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Abstract Laumon moduli spaces are certain smooth closures of the moduli spaces
of maps from the projective line to the flag variety of G L,,. We calculate the equivariant
cohomology rings of the Laumon moduli spaces in terms of Gelfand-Tsetlin subalge-
bra of U(g/,) and formulate a conjectural answer for the small quantum cohomology
rings in terms of certain commutative shift of argument subalgebras of U (gl,).

Mathematics Subject Classification (2000) 20C99

1 Introduction
1.1 Cohomology of Laumon spaces

The moduli spaces Q4 were introduced by G. Laumon in [15] and [14]. They are
certain compactifications of the moduli spaces of degree d maps from P! to the flag
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variety 3, of G L,. The original motivation of G. Laumon was to study the geometric
Eisenstein series, but later the Laumon moduli spaces proved useful also in the com-
putation of quantum cohomology and K -theory of B,, see e.g. [2,10]. The aim of the
present note is to calculate the cohomology rings of the Laumon moduli spaces and
to formulate a conjectural answer for the quantum cohomology rings.

The main tool is the action of the universal enveloping algebra U (gl,) by cor-
respondences [8] on the direct sum (over all degrees) of cohomology of Q4. More
precisely, we consider the localized equivariant cohomology B := @, HE L, xC*
(Qa) ®HC.1L,,><(C*(pI) Frac(H(';LnXC* (pt)) where C* acts as “loop rotations” on the

source P!, while GL,, acts naturally on the target 13,,. We also consider a “local ver-
sion” Q4 of the Laumon moduli space, which is a certain closure of the moduli space
of based maps of degree d from P! to B,,. This local version does not carry the action
of the whole group GL, x C*, but only of the Cartan torus 7 x C*. Accordingly,
we consider the equivariant cohomology (resp. localized equivariant cohomology)
YV = EBQ H%x(C* (Qq) (resp. V = @g H%X(C* (Qq) ®H%xc*(1”) Frac(H%X(C*(pt))).
According to [1] (cf. also [20] and our Theorem 2.7), the above action of U (gl,)
identifies V' with the universal Verma module 2J. Similarly, B carries the action of
two copies of U (gl,) by correspondences and can be identified with the tensor square
B of U (Theorem 5.8). The nonlocalized cohomology 'V is identified with a certain
integral form L of ¥, a version of the universal dual Verma module (Theorem 3.5).
We were unable to describe the nonlocalized equivariant cohomology of | |; Qg as a

U (gl,,)>-module, but we propose a conjecture 5.14 in this direction; it is an equivariant
generalization of Conjecture 6.4 of [8].

1.2 Gelfand-Tsetlin algebra

The description of the cohomology rings is given in representation theoretic terms.
Namely, the universal enveloping algebra of gl,, contains the Gelfand—Tsetlin subal-
gebra & (a maximal commutative subalgebra). For a given degree d, the equivariant
cohomology 'V is identified with the weight subspace U ;. The identity element 1, of
the cohomology ring goes to the weight component b, of the Whittaker vector v € .
It turns out that the vector 15 € 'V is cyclic for &; hence, the equivariant cohomol-
ogy ring H%x(C* (Qg) is identified with a quotient of the Gelfand-Tsetlin subalgebra
(Corollary 3.7). Similar results hold for the localized equivariant cohomology of Qg4
and Qg (Propositions 2.17 and 5.12).

The proof uses two ingredients. First, the localized equivariant cohomology has a
natural basis of classes of the torus-fixed points. We check that under the identification
V =~ 97, this basis goes to the Gelfand—Tsetlin basis of J. Also, the cohomology of Qg4
contains the (Kiinneth components of the) Chern classes of the universal tautological
vector bundles on Qg x PP!. The operators of multiplication by these Chern classes are
diagonal in the fixed point basis, and by comparison to the Gelfand—Tsetlin basis, it is
possible to identify these operators with the action of certain generators of &. Finally,
since the diagonal class of 9 is decomposable, the above Chern classes generate the
cohomology ring of Q.
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In a similar vein, in Proposition 6.7, we compute the localized equivariant K -ring
of Qg in terms of the “quantum Gelfand-Tsetlin algebra”.

1.3 Quantum cohomology of Laumon spaces

The Picard group of the local Laumon space £y is free of rank n — 2 iff all the
entries of d are nonzero. It possesses the set of distinguished generators: the classes of
determinant line bundles D5, ..., D,_1. Let T be a torus with the cocharacter lattice
Pic(Qg), and let g;, 2 <i < n — 1, be the coordinates on T corresponding to D;. We
conjecture a formula for the operator Mp, of quantum multiplication by the first Chern
class ¢1(D;). A priori this operator lies in End(Vy)[l[q2, . . ., gn—1]], but according to
Conjecture 4.6, it is the Taylor expansion of a rational End(V;)-valued function on T.
Moreover, this function arises from the action of a universal element QC; € U (gl,,)
(depending on g, . .., g,—1) on the weight space Vy of the universal Verma module.
The commutant of the collection of all such elements {QC;(q2, ..., gn—1)} is a shift
of argument subalgebra A, C U (gl,,) (a maximal commutative subalgebra, see [23]).

We consider the flat End(V,)-valued connectionon T : V = 27;21 qi aiq,« + 0C;
(the quantum connection). Conjecture 4.6 (recently proved by A. Negut) implies that
V is induced by the Casimir connection [4,7,13,17] on the Cartan subalgebra b C sl,
under an embedding T < b. In particular, V has regular singularities, and its monodr-
omy factors through the action of the pure braid group P B, (fundamental group of
the complement in f to the root hyperplanes) on the weight space V; by the “quantum
Weyl group operators”.
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2 Local Laumon spaces
2.1 Laumon spaces

We recall the setup of [2,8]. Let C be a smooth projective curve of genus zero. We fix
a coordinate z on C, and consider the action of C* on C such that v(z) = v—2z. We
have C" = {0, 00}.

We consider an n-dimensional vector space W with abasis wy, . .., w,. This defines
aCartantorus T C G = GL, C Aut(W). We also consider its 2"-fold cover, the big-
ger torus T, acting on W as follows: for T> t=(t,...,t,) we have t(w;) = ti2w,~.
We denote by B the flag variety of G.

Given an (n — 1)-tuple of nonnegative integers d = (dy, ..., d,—1), we consider
the Laumon’s quasiflags’ space Qy, see [14], 4.2. It is the moduli space of flags of
locally free subsheaves

OoCcW C---CW-1CTW=WQ®0Oc¢c

such that rank(Wg) = k, and deg(Wi) = —d.

It is known to be a smooth projective variety of dimension 2d; + - - - + 2d,—1 +
dim B, see [15], 2.10.

We consider the following locally closed subvariety Q4 C Qg (quasiflags based at
oo € C) formed by the flags

ocCcwW cCc---CWyo1 CW=WQR0Oc

such that W; C W is a vector subbundle in a neighborhood of co € C, and the fiber
of W, at oo equals the span (w1, ..., w;) C W.
It is known to be a smooth quasiprojective variety of dimension 2d; + - - - + 2d,,_1.

2.2 Fixed points
The group G x C* acts naturally on Qy, and the group T x C* acts naturally on

9. The set of fixed points of 7' x C* on £ is finite; we recall its description from
[8], 2.11.
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Letgbe a collection of nonnegative integers (d;;), i > j,suchthatd; = z;=1 dij,
and for i > k > j we have di; > d;;j. Abusing notation we denote by d the corre-
sponding 7' x C*-fixed point in Qg:

Wi = Oc(=di1 - O)wy,

W = Oc(=da1 - 0)w1 @ Oc(—da2 - O)wo,

......... 5

W1 = Oc(=dn-1,1-0Ow1 &Oc(—=dn—12-0wa®- - - ®Oc(—dp—1,n—1-0)w,_1.

2.3 Correspondences

Fori e {1,...,n—1},and d = (d;,...,dp—1), wesetd +i = (di,...,d; +
1,...,dy—1). We have a correspondence &£;; C Qg x Qg4; formed by the pairs
(W, W',) such that for j # i we have W; = W';, and W'; C W, see [8], 3.1.In
other words, & ; is the moduli space of flags of locally free sheaves

ocwWic.. Wi cW,cW:. CWiiq1...CW,_1 CW

such that rank Wy) = k, and deg(Wy) = —di, while rank(W';) = i,and deg(W';) =
—d; — 1.

According to [15], 2.10, & ; is a smooth projective algebraic variety of dimension
2dy + -+ 2d,— +dim B + 1.

We denote by p (resp. q) the natural projection £ ; — Qg (resp. £q,;i — Qa+i)-
We alsohave amapr: &, — C,

OcwWic..W_icW,CW: CWii1...CW,_.1 CW) > Supp(Wi/W/i).

The correspondence £z,; comes equipped with a natural line bundle £; whose fiber
at a point

OcWc.. Wi icW,CWCWii1...CW,_.1 CW)

equals I'(C, W; /W').

Finally, we have a transposed correspondence Té’ij C Qg+i x Qq.

Restricting to Q4 C Qg4 we obtain the correspondence €4 ; C Qg X Qg4 together
with line bundle £; and the natural maps p : ¢4; — Qq, q : €g; = Qu4i, T':
€4 — C — 00. We also have a transposed correspondence "¢z ; C Qg4 x Qg. It
is a smooth quasiprojective variety of dimension 2d; + - - - + 2d,—1 + 1.

2.4 Equivariant cohomology

We denote by 'V the direct sum of equivariant (complexified) cohomology: 'V =

GBQH%xC* (Qq). It is a module over H%XC*(pt) = Clt® C] = Clxy,...,x,, Al

Here t @ C is the Lie algebra of T x C*. We define 7 as twice the positive generator
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of H(%* (pt, Z). Similarly, we define x; € H%( pt, Z) in terms of the corresponding
one-parametric subgroup. We define V = 'V ®H% e (P) Frac(H%XC* (pt)).

We have an evident grading

V = @QVQ’ Vi = H%X(C* (QQ) ®H%><C*(pt) Frac(H%XC*(pt)).

2.5 Universal Verma module

We denote by 4l the universal enveloping algebra of gl,, over the field C(t @ C). For
1 < j, k <nwedenote by Ej; € gl, C i the usual elementary matrix. The standard
Chevalley generators are expressed as follows:

¢ = Eiv1i, fi = Eiiv1, bi == Eiy1,i41 — Eij

(note that ¢; is represented by a lower triangular matrix). Note also that il is generated
by Eii, 1 <i <n, E;jy1,Ei+1;, 1 <i <n— 1. Wedenote by {{l( the subalgebra
of f generated by E;;, 1 <i <n, E;;+1, 1 <i <n—1.Itacts on the field C(t® C)
as follows: E; ;41 acts trivially forany 1 <i <n — 1, and E;; acts by multiplication
by i~ x; +i — 1. We define the universal Verma module 0 over il as Uy, Ctd C).
The universal Verma module U is an irreducible 4{-module. B

2.6 The action of generators

The grading and the correspondences T@g,i, &4,; give rise to the following operators
on V (note that though p is not proper, p4 is well defined on the localized equivariant
cohomology due to the finiteness of the fixed point sets and smoothness of &, ;):

Ei=h"'xi+disi—di+i—1:Vg— Vg

hi =h (i —xi) +2di —dimy —dig1 + 11 Vg — Vg,

fi=Eiiv1 =p«q" 1 Vg = Vai;

¢i = Eiv1,i = —q«p* 1 Va = Viti.
Theorem 2.7 The operators ¢; = E;+1,;, Eii, fi = Eii+1 on'V defined in 2.6 satisfy
the relations in 3, i.e. they give rise to the action of 4 on V. There is a unique isomor-
phism W of U-modules V and B carrying 1 € HS _ (Qo) C V to the lowest weight

T xC*
vector 1 e C(t@® C) C 0.
The proof is entirely similar to the proof of Theorem 2.12 of [2]; cf. also [20].
2.8 Fixed point basis

According to the Localization theorem in equivariant cohomology (see e.g. [3]),
restriction to the T x C*-fixed point set induces an isomorphism

H%X(C* (Qi) ®H%XC*(P’) FraC(H%X(C* (pt)) —

H%X(C* (QQTX(C ) ®H%XC*(PU Frac(H;xC* (Pf))
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The fundamental cycles [E] of the T x C*-fixed points E (see 2.2) form a basis in
@iH%xC* (Qixc*) ®H;Xc* (pt) Frac(H%XC*(pt)). The embedding of a point E into
L4 is a proper morphism, so the direct image in the equivariant cohomology is well
defined, and we will denote by [E] € Vy the direct image of the fundamental cycle of
the point ;_1 The set {[E]} forms a basis of V. _

The matrix coefficients of the operators ¢;, f; in the basis {[d]} were computed in
[2]; cf. also [20] 8.2. The result is:

Proposition 2.9 The matrix coefficients of the operators ¢;, f; in the basis {[E]} are
as follows:

n=—h" ] @ —xc+ix—dipn)™" [ G5 —x+ i1k — di)h)
JFEk<i k<i—1

el-[

=

ifd';; =d; j+1forcertain j <i;

figar=n" T] ox—xj +@ij —dion)™" [] Ok —x; + (dij — digr.0h)
j#k<i k<i+1

ifd'i j =d; j — 1 forcertain j <i;
All the other matrix coefficients of ¢;, f; vanish.

The proof is entirely similar to that of Corollary 2.20 of [2].

2.10 Gelfand-Tsetlin basis of the universal Verma module

We will follow the notations of [18] on the Gelfand—Tsetlin bases in representations
of gl,,. To a collection E = (d;j), n —1 > 1 > j we associate a Gelfand—Tsetlin
pattern A = A(d) := (A;j), n > i > j as follows: A,; := h’lxj +j—-1Ln>j>
I; Ajj = h_lxj +j—1—dijj,n—1>i>j>1 NowwedefineU s & =&, :=
(—h)~ldl \IJ[E]. According to Proposition 2.9, the matrix coefficients of the operators
¢;, f; in the basis {£5} are as follows:

& A@).A@) = H (xj — Xk + i —di )™ H (xj —xk + (di—1,k — dj, j)h)
JFEk<i k<i—1

ifd'; j =d; ; + 1for certain j <i;

fi.n@.a@)
=12 [] 6w —xj+ @iy —dioon)™ [] Gk —xj + (dij — dig1.00h)
J#k<i k<i+1

ifd'; j = d; ; — 1 for certain j <1i;
All the other matrix coefficients of ¢;, f; vanish.
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The above matrix coefficients, under appropriate specialization of x1, .. ., x,, coin-
cide with the matrix coefficients of ¢;, f; in the Gelfand—Tsetlin basis of an irreducible
finite dimensional gl,,-module, cf. formulas (2.7), (2.6) of Theorem 2.3 of [18]. For
this reason we suggest to call the basis {§5} (over all collections E) of U the Gelfand—
Tsetlin basis. Algebraically, &5 = &5 € U can be defined by the formulas (2.9)—(2.11)
of [18] (where & = &y = 1 € V). Up to proportionality, the Gelfand—Tsetlin basis can
also be defined as an eigenbasis of the Gelfand—Tsetlin subalgebra of 4l.

For a future reference, let us formulate once again the relation between the fixed
point base of V and the Gelfand-Tsetlin base of *J:

Theorem 2.11 The isomorphism ¥ : V—>50 of Theorem 2.7 takes [d] to (—1)!4/&;
where |d| = dy + - - + dyp—1. -

Remark 2.12 One can prove that the isomorphism W : V —> of Theorem 2.7 takes
[d] to &7 up to proportionality without explicitly computing the matrix coefficients.
In effect, the Gelfand-Tsetlin basis is uniquely (up to proportionality) characterized
by the property that the matrix coefficients of e, fx with respect to £, £/ vanish if
Aij # Mi j for some i > k. . Now it is immediate to see that the matrix coefficients of
¢k, fx with respect to [d] [d ] vanish if d;; # d’; ij for some i > k.

2.13 Determinant line bundles

We consider the line bundle Dy on £, whose fiber at the point (JV,) equals
det RT"(C, Wk).

Lemma2.14 Dy isa T x C*-equivariant line bundle, and the character of T x C*
acting in the fiber of Dy at a pointg = (d;}) equals ngk(l —dj)x; + Mﬁ

Proof Straightforward. O

Let Casy = Zf‘ j=1 Eij Eji be the quadratic Casimir element of U (g[;) naturally
embedded into U(gl,) C 4l The operator Casy is diagonal in the Gelfand-Tsetlin
basis, and the eigenvalue of Casi on the basis vector £ = &4 is >_; ¢ Akj(Aij +k —
2j + 1). We define the following element of L[:

k k
Casy = Casg + Q2 —k) D Ejj— > n7 (il — 1) +
j=1 j=1

k(k — Dk —2)
—

The eigenvalue of this element on the basis vector &7 is <k 2(1 — dij)x jh*] +
dkj(dkj —1).

Corollary 2.15 a) The operator of multiplication by the first Chern class ¢i(Dy) in
V is diagonal in the basis {[ d]} and the eigenvalue corresponding to d = (d;j)

equals ngk(l —dij)xj + Mﬁ
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b) The set {c1(Dy) : k > 2, di # 0 # dr—1} forms a basis in the nonequivariant
cohomology H*(Qg).

¢) The isomorphism ¥ : V—5 carries the operator of multiplication by c1(Dy)

h
to the operator 5 Casy.

Proof a) follows from Lemma 2.14.

b) It follows e.g. from [8] that dim Hz(Qg) =i{k > 2, dr #0 # dr_1}. Now it is
easy to see from Lemma 2.14 that the classes {[Dy] : k > 2, dy # 0 # dy—1}in
Pic(Qy) are linearly independent, and hence the classes {c1(Dx) : k > 2, dy #
0 # dj_1} are linearly independent in H 2(}:24).

¢) Straightforward from a) and formula for eigenvalue of 553( onéy. O

2.16 Gelfand-Tsetlin subalgebra and cohomology rings

It is known that a completion 9 of the universal Verma module U contains a unique
Whittaker vector v = 3 ; vg such that vg = 1 (the lowest weight vector), and f;0 =
hi~'o forany 1 < i < n — 1. Let us denote by 1, € ngﬁc*(ﬂi) C Vy the unit
element of the cohomology ring. Then W(14) = vy. The proof is entirely similar to
the proof of Proposition 2.31 of [2], and goes back to [1].

Recall that the Gelfand-Tsetlin subalgebra & C End(J) is generated by the
Harish-Chandra centers of the universal enveloping algebras gl;, gl,, .. ., gl, (embed-
ded into gl,, as the upper left blocks) over the field C(t @ C). We denote by J; C &
the annihilator ideal of the vector by € 2, and we denote by &, the quotient algebra
of & by J4. The action of & on vy gives rise to an embedding &y — Uy,.

Proposition 2.17 a) &;—>Uy.

b) The composite morphism WV : H%x(C* Qi) ®caciCte C) = Vi;ﬂl?i; 64
is an algebra isomorphism.

c) The algebra H%XC* (Q4) ®cptec) Ct @ C) is generated by {c1(Dy) : k >
2, dp #0 # dy—1}.

Proof c) The algebra H%X cr (Q4) ®crec; C(t @ C) consists of operators on the space

V4 which are diagonal in the basis of fixed points [z]. On the other hand, the operators
Casy € ®, k > 2, are diagonal in the Gelfand-Tsetlin basis &5 and have different
joint eigenvalues on different &. Hence, the images of Casy in End(Uy) generate the
algebra of operators which are diagonal in the Gelfand—Tsetlin basis, and in particular,
the images of Casg, kK > 2, in &, generate &,. By Theorem 2.11, the isomorphism
W Vg — U carries [d] to (—h)!?/g5. By Corollary 2.15, ¢1(Dy) is W' (2Casy)
up to an additive constant. Hence, the elements ¢ (Dy) = W! (%C asy) + const €
H%X(C* (Q4) ®crec) C(t @ C) generate the algebra H%XC* (Q4) Bcrc) Ct @ C).
a-b) Since W(ly) = vy, the (surjective) homomorphism v-l . Crcass, ...,

Casy—1]1 — H3 .. (Q4) ®cpiac) C(t ® C) factors through &,4. Hence (a) and (b).
O
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3 Integral forms
3.1 Renormalized universal enveloping algebra

We denote by 4 C 4 the C[t@ C]-subalgebra generated by the set {E;; := i E;;, 1 <
i<j<n Ej 1<j<i=<mn E;i' .= E;; —h_lx,-, i =1,...,n}. We denote
by <o the subalgebra of U generated by {E;;’, 1 <i <n; Eij, 1<i<j=<n}lt
acts on the ring C[t @ C] as follows: E;; acts trivially for any i < j, and E;;" acts by
multiplication by i — 1. We define the integral form of the universal Verma module
U C VoverUasY := URy_, C[tD C]. We define the integral form of the universal
dual Verma module U* Cc Was V* :={u € V: (u,u’) € C[td C] for any u’ € T}
(where (u, u”) stands for the Shapovalov form). Clearly, * is a U-module.

Note that the Whittaker vector v € U lies inside the completion of U* and is
uniquely characterized by the properties a) f;v = v where f; := E; ;41; b) the highest
weight component of v equals 1 € C[t @ C]. )

Finally, we denote by & C & the integral form of the Gelfand-Tsetlin subalgebra,
generated by the centers of the algebras 41, L, . .., 4, = U constructed from the Lie
algebras gl;, gly, .. ., gl,, (embedded into gl,, as the upper left blocks) the same way as
$l is constructed from gl,,. Recall that the Harish-Chandra isomorphism identifies the
center of ((gl;) with the ring of symmetric polynomials in k variables. Namely, to any
symmetric polynomial P one assigns a central element HC(P), whose PBW degree
equals deg P, acting on the Verma module with the highest weight A = (A1, ..., Ag)
as the scalar operator with the eigenvalue P(Ay, ..., A — i+ 1,..., 0 — k + 1).
Clearly, the central element HC(P) := ndeePHC (P) lies in U(gl;). Moreover, the
difference HC(P) — P(x1, ..., x) is divisible by 7 in {(gl;), hence Rl (HC(P) —
P(x1,...,xx)) also lies in the center of L(gl;).

We denote by Jy C & the annihilator ideal of the vector vy € 2, and we denote by
&, the quotient algebra of & by J. The action of & on v, gives rise to an embedding
&4 > T,

Lemma 3.2 &, ;Qz.

Proof By graded Nakayamalemma, it suffices to prove the surjectivity of &4 /(x1, .. .,
Xp, i =0) — G5 /(x1, ..., x,, i = 0). We denote by g..o C gl, the Lie subalgebra
spanned by the set {Eij, 1 < j < i < n}. We denote by g>o C gl, (resp. g<o C
gl,, g9-0 C gl,, g<0 C gl,) the Lie subalgebra spanned by the set {E;;, 1 < j <
i <n}(esp.{Ejj, 1 <i<j=<n}, {Ej 1<j<i=<n}{Ej 1<i<j=<n}).
The Killing form identifies the vector space g~ ¢ with the dual of g—( and gives rise to
an isomorphism Sym(g<p) =~ C[g-o]. The universal enveloping algebra of g>o over
CI[t] lies inside U and is denoted by {~¢. Evidently, Uso >~ U (g=0) ® C[t]. We have
Y/ (x1,...,x0, 1 = 0) = Clg=0] x U(g=0). Here, the semidirect product is taken
with respect to the adjoint action of g>¢ on g-.¢ (and the induced action on the algebra
of functions).

Let V denote the space of distributions on g-.o supported at the origin, that is coho-
nn-—1)

mology with support of the structure sheaf H {0}2 (g>0, O). The algebra C[g-~q] %
U(g>0) acts on V naturally. As a C[g-o]-module, V is cofree, and its completion is
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naturally isomorphic to C[g~o]*. Clearly, 0% /(x1, ..., x,, i = 0) as a module over
U/ (xy, ..., x0, 8 = 0) =~ Clg=o] % U(gz(;) is isomorphic to V. The value of the
Whittaker vector v|;—q in the completion of V is the functional y : C[g-o] — C
which sends P € C[g~¢] to P(f) € C, where | = Zl'-'z_ll f; is the principal nilpotent
element. The adjoint G>¢-orbit of f is dense in g-¢; hence, the submodule generated
by the Whittaker vector is dense in the completion of V. This means that each weight
space of V is generated by the component of the Whittaker vector.

Consider the Whittaker module W over Clg-o] % U(g=0), that is, induced from
the character x : C[g-o] — C. The module W is free with respect to U(g>o) and
hence has natural filtration coming from the PBW filtration on U (g>¢). The associ-
ated graded grW is naturally a C[g>0] ® S(g-0) = C[g]-module. It is easy to see that
grW = C[f + g>o0]. The restriction of the Gelfand—Tsetlin subalgebra in C[g] to the
affine subspace f + g0 is known to be an isomorphism onto C[f+ g>o] (see [12,24]).
Thus, the module W is generated by the Whittaker vectorasa &4 /(x1, ..., x,, i = 0)-
module. Hence the &4/(x1, ..., x,, i = 0)-submodule generated by the Whittaker
vector v is dense in the completion of V. This means that each weight space of V is
generated by the component of the Whittaker vector with respect to the action of the
Gelfand-Tsetlin subalgebra. O

3.3 Kuznetsov correspondences

We consider a correspondence €4 ; C Qg x Qg4 defined as r~1{0}. In other words,
&4.i is a closed subvariety of &, ; where we impose a condition that the quotient
flag is supported at {0} € C. It is a smooth quasiprojective variety of dimension
2dy +---+2d,—1. Wedenote by p : €4, — Qq, q: &z; — Qg4; the natural
projections. Note that both p and q are proper. h

More generally, for 1 < i < j < nwedenote by d+a;j the sequence (dy, ..., di_1,
di £ 1,....dj—1 = 1.d;,...,dy—1). We have a correspondence °€g q;; C Qg %
Qd-+a;; formed by the pairs WV, , W',) such thata) W'y C Wy forany 1 <k <n—1;
b) The quotient W, /W', is supported at {0} € C; ¢) Fori < k < j the natural map
Wi /W' = Wit1/W' k41 is anisomorphism (of one-dimensional vector spaces). We
define a correspondence €4.o,; C Qd X Qd-+a,; as the closure of ° €y o, ;. According to
Lemma 5.2.1 of [8], gg,%. is irreducible of dimension 2d; + - - - +2d,—1+j —i — 1.
We denote by pij : €40,y = Qd, Qij @ €d.a;; = Qd+a,; the natural projections.
Note that both p;; and q;; are proper.

Also, we consider the correspondences €g.4;; C Qg X Qg+a,; defined exactly as
€4.0;; C Qa X Qg+e;; in 3.3 but with condition b) removed (i.e. we allow the quotient
flag to be supported at an arbitrary point of C — 00). In particular, €44, ,,, = €4;.
We denote by pij : €40, = Qas Qij © €d.oi; = Qd+a,; the natural projections.
Note that q;; is proper, while p;; is not.

3.4 The action of the renormalized universal enveloping algebra

Recall that 'V = @y 'V = @®qHZ . (Qq). The grading and the correspondences
&4 ,o;; give rise to the following operators on V.
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Eji=xi+di-1—di+i—Dh:"Vg— /Vd,

bi = (Xit1 —xi) + Qdi —di—1 —diy1 + Dl 'Vg— "Vy;
fi=Eiiv1 =P«q": 'Va = "Vyis
& =Eit1i=—qPp": "Va— "Vays;

Eijzpij*qu~ Vd—> Vg—a; 1 i < j <n);
ji = (- l)j (lz]*p Vd g Va’+ot (I'<i<j=n)
Ej = (- 1)] ’(lu*p Vd - Vd+a (I<i<j=n.

Theorem 3.5 a) The operators {E;;, 1 <i < j<n; Ejj, 1 <j<i=< nyon'V
defined in 3.4 satisfy the relations in , i.e. they give rise to the action of on'V.

b) There is a unique isomorphism ® of U-modules 'V and B* carrying 1 € H%X Cr
(Qo) C 'V to the lowest weight vector 1 € C[t® C] C T*.

Proof a) We define the operators
Eij = pijsq; i Va = Va—a; (1 <0< j<n). 1)

It is clear that @4,% ~ gg,,a,./. x (C — 00). It follows that for any 1 < i, j < n we
have E;; = hE;;. Furthermore, the operators E; ;1 are exactly those defined in 2.6,
and they satisfy the relations of 4l (and generate it) by Theorem 2.7. Finally, according
to Proposition 5.6 of [8], the elements E;; € 4, 1 <i # j < nactin V by the same
named operators of (1) and 3.4. This proves a).

b) We have 'V C V—> D U*, so we have to check that U('V) = U*, and then
® = Y| y. Recall that W(vy) =1 € H%XC* (Q4). By the virtue of Lemma 3.2, it

suffices to prove that HT Cr (Qq) is generated by the action of the integral form & of
the Gelfand—Tsetlin subalgebra on the vector 1 € H7~Q><(C* (Qq).
Forany 1 < i < n — 1 we will denote by WW; the tautological i-dimensional
vector bundle on 3y x C. By the Kiinneth formula, we have HT Cr (Qq xC) =
T Cr Q) R1® HT Cr (Q4) ® T where T € H(C* (C) is the first Chern class of
O(1). Under this decomposition, for the Chern class ¢ j W), we have ¢;(W;) =:
(J)(W )1+ c(] 1)(VV ) ® T where c(])(W ) € HY (Qq), and c;j_l)(M) €
22

T xCx* (Dd)
The following Lemma goes back to [5]':

T xC*

Lemma 3.6 The equivariant cohomology ring H 2 (Qd) is generated by the clas-
ses c(])(W ), (j 1)(VV ), 1<j<i<n-—1 (overthe algebra C[t & C]).
Proof By the graded Nakayama lemma, it suffices to prove that the nonequivariant

cohomology ring H*®(£y) is generated by the Kiinneth components of the (nonequi-

variant) Chern classes cﬁj)(w,'), cgj_l)(w,'), 1 < j <i <n—1.Thelocally closed
embedding Qs — Qg induces a surjection on the cohomology rings (see e.g. the
computation of cohomology of Qg in [8]), so it suffices to prove that the cohomology

' We have learnt of it from A. Marian.
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ring of the compact smooth variety H*®(Qy) is generated by the Kiinneth components
of the Chern classes of the tautological bundles. But this follows from Theorem 2.1
of [5], since the fundamental class of the diagonal in Q4 x Qg can be expressed via
the Chern classes of the tautological vector bundles (cf. [21], Sect. 5). O

Returning to the proof of the theorem, if suffices to check that the operators of
multiplication by cﬁ.j )(wi), c;.j 71)(&,-), 1 < j <i < n—1,inthe equivariant coho-
mology ring H%X Cr (Qq) = 'Vg lie in the integral form & of the Gelfand-Tsetlin
subalgebra. To this end, we compute these operators explicitly in the fixed point basis
{[d]} (alias Gelfand-Tsetlin basis {§7}) of V; = Uy.

The set of eigenvalues of t ® C in the fiber of W, at a point @, 00) (resp. @, 0))

equals {—x1, ..., —x;} (resp. {—x1 +di1h, ..., —x; +d;ih}). For1 < j <i,let eif
(resp. e?i @)) stand for the sum of products of the j-tuples of distinct elements of the set
{—x1,..., —x;} (resp. of the set {—x1 +d; 1%, ..., —x; +d; ih}). Tllen the operator of

multiplication by the Chern class c¢; (W;) is diagonal in the basis {[d, oc], [d, 0]} with
eigenvalues {e‘/?f, e?i @)}. It follows that the operator of multiplication by cE.’ )(ﬂi)
(resp. by c;j_l)wi), 1 < j <i < n—1)is diagonal in the basis {[z]} with
eigenvalues {%(ej‘?? + e(}i @))} (resp. {g(e?io - e?i @))}). Note that ej‘?? e Clte C],
and e?i @)) is precisely the eigenvalue of the central element HC(ej;) € U(gl;)
corresponding to the j-th elementary symmetric function e; via the Harish-Chandra
isomorphism, on the Verma modple with highest weight {X;17, ..., A;;i}. Hence, the
operator of multiplication by cy )(wi) (with eigenvalues {%(e;?? + e?l. (E_))}) lies in
the integral form & of the Gelfand-Tsetlin subalgebra. Moreover, e;?? — HC(ej;) is
divisible by 7 in (gl;). Hence, the operator of multiplication by c;j _1)(w,-) lies in
& as well. O
- -1
Corollary 3.7 The composition of isomorphisms ®4—> T b2 H%X o (Qq) is an
isomorphism of algebras.

4 Speculation on equivariant quantum cohomology of Q4
4.1 Calabi-Yau property of Laumon spaces

According to Theorem 3 of [10], the variety £, is Calabi-Yau. For the reader’s con-

venience, we recall a proof. First note that if d = (dy, ..., d,—1), and dr = 0, then
Qu = Qg x Qg whered' = (di, ..., dr-1), and Qg is the corresponding Laumon
moduli space for GLy, while d” = (di1,...,dn—1), and Qg is the correspond-

ing Laumon moduli space for GL,_;. Hence, we may assume that all the integers
dy, ..., d,_1 are strictly positive.

For 1 <i < n — 1, we consider the locally closed subvariety of Qg formed by
all the quasiflags which have a defect of degree exactly i. We denote by ®; C Qg
the closure of this subvariety. It is a divisor. We denote by [O(®;)] the class of the
corresponding line bundle in Pic(Qy).
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Lemma 4.2 Assume all the integersdy,. . ., d,—1 are strictly positive. Then [O(D1)]=
[D2],....[0@)] = [Dit1] = [Dil, ..., [ODy-1)] = =[Dp-1l.

Proof Recall the morphism 7wz : Qg — Zg4 to Drinfeld’s Zastava space (a small
resolution of singularities). For 1 < k < n — 2, choose a point s € Z; with defect of
degree exactly k + (k + 1). We denote by Py the preimage nd_l (s) CQq4.ByaGL3-
calculation, Py is a projective line. The fundamental classes [P1], ..., [P,—2] form a
basis of H>(Qg, C). It is easy to see that the restriction D;|p, is trivial if i % k + 1,
while Dyy1|p, = O(1) (this is again a G L3-calculation). Furthermore, it is easy to
see that the restriction O(®;)|p, is trivial for i # k, k + 1, while O(®y)|p, = O(1),
and O(Dy41)|p, = O(—1) (once again a G L3-calculation). The lemma is proved.

O

Let °Qq C Qg4 denote the open subspace formed by all the quasiflags without
defect. Recall the symplectic form Q on °Q4 constructed in [9]. Note that the com-
plement 97 \ °Qy equals the union of divisors | J,.;.,_; ©;. Thus the top power
o := QP is a meromorphic volume form on Q4 with poles at | J,;,_; ©;. The
formula for 2 given in Remark 3 of loc. cit. shows that the order of the pole of w at
®; is 2 forany 1 < i < n — 1. Hence, the canonical class of D¢ in Pic(Qy) equals
2> cien_1[O(®)]. By Lemma 4.2, the class 2 Zl<i<n_1 [O®;)] = 0. We have
proved

Corollary 4.3 (Givental, Lee [10]) The canonical class of Qg is trivial.

4.4 Shift of argument subalgebras

To eachregular element . of the Cartan subalgebra f) of a semisimple Lie algebra g, one
can assign a space Q,, of commuting quadratic elements of the universal enveloping
algebra U (g). Namely,

(h, )
Qu: Z <M’a)eae—av |h€h s

aeA

where A is the set of positive roots, and ey, e_, are nonzero elements of the root
spaces such that (ey, e_y) = 1. Note that the space Q, does not change under dilations
of u, hence we have a family of spaces of commuting quadratic operators, parametrized
by the regular part of P(f).

These quadratic elements appear as the quasiclassical limit of the Casimir flat con-
nection on the trivial bundle on the regular part of the Cartan subalgebra with the fiber
Uy, (cf. [4,7,13,17]). This connection is given by the formula

d
V=d+« Z eae,a—a,
o

aeA L
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where « is a parameter. Since every element of U(g) of the form eye_, commutes
with the Cartan subalgebra b, this connection remains flat after adding any closed
U (h)-valued 1-form.

The centralizer in U(g) of this space of commuting quadratic operators is the
so-called shift of argument subalgebra A,, C U(g), which is a free commutative
subalgebra with %(dim g + rk g) generators. For g = sl,,, the family of commutative
subalgebras A, C U(g) is an (n — 2)-parametric deformation of the Gelfand-Tsetlin
subalgebra (see [22,23]).

4.5 Conjecture on equivariant quantum cohomology

Consider the shift of argument subalgebra for g = g, u = Z:’;ll qi+19i42 - - - qni
with w; being the fundamental weights of g,. Since the shift of argument alge-
bra does not change under dilations of w, we can assume that g, = 1. Taking
hp = 25:11 qiqi+1 - . . qnw;, we find that the space Q,, is generated by the elements

k
(hi, o) Z,=- 19191+1 - - -4
> eat-a= D, EjEjit D ,-I+ “EijEji

, & .= . .
aeA 4 (. o) i<j<k i<k<j Z GiGi+1 - - - qn

I=i+1
k

Zl=-+1 qiqi+1---4j—1

=‘Z EijEji‘|‘.Z' ]l._l EijEji,
i<i<k ST Y @i g

I=i+1

withk=2,...,n—1.

We consider the equivariant (small) quantum cohomology ring of 9 which depends
on n — 2 quantum parameters g, . . ., ¢,—1 corresponding to the Chern classes of the
determinant bundles. Note that > ; _ <k E;; E j; is Casy up to some Cartan term. Hence,
the shift of argument subalgebra contains the following (commuting) elements

k
— D1 digit - qj—1
QCy := Casy + Z ljtl J Ei;Ej;.
i<k<j 1+ ZZ:H-] qiqi+1 ---4j—1
Conjecture 4.6 > The isomorphism W : Va — By carries the operator Mp, of
quantum multiplication by c1(Dy) to the operator %QCk.

Corollary 4.7 The localized equivariant quantum cohomology ring of Qg is isomor-
phic to the quotient of the shift of argument subalgebra A, by the annihilator
Oftli.

Let A, denote the integral form A, N 4L

2 1t was recently proved by A. Negut.
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Conjecture 4.8 The equivariant quantum cohomology ring of Qg is isomorphic to
the quotient of A,, by the annihilator of vg.

Remark 4.9 1t is natural to expect 4.8 since the analogue of Lemma 3.2 is valid for
A, as well (and the proof is the same).

The map (g2, ...,qn—1) > @ = 2?2_11 qi+19i+2 - - - gn—10; embeds the torus
T = C*®=2) with coordinates ¢», . .., g,_1 into the Cartan subalgebra h = C"*~! of
sl, as an open subset of an affine hyperplane. Restricting the Casimir connection to T
and adding an appropriate Cartan term, we obtain the following flat connection on T
in the coordinates g¢;:

n—1 d
V=d+ic> 0CK,
=5 g

On the other hand, the trivial vector bundle with the fiber V; over the space of quantum
parameters T is equipped with the quantum connectiond + >} _, Mpk dai

Corollary 4.10 The isomorphism V carries the quantum connection to the Casimir
connection with k = %

Remark 4.11 According to Vinberg [25], the family of subspaces Q,, form an open
subset in the moduli space of (n — 1)-dimensional spaces of commuting linear com-
binations of eqe_ in U (g). Thus, it is natural to expect that the operators Mp, span
the space O, for some u depending on g2, ..., g,—1 (but unfortunately, we have no
idea how to prove that the operators Mp, are quadratic expressions in the correspon-
dences). Moreover, since the unit in the cohomology ring remains unit in the quantum
cohomology ring, the quantum correction has to annihilate the vector v,. Therefore,
the operator W(Mp,) is QCy up to a change of parametrization. Finally, the flatness
of the quantum connection d + Zk - Mpk m k is a very restrictive condition on the
parametrization (4(q2, ..., gn—1) — this leaves no other choice for W (Mp,) but to
coincide with %QCk.

5 Global Laumon spaces
5.1 Correspondences

Recall the setup of 2.3. We define two versions of the correspondences £;,; C Qg X
Q+i, namely, Sg’i = r’l{O}, Efi = r’l{oo}. Their projections to Qg (resp. Qg)
will be denoted Ey p°, p*® (resp.iqo, q°°). The projection of £4; to Qg (resp. Qa+i)
will be denoted by p€ (resp. q©).

We denote by A (resp. ' B) the direct sum of equivariant (complexified) cohomol-
o2y: A =@uHf, . (Q) (e5p. B =OgHG . (Qu)). We define A = 'A@iz.
Frac(HTXC* (pt)),and B = 'B ®He, .. (pr) Frac(H S (PD).
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We have anevident grading A = @Ay, Ai:H%xtc*(Qi)®H%XC*(PT)FmC(H%x(C*

(p1)); similarly, B = ©qBa, By = H¢, o (Qa) ®ny, .. pi) Frac(Hg, c.(p1)).
Note that H? G (P1) = Cley, . .., en, i] where ¢; is the i-th elementary symmetric
function ofxl, ey X

5.2 Fixed points

The set of T x C*-fixed points in Qg is finite; it is described in [8], 2.11. Recall
that this fixed point set is in bijection with the set of collections {d} of the following
data: a) a permutation o € S,; b) a matrix (do) (resp. d9°) i > j of nonnegative
integers such that for i > j > k we have do > dl i (resp d,?;’ > dlf;o) such that
di = Z;:l (d?j + di‘;.o). Abusing notation we denote by Q the corresponding T x C*-
fixed point in Qy:

Wl = Oc(—d?l -0— dﬁ) . w)wa*(]),

Wh = Oc¢(—=dS; - 0 — d5¥ - 00)we (1) ® Oc(—dYy - 0 — dSS - 00)we (2),

W1 = OC( dn 117 0=d32 - 00)we (1) ®Oc(—d,_ 5-0—d | 5-00)wo)®
& @OC( dn ln 1 -0 - dn 1,n—1 oo)w”(”*])'

Also, we will write d = (o, do d°°)

The localized equivariant cohomology A is equipped with the basis of direct images

of the fundan}ental classes of the fixed points; by an abuse of notation, this basis will
be denoted {[d]}.

5.3 Chern classes of tautological bundles

As in the proof of Theorem 3.5 and Corollary 3.7, we see that the H%X Cr (pt)-
algebra H%X (C*(Qi) is generated by the Kiinneth components of the Chern classes

<j)(WC) c(jil)(WC) 1 < j <i < n—1,of the tautological vector bundles WC on

Q4 x C. We compute the operators of multiplication by c(] ) wo), cij b W9, 1<

Jj <i < n —1, in the equivariant cohomology ring H ( Q) in the fixed point
basis {[d]}.

We introduce the following notation. For a function f(xy,...,x,, %) € C(te® C)
andaper_mutationo € §,, we set f"(xl, co X B) = fxoq, - xg(n), h) Also,
we set f(x1,...,x,,0) = f(x1,...,Xn, —h) For1 < j <1, let e (d) (resp.
e;?f.’ @)) stand for the sum of products of the j-tuples of distinct elements of the set
{—x1+d)\h, ... —x; +d;h} (resp. of the set {—x| + dSh, ... —x; +d3h)).

P () 4A)C =1 pC

Lemma 5.4 The operator of multiplication b)/z\ ¢; 04%9)] ~( resp. by ¢; W), 1=

Jj < i < n—1)is diagonal in the basis {[d] = [(o, c_lo,doo)]} with eigenvalues
o~ o~ —1 o~ o~

(3@ + €57 @)7) (resp. {153 () — €%, ()7 )).

Proof The same argument as in the proof of Theorem 3.5. O
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Corollary 5.5 The operator of multiplication by cgl)(wic) is diagonal in the basis
([d] = [(0, d°, d*®)1} with eigenvalues —(x1 + - - - + x;)° + d;h.

5.6 The double universal enveloping algebra

We denote by 42 the universal enveloping algebra of gl, @ gl,, over the field C(t@ C).
For 1 < i, j < n we denote by El(]]) (resp. El.(jz)) the element (E;;, 0) € gl, ®gl, C U2
(resp. the element (0, E;;) € gl, ® gl, C 4?). We denote by 11250 the subalgebra of

442 generated by E,(,l), E(z) l<i=<n, Ez(lz)—l-l’ Ez(21)+1’

field C(t @ C) as follows: EZ(IZ)H, El(zl)Jr] act trivially forany 1 <i <n — 1, and E;;

(resp. E,.(l. )) acts by multiplication by 7~ 'x; +i — 1 (resp. —h~'x; +i —1). We deﬁne
the universal Verma module B over 4> as {2 ®u20 C(t @ C). The universal Verma

1 <i <n—1.1Itacts on the
(0

module B is an irreducible Y2-module.

For a permutation 0 = (6 (1), ...,0(n)) € S, (the Weyl group of G = GL,), we
0.2,

forany 1 <i <n—1,and El.(il) (resp. El.(i )) acts by multiplication by 7~ x(,(,-) +i—1
(resp. —hx, @) +1—1). We define a module B over 32 as 42 ®u2 CtepC) (with

respect to the new action of £% 2o on C(f & C)). Finally, we define A = &b

consider a new action of iiz Zoon C(t@ C) defined as follows: E | act trivially

aeSn

5.7 The action of the double universal enveloping algebra

The grading and the correspondences &y,;, 52’ i 553. give rise to the following opera-
torson A, B: o

i) =EY  =n"'p0q% 1 Ay — Ag_; and By — By_i:
f(z) El(zl)Jrl = —h'pPq>*: Ag — Ag—; and By — By—j;
(1) Ez(}r)lz = —n1q%p%: : Ag = Agyi and By — By
el@ El(i)ll I/ q p>™*: Ag — A4y and By — Buyi;
fl.A = pch* Ag — Agq—i and By — Bq_;;

—qpC Ag — Agqi and By — Bgyi.

Furthermore, we define the action of C[t@®C] on B as follows: for1 <i <n—1, x;
acts on By by multiplication by ¢{” (WE ) — ¢\ WE) — (d; — d;—1)h (cf. Corol-
lary 5.5); and x,, acts by multiplication by e; — x; — - -- — x,,_1 (recall that e; is the
generator of ch;( pt)).

Theorem 5.8 a) The operators e( ) = EI(JIF)1 i 1(2) El(i)ll f(l) El(lz)-i-l’ f(z) =
EI(ZZ)Jrl along with the action of C(t® C) on B defined in 5.7 satisfy the relations

in 42, i.e. they give rise to the action of 4% on B;
b) There is a unique isomorphism W? of Y*-modules B and B carrying 1 € H%X Cr
(Qo) C B to the lowest weight vector 1 € C(t® C) C B.
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Proof We describe the matrix coefficients of e(l) = EI(JIF)1 i 52) = El(i)ll f(l) =
El(ll)ﬂ, f(z) El(l 1 in the fixed point basis {[d]} Recall the matrix coefficients

¢ia.an fid.da computed in Proposition 2.9. The proof of the following easy lemma
is omitted.

Lemma 5.9 Let 3 = (o, EO, zo"), and Z/ = (o/, EO’, zo"/ ). The matrix coefficients

2 - 1
are as follows: e([;d] = Sg,gf(ei@o@o/])"; ([; = 80,(,/(ei[zoo@w f()

ifd.d
O' a’(fl[do dO/]) f [; d/] = 80.’0/(%[200’200/])0'.
It follows that the operators ¢\ EI(JIF)l e = El(i)l L= Ez(lt)—H’ @ =

E( ip1 on A defined in 5.7 satisfy the relations in 412, i.e. they give rise to the action
of 112 on A. Moreover, it follows that the {%-module A is isomorphic to 2. In order
to describe the image of the basis {[d]} under this isomorphism, we introduce the
following notation. First, we introduce a {{-module L := 4 i1 C(t ® C) where
Yo acts on C(t @ C) as follows: E; ;41 acts trivially forany 1 <i < n — 1, and
E;; acts by multiplication by h’lxg(,-) + i — 1. Similarly, we introduce a 4(-module
U7 1= U®y_, C(t® C) where U acts on C(t @ C) as follows: E; ;41 acts trivially
forany 1 <i <n—1, and E;; acts by multiplication by —h_lxg(,-) +i — 1. Note that
B ~P° QC(teC) 0.

Now to a collection d = (d; ]) and a permutation o € §,, we associate a
Gelfand-Tsetlin pattern A° = A° (g) = (A") n >1i > j,as follows: A" =
Flxey+ji—1Ln>j>1 AL = h_lxa(j)+j —1—dij, n—-12>= i >
Jj > 1. We define Ei’ = &Epo € Y by the formulas (2.9)—(2.11) of [18] (where
E=&=1€e2°). Slmllarly, to acollectlond (d;j), andapermutatlon o €S, we
associate a Gelfand—Tsetlin pattern A° = A° (d) ()»") n >1i > j,as follows:
)‘Z/ = —h" xO'(j) +]_— I, n>j 2_1, )”iaj = —h" le'(j) +j—-1—dj,n—1>
i > j > 1. We define 59 = &30 € U7 by the formulas (2.9)-(2.11) of [18] (where
E=¢=1¢€ ma) Flnally, to a collection d (o, EO, EOO), we associate an element
fd = U ®§G e Y° AC(teC) P = B

Theorem 2.1/1 and Lemma 5.9 implies that under the above isomorphism A >~ 2l a
basis element [d] goes to (—h)@'ég.

We are ready to finish the proof of the theorem. Since the action of T x C* on
Qg extends to the action of G x C*, the equivariant cohomology H;-X C*(Qi) is
equipped with the action of the Weyl group Sy, and H},, .(Qq) = HZ C*(Qi)sﬂ.
It follows B = A% Since B is closed with respect to the action of the operators

1 1 2 2 1 1 2 2

1( ) El(Jr)1 i l( ) E,( )1 i f( ) El(:)+1’ f( ) El(l)Jrl on B, part a) follows. Note,
however, that the action of S, on A does not commute with the action of the above
operators. R

To prove part b), we describe the action of S, on A explicitly in the basis {[d]}. For
d=(0,d’d®), o' €5,. f eCt®C), wehave o' (f[d]) = £ [(c/0,d", d®)].
We conclude that for d = (1, d°, d*) (so that &5 € B! =9B), we have (¥?) ! (f&;) =
D oe s, [ (o, EO, zw)]. This completes the proof of the theorem. O
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Remark 5.10 The operators f A of 5.7 were introduced in [8]. It is easy to see that
1 2 1 2
O JC J <>+e<>

5.11 The double Gelfand-Tsetlin algebra

A completion of B = V¢ e )V contains the Whittaker vector >, by = b := v®uv.
It follows from the proof of Theorem 5.8 that for the unit element of the cohomology
ring 14 ¢ ng@*(Qi) we have W2(14) = by. The double Gelfand-Tsetlin subal-

gebra &2 := & ® & acts by endomorphisms of %B. We denote by 33 C &2 the
annihilator ideal of the vector by € 98, and we denote by Qﬁg, the quotient of &2 by

3(21. The action of &2 on by gives rise to an embedding (’5[2] < By. The same way as

in Proposition 2.17.a) one proves that this embedding is an isomorphism 63%%¢.

Proposition 5.12 The composite morphism W : H HE o (Qa)® HY, e (p1) Frac(H(, c-

(pt)) = B¢—>%¢—> (’5(1 is an algebra isomorphism.

Proof As in the proof of Theorem 3.5 and Corollary 3.7, we see that the H, . (p?)-
algebra HZ, .(Qq) is generated by the Kiinneth components of the Chern classes

c;.j )(wic), c;j 71)(&?), 1 < j <i <n— 1, of the tautological vector bundles wlc
on Qg4 x C. In order to prove the proposition, it suffices to check that the operators
of multiplication by ¢/’ W), ¢/ "V (WE), 1 < j <i <n— 1,in the equivariant
cohomology ring H}, .(Qq) lie in 65. To this end, we compute these operators
explicitly in the basis {(\112)_1«;?3, E = (f, EO, EOO)} of 8. Lemma 5.4 implies that the
operator of multiplication by c(j)(WC) (resp. by c(jfl)(WC) 1<j<i<n-—1)is
diagonal in the ba51s{(\IJ2) 1§A d =(1, do doo)}wnh eigenvalues {e (d)+e°°(d)}
(resp. {h~ 1(eOo ) — e (d))}) As in the proof of Theorem 3.5, we see that e (d)
is the elgenvalue of the element of &; ® 1 C ®2, and e;’f (g) is the elgenvalue of
the same element in the other copy of the Gelfand-Tsetlin subalgebra 1 ® &4 C Q5L21,

hence ¢’ W) and /™" (W) lie in &3. O

5.13 Integral forms

Recall the notations of 3.3. We consider the correspondences 53 oy C Qg X Qiﬂr‘j

(resp. é‘joa’_j C Qu X Qu+a;;) defined exactly as in loc. cit. (resp. replacing the condi-

tion in 3.3.b by the condition that W, /W', is supported at oo € C). We denote by p?j :
0 0 . ¢0 00 . €00 00 . €00

Cday = Q> ij ¢ Egay; = e P G, = Qe A ¢ Efy, > Lty

the natural proper projections. We also consider the correspondences and projections

Efa__ C Qi X Qitar:s p.C., q.C. defined as above but without any restriction on the
@,y - = 1 1] 1]

support of W, /W',
We consider the following operators on’B:
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1
E =p).4% : 'Bs— 'Biuy;

2
Eﬁj) = —p?f*qff* : /BQ - ’Bg—a,v,-;

| .
ES =110, p% : "By > 'Batay;

2 F_
E;i) = —(—1) /qio;j*p?f* : /Bi — /B4+Olij;

Eé = piCj*quj* : 'Bg = 'By-u;s

Ef = (=D'"7qf,p5": 'Ba = 'Biay-

A —1,7M (2) A —1, (M 2

Wehave Ej; =h™ (E;;” + E;;), Ejj =h"(E;; + E;).

We define 4> c 42 as the C[t @ C]-subalgebra generated by X(l)’ X(Z), yA,
y € gl,, where X(l) (resp. X(Z)) stands for 7(y, 0) (resp. i(0, y)), and yA stands for

(y, y). Then it is easy to see that the above operators give rise to the action of 4> on
/
B.

Also, it is easy to check that U2 /(h = 0) is isomorphic to the algebra U :=
(Clgl,]1 x U(gl,)) ® CI[t] (the semidirect product with respect to the adjoint action).
Hence B := 'B/(l = 0) = ®4H (Qq) inherits an action of U.

nn—1)

Conjecture 5.14 The U-module B is isomorphic to H gj)} (gl,, O). Under this iso-

morphism, the action of HJ(pt) on B corresponds to the action of C[gl,]1° on
nn—1)

Higy (@4 O).

Conjecture 6.4 of [8] on the direct sum of nonequivariant cohomology of Qg is an
immediate corollary of 5.14.

5.15 Relative Laumon spaces

We propose a generalization of Conjecture 6.4 of [8] in a different direction. Let
d = (d1, ..., d,) be an n-tuple of integers (not necessarily positive). Let Qg be the
moduli stack of flags of locally free sheaves W C --- C W,—1 C W, on C such that
tk(W;) =i, deg(W;) = d; (see [14]). We have a representable projective morphism
T Qi — Bun, W, — W,,, where Bun stands for the moduli stack of G L,,-bundles
on C. The fiber of 7 over the trivial G L, -bundle (an open point of Bun) is Q4. The cor-
respondences 52’ ;) €fl’f’aij , Sgaij of Subsection 5.13 make perfect sense for the stacks

Qg in place of Qq4. As in loc. cit., they give rise to the operators E 5}), E g), El%, etc.
on the constructible complex B := @71 7.Cy on Bun (where C, stands for the
constant sheaf on Q). This constructible complex is the geometric Eisenstein series
of [14]. The above operators give rise to the action of U:= Clgl,1x U (gl,) on B_: this
follows from the results of 5.13 by the argument of [2], 3.8-3.11. In particular, U acts
on the stalks of B, and we propose a conjecture describing the resulting U-modules.
Recall that the isomorphism classes of G L,,-bundles on C are parametrized by the
set X+ of dominant weights of GL,. For n € X we denote by B, the corresponding
stalk of B. Also, we will denote by O(#) the corresponding line bundle on the flag
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variety 3, of GL,. We will keep the same notation for the lift of O(n) to the cotan-
gent bundle 7*B,,. We will denote by L,, the direct image of O(#) under the Springer
resolution morphism 7*5,, — N to the nilpotent cone N C gl,,. The cohomology of
the coherent sheaf L, carries a natural action of U.

_ nn—1)
Conjecture 5.16 The U-module By, is isomorphic to Hg_; (N, Ly) (cf. Conjec-
ture 7.8 of [6]).

6 Equivariant K-ring of £, and quantum Gelfand-Tsetlin algebra
6.1 Quantum universal enveloping algebra

We preserve the setup of [2] with the following slight changes of notation. Now T
stands for a 2"-cover of a Cartan torus of GL,, as opposed to SL,, in loc. cit. Now U’
stands for the quantum universal enveloping algebra of gl,, over the field C(T x C*),
as opposed to the quantum universal enveloping algebra of s, in 2.26 of loc. cit.

For the quantum universal enveloping algebra of gl,,, we follow the notations of
Sect. 2 of [19]. Namely, U’ has generators tij, t_ij, 1 < i,j < n, subject to rela-
tions (2.4) of loc. cit. The standard Chevalley generators are expressed via f;;, t;; as
follows:

- “1y—17 “1y—17
Ki =tiv1ivitii, Ei=W—v ) ity Fi=—@W—v"")" fiir1t

(note that this presentation differs from the one in (2.6) of loc. cit. by an applica-
tion of Chevalley involution). Note also that U’ is generated by ;,54;, 1 < i <
n; tiv1itii+1, 1 <i <n— 1. We denote by U’ < the subalgebra of U’ generated
by fii, tii» tii+1- It acts on the field C(T x C*) as follows: f; i+1 acts trivially for
anyl <i <n-—1,andf;; = t;l acts by multiplication by ti_lvl_i. We define the
universal Verma module 9 over U as M := U’ @ur_, C(T x C*).

Recall that M = @yMy, My = KT*C"(Q,) ®cFxce) CT x C¥) (cf. 21, 2.7).
We define the following operators on M (well defined since the correspondences
¢4,; are smooth, and the T x C*-fixed point sets are finite):

tii = livd"_lid"ﬂ;] Mg — My; i = l” ;

t_i,iJrl — (U —U)IH_ ; —i—1 (2z+1)d, (i+)di—1— id,-+1—2i+lp q d — Md i
idi_ Ddi1—Qi+1)d;—1

li+1,i=(v _U)tt+l 1 pidi-1H D = Qi+ 1Dd; Q. (& ®p") : My — Mgy

According to Theorem 2.12 of [2], these operators satisfy the relations in U’, i.e.
they give rise to the action of U’ on M. Moreover, there is a unique isomorphism
Y1 M — Mecarrying [Oq,] € M to the lowest weight vector 1 € C(T x C*) C 9.
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6.2 Quantum Gelfand-Tsetlin basis

The construction of Gelfand-Tsetlin basis for the representations of quantum gl,
goes back to M. Jimbo [11]. We will follow the approach of [19]. Given d and the
corresponding Gelfand-Tsetlin pattern A = A(d) (see Subsection 2.10), we define
&7 = &Ea € M by the formula (5.12) of [19]. According to Proposition 5.1 of loc. cit.,
the set {&5} (over all collections E) forms a basis of 1.

Recall the basis {[cz]} of M introduced in 2.16 of [2]: the direct images of the struc-
ture sheaves of the torus-fixed points. The following theorem is proved absolutely
similarly to Theorem 2.11, using Proposition 5.1 of [19].

Theorem 6.3 The isomorphism v : M — 9N of Subsection 6.1 takes [é] to cj&5
where o

= (w2 —1)"ld MO ML VR S DYST Htl(d - I)H Zk>ldkj

J

6.4 Quantum Casimirs

Let Cas;, be the quantum Casimir element of the completion of the quantum universal
enveloping algebra U, (gl; ). The quantum Casimir element is defined in section 6.1. of
[16] in terms of the universal R-matrix lying in the completion of U, (gl;) ® U, (gl;).
According to [16], Proposition 6.1.7, the eigenvalue of Cas; on the Verma module
over U, (gl;) with the highest weight A is v~ ***+20) This means that the operator
C as,’(’ is diagonal in the Gelfand—Tsetlin basis, and the eigenvalue of C as,‘{’ on the
basis vector &5 = &p is v sk M kg HA=2]4D) (with z;v/~1=d = y*i). Consider
the following “corrected” Casimir operators

Z()"ﬂj ])()‘n/ Jt+h— ke l)(k 2
Cask = Casy, - Hz‘
j=1

Lemma 2.14 admits the following

Corollary 6.5 a) The operator of tensor multiplication by the class [Di] in M is
diagonal in the basis {[d 1}, and the eigenvalue corresponding to d (d;j) equals
I1;< t2 24k | dij i =)

b) The lsomorphlsm ¥ . M — 9N carries the operator of tensor multiplication by

e~ — =

[Dx] to the operator Casy,

Proof a) is immediate.
b) straightforward from a) and the formula for eigenvalues of Cas;. O
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6.6 Quantum Gelfand-Tsetlin algebra and K -rings

Recall the Whittaker vector £ = > ; €4 of [2] 2.30. According to Proposition 2.31 of
loc. cit., Y[Oq4] = t4. B
Consider the “quantum Gelfand-Tsetlin algebra” G C End(90t) generated by all

_1 ~
the Cas;/ * over the field C(T x C*). We denote by Z; C G the annihilator ideal of
the vector £; € 2, and we denote by G4 the quotient algebra of & by Z,. The action
of G on €4 gives rise to an embedding Gy <~ My.

Proposition 6.7 a) Gg—>My.

b) The composite morphism ¥ : KT*C Q) ®ciFxcr C(T x C*) = M¢;>
My = Ga is an algebra isomorphism.

c) The algebra KTxC* (Qq) ®C[FxCH] C(T x C*) is generated by {[Dy] : k >
2, dp #0 # dr—1}.

Proof The proof is the same as for Proposition 2.17. O
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