H = K3 with vertices v1, v, and vs;
(VH) if m(H, A) = {{Ul}, {Ug}, {’Ug}, {Ul,’Ug}} then H' is a simple path (Ul, V4, Vs, V3, ’Ug).
In each of these cases, H and H' are a-similar with respect to A.

A induced subgraph H in a graph is called (3,t)-compressible if the H-separating set contains
exactly three vertices and |V(H)| >4 (if t = VI), or [V(H)| > 5 (if t =1II), or |V(H)| > 6 (if ¢ in
{LILIV, VIL}), or [V(H)| > 7(ift = V).

In what follows, apply each of the above-described seven compressions to the graphs of the class
P(3) N Free(T332) so that the result again belong to the same class (as a rule, the result of applying
a replacement to G is a induced subgraph of G).

Suppose now that H is a graph and A = {vy, vy, v3,v4} C V(H). Again, in each of the cases of the
family 9 (H, A), define a graph H':

(I) if M(H, A) = {{v1}, {va},{v3}, {va},{v1,v2},{vs,v4}}, then as H' consider the simple cycle
(w1, w3, w2, wy);

(1) if M(H, A) = {{v1}, {v2}, {vs}, {va}, {v1,vs}, {v1,va}, {v2, v3}, {va, va}} then H' is the graph
with vertices w1, wa, w3, wy and edges wyws, wawy;

(IIT) it M(H, A) = {{va,v4}, {v1,v3,v4}} then H' is the graph with vertices V(H') = {w1, w2, ws,
w4, W5, We, W, ’wg} and edges E(H,) = {w1w5, WsWe, WeW2, WeW7, W7TW3, W3WS, WgW2, w8w4};

(IV) it M(H, A) = {{va,v4},{v1,v3}} then H' is the graph with vertices V(H') = {w1, wa, w3, wy,
ws, We, Wy, wg} and edges E(H/) = {w1w5, WsWe, WeW2, WeW7, W7W3, W3W4, W4WSg, wag}.
In each of these cases, H and H' are a-similar with respect to A.

A induced subgraph H of a graph is called (4,t)-compressible if the H-separating set contains
exactly four vertices and |V (H)| > 5 (ift € {I,11})or |[V(H)| > 9 (if t € {II,IV}).

In what follows, apply each of the above-described four compressions to the graphs of the class
P(3) N Free(T532) so that the result again belong to the same class (as a rule, the result of applying
a replacement to G is a induced subgraph of G).

Let us write a H-separating set as a collection that is called an H-separator (as distinct from the
set). We assume that under replacement the ith element of a collection goes to the vertex v;.

3.2. The Notion of Irreducible Graph and Its Meaning

Call a connected graph G irreducible if the following are fulfilled simultaneously:

1°. G belongs to P(3) N Free(T33,2).

2°. G has no separating cliques.

3°. G does not posses a induced subgraph H and an H-separating set A such that |V(H)| < 12,
|A| < 4, and the pair (H, A) is degenerate.

4°. G has no connected induced subgraph H; with more than 12 vertices such that to G one can
apply the replacement of the subgraph H; by some graph Hj such that |V (Hz)| < |V (Hy)| and the
result belongs to the class P(3) N Free(T33.2).

[t is known that, for a hereditary graph class X, the IS problem is polynomially reducible to the
same problem for the part X' constituted by all connected graphs of X without separating cliques [5].
Suppose that G € P(3) N Free(T532). Exhausting all subsets of its vertices of size at most 12 and
exhausting all graphs with at most 11 vertices and also solving at most 24 = 16 IS problems for each of
the graphs with at most 12 vertices, we can check in time O(|V (G)|*?) whether G satisfies conditions 3°
and 4°. The membership of a graph with n vertices and m edges in the class P(3) is recognized in
time O(n 4+ m) [7]. The membership of a graph with n vertices in the class Free(T332) is recognized
in time O(n?) by exhausing all 9-element subsets of vertices and checking the inducedness of the
subgraph T3 3 o by one of these subsets. The above-listed facts and Lemma 2 imply that the IS problem
for the graphs of class P(3) N Free(T3 3.2) is polynomially reducible to the IS problem for the irreducible
graphs of this class.
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3.3. Some Auxiliary Results

Lemma 4. For all induced 5-cycle in an irreducible graph G, at least four vertices of the cycle
have degree 3.

Proof. Suppose the contrary: The graph G has an induced cycle (z1,x9, 3,24, x5) in which either
deg(zs) = deg(zs) = 2 or deg(z4) = deg(zs) = 2. In the former case, the pair (Glx1, z2, x3, T4, 5],
{x1,29,24}) is degenerate. In the latter case, we obtain the (3, VI)-compressible subgraph H =
G[r1, x2, x3, 24, x5] With H-separator (x1, x2, x3). The result of compression, denoted by G*, is a minor
of G since G* is obtained by contracting the edges x; 25 and x4x3; therefore, G* € P(3).

The graph G* has no induced triod T3 3 o: for this it suffices to show that no induced triod T3 3 2 in G*
includes the edge x1x3. Indeed, if such a triod T3 3 2 in G* exists then G includes an induced triod 75 3 o
one of whose edges is xjxs.

Lemma 4 is proved. O

Lemmab. Let G be a planar subcubic graph and let C}, C5, and C3 be its three pairwise distinct
cycles such that each of the sets

E(CT)NE(Cy),  E(C3)NEC),  E(CT)NE(CS)
generates a simple path in G. Suppose also that G contains three edges €], e5, and ej that
constitute an induced path in given order, where
e1 € (E(CT) N E(Cy)) \ E(C3), ey € E(C) N E(Cy) N E(C3),
e3 € (E(C3) NE(C3)) \ E(CY).
Then, for every planar embedding of G, we have one of the inclusions
D(C3) ¢ D(C3),  D(CY) C D(C3).

Proof. Consider an arbitrary planar embedding of G. It suffices to consider the two cases: either
D(C3) € D(CY) or D(C3) € D(CY) and D(CY) € D(C5). Since, for all distinet ¢ and j, E(CF) N
E(C7) generates a simple path in G and G is subcubic planar; therefore, D(C}) N D(C}) is a Jordan
curve. Let P be the simple path in G generated by the set of edges E(CY) N E(C5). Clearly, e}, e5 €
E(P). Since e ¢ E(CY), we have e} ¢ E(P). Obviously, €5 is a final edge of P; otherwise, €3, €3, and
the edges of P adjacent to e3 and different from e} have a common vertex and lie in C5.

Recall that D(C5) N D(CY) is a Jordan curve of which the edges e3 and ej are parts and e is not;
moreover, G is a subcubic planar graph. This obviously implies D(C%5) C D(C3) in both that cases.
Lemma 5 is proved. O

4. NONEXISTENCE OF IRREDUCIBLE GRAPHS WITH
SUFFICIENTLY LARGE GENERATED TRIODS

This section aims at proving that there is no irreducible graph including an induced triod 152 1.
Suppose that such a graph G = (V, E) exists. Consider its induced triod 75 2 19. Denote the vertex of
the triod of degree three by o, designate the vertices of the branch with ten vertices as aj,aqo, ..., a1
(in receding order from o) and the vertices of the other two branches as b1, b2 and ¢y, ¢o (also in receding
order from o).

In the next three lemmas, we demonstrate the impossibility of the equality

N(b2) \ {b1} = N(c2) \ {c1}-
We will prove these lemmas by way of contradiction on setting N = N(b2) \ {b1}. Note that N" # &;
otherwise, by constitutes a separating clique of G. Obviously, N’ consists either of a single vertex x or
of two vertices x and y. In proving the next three lemmas, we will assume that = and y are nonadjacent;
otherwise, the subgraph Gbs, ca, x, y] is 2-compressible. Finally, we will suppose that deg(b;) > deg(c1)
since this assumption does not diminish generality.

Lemma 6. Each element of N' = N(bo) \ {b1} is not adjacent to no one of the vertexes of
{ala az, (13}-
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Proof. Suppose that some x € N’ has a neighbor a; € {ay,as,as}. Obviously, this can be only a;
otherwise, [ay, ayy1, 12, Gir43, a1, 52, ayr_3, T, ca], where ag = oand a_y = by.

Let N' ={z,y}. If yby € E then [a1,a9,as,a4,,b2,y,0,c1]. Clearly, y has a neighbor a;» in
{az, a3, a4}; otherwise, a1, az, a3, a4, x, c2,y, 0, b1]; but then

[az‘", Q41 415 Qg1 4.2, Q11 4 35 Qg 1, Q11 —2, Agt 3, Y, 02]-

Now, let N" = {z}. There exists a vertex bj € N(by) \ {b2,0}; otherwise, the vertices z and a;
form a separating clique of G. Ii bjc; € E then, obviously, b] must be adjacent to some vertex a;» in
{ag, as, as}; otherwise, [a1,az, as, aq,0,b1,b], x,co]. It is easy to see that i’ # 2; otherwise, {b], a2} is
a separating clique in G. Then

[ai’”7 ai'"—i-h (LZ'/N+27 (LZ'/N+3, b?l’ b17 b27 Qg _q, (IZ'/N_Q] .

Consider the case when b} and ¢; are nonadjacent. Clearly, b} is adjacent at least with one of the
vertices ag and ag; otherwise, [z, a1, ag, as, ba, by, b}, ca, ¢1]. We may assume that b is nonadjacent to as;
otherwise, {x, a1} is a separating clique in G (if deg(c1) = 2) or ¢; has a neighbor not belonging to
{0, ¢2, b} } and adjacent to ag; moreover, b} and this neighbor are similar as regards arguments. In other
words, we may assume that bja3 € E.

Suppose that ¢; has a neighbor ¢ ¢ {o, co, b} }. In this event, either )¢} € F or cjas € E; otherwise,
[z,b2,b1,b), c2,c1,¢),a1,az2]. Suppose first that bic] € E. I cjag € E then {b|,a3} is a separating
clique in G; otherwise, [b], ¢, c1, ¢, a3, az, a1, b1, ba]. Suppose on the contrary that b ¢} ¢ E. Then ¢} is
adjacent to ag; otherwise, [x,ba, b1, b}, ca,c1, ¢}, a1, as]. Clearly, ¢, must be adjacent to some vertex a;
for i € {4,5}; otherwise, [ag2, as, a4, as,a1,z, b, ¢}, c1]. Hence, a1, as, ¢}, a;i,0,b1,b), 2, co]. It remains
to consider the case when deg(c1) = 2. The vertex ag has a neighbor af, ¢ {a1,as} since otherwise
b} and ag constitute a separating clique in G. The vertices a}, and b} are nonadjacent; otherwise,
[as, as, a5, a6, b], b1, ba, az, a]. But then [z, by, by, b), a1, az, ab, ca, c1].

We have a contradiction in all cases. Therefore, the assumption of the existence of a vertex z fails.
Lemma 6 is proved. O

Lemma7./fb) € N(b1)\{o,ba} and ¢} € N(c1)\ {o,ca} thenb| = .

Proof. Suppose the contrary. Let v be an arbitrary vertex in N’ = N(b9) \ {b1}. By Lemma 6, none of
the vertices ay, ..., ajg is a neighbor of v. Without loss of generality, we may consider the two cases: (1)
Vivg Eand djv ¢ E;(2)bjv ¢ Eand djv € E.

(1) Each of the vertices b} and ¢} has a neighbor in the set {a1, az, ag}; otherwise,
[0,c1,¢2,v,a1,a2,a3,b1,b1] o [o0,b1,b2,v,a1,a2,a3,c1,¢)].
Assume that bjaz € E. Then
[b17 b27 v, C2, blla as, a4, o, a1]7 lf b/1a4 € E7 b/lal € E7
[b17 b27 v, C2, blla a4, as, o, a1]7 if b/1a4 S E7 b/lal € E7

/ / . /
[b1,0,c1,c1,b1,a3,a4,b,v], if bja; € E.

Suppose that bjas € E, dja1 € E, blag € E, and cjas ¢ E. Under these conditions, b and ¢ are
nonadjacent; otherwise, [0}, b1, b2, v, az, as, as, ¢}, c1]. Then [by, V), az,as3,0,c1,¢}, ba,v]. This exhausts
Case 1.

(2) I N = {v} then the subgraph Hy = GJo, by, ba, c1, ¢2, ¢}, v] with Hy-separator (o, ¢, b1) is (3, 1)-
compressible. The result of the compression is obtained by removing ¢; and ¢z from G.

Let N' = {v,u}. If uc| € E then the subgraph G[be, c2,v,u,c1,c}] is 2-compressible. Otherwise,
uc) € E. Then, for ub] ¢ E, we obtain a contradiction by analogy with Case 1, and, for ub} € E, the
subgraph Hy = Glo, by, be, c1, co,v,u, by, c;] with Hay-separator (b, 0,c;) is (3,1I)-contractible. The
result of the compression is obtained by removing the vertices u, v, b9, and ¢z from G.

We have a contradiction in all cases. Therefore, the assumption b} # ¢} fails. Lemma 7 is proved. O
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Lemma 8. N(bQ) \ {bl} 75 N(CQ) \ {Cl}.

!

Proof. Suppose the contrary. As above, put N’ = N(bs) \ {b1}. The two cases are possible: (1) N’ =
{z};(2) N = {z,y} and the vertices x and y are nonadjacent.

(1) Let deg(z) = 2. Then there exist vertices b} € N(b1) \ {o,b2} and ¢} € N(c1) \ {0, c2}; otherwise,
{o,b1} or {o,c1} is a separating clique of G. By Lemma 7, we have b] = ¢|. Then the subgraph
G[by,0,b1,c1,ba, co, x] is 2-compressible.

We will assume that deg(z) = 3. Consider the possible subcases:
1.1: deg(by) € {2,3} and deg(c1) = 2. Under these conditions, the induced subgraph

Hi = Glo,b1,c1,b2,c2,7]

with Hp-separator (o,b1,x) is (3, I1l)-compressible. The result of the compression is obtained by
removing the vertices ¢; and ¢o from G.

1.2: deg(by) = 3 and deg(c1) = 3. In this subcase, by Lemma 7, the vertices by and ¢; are adjacent to
the same vertex p # o. Clearly, here the vertices p and x are nonadjacent; otherwise, {o} is a separating
clique of G. Then the subgraph Hs = Glo,p, b1, c1,ba, co,x] with Ha-separator (o,p,z) is (3,1V)-
compressible. The result of the compression is obtained by removing ¢; and ¢z from G.

(2) Without loss of generality, assume that deg(xz) > deg(y). The three subcases are possible:

2.1:deg(by) = deg(cq) = 2. If deg(x) = 2 and deg(y) = 2 then o constitutes a separating clique in G.
If deg(x) = 3 then this variant is completely equivalent to Case 1.2.

2.2: deg(by) =3 and deg(cy) = 2. If deg(z) = deg(y) =2 then {o,b1} is a separating clique
in G. If deg(z) = 3 and deg(y) = 2 then the subgraph Hs = GJo, b1, ¢1,bs, ca, x,y| with Hs-separator
(b1, x,0) is (3,1)-compressible. The result of compression is obtained by removing bs and y from G.

Suppose that deg(x) = deg(y) = 3. For symmetry reasons, we may assume that, in some planar
embedding of G, the vertex y lies inside D' = D(o,¢1,ca,x,ba,b1). Clearly, if b} € N(b1) \ {o, b2} then
b is adjacent to at least one of the vertices ai, as, and ag; otherwise, [0, c1, ca, x, a1, az,as, by, by].
Consequently, the vertices b/, a1,...,a1p are simultaneously either inside D" or outside D’. Ii they
are inside D’ then they must lie inside the domain D" = D(o, ¢1, ¢2,y, b, b1). Hence, a neighbor of y
different from by and ¢ must belong to D”; otherwise, {b1,0} is a separating clique in G. Therefore,
{z} is a separating clique in G. If by,aq,...,a19 do not belong to D’ then the neighbor of z different
from by and ¢y must also lie outside D’; otherwise, {b1, 0} is a separating clique in G. Hence, y forms
a separating clique in G.

2.3: deg(by) = deg(c1) = 3. By Lemma 7, b; and ¢; are adjacent to a common vertex g # o. If one of
the edges gz or qy belongs to E then the induced subgraph Glo, ¢, b1, ¢1, b, c2, x, y] is 2-compressible.
I {o,q,x,y} is an independent set in G then the induced subgraph Hy = GJo, ¢, b1, c1, ba, ca, x, y] with
Hy-separator (o,q,x,y) is (4,1)-compressible. The result of compression is a minor of G since it is
obtained by contracting the edges b1bs, c1c2, bay, and xzcy. Therefore, this minor is a subcubic planar
graph. It is not hard to check that if the obtained graph contains an induced triod T332 then G also
contains an induced triod T3 3 2.

We have a contradiction in all three cases. Thus, there is no irreducible graph G' with

N(2) \ {01} = N(c2) \ {e1 }-

Lemma 8 is proved. O

Thus, we proved that there exists a vertex d in G not belonging to 75219 and adjacent to exactly
one of the vertices by and co. Assume without loss of generality that this vertex is adjacent to bs.
[t is clear that d must be adjacent to at least one of the vertices in the set {b1, ¢1, a1, a2, as}; otherwise,
[0,a1,a2,as3,b1,b2,d, 1, cal.

Lemma 9. The equality N(d) N {b1,c1,a1,a2,a3} = {b1} is impossible.
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Proof. Suppose the contrary; i.e., the equality holds. Clearly, deg(bs) = deg(d) = 3; otherwise, G has
a separating clique {b1,b2}. So, we may assume that there exist vertices b, € N(b2) \ {b1,d} and
d € N(d)\ {b1,b2}. lid" = V), then the subgraph G[by, ba,d, d'] is 2-compressible; therefore, we assume
that b, # d. Each of the vertices o}, and d’ must be adjacent to at least one of the vertices ¢i, ¢2, a1, ag,
and as; otherwise,

/ /
[07a17a27a3ab17d7d761702] or [07alaa27a3ablab27b2761702]’

Thus, at least one of the vertices b, and d’ must be adjacent to at least one of the vertices a1, as, and as;
otherwise, {b},d’'} contains a vertex (say, d’) having exactly one neighbor in {c1,c2}, the vertex c;.
Hence,
k=max({i €1,3 | aby e E}U{i €1,3|a;d € E})

is defined. Assume that d’ is a neighbor of a; and consider one of the possible cases: k =1, k = 2, and
k= 3.

1. Let k = 1. Obviously, bye; € E since otherwise bhey € E, byey € E, and [0, a4, a2, a3, ¢1, ca, b,
b1, d]. Therefore, [a1,0,¢1,c2,d,d,ba,az,a3] (il cad’ & E), or [d',ca,¢1,bh,a1,a9,a3,d,b1] (if cod’ € E
and exbly € E), or [a1, a2, a3, a4,d’, c2,bh,0,b1] (il cod’ € E and o)y € E).

2. Let k = 2.1fa1d’ € E then the subgraph H = Glo, by, b, d, d’, a1, as] with H-separator (o, ba, as)
is (3, V)-compressible. The result of the compression is obtained by remoning a; from G. Assume
that d’'a; € E. The vertex d’ must be adjacent to at least one of the vertices a3, a4, and as; other-
wise, [ag,d’,d, be, as, ay, a5, a1, 0]. Moreover, the vertex d’ is adjacent namely to ag since otherwise
[d,az,a1,0,a4,as5,a6,d,bs] (it day € E) or [d',as,a1,0,as,a¢,a7,d,bs] (if das € F). 1If deg(ay) =2
then the pair (Glo, a1, as, a3, by, ba,d,d'],{o0,bs, as}) is degenerate. Consider the two subcases, namely,

bay € E and bhay ¢ E.

2.1: bhay € E. I, moreover, bhey € E then we have the 2-compressible subgraph
Glo,a1,as,as,c1,by,ba, b, d, d'].
[fbyer ¢ E and blyeo € E then deg(c1) = 2. Indeed, suppose that ¢ € N(c1) \ {o, c2}, then
[a1,0,c1,c),bh,ba,d, as,az)].
Thus, for byey ¢ E and byey € E, we obtain a 2-compressible subgraph
Glo,a1,as,as,c1,c2,by,be, by, d,d].
Finally, if bye; ¢ E and bl € E then [aq,0,c1,co,bh, ba, d, az, as].
2.2:bhay ¢ E. In this case, bye; € E; otherwise,
bheo € E, byey € E, and  [o,a1,as,a3,c1,co, by, by, d).
Thus we have the degenerate pair (Glo, ai, a2, as, b1, be, b, d, d', c1],{as,a1,c1,b5}).
3. Let k = 3. By Case 2, we will assume that d'as & E. Clearly, d'a; ¢ E; otherwise,
[d,a3,a4,as,a1,0,c1,d, bs].

The vertex d’ must be adjacent to one of the vertices a4 or as; otherwise, [as, az,a1,0,d’,d, be, ay, as].
The vertex d’ must be adjacent exactly to ay; otherwise,

d,a5 S E7 d,a4 ¢ E7 [d/7a57a67a77a37a27a17d7 b2]

Consider the subcases of deg(az) = 2 and deg(az) = 3.

3.1: Suppose that there exists a, € N(az) \ {a1,a3}. First, put aba; ¢ E. Then a}, must have
a neighbor in the set {c1,co}; otherwise, [0, a1, a2,d},b1,d,d ,c1,c). 1f dheo € E but dhas & E then
la2, as,a4,as5,a1,0,b1,dh, co]. I E contains abes and abas then [ag,d), as, ag, a3, d’, d,aq,0]. Finally,
if abco & E then afe; € E and also bhep € E and bha; € E (otherwise, [0, a1, a2, ag, b1, bz, bh, c1,c2]).
Hence, [al, ag, as, a4, bé, bg, d, o, Cl].
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Suppose that aba, € E. Then deg(afy) = 3; otherwise, G contains the separating clique {a1, as2}.
Clearly, bhey € E; otherwise,
b/262 € E, /201 €E, [O,al,ag,ag,cl,CQ,bé,bl,d].

Let af € N(ab) \ {a1,aq2}. 1f afj = b, then the subgraph Glo,a1,as,as,as,dy, by, be,d,d’,c1,bh] is
2-compressible. If af # bl then v}, and af are adjacent (otherwise, [0, a1, al, al, b1, d, d’, c1,by]); hence,
[ ,27 a,2/7 al27 az, b27 d7 d/7 C1, O]'
3.2: deg(ag) = 2. In this case, we obtain the degenerate pair
(G[O7 ai, az, a3, a4, b17 b27 d7 d/]7 {a17 o, b27 CL4}).

Lemma 9 is proved. O
Lemma 10. The equality N(d) N {b1,c1,a1,a2,a3} = {c1} is impossible.
Proof. Suppose the contrary, i.e., that the equality holds. Obviously, deg(ce) > 2; otherwise, ¢1 consti-
tutes a separating clique in G. Consider an arbitrary vertex e € N(c2) \ {c1}. It is easy to see that
N(e) N{a1,as,a3,b1,ba} # @
since otherwise [0, a1, as, as, c1,co,e,b1,b9]. I eas € E, eay € E, and eas ¢ E then e must be adjacent
to some a; fori € 4,6 (otherwise, [a3, a4, as, ag, az, a1, 0, e, ca]); but then [cy, ¢, €, a;, 0, a1, as, d, ba]. If
eag € E, ea; ¢ F, eas ¢ F, eb1 ¢ £

then e must be adjacent to some a; for ¢ € {4,5} (otherwise [ag,a1,0,b1,as,a4,as,¢€,cz2]), and so
le,ai, ait1,ai42,C2,¢1,d,a9,a1]. lfea; € E,buteay & E, eas € E, eby ¢ E, and ebs ¢ E theneay € E
(otherwise [a1, as, as, aq, 0,b1,ba, €, co]); and then [e, ayq, as, ag, c2, c1,d, a1, as].

These arguments imply that the following cases are possible:

(l)eay € E,eas € F; (2)ea; € E, eaz € F, (3)eas € E,ea3 € F,
(4)eas € F,eby € E, (5)eay € F,eby € F; (6)eay € F, ebs € F,
(7)eby € E,ed € F, (8)eby € E,ed € F; (9)eby € E, ebs € F;

(10) N(e) n{a1,aq,as,by,ba} = {b1}; 11)N(e) Nn{a1,az2,as,b1,ba} = {ba}.

Firstly consider the cases when e is adjacent to two elements of {b1, by, d}. Clearly, in each of these
cases, the degrees of the vertices o, b1,b9,c1,c2,d, e are equal to 3; otherwise, the graph generated
by them is 2-compressible. Consider a planar embedding of G. Obviously, the vertices ¢ and e
simultaneously lie either in the domain D(o, b1, ba, d, 1) or outside it.

Suppose that eby € E and eby € E. Assume additionally that co and e lie inside D(o,b1,b2,d, c1).
Obviously, an element of N(cg) \ {c1, e} either belongs to D(c1,0,b1,e,c2) or lies in D(cq, ca,€,ba, d).
In the former case, aq, ..., a9 belong to D(cy,0,b1,¢€,c2) (otherwise {c2} is a separatong clique in G)
and then {d} is a separating clique in G. In the latter case, an element of the set N(d) \ {c1, b2} belongs
to D(eq, co, €,be,d) (otherwise, {co} is a separating clique in G), but then {0} is a separating clique in G.
The case when the vertices ¢y and e lie outside D(o, by, ba, d, ¢1) is considered similarly.

By analogy with the arguments of the previous paragraph, it is demonstrated that ¢; and by cannot
have degree 3 simultaneouslyif eb; € E and ed € E.

[ieby € F and ed € E then the subgraph Hy = GJo, by, ba, c1, ¢2,d, €] with Hy-separator (by, 0, c2) is
(3, [IT)-compressible. The result of compression is obtained by removing the vertices e, by, and d from G.

Throughout the sequel, we will assume that none of the vertices in N(¢2) \ {c1} is adjacent to two
elements of {b1, bo, d}.

(a) Suppose first that N(e) N {b1,b2} # @. A possible neighbor €’ of ¢y different from ¢; and e has

equal rights with the vertex e. In particular, ¢’ must be adjacent to at least one of the vertices by, bs, as,
ag, and ag. Symmetry reasons imply that only three variants are possible:

(i) there exists a vertex in N(c2) \ {c1} adjacent at least to one of aq, ..., a9 or deg(c2) = 2 and e has
a neighbor adjacent to at least one of the vertices aq, ..., a1o;
(ii) deg(c2) = 2, and neither e nor any of its neighbors is adjacent to any of the vertices aq, ..., a1o;
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(iii) N(c2) = {e, €, c1} and the vertices e and €’ satisiy the equalities
N(e) N{a1,a2,a3,b1,00} = {b1},  N(e')N{ar,a2,a3,b1,b2} = {b2}.

Suppose the fulfillment of (i). Then G has an induced cycle C{ containing the edges aj0, ocy, and
c1c2. Consider the cycles

Oé = (0’ Cl?cQ?e?bl) i ebl © E’ O{’) = (Oa b17b27d7 Cl)‘
(0,c1,¢2,e,b2,b1) il eby € E, eby € E,

The edges cacq, c10,0by and the cycles C1, CY, C4 satisfy the conditions of Lemma 5. Consider a planar
embedding of G. Then, by Lemma 5, D(C%) C D(C%) or D(C{) C D(CY%).

(i.1) Let eby € E. It is not hard to see that, in any planar embedding of G, in each of the
cases D(C%) C D(C%) and D(C}) C D(C5), the vertices ay,...,a1p and the vertices by, d lie to
different sides of C%. An edge of the cycle C] incident to ¢y or e and different from the edges eco
and cyc; lies to one side of CY with the vertices aq, ..., a10. If there exists b, € N(b2) \ {b1,d} then
[0,a1,a2,as3,by,ba, by, c1,c2]. Therefore, by Lemma 4, deg(d) = 3 since (o, b1, b2,d, c1) is an induced
cycle in G. Note that G contains an induced path (e, v1, ..., vk, d); otherwise, {d} is a separating clique
in G. Each of the vertices ay,...,a19 and any vertex of this path lie to different sides of CY; therefore,
k =1 (otherwise, [0, a1, as, as, ¢1,d, v, by, e]). Then the subgraph Hy = G|o, by, ba, 1, co,d, e,v1] with
Hjy-separator (o, ¢, v1) is (3, II)-compressible. The result of the compression is obtained by removing
the vertices by, by, and d from G.

(i.2) Suppose that eby € E. Owing to Cases 1—11, we have either N(e) N {a1,as,as,b1,b2} =
{ba} or ea; € E. Consider the subcase when d lies inside the domain D(CY}), i.e., D(C%) C D(C%).
The second subcase is considered similarly. Due to the presence of the cycle C1, the vertices aq, . .., ag
do not belong to D(C%). Therefore, a possible element €’ of the set N(cq) \ {c1,e} does not belong
to D(CY) because of N(€¢') N {a1,az,as,b1,b2} # 2.

A possible element of N(d) \ {c1, b2} does not belong to D(CY%); i.e., it lies in the difference D(C%) \
D(C%); otherwise, either {d} is a separating clique in G or there is a vertex b} € N(b1) \ {0, b2} in D(C%).
In the latter case, either

[a17a27a37a4707 bl7baﬂeac2] lf eal € E
or
/ : _
, = .
[0 al,a2,a3,01,62,€,b1,b1] if N(e)ﬂ{al,ag,ag,bl,bg} {bQ}

If ea; € E then deg(d) = 2; otherwise {d} is a separating clique in G. Moreover, the vertices by
and co have degree 3; otherwise, the induced subgraph Glo,ai,cy,ca,e,b1,bo,d] is 2-compressible.
Then at least one of the two elements of (N(b1)U N(c2)) \ {0,b2,c1,e} belongs to the domain
D(o,c1,c2,€,a1), and so either {¢o} or {b1} is a separating clique of G.

If N(e) N{a1,az,as,by,ba} = {ba} then at least one of the vertices d or e has degree 3; otherwise,
the pair (Glo, by, ba, c1, ca,d, €], {0, b1, ca}) is degenerate.

(i.2.1) Let deg(ce) = 2. Clearly, deg(d) = 2; otherwise, the set (N (d) U N(e)) \ {c1, co, ba} contains
two elements that lie in the difference D(C%) \ D(C%) since {d} is not a separating clique of G. Then the
pair (Glo, by, b, c1, c2,d, €], {0,b1,€}) is degenerate.

(i.2.2) Suppose that deg(ca) = 3 and there exists a vertex ¢’ € N(c2) \ {e,c1}. Then ' & D(CY).
In this case, there is a vertex x € N(e) \ {be, c2}; otherwise, either {d} is a separating clique in G
or the degenerate pair (GJo, b1, ba, c1,c2,d, €], {o,b1,ca}) is formed. The vertices = and by cannot be
adjacent; otherwise, deg(d) = 2 and the subgraph Hs = G|o, b1, b, c1,co,d, e, x] with Hs-separator
(0,ca, ) is (3, 1I)-compressible. The result of the compression is obtained by removing the vertices by,
by, and d from G.

The case when N (€¢') N{aq,as,as, by, ba} = {b1} will be treated in considering condition (iii). There-
fore, we will assume that ¢’ has a neighbor among the vertices a1, as, and ag. Define the numbers

i' =max{i € 1,3 | a;¢’ € E}, i" =min{i € 1,3 | a;¢’ € E}.
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If ¢ =z and i =1 then deg(b) = 2 (otherwise, {b} is a separating clique in G) and the subgraph
Glo,a1,b1,be, c1,co,€,d,x] is 2-compressible. If ¢ = z and i’ > 1 then

[az", Qi 41, Q' +2, A/ 43, Qi —1, Q) —2, Aj -3, T, 6],
where ag = oand a_1 = by.
[fe’ # xand e'by ¢ E theni’ # 4" in view of Cases 1—11. Then

/ .
[C2yclvovblve7ai’7ai’+1767x] if ai’+1$¢E7
/ .
le,co, € apm, x,a;1,ap19,b2,b01] il ayix € E, ayion & E,

, .
le,co, € apm, x,a;19,ap13,b2,b01] il ayix € E, ayion € E.

Ife #xande'by € Etheni' € {1,2} by Cases 1—11. For i = 2, we have
[b17€/7a27a37b2767$70a Cl] if azx g E,
le,co, € a2, T, a3,a4,b2,d] if a3z € E, ayx ¢ E,
le,ca, € as,x,a4,as5,bs,d] il agx € E, ayx € E.

Note that, in the last two cases, z ¢ D(C%) since azz € E.

Finally, for i = 1 we conclude that deg(b) = deg(e) = 3; otherwise, the 2-compressible subgraph
Glo,a1,b1,be,c1,c2,d, e, €, x]is formed. Consequently, z € D(C%) \ D(C%), and hence {€’, a; } is a sep-
arating clique in G. This finishes the consideration of condition (i).

The edges cyo, dey, bad and the cycles CY, CY, C¥ satisly the conditions of Lemma 5. Therefore,
for an arbitrary planar embedding of G, we have D(CY) C D(CY) or D(CY) C D(C¥). Consider
D(CY%) c D(CY); the second inclusion is considered analogously. The vertices ¢, e, and x belong
to the domain D(o,c1,d, by, b1), and the vertices aq,...,a190 and y do not. There exists a vertex
by € N(b1) \ {o,b2} lying in the given domain (otherwise, {e} is a separating clique in G), but then
[d7 b27 b17 b/17y7 i, Ai+1,C1, 02] fOf some i € {17 2}

(ii.2.2.2) Suppose that yay ¢ F and yas ¢ E. 1f in addition zy ¢ E then [¢1,0,a1, a2, co, e, x,d, y].
If xy € E then the subgraph Hg = Glo, b1, b2, 1, ¢, e,d, x,y|] with Hg-separator (0, b1, x,y) is (4, 11)-
compressible. The result of the compression is obtained by removing the vertices c1, co, b2, d, and e
from G.

Pass to condition (iii). Recall that here N(c2) = {e,€¢’,c1}, N(e) N{a1,as2,a3,b1,b2} = {b1}, and
N(e')N{a1,a2,a3,b1,ba} = {ba}. We will assume that ee’ ¢ E; otherwise, a 2-compressible subgraph
Glo, b1, bs, c1,co,d, e, €] is formed.

Note that, in every planar embedding of G, the vertices d and e lie to different sides of the cycle
(0,b1,ba, €, ca,c1). Itis not hard to deduce from here that deg(d) = 2 or deg(e) = 2; otherwise,

/ / "
[07a17a27a37b1767617d7d] or [07a17a27a3ab17676 ,C]_,d],

where d’' € N(d) \ {Cl, bg} and e’ € N(e) \ {bl, 02}.
For symmetry reasons, we can put deg(d) = 2 and deg(e) = 3. Then the subgraph

H7 = G[O, bl, b27017 C2, d7 €, 6/]

with H7-separator (o, e,€’) is (3, II)-compressible. The result of the compression is obtained by remov-
ing the vertices bo, d, and ¢; from G.

(b) Suppose next that N(e) N {b1,be} = &. In view of cases 1—11, the vertex e is adjacent exactly
to two vertices in the set {aj, a2,a3}. Observe also that deg(cy) = 2; otherwise, a possible element
in N(c2) \ {c1, e} having equal rights with e has exactly two neighbors in the set {a1, as,as}. Consider
all of the three possible variants of the intersection N(e) N {aq, az,as}.

(b.1)In the case when ea; € E and eay € F, the degenerate pair (Glo, a1, as, c1, 2, €], {az,0,c1}) is
formed in G.

(b.2) Assume that eas € E and eas € E. Consider the two variants separately: deg(a;) = 2 and
deg(ay) = 3.
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(b.2.1) Let deg(a;) =2. Then the subgraph Hg = Glo,a1,as,as,c1,co,e] with Hg-separator
(as,0,c1) is (3, VI)-compressible. The result of the compression is the minor G’ of G obtained
by contracting the edges asaq, ajo, cae, and cico. Consequently, G’ belongs to the class P(3) and
contains no induced triod 73 3 o.

(b.2.2) Suppose that there exists a vertex a} € N(aq) \ {a2,0}. Then N(a}) N{bs,d} # &; otherwise,
[617027eva3707a17a,17d7 b2]

(b.2.2.1)Ii a}by € F and a}d € E then we find a 2-compressible subgraph

Glo,a1,a2,a3,b1,by,d,c1,c2,€,a1].
(b.2.2.2) i a}by € E and a}d ¢ E then we have a (4, III)-compressible subgraph
Hy = Glo,a1,az2,a3,b1,ba,d, c1, ¢, €, a1]
with Hg-separator (ag,a), b1, d). The result of the compression is obtained by removing the vertices ¢,

¢, and e from G.
(b.2.2.3)li a}d € E, a\bs ¢ E, then the degenerate pair

(G[O7a17 ag,as, b17 b27 d7 C1,C2,¢€, all]a {a37a§_7 b17 b2})

is formed.

(b.3) Suppose that ea; € E and eas € E. If in addition deg(az) = 2 then the subgraph Hjg =
Glo, a1, a9, a3, 1, co, €] with Hyg-separator (as, o, ¢1) is (3, VI)-compressible. The compression by con-
tracting the edges asay, a0, coe, and cico gives a minor G’ of G. Consequently, G’ belongs to the
class P(3) and has no induced triod T3 3 o.

If there exists a vertex al, € N(a2) \ {as, a1} then @), is adjacent to some vertex a;, i € 4, 6; otherwise,
las, a4, a5, a6, €, 2,1, a2,ab]. The vertex af, is adjacent to one of the vertices by and by; otherwise,
/
[ala ag, CL2, a;, o, b17 b27 €, C2]~ Then

/ e / e
[a2,ai,ai+1,ai+2,bl,bg,d, ag,al] if a2b1 € E, [a2,ai,ai+1,ai+2,b2,d,cl,a2,a1] if a2b2 € k.

Lemma 10 is proved. O

Lemma 11. The vertex d cannot be adjacent to one of the vertices a1, as, and ag or e simulta-
neously adjacent to the vertices by and cy.

Proof. Suppose the contrary. If d is adjacent to by then d is also adjacent to one of the vertices ¢y, ay,
as, and a3 by Lemma 9. If da; € E for some i € 1,3 then we obtain

(@i, @it1, Giv2, Qiy3, @1, Gi—2, a3, d, bal,
where ag = 0,a_1 = ¢1, and a_o = c.

Suppose that dby € E and de; € E. Then there exists a vertex b, € N(be2) \ {b1,d}; otherwise,
{b1,d} is a separating clique in G. If bleo € E then the subgraph Hy = GJo, ¢1, ¢2, b1, ba, d, b)) with H-
separator (b, c2,0) is (3, I1I)-compressible. The result of the compression is obtained by removing the
vertices by, by, and d from G. I byey ¢ E then bl and d have equal rights as regards arguments and also
bbb, & E.

Thus, throughout the sequel, put dby ¢ E, and by Lemma 10 we infer that the vertex d has a neighbor
among the vertices ay, as, and a3. Puti’ = max{i | da; € E, i € 1,3}.

(a) Assume that there exists a vertex e € N(¢2) \ {c1} nonadjacent to be. The vertices e and d have
equal rights as regards arguments; therefore, we may assume that ec; € F and e has a neighbor a;»,
where ¢ = max{i | ea; € E, i € 1,3}. Assume for symmetry reasons that i >¢”. It is clear that
i € {1,2}.

(a.l) Leti” = 1. If eay € F then [ay, a5, ap, ar, €, ca,c1,a3,asl; if eay ¢ F then necessarily eby € E;,
otherwise, [a1, a2, as,aq,0,b1,be,€,co]. If deg(ce) = 2 then the pair (Glo,aq1,b1,c1,co,€],{a1,b1,c1})
is degenerate. If there exists a vertex €/ € N(c2) \ {e, 1} then it is adjacent to one of the vertices by,
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ag, Or as, Otherwise, [O, ai,a,as,Cr,Co, 6/, bl, bg] or N(e’) N {Cl, bl, b2, ai,a, ag} = {Cl}. But this is
impossible by Lemma 9 and due to the fact that the vertices d and ¢’ have equal rights.

Thus, the subgraph Glo, a1, az, as, b1, b2, d, c1, 2, €, €'] has K3 3 as a minor. For obtaining it, we must
contract the edge ¢ ¢y and also contract the subgraph Glas, as, ba, d, €'] into a vertex. Consequently, the
graph G is not planar by Wagner’s criterion.

(a.2) Leti” = 2. In this case, i" = 3. If da; € E forsome i € 5,8 then
[d7 ai7 a’i+17 ai+27 a37 a27 a17 b27 bl]

If eay € E then [ay, as3,d, ba, e, ca,c1,a5,a6], and if eas € E then [as, ag, a7, ag, €, c2, ¢1, a4, as]. There-
fore, necessarily day € E;otherwise, [as, as, e, ca,d, ba, by, a4, as]. Consider the alternative: ea; ¢ E and
ea; € F.

(a.2.1) Under the conditions eay € F, eaq € F, and eas ¢ E, find eb; € F; otherwise, we have

[a27a37a47 as, ai, o, blv €, 62]'

If there exists a vertex z; belonging to the difference (N(c1) U N(c2)) \ {o, c1,co, e} then z1by & E;
otherwise, the subgraph G[o, a1, az, as, b1, b2, ¢1,¢2,d, e, x| contains K3 3 as a minor. Then, necessarily,
x1a1 € E; otherwise,
[b17 0,C1,71, b27 d7 aq4, €, a2] lf ric € E7
[O, ai,as,as,C1,C2,T1, bl, bg] if xric1 € E, xr1Co € E.
Finally, either [ag, a1, x1, 1, e,b1,b2, as, a4 (if x1¢1 € E) or [ay, ag, a3, aq,0,b1,ba, x1, 2] (if 10 € F).
Thus, deg(c1) = deg(ca2) = 2, and we get a contradiction to Lemma 4: the graph G contains the induced
5-cycle (o0, ¢1,co,e,b1).
(a.2.2) Let eay € E. I deg(c2) = 2 then we have the degenerate pair

(G[Oa ai, az,Ci, Ca, 6]7 {CLQ,O, Cl}).

Suppose that there exists ¢’ € N(cg) \ {c1,e}. By Lemmas 9 and 10, either ¢'by € E or €'b; € E
and €’'c; € E. In the latter case, G contains a 2-compressible subgraph

G/ = G[07 ay,a2,a3, a4, b17 b27 C1,C2,¢€, 6,7 d]

. Let €'by € E. The presence of €'by in F also leads to a 2-compressible subgraph G’, and so €'b; € E.
In this case, [as, a4, a3, az, ag, az, as, €, bs] if €'as € E and [by, d, aq, as, €, ca, €, b1, 0] otherwise.

(b) Suppose that there exists e € N(e2) \ {1} adjacent to by. Moreover, assume that there is a vertex
¢’ € N(c2) \ {c1,e}. The vertices d and €’ have equal rights; therefore, ¢’¢c; € E, ¢'b; € E by Lemmas 9
and 10 and by what was proved in (a). Consequently, the subgraph Ho = GJo, by, by, 1, co, e, '] with
Hsy-separator (e, b, 0) is (3, [1I)-compressible. The result of the compression is obtained by removing
the vertices ¢q, ¢o, and € from G.

Thus, we have shown that deg(ce) = 2. The vertex e cannot be adjacent to a; for i € 3,7; other-
wise, [a;, @i+1, Qit2, Qits, €, C2,C1,ai—1,a;—2]. Also, eby & E; otherwise, we have the degenerate pair
(Glo, 1, c2,b1,ba, €], {b1,0,c1}). Consider the possible values of 7.

(bl) For i =1 we get [a4, as, ag, ay, d, b2, bl, as, ag] if da4 € E and [al, as,as,a4,0,C1,C2, d, bQ]
if da4 Q E.

(b.2)Let ¢ = 3.

If day € FE then [d,as,a4,as5,a1,0,c1,ba,¢]. Il dag € E and ea; ¢ E then [be, b1,0,a1,d, a3, aq,e€,ca].
If day € E and eay € E then the pair
(G[O7 ai, az,as, b17 b27 C1,C2,¢€, d]a {bl y C1, a3})
is degenerate.
liday € E, das ¢ F, and eay € FE then
[b27b1707a17d7a47a57e>02] if d(l4 6E7
[bQ,bl,O, al,d,ag,a4,e,02] if da4 QE
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Finally, if das € E, day ¢ E, and eay € E then find the induced 5-cycle (ai,0,c¢1,c9,€) in G.
By Lemma 4, ¢; has a neighbor v & {0, c2}. Since G is planar, vas ¢ E and vay ¢ E (otherwise, there
is the minor K3 3 appear). Then

[6,02,01,'U,a]_,CLQ,ag,bQ,b]_], lf 'Ub]_ ¢ EJ
[bg,bl,'l),Cl,d, a37a47e7a1]7 lf 'Ub]_ S EJ da4 ¢ EJ
[bg,bl,v,cl,d, a4,a5,e,a1], if vby € E, day € E.

(b.3) Let ¢/ = 2. In this case, if ea; € F then

[d7 az,at, o, a4,a5,a6,b2,e] for da4 € EJ [CLQ,CLl,O, cl7d7 b2767a37a4] for da4 ¢ E.

If ea; € E then (a1,0,c1,c9,¢€) is an induced 5-cycle in G. By Lemma 4, ¢; has a neighbor u ¢
{0, ¢}, and, by the planarity of G, we get uaz ¢ E and uay ¢ E. Then
le, 2, c1,u,a1,az,a3,b2,b1] il uby € E,
[b2,b1,u,c1,d,a3,a4,e,a1] if uby € E, day & E,
[bg,bl,u, c1,d, a4,a5,e,a1] if uby € FE, day € E.

Pass to the case da; € E. If deg(by) = deg(cy) = 2 then the subgraph Hs = Glo, by, by, 1, c2, ] with
Hjs-separator (e, be, 0) is (3, [1I)-compressible. The result of the compression is obtained by removing
the vertices ¢; and ¢g from G. Thus, either N(b1) \ {0,b2} # @ or deg(bs) = 2and N(c1) \ {0, 2} # 2.

b.3.1) Suppose that there exists x5 € N(b; 0,bo}. Ifxocy € F and x9e ¢ F then
pp
[b2, b1, 32, a3,¢e,c2,c1,d,a1] for x9a3 € E,
[b27e>027clvd7a27a37b17$2] for T2as3 gE

If 29¢1 € E and deg(z2) = 2 then the subgraph Hy = Glo, by, bo, c1, o, €, 9] With Hy-separator
(0,ba,¢€) is (3, VII)-compressible. The result of compression is obtained by removing b; and x from G.

I[f x9¢; € E and there exists y € N(x2) \ {b1,¢1} then y # as and yas ¢ E; otherwise, the subgraph
Glo,a1,a2,a3,b1,b2,c1,c2,€,d, x2,y] contains K3 3 as a minor. However, y # e; otherwise, we have the
2-compressible subgraph G[o, by, ba, c1, o, e, x2]. The vertices y and e are adjacent since, otherwise,
(b2, b1, x2,y,d, as, a3, e, ca]. Note that (c1, ca, €, y, 22) is an induced 5-cycle in G; therefore, by Lemma 4,
y is also adjacent to some vertex z € N(y) \ {z2,e}. Then [e, ca, 1,0, b2,d, a2, y, z].

If z9e € E and deg(z2) = 2 then the subgraph Hs = Glo, by, b, c1, o, €, x5] with Hs-separator
(0,ba,c1) is (3, I)-compressible. The result of the compression is obtained by removing the vertices b;
and zo from G.

Finally, if for z9e € E there exists a vertex ¢y’ € N(x2) \ {b1, e} theny’ # a3 and /a3 € E; otherwise,
G is not planar. Then

[0,b1,ba,€,a1,az,a3,¢1,y'] if y'er € E,

[6,02,01,0,bg,d,ag,l‘g,y,] if ylcl ¢E
(b.3.2) Suppose that deg(b;) = 2 and there exists a vertex z3 € N(c1) \ {0, c2}. The vertex x3 is
necessary adjacent to e or ag since otherwise [0, a1, as,as, by, be, e, c1,x3]. If z3¢ € E then we obtain

a (3, I1)-compressible subgraph Hg = Glo, by, ba, 1, co, e, 3] with Hg-separator (o, be, x3). The result
of the compression is obtained by removing the vertices ¢; and ¢2 from G. If z3a3 € E and x3e ¢ E then

[clax37a47a57c2767 b2707 al] for r3ay € E7

[Cl,xg,a3,a4,62,€,b2,0,a1] fOf Tr3aq ¢E

Lemma 11 is proved. O
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5. THE MAIN RESULT
Theorem. The class P(3) N Free(T332) is [S-simple.

Proof. 1t follows from Lemmas 8—11 that every irreducible graph belongs to Free(75 2 10). Hence, for
the graphs in P(3) N Free(T532), the problem is polynomially reduced to the same problem for the
graphs in P(3) NFree(T52,10). The class P(3) N Free(T3 2 10) is IS-simple [4]. Therefore, the graph class
P(3) N Free(T332) is also IS-simple. Theorem 1 is proved. O
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