Lett Math Phys (2009) 88:39-77
DOI 10.1007/s11005-009-0300-0

Fermionic Formulas for Eigenfunctions
of the Difference Toda Hamiltonian

BORIS FEIGIN!23, EVGENY FEIGIN*>, MICHIO JIMBO%’,

TETSUJI MIWAS, and EVGENY MUKHIN’

L1 andau Institute for Theoretical Physics, Prosp. Akademika Semenova, la,

142432 Chernogolovka, Russia.

2 Higher School of Economics, Myasnitskaya ul., 20, 101000 Moscow, Russia.
3Independent University of Moscow, Bol'shoi Vias'evski per., 11, 119002 Moscow, Russia.
e-mail: bfeigin@gmail.com

4 Tamm Theory Division, Lebedev Physics Institute, Leninski pr., 53, 119991 Moscow,
Russia.

5 Mathematical Institute, University of Cologne, Weyertal 86-90, 50931 Cologne, Germany.
e-mail: evgfeig@gmail.com

Graduate School of Mathematical Sciences, The University of Tokyo, Tokyo 153-8914,
Japan.

Institute for the Physics and Mathematics of the Universe, Kashiwa, Chiba 277-8582,
Japan. e-mail: jimbomic@ms.u-tokyo.ac.jp

8Department of Mathematics, Graduate School of Science, Kyoto University,

Kyoto 606-8502, Japan. e-mail: tetsuji@math.kyoto-u.ac.jp

9Department of Mathematics, Indiana University-Purdue University-Indianapolis,

402 N.Blackford St., LD 270, Indianapolis, IN 46202, USA. e-mail: mukhin@math.iupui.edu

Received: 12 December 2008 / Accepted: 10 January 2009
Published online: 30 January 2009 — © Springer 2009

Abstract. We use the Whittaker vectors and the Drinfeld Casimir element to show that
eigenfunctions of the difference Toda Hamiltonian can be expressed via fermionic formu-
las. Motivated by the combinatorics of the fermionic formulas we use the representation
theory of the quantum groups to prove a number of identities for the coefficients of the
eigenfunctions.
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1. Introduction

The goal of this paper is to derive fermionic formulas for eigenfunctions of the finite
difference Toda Hamiltonian Hyo.q, and to study these fermionic formulas. Eigen-
functions of Hr,q, have been studied recently in connection with quantum coho-
mology of flag manifolds [3,12], Whittaker vectors [2,7,19], Macdonald polynomials
and affine Demazure characters [11]. In particular, an important connection with the
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representation theory of quantum groups was established. In our paper we show how
fermionic formulas naturally appear in the representation-theoretical terms. These
formulas provide explicit expressions for eigenfunctions of Hryg4,, Which can be stud-
ied from purely combinatorial point of view (note that existing expressions are based
on the geometry of certain moduli spaces [2,3,12]). In the paper we combine these
two approaches. We give some details below.

1.1. CENTRAL ELEMENTS AND WHITTAKER VECTORS

As we have already mentioned, the representation theory of quantum groups plays a
very important role in the study of finite difference Toda Hamiltonian. In particular,
one can construct eigenfunctions of Hroq, using Whittaker vectors in Verma modules
[2,7,19]. In this paper we use pairing of Whittaker vectors with the dual ones.

Let g be a complex simple Lie algebra of rank / and let U,(g) and U,-i(g) be
two quantum groups with parameters v and v='. Let P, Q (resp. P,, Q) be the
weight and root lattices of g (resp. their positive parts) and let V* =Zﬂe 0. (Vg

and Vk :ZﬂeQ+ (Vk)ﬂ be Verma modules of U,(g) and U,-i(g), respectively. In
order to define a Whittaker vector * in the completion [] Be0. (V) g of the Verma
module V* one fixes elements v; € P and scalars ¢; (1 <i<l). Then the Whittaker
vector, associated with these data, is defined by the condition
Ci

1—2
(for simplicity, in Introduction, we assume that g is simply-laced). Here E; € U,(g)
are the Chevalley generators (which act as annihilating operators) and K,, are cer-
tain elements from the Cartan subalgebra, associated with v;. Similarly, one defines

o* (1.1)

EiK, 6*=

the dual Whittaker vector #* in the completion of v by the formula

-1
ER, 0=—1__ g (1.2)
! 1—v2

The central object of our paper is the following function

J/é — = BB/ 240 B) (92»’ 9‘2)’

where 6’2 e (V) g is the weight A — B component of the Whittaker vector and ( , )

. . -y
is the natural non-degenerate pairing between V* and V". It can be shown that J g
is independent of possible choices of v; and c;.

Consider the generating function

I
F(g.21.. .z vt =2 I []r7.
p =l

where z; =¢~*%), g=v? and w; (resp. o;) are fundamental weights (resp. simple

roots). Then F is known to be an eigenfunction of the quantum difference Toda
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operator [7,19]. In order to prove this statement one uses central elements of the
quantum group. Roughly, the procedure works as follows. If u is a central element,
then the scalar product

w6y, 04) (1.3)

can be written in two ways. On the one hand, one can compute the action of u
on V* (the corresponding scalar). On the other hand, if a precise formula for u is
known then one can compute (1.3) using the relation

(Fyw, w) = (w, E;w)

and formulas (1.1), (1.2).

The Toda Hamiltonian appears when one uses the central element written as the
trace of products of R matrices in finite-dimensional U, (g) modules (see (3.24) and
the end of Section 3 for the explicit form of Hyog,). Our key observation is that if
the Drinfeld Casimir element is used instead then one obtains a recursion relation
for F which leads to the fermionic formulas. In the next subsection we describe
those formulas in more details.

1.2. FERMIONIC FORMULAS

Fermionic formulas appear in different problems of representation theory and
mathematical physics (see for example [4,10,13,21]). Let us describe the class of
formulas we treat in our paper.

Let [r,s]={t€Z|r <t <s} be a subset of Z, where r, s are integers or too. Let
V be a vector space with a basis ¢; ; labeled by pairs 1 <i </, re[r,s]. Let 'y =
{Z(i,z)mi.,tfi,t|mi,t € Z=o} be the positive part of the lattice generated by {e;,}. We
fix a quadratic form (-, --) on V and a vector u € V. Further, define maps w and d

from V to the /-dimensional vector space with a basis py,..., p; via the formulas
I I
w (D mivei | =D pi D migs d D miseis | =D pi D tmiy
) i=1  telrs] ) i=1  telrs]
Define functions 7,, depending on ¢, z=1(z1,...,z) and m = (m1,...,m;) as fol-
lows
(. y)+w.y)
q
Ing.o= 3 @0 (14
@)y

w(y)=m
where the summands are labeled by )’=Z(i,;)mi,t€i,t el'y and (¢9), =1_[([,t)(q)mm,
24 =Hl~ 1z?(y)’. We call the right hand side of (1.4) a fermionic formula. The

i=

generating function F(q,z,y)=F(q,z1,---,21,Y1,---, Y1) 18 given by the formula

F(g.z.0)=>_ y"In(g.2), Y"=y"...3/". (1.5)
m
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Let the matrix of the quadratic form (-, --) be a tensor product D=CQ G(r, s),
where C is the Cartan matrix of g (we assume here that C is symmetric) and G =
(Gi.")ijelrs)» Gry =min(z,t"). Such matrices appear in [5,20] in the fermionic for-
mulas for the Kostka polynomials. Let [r, s]=[0, c0). Then functions I,,(g, z) sat-
isfy the following recursion relation:

Zaq W(a)

In(q,2)= Z (q)—_]a(ﬁl,Z), (1.6)

0<a<m

where W(a) = %(Ca -a —diagC -a), - denotes the standard scalar product and 0 <
a <m abbreviates the set of inequalities 0 <a; <m;. The relation (1.6) shows that
I, (q, z) are determined by Iy(q, z).

Recall the functions Jé. Using the Drinfeld Casimir element and the procedure
described in the end of subsection 1.1, we show that J;} satisfy the relation

1 ’ ’ !
T = B B2~k 1,
p ; (@ p—p b

This leads to the following identification

T =In(q.2), ﬂ=zmiai, z=q %),
i

In particular, this gives a fermionic formula for eigenfunctions of Hryga.

Fermionic sums can be considered as a sort of statistical sum for some “mod-
els”. The models depend on parameters r and s and enjoy many “physical” com-
binatorial properties. For example, we look into what happens with the fermionic
sums when the parameters, e.g., r and s, go to infinity. We sort the terms by the
dependence on the parameters which go to infinity and call the result the quasi-
classical decomposition. Then we expect that the quasi-classical decompositions are
exact, which means that the coefficients in a decomposition are summed up to
rational functions and the result gives correct formulas for finite values of param-
eters. That expectation predicts recursion relations for the fermionic sums 1,,.

We then prove the recursion relations using the Whittaker vectors and the repre-
sentation theory of the quantum group U,(g), (see Theorems 4.11-4.13). In some
cases the relations become finite. From the point of view of fermionic sums it
means the vanishing property: some fermionic expressions must be zero. The quan-
tum group approach explains the vanishing property as well. Namely, some terms
in the recursions are zero because the corresponding weight space is zero in the
irreducible representation of the quantum group.

It is well known [7] that the eigenfunctions of the difference Toda Hamiltonian
can be obtained as a certain limit of the Macdonald polynomials. In the case of
sl,, one of the recursions we prove [see (4.20)] is the corresponding limit of the
Pierri rule for the Macdonald polynomials. It is interesting to study the other
identities in relation with the Macdonald polynomials. We hope to address this
problem in future publications.
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1.3. AFFINE LIE ALGEBRAS: MOTIVATIONS AND FURTHER DIRECTIONS

In this subsection we discuss various connections between eigenfunctions of Hryyga
and representation theory of affine Kac-Moody algebras. The fermionic formulas
provide a very useful tool for computation of various “affine” characters. Though
we do not treat this subject in the main body of the paper, it was our original
motivation for studying the “fermionic part” of the quantum difference Toda story.
We are not providing any proofs here. We hope to return to this subject in more
details elsewhere.

1.3.1. Refined characters Let a be a Lie algebra and W its representation. The
character of W is an expression

X1z =trw (272

where a@; are some commuting elements of a. Usually, a is semi-simple and
(ai,...,ay) is a basis of its Cartan subalgebra. There is a simple way to “refine”
the character. To do it, suppose that W is a cyclic representation with a cyclic
vector v, and choose a subspace S C U(a) such that 1€ S. We define subspaces
Fi—W, j=0,1,...:. Fp=C-v and Fj1=S-F;. Assuming that F; converge to W
we obtain a filtration in W. Suppose also that the space S is invariant with respect
to the adjoint action of a; for all i:

[a;, S]ICS.

In this case, if Fy is {a;} invariant, i.e., a; Fp C Fy, then all spaces F; in the filtra-
tion are {g;}-invariant. Consider now the associated graded space

W=F& @Fj/Fj—l
j>0
On W we have an action of {a;} and also the action of an additional operator b,
which acts as the constant j on F;/F;_i. Now, we define the refined character

)((11,..-,Zn;y)=‘trW(z‘fl --~zﬁ"yb),
x@1s ez D=x@1, ., z0)-

We consider the case a=h@n. Here i=n®C[t, '], n is a maximal nilpotent
subalgebra of a finite-dimensional semi-simple Lie algebra g, h~h® 1@ Cd is the
Cartan subalgebra of g®C[r,1 1@ Cd and d =xd/dx is the grading operator. Let
e1,e,...,e be the generators of n and ¢;[j]=¢; ®/ be the corresponding gener-
ators of n. We define currents ei(x)zzjio e;[jlx~/. Fix a basis {d, hy,..., b} in
b. As a representation W we take the induced module generated by the vacuum
vector v satisfying ¢;[j]lv=0 for j > 0. We have the character

—d_h h
x(q.z1,....2) =try (q 2 ...le)_
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1.3.2. The Ay case We consider g=sl,. In this case n is one-dimensional and is
spanned by an element e. We fix W to be an induced a module with a cyclic vec-
tor v satisfying h-v=0 and ¢[jlJu=0, j>0. Let S be the subspace spanned by
coefficients of the expansion of e(x)®, s >0 as series in x. Then we obtain

X(%Z)=®,

mmm

. Yy g
x(g.zy)=pQ ——
>0 (Q)m(z)m

where (2), =[]/, (1 —¢""'z). We prove in Appendix A [see (A.5)] that x(q,z; )
differs from the generating function of Jé (or, equivalently, of I,,) by a simple fac-
tor. We now give fermionic expression for the quantity x (g, z; y).

Introduce an algebra generated by Fourier coefficients c¢;[s] of the currents
cj(x)=2cjlslx™, j=0,1,2,... The defining relations are [c;,[s1], cj,[s211=0
for all jl,j_z,sl,sz, and c; (x)2=0. Note that cj(x) can be constructed as vertex
operators with momentum p; such that (p;, p;)=2 and (p;, pj) =0 for i #j. Let

e(e, x)=Z8jCj(x),
J

where ¢ is a formal variable. Let A be an algebra over C[[¢]], the ring of formal
power series in ¢, which is generated by e(e, x). In A there exists a subspace S
spanned by the elements {e(e, x)";n >0}, and a filtration J; such that Fo=C.1
and 5;=3;_14+5-J;_;. The associated graded space A naturally has a structure
of commutative algebra. It is generated by the space F,/F). Actually, A is a qua-
dratic algebra. It is a free module over C[[¢]]. Let us consider the specialization
Ay at e=0. The algebra Ap is generated by the currents dj(x) =co(x), da(x) =
co(x)c1(x), d3(x) =co(x)c1(x)er(x), ete. The defining relations in Ag are quadratic
and takes the form involving derivatives of the currents:

di(x)-dj(x)P =0, 0<I<2min(, j). (1.7)

The representation W for the algebra A = {e(e, x)} is also defined on the free
module over the ring C[[¢]], and after substituting e =0 we get a representation
over Ag. It is quadratic with simple relations, and this construction gives us a fer-
mionic formula for the refined character yx:

2> minG, jymim;j ;3 jmj 3 m;
q b4 y
x(q,zy)= Z

o H(C])mj

1.3.3. General g and multi-filtration In order to treat the general case we need to
replace the filtration F; by a “multi-filtration”. Let S;, i=1,...,/, be the subspac-
es of U(m) spanned by coefficients of the expansion of e; (x)*, s >0, as series in x,
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and let R; = ®k<; Sk, where Ry=S9=C-1. Note that Ry C R, C---C R;. Then, we
define

Fjy=R-F;_1, Fy=C.v,

Fj p=Ry-Fj j—1. Fjo=Fj,

W=8j..iWj...j-
Wit = Fi... //ZFA =L

and denote by b; the operator which gives the constant j; on W, et

In this way, we get the subspaces F; . ; and the associated graded spaces
W”,_“, ji» the latter have the actions of the grading operators by, ..., b;. Since the
operators d, hy, ..., h; act on W in an evident way, we can write

h h; b b
x(q,m,...,zz;yl,...,yz)=trw(q i zl’yllmyﬂ)-

We conjecture that this refined character gives an eigenfunction of the conjugated
quantum Toda Hamiltonian (see [3,12], Appendix A). We now explain how to
obtain a fermionic formula in the general case.

1.3.4. General fermionic formula Let Ly be the vacuum representation of g of level
1 with highest weight vector v, and let V be the principal subspace in Ly, i.e., V=
U(n)-v. The space V, as a representation of U(T) can be described by using the
space W as

V=W/> ei(x)*W.

Consider the tensor product of infinitely many copies of V labeled by j=0,1,2...,
and denote by ai(J ) the operator ¢; acting on the jth copy:

al(])=1®.® e; ®...
—
jth
Now, set

ei(e,x)= Z 8"‘ai(a) (x).

a>0

After substituting ¢ =0 we get an algebra generated by ci(ﬂ )(x) :al.(o) (x)al.(l)(x) e
al.(ﬁ _l)(x). The currents cl.('S )(x) generate an algebra with the quadratic relations

P @e0P=0 if I<min(a ) Ci; (1.8)
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where (C; ;) is the Cartan matrix of g. As a result we have a fermionic formula
for the refined character of W:

B 0 )
q Zx>0 tn Z,>0 n.
x(q,m,...,zl;yl,...,y,)z2 H H
(" Hl>0 Hl 1(gi3 gi) n® i il

(1.9)

B= Zt Z b, ,nmnm Zdn(t) —|—Z Zbljn(t)n(t),

t>0 i,j= 1 t<t’ i,j=1

where b; j = (i, @), di=b;;/2 and g; =q%. We note that if g is simply laced the
formula (1.9) corresponds to (1.4) and (1.5).

1.4. PLAN OF THE PAPER

Now let us outline the content of our paper.

In Section 2 we introduce the fermionic sums. We study quasi-classical limits of
such formulas and various recursion relations.

In Section 3 we prove the fermionic formulas for the scalar products of the
Whittaker vectors with dual ones. We also discuss the general procedure (based on
the center of the quantum group), which produces equations satisfied by Jé‘.

In Section 4 we study the quasi-classical decompositions using the representation
theory of U,(g). We prove the recursion relations and vanishing properties from
Section 2.

In A; case there is an alternative simple way to prove that the fermionic formula
satisfies the Toda equation. We give this proof in Appendix A.

In Appendix B, we prove a proposition on the singular vectors in the tensor
product of two Verma modules. We need this lemma to prove the vanishing prop-
erty.

2. Fermionic Sums
2.1. FERMIONIC SUMS ON A FINITE INTERVAL

Let [ €Z>; be a positive integer, and let [r,s]={r€Z|r <t <s} be a finite inter-
val in Z. Here r,s are integers, but in later subsections we also consider the case
r=—o0 and/or s =o0.

Let C=(C;;)1<ii’r<; be a symmetric matrix, and let w= (i;;)1<i</ re[rs) bE a
vector. Let m=(my,...,m;) be a set of non-negative integers. We will define a fer-
mionic sum Ic . m(q,z|r,s) on the interval [r,s] corresponding to the data C,
and m. Each fermionic sum is a rational function in ¢ and z=1(zj,...,z). It is
defined as a sum of rational functions parameterized by a configuration of parti-
cles m, which we will explain below.
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We call a tuple of non-negative integers
m={m;,: 1<i<l,r<t<s}

a configuration of particles. An integer i €[1,/] is called color and 7 €[r, 5] is called
weight of the particle. The non-negative integer m;, represents the number of par-
ticles with color i and weight 7. For a configuration of particles m, we associate a
vector m=(m;)1<j<; by

= > mi. @.1)

telr,s]
The number m; is the number of particles with color i.

We set (w), =[]'_;(1—¢'~'w) and define
(@m= H (Q)mi,z
@i,1)el[1,01]1x[r,s]

for any tuple m = (m;,;). We also use the standard scalar product (m,n) =
Z(i,t)e[l,l]x[r,s] Mi M-

DEFINITION 2.1 Let m=(m;) € ZL, and pu=(ui,) € Z/~"+D be two vectors. A

fermionic sum Ic , m(q,z|r,s) is a function in ¢ and z=(zy, ..., z) defined by
Qc (m)+(p,m)
Ic,um(q, zlr,s)= Z H Zr pimig g4 =" T ’ 2.2)
Pe— (@)m
where
1 .
Qc(m)= 3 {((C ® G)m, m) — (diag(C ® G), m)} , (2.3)

the matrix G is defined by
G =(Gt,1)1,velrs]> G, =min(z, 1),

and for a matrix X = (X; ;), diag(X) signifies the vector consisting of diagonal
entries X; ;.

The quantity Ic ..m(q,z|r,s) is a Laurent polynomial in z = (zy,...,z) with
coefficients which are Laurent polynomials in ¢ii’, g*i+ and rational functions
in q.

We define the following formal power series in y=(y1,..., y).

Feu(q.z.ylrs)= D y"Icum(q.zIr.s). 2.4)
meleo

Here we use the notation y” = Hﬁzl ylf"i for [-component vectors y and m.
We use the convention Fc ,(q,z,ylr,s) =1 if r =5+ 1. We denote the func-
tions Fc .(q.z,y|r.8), Ic um(q,zlr,s) in the case of uw =0 by Fc(q,z ylr,s),
Ic.m(q, zlr, 5), dropping the parameter pu.
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In what follows we also need another parametrization of configurations of
particles. Namely, with each m=(m; ), 1<i <I, t €[r, s], we associate the vector

p=(pij), 1=<i<l1<j<m
defined by two conditions:

® pi1=pi2=<-=pim, 1Zi=1,
o mi =#{j: pij=t}.

It is easy to see that the correspondence m <> p is one-to-one. In the following
lemma we rewrite powers of z and ¢ in (2.2) in terms of p. To avoid confusion
we denote the function Q¢ (m) written in p coordinates by Q¢ (p).

LEMMA 2.2. We have

Dip iy _ ZZj:l Pij (25)

i X ’

— 1 .
Qcm)=Qc(p)=7 > Cipmin(pij, pir )= Ciipij |- (2.6)
@0, G, J") (U¥))

If we shift the parameters w;; to w;;+1tv; +k;, the sum Ic , m(q, z|r, s) responds
by a simple prefactor and g-shifts of z;:

I pttvriem(q: 2l ) =q" " Ic ym(q, q"zIr, 5). 2.7
Here, v=(v;)ic[1,) and (u+1v+xk)ir= i, +1tv; +k;. We use the abbreviated nota-
tion K~m=2f=l kim; and qu:(qviZi)ie[l,l]-

If =0 and we shift the interval, we get a simple factor:
k
lewm(@ 2l +k,s+0)= (2" lem(a. 2lr,9),

where

1
Weom =§(Cm -m —diag C -m).

2.2. FERMIONIC SUMS ON A SEMI-INFINITE INTERVAL

We replace the interval [r, s] in the construction in Section 2.1 by an infinite inter-
val. Let us consider the case [r, s]=[0, 00). We use the abbreviation

Icum(@,2)=Icum(q,z10,00), Icm(g.2)=1Ic0m(q,z|0,00). (2.8)

In this case, the sum in the right hand side of (2.2) becomes an infinite sum.
We are interested in the case where the parameters p = (ii )i ne[l,]]x[0,00) aT€
specialized so that the infinite sum is well-defined as a rational function in
q, 7%, in,i’7 ql‘«m_
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LEMMA 2.3. Suppose that there exists to>0 and v;,«; (1<i<I) such that

Wi =tvi+k; if t>t. (2.9)
Then, the sum (2.2) is a polynomial in g*i ((i,t) €[1,1]1 x [0, 1o — 1]) and ¢*i (1 <i <)

with coefficients which are rational functions in q, z;, qci*i’,q"i (1<i,i’<D).

The proof is easy, and we omit it.
There are simple relations between the fermionic sums over semi-infinite inter-
vals with «=0. Namely, we can reduce all cases to [0, c0). We have

Iem(q, zlk, 00) = (Z"gVemK I (g, 2), (2.10)
Iem(q, 2zl — 00, k)= (2"g"emykIc (g, 7 g~ CmTdiaeC), (2.11)

Here we used the abbreviation z~'¢” = (zflqml, ey zf]qm’).

The following proposition determines the fermionic sums recursively.

PROPOSITION 2.4. The rational functions Icm(q,z) satisfy the recursion

IC,m(Qv 7)= Z

0<a<m

a Wc.a

Ica(q,2). 2.12
o e (g,2) (2.12)

The solution of this recursion is unique if we fix Ic o(q,z)=1.

Proof. We subdivide the fermionic sum in the left hand side into parts labeled by
a=(ay,...,a) GZLO, with a; being the number of color i particles whose weights
are larger than or equal to 1. Then this corresponds to the sum in the right
hand side because of (2.10). The uniqueness is clear because the equation can be
written as

a,Wea

A=z"g"mIemq. )= >

O<a<m

Ica(q,2).
@y (ca(@?)

We call (2.12) the fermionic recursion.

In what follows we study functions Ic , m(q,z) for some special values of p of
the type (2.9). We describe u in terms of corners and angles.

We say p has a corner at r€[1,00) if the vector u[f] given by w;l[t]=pi+1+
Wir—1 —2uis is not zero. We call u[r] the angle of u at r. We define u;[0]=pu; 1 —
wio, and call u[0] the angle of p at 0. We say u has a corner at 0 if u[0]#0. Let
us discuss simple cases.

First, consider the case where u;;=tv; +«; for all £>0. It reduces to the basic
case Ic.m(q,z) by (2.7).
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Second, we define the case with one corner. Namely, we consider

0 if t<k;
Wit = o (2.13)
(t—kyv;, ifr>k.

We denote the fermionic sum corresponding to this u by J~ (k V) (4, 2).

LEMMA 2.5. There exist mutual relations between Ic,(q,z), J(k )(q 2. Iem
(¢,2|0,k). We have

Tem @) =1Icm(q.q"2). (2.14)
k
1EV @ D=3 (#47) lem-alg.a210. k= Dlcalg.a* D, (2.15)
0<a<m
k+1
= > ¢ (¢4") " dem-alq. %20, B Icala ") (216)
0<a<m

Proof. The relation (2.14) is trivial. In order to prove the other two relations
we cut the interval of weights [0, c0) into two parts. For (2.15) these parts are
[0,k—1] and [k,o00) and for (2.16) they are [0,k] and [k 4+ 1,00). The rest is
straightforward. O

If we set k=0 in (2.15) we obtain (2.14).
Let us denote the limit g — 0 symbolically by v — oo (see Lemma 2.3). From
(2.16) follows that

lim & (g, 2) = Iem(q. 210, k).

2.3. QUASI-CLASSICAL DECOMPOSITION OF FERMIONIC SUMS

In this subsection, we discuss the decomposition of fermionic sums with respect to
the dependence on some large parameters. We call it the quasi-classical decompo-
sition. We first explain the idea in simple examples, and then discuss more general
cases.

EXAMPLE 1. Consider the simplest case [=1, [r, s]=[0, k], «=0,m=1. Then one
gets

I4z+-+2F 1 k1
l-q (-9 -2 (d-g)(1-2)
The result consists of two terms. It is a linear combination of 1 and z* with ratio-

nal function coefficients independent of k. This decomposition can be explained
by examining the large k behavior. There is one particle in the interval [0, k]. The

Ic.1(q,z10, k)=
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weight p of the particle is restricted to this interval, 0 < p <k. If k is large, the
sum over p for 0 < p <<k and that for 0 <k — p <<k does not overlap. Consid-
ering the sum over p for 0 <p and that for p <k we obtain /¢ (g, z|0, 00) and
Ic.1(g, z] — 00, k). In fact, the above decomposition is the same as

Ic1(q,210,k)=1Ic1(q,2]0,00) + Ic 1(q, 2| — 0, k).

The sums in the right hand side contains more terms than the sum over 0 < p <k.
However, since >° ., z” =0 as rational function, we have the equality.

EXAMPLE 2. Let I =1,[r,s]=[0,k], « =0 as before but m =2. Since [ =1 the
matrix C is simply a scalar. We denote it by ¢. One can check the following equal-

ity.

Ic»(q, 210, k) =Ic 2(q,z]0,00) + Ic 1(q, 210, 00)Ic1(q, z| — 00, k) +
+1c2(q, z| — 00, k).

Each of the terms in the right hand side has the distinction that the dependence
on k enters only through 1, z, (z2¢¢)¥, respectively. These sums are over pi, py in
the regions

{0=p1=p2}, {0=p1,0=<k—p2}, {0<k—pr=<k—pi}.
They are obtained by extending the following regions in the original sum:

0<p1=<pr<<k}, {0<p1 <<k, 0<k—pr <<k}, {0<k—pr<k—p| <<k}

In general, we call such a decomposition quasi-classical. We conjecture that the
quasi-classical decompositions are exact for the fermionic sums. In later sections,
we prove the conjecture in some cases.

Here is the quasi-classical decomposition for the general case when the interval
is finite.

CONJECTURE 2.6. We have

Iem(q,zlr.s)=
r s—r .
- (quwc’m) > (Zaqwc’a) Ien-a(q.q% D) Ic.a(q, 27 g~ Cotdagc),

0<a<m

(2.17)

Let us explain how one can obtain the right hand side. Recall (2.6) and (2.5).
Consider the fermionic sum on the interval [r, s] where r - —o0 and s — co. Let
0<a; <m; for 1 <i<l, and consider the sum over p in the region r <p; | <---<
Pimi—a; << 8 and r << pj m;—q; 41 =+ < pi.m; <s. We denote the vector of p; ; from
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the first region by p,,—, and from the second region by p,. Two groups of vari-
ables are separated: if p; ; is in the first group and p;s j» is in the second group,
then we have

min(p;,j, pir,j’) = Pi.j-

Therefore, we have

m;—a;

Oc=0cPn- a>+Qc<pa>+Zc, i D pij.

i'=1 j=1

Extending the regions for summation by removing the bounds of the form --- <<
or r <<---, we obtain

Ienm(g2lr )= D Icm-a(q,q%zlr,00)Ic.a(q, 2] =00, 5). (2.18)
0<a<m
We rewrite this to (2.17) by using (2.10) and (2.11).
In the special cases r =s and r=s+1 Conjecture 2.6 reads as follows.
1

> Iem-a(@,q““Dlc.alg 7 g W) = — (2.19)
Osasm @m’

-1
> (") em-a(@.q D Icalg. 2 g ) = (2.20)
0<a<m

The same quasi-classical decomposition procedure can be applied to J- & 1))(q 2),

where k — oo. For this purpose we need fermionic sums on Z = (— oo,oo). We
define

XE(q, ) =Icum(q. 21 — 00, 00), 2.21)
where u, which depends on (k, v), is given by (2.13).

LEMMA 2.7. X(k l))(q 7) is a rational function in q,z. It satisfies the relations:

k, 0,
( V)(q Z)—( m WCm) X(c,,;)(CIaZ)

and

X(O V)(q Z)—X(O U)(C] Z_l —v— Cm+d1agC) (222)
Proof. The proof is straightforward. We only note that in order to prove (2.22)
one needs to write the fermionic sum in p variables and change the summation

variable Di,j 1O —DPim;+1—j for all i, j. U

The following proposition is an analogue of Lemma 2.5.
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PROPOSITION 2.8.

—1 .
(0 V) (q Z) — Z (ZanC_a-‘rCa-(m—a)) IC,a(CI, Z—lq—cm-‘rdlagC)Ic’mia(q’ qu)’

0<a<m
(2.23)
— z ZanC‘a—H.aIC,m—a (6], Z—lq—Cm+diagC)IC’a(q’ qu). (2.24)
0<a<m

Proof. We use two cuttings of the infinite interval of weights (—oo, co) into semi-
infinite intervals: (—o0, 00) = (—o0, —1]1U [0, 00) or (—o0, o0) = (—o0, 0] U [1, 00).
This leads to (2.23) and (2.24). O

Applying the procedure of the quasi-classical decomposition, we obtain

CONJECTURE 2.9.

JENG D= D Iem-alg. 4 DXED (q. 2).

0<a<m

In the right hand side the summation variable a; where a = (ay,...,q;), repre-
sents the number of color i particles whose weights are “close to £”. The weights
of the remaining particles are “small” compared to k. We conjecture that this is
exact for finite k. In particular, setting k=0 and k=—1 and using (2.14), we obtain

Iew(@.q" D= D Icwm—-a(q.a“DXEY(q. 2). (2.25)
0<a<m

¢ len(@. 0 D= Y Tem-a(a,q%D) (2 WC“) Xew @ 2. (2.26)
0<a<m

In Section 4 we prove these equalities in the case where C is a simply-laced Cartan
matrix. We also give a generalization of these equalities in the case where C is the
symmetrization of a non simply-laced Cartan matrix.

Finally, we give the quasi-classical decomposition for the fermionic sum on
(—00, 00) with two corners at 0 and k, with angle v; and vy, respectively.

We denote this quantity by X (0 o k. VZ)(q, 7). We conjecture that

0.1k, 0, 0,
( o (g, 2= z (Zaqwcﬂ) é;l)a(q qCaZ)X( vz)(q 2.
0<a<m

Restricting to k=0 we have

Xen @ 0= 30 X¢, 0@ 4 “XE (¢.2) (2.27)

0<a<m
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2.4. THE CASE OF sl,

In this subsection, we restrict to the sl case, i.e., /=1 and C =2, and write some
of the fermionic sums and their relations explicitly. Moreover, we discuss vanish-
ing theorems which arise in connection with integrality of angle variables. In the
following we drop C in the notation because it is fixed to C =2. We also use the
g binomial coefficients defined by

(""",
-4

Here n is a non-negative integer, but y is arbitrary, possibly a formal variable.
First, we recall a known result and its proof [9].

PROPOSITION 2.10. We have
1
In(g,2)=——. 2.28
T Dnm (2:28)

Proof. The recursion (2.12) in this case reads as

a ala—1)

In@.0=> “I 1.2

OSLISm ( )m—a

The fermionic sum is uniquely determined by this recursion with the initial con-
dition Iy(gq, z) =1. Therefore, it is enough to prove this recursion for (2.28). After
substitution, we want to prove

74 a(u 1)

DO Z [a] (2Da

0<a<m

Using [" ] =¢“ [m 1]+[m_1], we obtain

a—1
m—1 | Zaqa2 Za+lqa(a+l)
RHS) = " + =
( ) ag()li a ] (2)a (Da+1
ml [mll] (g2)?q*@D
—(LHS).
-1 (q2)a

The following proposition holds for an arbitrary value of v.

PROPOSITION 2.11.

L]

XV (g, 2) = :
& T2 (@
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Proof. We use the decomposition (2.24). Substituting the expressions for
Ic.a(q,z| —00,k) and Ic m—a(q,q"z) given by (2.11) and (2.28), we obtain

m v \a a(a—1)
X(O,v) ) =—— [a](q 2) 4q .
D=0, Zm @2 a(g"0)a

0<ax

The rest of the proof goes similarly as in Proposition 2.10. a
If n is a non-negative integer, the range for m where X,(,?’") (¢, z) 1s non-zero is
restricted.

COROLLARY 2.12. If n€Zs=¢ and m > n, then we have X,S?’n) (¢q,2)=0.

We identify n with the highest weight of the irreducible representation V,, of sl;.
The above statement says the fermionic sum is non-zero only if n —2m is a weight
of V,. In Proposition 4.8 we establish vanishing theorems of the form X g ’,‘,’l) =0 for
the case where C is a simply-laced Cartan matrix, the parameter v corresponds to
a dominant integral weight, and v—>", m;«; is not a weight of V,,. Our tool is the
representation theory of U, (g) with v2=g, where g is a simple Lie algebra associ-
ated with C. We expect vanishing theorems of this kind are valid in a much wider
class of C, though it is beyond the scope of this paper.

Two recursions (2.25) and (2.26) reads as follows.

PROPOSITION 2.13. For an arbitrary value of v, we have

L]

In(g.q"2)= In—a(q.q%2), (2.29)
" Oém @121 D)a(g" ) "1
Z—aq—a(a—l) [U] s
9" In(q.q"2) = e In—alq,q™2). (2.30)
" MZW @121 D)a(g ) "1

The quasi-classical decomposition generates many more identities than we dis-
cussed above. Here we give an example. Let 0 <k; <-.-<k, be non-negative inte-
gers. Set

=Y (t—kj)y where ()=

i=1

[t if t>0;

0 otherwise.

Namely, the linear coefficient n has corners at k; with angle >"_, 8, x,. Suppose
that the quasi-classical decomposition is exact. Then for n >m we have

Lim(@. )= D 1aq.¢*" )X um—a(q.2), (2.31)

0<a<m
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Xum(g. )= . Xf-k (232)
E]sens en=0,1
g1 +-+epn=m

—> ke (L e) K

g~ =r=1"(q""2)

xae= 11 — . (2.33)
g(g¥Vz)

i =1

Here g(z)=(1—-z""(1—q2), 5(1‘):22’;21-Jrl g +1—1. Note that X%%l) =1/g(2).
For example, setting n=3,k; =k; =k3=0,m =2, we obtain

B] 1 ( 1 Lo, )
(@322 Dy g(zg?) \g(zq)  g(zq?)  g(zg® )"

3. Fermionic and Toda Recursions

In this section, we develop the representation theoretic approach to fermionic
formulas. In certain cases we show that they coincide with scalar products of
Whittaker vectors, which are eigenfunctions of the quantum Toda Hamiltonian.

Quantum deformation of Whittaker vectors has been introduced and studied by
Sevostyanov [19]. An independent construction was given by Etingof [7] from a
slightly different point of view. A geometric interpretation of the eigenvectors of
the quantum Toda Hamiltonian as Shapovalov scalar product of Whittaker vectors
has been given by Braverman and Finkelberg [3], reproducing the main results of
Givental and Lee [12]. In this section we give a review of this subject, following
closely the algebraic framework of [19] with minor modifications. We shall show
that fermionic formulas naturally arise from Drinfeld’s Casimir element.

3.1. QUANTUM GROUPS

We fix the notation as follows. Let g be a complex simple Lie algebra, b the
Cartan subalgebra, «1,...,o; the simple roots and wi,...,w; the fundamental
weights. Set P =@!_ Zw;, Q=@!_,Za;, Pr=&!_Z-wi, Q4 =& _ Z>o0;. Let
further A, denote the set of positive roots. We fix a non-degenerate invariant
bilinear form (, ):h x h— C such that (P, Q) CZ, and identify h* with § via (, ).
We set

1
1 _
dizz(aivai)a aivzdi laiv pzzlwr

We choose (, ) so that dy,...,d; are relatively prime positive integers.
Let N be a positive integer satisfying (P, P) C (1/N)Z. The quantum group U, (g)
is a unital associative algebra over K=C(v!'/Y), with generators E;, F; (1 <i <),
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K, (ue P) and the standard defining relations
K.Ky=K,+u, Ko=1,
KHEiK;:l — v(M’a’)E,‘, KMFI'K;II — v—(Mﬂi)Fi’
Ki— K !

_ b
vi—vi 1

[E;, Fj]1=46;j

r
S EDETVEEY =0 r=1-(@ap, i),
s=0

,
SEVETIRFEY =0 r=1-(). ). i#)).
s=0

Here K; =Ky, v;=v%, XV =X}/[s],,! (X=E.F) and [s],! =[]}, 0" —v~P)/
(v—v~1). We choose the coproduct

AE;=E; ®1+K;QE;,
AF=F QK '+1®F,
AK,=K,®K,.

antipode

S(E)=—K;'E;, S(F)=-FK;, S(K)=K;'
and counit

e(E)=e(F))=0, e(K,)=1.

We shall also consider the quantum group U,-1(g) with parameter v~!. Denote
the generators by E;, F;, K,. We choose the opposite coproduct,

AE =E ®K;+1®E;,
AFi=F®1+K'®F,
AK, =K, ®K,,
antipode
S(E)=—EK;", S(F)=—KF;. S(K,)=K,",
and counit
e(E)=e(F;)=0, e(K,)=1.
There is a K-linear anti-isomorphism of algebras given by
o:Uy(g)— Uyi1(g), Eir>F;, Fi—E;, Ku'—ﬂ?;]« (3.1)
We have

Aooc=0Q®0oA. 3.2)
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3.2. VERMA MODULES

For A€ P, let V* be the Verma module over U,(g) generated by the highest weight
vector 1* with defining relations

E1 =0 (1<i<l), K =v"P1* (ueP).

Similarl_y let V' be the Verma module over U,-1(g) generated by the highest weight
vector 1* with defining relations

E1=0 (1<i<l), K, =01 (ueP).

We have obvious gradings V* =@gc o+ (V*)4, VAZEB/SEQ%VA),& where
Vg ={weV* | Kw=v"""Puw (ueP)), (33)
Vp=tweV | Kaw=v""*Py (ueP)). (3.4)

There exists a unique non-degenerate K-bilinear pairing ( , ):V* XVA—> K, such
that (1*,1*)=1 and

(rw, w") = w, o ()w) (3.5)

for all x e U,(g) and weV*, w’ GV)\. The weight components (3.3), (3.4) are mutu-
ally orthogonal with respect to (, ). We extend the scalar product on tensor prod-
ucts of Verma modules as

(1 ®uz, v ®v2) = (uy, v1)(uz, v2) (u; €V, v; e VM),

3.3. WHITTAKER VECTORS

Whittaker vectors are defined by giving the following data: an orientation of the
Dynkin graph, a set of elements v; € P, and non-zero scalars ¢; € K. An orienta-
tion is represented by a skew-symmetric matrix € = (¢; ;), where ¢; ; =1 if there is
an arrow pointing from node i to node j, and ¢; ;=0 if i and ;j are disconnected.
Given ¢, choose v; € P such that

i, aj) —(vj, ;) =€ j(a;, o). (3.6)
For instance one can take v; :Z};ll wk€; i (o, oekv).
A Whittaker vector associated with the data €, v=(v;) and c=(c;) is an element
0r=0"e.v.00= D 0h  05e(Vg.
BeO+

which belongs to a completion V* = [Tgep, (V*)p of the Verma module. It is
defined by the conditions 6} =1* and

Ci

EiK, 6"= 0*. (3.7)

2
1—v;
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It is known that the Whittaker vector exists and is unique [19]. Fixing ¢ and
changing v,c results in a simple scalar multiple of the weight components of
0 (e, v, c). Explicitly we have the transformation law

05(e,v+y. ) =D T Be) B30k e v, ), (3.8)

9;(6, v, c”):v_(’(’ﬁ)eg(e, v,0), (3.9)
where y; € P is such that (y;, @) = (yj, o) holds, and ¢} = v="®)/2¢;, ¢/ =
p— ) o

i
Similarly one defines the dual Whittaker vector
o i 5, _
g =0 e v, 0V, V=T V).
BeQ+

imposing # =1* and

-1
EiR,, 6" = 1 i o (3.10)

in place of (3.7).
The main object of our interest is the scalar product

T =v= BPRECE (@he v, ), 0] (€. v, 0)). (3.11)

We set J; =0 unless f€ Q.

From (3.8) and (3.9), we see that (3.11) is independent of the choice of v, c. As
it will turn out, it is actually independent of the orientation e as well (see Theo-
rem 3.1 below). Anticipating this fact, we suppress the dependence on €, v, ¢ from
the notation.

3.4. FERMIONIC RECURSION

Now we state the main result of this section. Set g =v2, g; =¢%, and

! !
(@)p =H(qz‘; qi)m; for p= zmiai-

i=1 i=1
The following is a counterpart of the fermionic recursion given in
Proposition 2.4.

THEOREM 3.1. The quantities Jé are uniquely characterized by J* =1 and the
recursion relation

=2,

14

gr V=G i (3.12)
(@p—y

In particular, Jé is independent of the choice of orientation which enters the defini-
tion.
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The Jé‘ are determined as rational functions in the variables ¢ and z; =¢~®*).
In accordance with the previous section, let us introduce the following sum for
a (possibly infinite) interval [r, s].

B(y)
q
Jilr, s1= _ (3.13)
ﬂ ,[rzrzy(:,)_ﬂ H;:r (q)y(l)
where
! () S0
By)=5 >, min@.ho oy )~ atp. 2 0v ).
r<t,t’<s t=r
We have
1
J510,0]= —, (3.14)
P @)p
Jilr+1, s+ 1= PPR=030P iy ), (3.15)
Jé‘[r,s]: Z Jé_y[r, u]J;‘[u—i—l,s] (r<u<s). (3.16)
aty=p
THEOREM 3.2. In the notation above, we have
T =J§10, 00).
Proof. This is a restatement of Theorem 3.1. O

Suppose C is a simply laced Cartan matrix, and let .3225:1 mia;, zi =g~ *)
Since (Cm,m)= (B, B) and (diagC,m)=(2p, B), we have

J410,00) =1Ic.m(q. 2)

where the right hand side is defined in (2.8). We shall discuss the interpretation of
Jg[r,s] for finite interval [r, s] in the next section (see Theorem 4.13). When C is
non-simply laced, (3.13) gives a generalization of the fermionic sum considered in
the previous section due to the denominator (g;; g;),-

COROLLARY 3.3. (i) The rational function Jé is regular at z1=---=z,=0 and
Lo
Jilomeymo= || ———. (3.17)
pla=r=a rljl (Gi: qidm;
(1) We have the symmetry property
J;} g :qw,ﬂ)/z—(x,mjé. (3.18)

(ii1) The set {J é}ﬁeQ . is linearly independent over C(q).
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Proof. Assertion (i) is a direct consequence of (3.13) since J2 :Jé‘ [0, 00). In the
definition of J;, 6* and 6* enter in a symmetric way. Therefore assertion (ii) fol-
lows from the definition (3.11). (Note that the change of variable ¢ — ¢~! in the
left hand side of (ii) implies z; — z; 1).

To see (iii), it suffices to show that Jé‘ —1 constitute a linearly independent

q—q
set. Property (ii) implies that each of them has distinct leading power z'f” -~z;"’ in
Z1,..., 2. Hence the independence is evident. O

3.5. DERIVATION OF THE FERMIONIC RECURSION

In this subsection we give a derivation of Theorem 3.1.

First we recall the Cartan—Weyl basis and the product formula for the universal
R matrix due to Khoroshkin and Tolstoy [15]. By definition, a total order < on
A4 is said to be normal if &, 8,0+ B€ A and o < imply « <o+ B <. Nor-
mal orders are in one-to-one correspondence with reduced decompositions of the
longest element of the Weyl group. Moreover an arbitrary total order on the set
of simple roots can be extended to a normal order on Ay [22,23]. To a normal
order <, one associates root vectors

Ef. Ff  (BeAy) (3.19)

by induction on h(B), where h(ZLl niOti)=Z§:1 ni. When h(B)=1, define E; =
E;, Fy =F;. Let y be an element with h(y)=n, and suppose that (3.19) are
already defined for h(B8) <n. Choose a decomposition y = « + 8 in such a way
that there are no other roots «’, 8’ € A satisfying y =o'+ ', a <a’ <’ <B. Then
define

E;=E;E; —v*PEFE], (3.20)
Fr=c,(F;Fy —v “PFSF). (3.21)
The scalar ¢, €K can be so chosen that [E, F;]:(KV —K;l)/(v,, —v;l). Here

and after we set v, =v7)/2,
The product formula is written in terms of the g-exponential function

o0 1 _ n
expy )= 3
n=0 9 n

which satisfies exp, (x) exp, -1 (—x) = 1.

PROPOSITION 3.4. [15] Fix a normal order <, and consider the element

Y
-1
®=ﬁl_A[ exp, (—(uﬂ—vﬂ )F;®E;), (3.22)
€A+
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where the product is so ordered that B appears to the right of B’ if B<p'. Then ©
does not depend on the choice of the normal order <.

The universal R matrix is given by R=0,v~7, where 0y =1(0), t(a ®b) =
b®a, and T eh®h stands for the canonical element.
The following construction is well known.

PROPOSITION 3.5. [6] Set u=m(S ®1d)®, where m(a ® b) = ab stands for the
multiplication. Then u is a well defined operator on V*. It acts on each (V*) g as a
scalar,

—(B. 2040, .
u (VA)/S:U (B.8)+2(+p.P) de(vk)ﬁ.

The formal element vXi=1%@+20, is sometimes referred to as the Drinfeld
(quantum) Casimir element. It acts on V* as a scalar: vzg=1°‘fv ®it20y |Vx =
vAF200) 5 id .

A normal order < is said to be compatible with an orientation € of the Dynkin
graph if €;; =1 implies o; <o;.

PROPOSITION 3.6. [19] Let (3.19) be the root vectors with respect to a normal
order <, and let 6*(e, v, ¢) be the Whittaker vector. If the order < is compatible with
the orientation €, then we have

Eg 0*(e,v,c)=0  for all non-simple roots peA,. (3.23)

Proof. Since the root vectors are defined by multiple v-commutators (3.20),
(3.21), it is sufficient to show (3.23) when y =o; +«;. This can be verified by a
direct calculation using (3.6) and (3.7). O

Proof of Theorem 3.1. By Proposition 3.5, we have
(u 921 éé») — v*(ﬂ»ﬁ)+2(k+psﬁ)(9é~’ 9_2»)

Suppose that y; <--- <y are the simple roots appearing in the chosen normal
order. Expanding the formula (3.22), we obtain

N I U~_ni(1 _U2)2ni .
wop= > [\ —— (v2-u2)l X S(Fy)" - S(Fy)"E}l -~ E}l 0.
ni i Vi

,,,,, npi=1
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In view of Proposition 3.6, we have retained only those terms consisting of simple
roots. Setting V:Z§=1 n;y; and using (3.5), we obtain

(u 05, eﬁ)_ Z H(( vi)_ n'(l_“) )U(V’V)/H(V,Aﬂp)x

2
npi=1 l 5 ')l’li
n n n n
x(E Lo BN O5 BN BN

Now apply the relations following from (3.7), (3.10),

—1
SR
_ 2 B

v; i

oi=P) g% = < )

Since the generators E,,, E,, are arranged in the same order, the powers of v can-
cel out. Substituting the definition (3.11) of Jé\ and simplifying the formula, we
obtain the desired result. O

3.6. TODA RECURSION

As shown in [7,19], the generating function

1
,w;)/d;
F(g.z.0)=> Ji [P
B i=1

is an eigenfunction of the quantum difference Toda Hamiltonian: Hyyg, F =¢F.
For example, when g=sl;,, the Hamiltonian and the eigenvalue are given by

HToda=iD,-+ID;1<1—y,-> f[ (a7'%5), s—Z H (7'z). G249

i=0 j=itl i=0 j=i+1

where D; denotes the shift operator (D; f)(y1,...,v)=f1,.--,qVi, ..., y), With
Do=D;+1=1, yo=y;+1=0. In this subsection we give an account on this point
for completeness. The argument is similar to the one for Theorem 3.1. In place
of the Drinfeld Casimir element, we use other central elements including the qua-
dratic Casimir element.

The following construction is standard.

PROPOSITION 3.7. [8] Let y : Uy (g) — End(V) be a finite dimensional representa-
tion, and set Oy =(id®@my)(0), O, =(d®@ny)(O21) and v/ =id @y (v°). Denote
further by @y the operator on V* @V which acts as id @ wy (vV*~#) on each (\7)‘)/3 ®
V. Then, for any k€7, the operator on V* given by

e® =try (vz'o" (@, 00y 0Oy o<p;1)’<) (3.25)

acts as a scalar.
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In the following we take k=—1 and 7y to be the vector representation for the
series A7, By, Cy, D;. In terms of orthonormal vectors ¢;, the simple roots are given
by

Q=€ —€), ay=€r—€3,...,q1=€ —¢€4] for Ay,

o] =€] —€), p=€) —€3,...,0]_| =€ _] —€,0 =¢€] for By,

o] =¢€] —€), 052262—63,...,Oll_1=El_1—E1,Oll=261 for C[,

o] =€] —€), N)=€)—€3,...,0]_| =€]_] —€], X]=€]_]|+¢€ for Dy

Unlike the fermionic recursion, the Toda recursion depends on the choice of the
orientation. Here we give the formulas for the standard orientation compatible
with the order o] <--- <oy.

PROPOSITION 3.8. For algebras of type A;, B;, C; with the above orientation, we
have

!
(trvq}d—p_ﬂ —trvq)"‘_p) Jé :ZU_ditrv (q)»+p—/3va,- E,Fl) J;‘)}—Ot,"

i=1

For algebra of type Dy, the same recursion holds where the right hand side has an
additional term

—v " %try (q“pfﬁva"'m El_1EiFi_F) Jé—al,l—al-

Proof. The scalar G(Vfl) can be evaluated on the highest weight vector 1%, giving
-1 ~ _
@€} V0], 05 =try 249 (0].0)).

On the other hand, inserting (3.22) into Gi,_l), we obtain a sum of terms compris-
ing scalar products

(Fy)™ e (FR)Y M (Es)" -+ (E)" 05, 0f).

where y; <--- <y, are the positive roots. From the rules (3.20), (3.21) we observe
that o (F;") is proportional to E=, and hence kills 6* if y is non-simple. There-
fore, for both 9/% and 0_3 we need to retain only root vectors corresponding to the
simple roots. Then we must have m; =n;, so we obtain

! v—2n1«2+4ni(1 v2)4”i
=Dar Frv_ i Vi —(y.A=B+y)
(G}, V05,05)= v X
14 B VB Z H (viZ; viZ)er[

try (U2(k+pfﬁ)+y EM . EMFM .. Fl’”) x

x(E}! .-.El’”eg, E"- -.E;”ég).

Here we have set y =Z§:1 ni;.
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When ny is the vector representation, E' = F/'=0 for n> 1. A simple check
shows that in the standard ordering the trace is non-zero only when Zf‘:l n; <1,
except for D; where n;_1 =n;=1 also contributes. a

Here are the more explicit expressions.

[+1 [
S gt B _1y gp=" g0 b for A,
i=1 i=1
l . .
> (q(x,eim_,+1/2(q—<ﬁ,ei> 1) g G2 (g (B 1)) Jh=
i=l
-1
:Z(q(k—ﬁ,ei)+l—i+1/2+q—()»—ﬁ,s,-+1)—l+i+l/2) T+
i=l

_I_(ql/2+ 1)(q()h_'3’61)+1/2+q_l/2)‘],§!ot1 for By,

-

(q(x,e,->+z—i+1(q—(ﬂ,e,-) )4 g R (g B _ 1)) =
1
-1
:z (q(x—ﬂ,e,-)+l—z+1 +q—()»—ﬂ,€i+l)—l+l) Jé—a,- +q(k_ﬂ’6[)+lfé,a, for C; ,

i=l

1

(q(x,e,->+z—i(q—<ﬂ,e,-> 1) g Rl (g B _ 1)) =
i=1
-1
:Z(q(x—ﬂ,e,->+z—i + q—<x—ﬁ,e,-+1>—z+i+1) Tha+
i=1
+(q(x—ﬁ,eHm+q<x—ﬂ,ez>) T g —qOPa-0tl g2 for Dy

—o—1—ay

. A Ghi wALA .
4. Functions X", X", X 5" and Recurrence Relations

In this section we give an interpretation of the fermionic sum (2.21) in the context
of Whittaker vectors, and derive various relations among them and Jé.

4.1. FUNCTIONS X/, xhH

Let A, e P. We are going to define rational functions in the variables z; =g~ %),

The definition is given under the assumption A+ u+2p € —Py. This restriction is
dropped afterwards.

If A+ p+2pe€—Py, we have the decomposition into isotypic components (see
Corollary B.2)



66 BORIS FEIGIN ET AL.
V@V = ®yep, W2, 4.1)
V@V = ®gep, WHH, 4.2)

with each summand WH*+*~ (resp. WH +2=¢) being isomorphic to a direct sum of
Verma modules VA~ (resp. VA+A—2),

Choosing v=(v;) as in (3.6), let us consider the decomposition of the vector

1" ®6™(e, v, c) = Z 77““_“(6, v,c) €V* ®ﬂ7\)‘ 4.3)

acQy

corresponding to (4.1). Consider similarly

_ _ _ =
1"®60" (e, v, ¢) = Z P e, v, ) €eVRQRYV .

aeQy

We define
Xt = p T @D (R (e v, €))o, (7 (€, v, ) - (4.4)

Here (-)g stands for the highest component.
In a similar manner, let us introduce

e v, @1 =D & e v eV eV,

acQy

- - _ =\ —
0 (e, v, 0) @1+ = z EMEYc v ) eV QVH.

aeQy

We define
Xt = w @A) (3 e v, €))o, (7 (€, v, €))o) - (4.5)

Later it will be shown that (4.4), (4.5) are independent of the data ¢, v, ¢ (see Prop-
osition 4.3 and Proposition 4.10).

PROPOSITION 4.1. For any e P we have

A—
=20 Nt 4.6)
acQy
= Z X J;“::;L*aq*(Utya)/2+(a,)»+ﬂ+ﬂ)*(l/-y/3)' @.7)
acQy

Proof. The vector 1* ® 6*(e,v,c) is a joint eigenvector of E;K, with
eigenvalue ¢, = vVt ¢, Therefore each isotypic component n***~%(e, v, c) is
proportional to ##1*%(e, v, ¢’), where the proportionality being determined by the
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highest component (n“+*~%(e, v, ¢))o. Similarly, 1“7 (e, v, ¢) is a joint eigenvec-
tor of E;K,, with eigenvalue ¢/ =v~ )¢, so that 7***~%(e, v, c) is proportional

to O =%(e, v, ¢”). Formula (4.6) follows from these facts. The case of (4.7) is
similar. O

4.2. FUNCTION X2
Fix A1, € P and B € Q.. Consider the Whittaker and dual Whittaker vectors

oW =p*1(e,v7, V) eV,
0 =6*2(—¢, —v,c®) eV,
— _ =\
a0 =g (e, v,eM) eV,

=Xk

6@ =" (—¢, —v", @) eV
where vE=v; £a;, and ¢, are chosen to satisfy

Egl) =v

._lcfl), Efz) = v?cl.a), (4.8)

1

clgl)/ci(z) — _pOikith—p—e)+(ey.oi) (4.9)
Note that for all € Q4 we have

LEMMA 4.2. The following conditions are satisfied for all i.
E; (9“)@9(2))/3:0, (4.10)
i (é“)@é@))ﬂ:o. @.11)
Proof. Noting that
A(E)=v YK g EiKy oy ® 1+ K @™ K E Ky,
and using the defining relation (3.7) for Whittaker vectors, we find
E; (9(1) ®9(2)) — ! 5 (v(ai,vi*ai)c_(l) +p~@iv) K, ®Kv-) >
-0 ’ PoomE
x (K-a 60V @0?).

Therefore with the choice of (4.9) the condition (4.10) is satisfied. Similarly (4.11)
holds if

Ez{l)/Ei(Z) — il tha =) — (e i)

Because of (4.8) and (4.9), it is also satisfied. O
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We define

Xgl,xzz((ea)@@(z))ﬁ, (g<1>®5(2))ﬂ)_ (4.12)

PROPOSITION 4.3. We have

X2 =" It Jirq et (4.13)

acQy

1,42

In particular, Xﬁ is independent of the data €, v and ¢V, ¢®.

Proof. This follows from the definition along with the transformation laws (3.8),
(3.9). O

The relation (4.13) is a counterpart of (2.23). In order to describe the identifi-
cation we introduce two vectors A and v defined by

1
7= —(A ;) Z

PROPOSITION 4.4. We have
X;}l’}LZ (0 V)(q Z)

where C is a Cartan matrix of ADE type and
l
Z miaj, M=A—D, ly=B—i—2p. (4.14)

Proof. Follows from (4.13) and (2.23). O

COROLLARY 4.5. Let g be of ADE type. Then we have

A2

A2
Xﬂ .

=X} (4.15)

Proof. The equality (4.15) is obtained from (2.22) substituting (4.14). O
CONJECTURE 4.6. Relation (4.15) holds for arbitrary g.
PROPOSITION 4.7. We have

AL A2k :
XpR| L =X g PP, (4.16)
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Proof. The relation (4.16) follows from (4.13) and (3.18). O

The following vanishing property of Xg")‘z will play a key role in the sequel. For
w e P, we denote by L* the irreducible quotient of V*.

PROPOSITION 4.8. Let B Q4+ \{0}. Assume that —A; — iy —2p+ B € P4, and that
either A1 —B € Py or Ay — B € Py. Then we have

ng\z =0 if —A1—Xy—2p is not a weight of L~*1~*272p+h, (4.17)

Proof. We apply Proposition B.3 in Appendix 4.2, choosing A=A —pu, Ay=8—

A—2p and w=—A; — Ay —2p+B. Under our assumption v= 0V ® 6?)z can be
written as >'_; Fyv;. Since o=@ ® 6@)4 is a singular vector, we have

I I
ALA _ -
Xgh"? = E (Fivi, v) = E (vi, E;v)=0.
izl i=1

(|
LEMMA 4.9. For any pe P, the following recurrence relations hold.
D D D il (4.18)
acQ
= > XpHxp (4.19)
acQy
Proof. This follows from substituting (4.6),(4.7) into (4.13). O

We can now state the relationship between I)Cg‘)", 562’“ and Xg")‘z.

PROPOSITION 4.10. We have

X = xRN g pePy=
=P Gp —BePy.
Proof. We first assume A — B € P4. In the relation (4.18), choose u=8—1; —
Ay —2p and apply Proposition 4.8. Then the summand is non-zero only if « — 8 is

a weight of L, i.e., only if o =p. The first equality of Proposition follows from
this. Likewise the second follows from (4.19). O

In summary, we obtain the following relations.
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THEOREM 4.11. For any € P we have

Jé: Z Xé,a—/},—ZpJ;;_—o‘lx (4.20)
aeQy
Z XoH 2p, AJM ;q—(a )/ 2+ ptp) = (=2 B) (4.21)
aeQy

A, M _ z X“ aAzXM a—pu—2p (4.22)
aeQy
Z XA.I ,LL Oth[ n—2p, A.Z (423)
a€Qy

Proof. By Proposition 4.10, Theorem is a restatement of the relations (4.6), (4.7),
(4.18), (4.19) applied with shifted u. O

Identity (4.20) corresponds to (2.25), while identity (4.22) corresponds to (2.27).
We have thus shown that these quasi-classical decompositions are exact in the case
where C is a Cartan matrix of ADE type.

As an application we prove the following

THEOREM 4.12. For any B e Q4, we have
Z Je—r=2 Jézzq—(a,a)/2+(/\+/0-,a) =34.0. (4.24)
aeQy

If g is of ADE type, we also have

1
z JEh ZﬂJg = @ (4.25)
aeQy

Proof. We first note that we expect (4.25) to hold for general g. The only
reason we restrict ourselves to the ADE case is that the proof of (4.25) uses
Corollary 4.15.

Substituting (4.13) to (4.20), we obtain

A—p A=t yB=2p—2 yr—a _(y.y)/2—(y.B—p—21)
Tyt =2 T T :

This is a linear relation among {J(SA Mo . viewed as functions of p. Since this is
a linearly independent set, we can compare the coefficients of J(;\ ~#_In the right
hand side only the term with y =« contributes, so that

813,022‘](5*2/)7)»‘,2:3 q(a,a)/Zf(a,ﬁfpf)L).
a

Renaming « to 8 —«, then changing A to B —2p — A, we arrive at (4.24).
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Similarly, after using the symmetry (4.15) and substituting (4.13) to (4.20), we
find

O—(=2p g (y,¥) )2y )tp) Jh—0
Jﬂ_ZJ Irq Iy

Specializing q’)‘ to 0, the left hand side simplifies due to (3.17), while only the
term with y =0 remains in the right hand side. This proves (4.25). d

Finally we give the counterpart of the identity (2.15) in Section 2.

THEOREM 4.13. For a non-negative integer k we have
D TR g e PO — 0, 1, (4.26)
acQy

where the right hand side is defined in (3.13).

Proof. Let us denote the left hand side of (4.26) by J;[0,k], and set

(G2 -0+0.8)

J_é‘[r,s]zq ( J_é‘[O,s—r].

The previous formula (4.25) states that J_g[(), 01=J4[0,0]. Using (3.16) for J; =
Jé‘[O, 00), it is easy to verify that

Jh0.k= > 75710,0005, 11,41
Pr+pa=p

The same relation holds for J;[O,k] by (3.16). Hence by induction we obtain
J510, k1= J410, k. O

We remark that (4.26) in the limit £ — oo reproduces the fermionic formula
for J}.
B

Appendix A: Direct Proof of Toda Recursion for sl;

We give here a direct proof that the fermionic sum /¢ »,(q, z) for the Cartan matrix
C of type A; satisfies the Toda recursion. Since we fix C, we drop it and denote
IC,m(Q7 2), WC,m by Im(qs 2), W

PROPOSITION A.1. The rational functions I,,(q,z) (meZ So) are characterized by
the Toda recursion

(o (@™ =) T (a7 '2) @ 0=
1

=3 i 70 ot (A1)
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Moreover, they satisfy the symmetry relation
-1 _—1 -1\ _ m,_ Wy
]ml ,,,,, ml(‘] 1Z] 7"'3Z1 )—Im1 ,,,,, ml(Q1 Zl,n-,ZI)(‘]Z) q M (A2)

Proof. Let im(q,z), m GZLO be a set of rational functions in ¢,z=1(z1,...,2)
such that Io(g,z)= 1. It is _straightforward to show by induction on m that for
I.(¢,z) the Toda recursion (A.1) implies the symmetry relation (A.2). Now, we
want to show that the former also implies the fermionic recursion (2.12). Since the
solution is unique for both (A.1) and (2.12), the statement of Proposition follows.

Let C(q,z) be the field of rational functions in ¢g,z=1(zy,...,z;). Consider the
vector space over C(q, z) consisting of formal power series in y=(yf,...,y;) with
coefficients in C(q, z). We denote it by F.

We consider the C(q, z)-linear actions y;, D; (i=1,...,1) on F:

Vi fO1 YD) =i fO1, -, 30,
Di-f(y1,ee s Y)=F (V15 qViseevs Y)s

and set formally Dy=D;11=1, yo=y;+1=0.
Let I,,(q,z) € C(q,z). We assume that Iy(g,z)=1. Set

F(g,2,)=¥"In(g,2)

and

G(g. 20 =D " In(g, 2"q".
m

They belong to F. Set

1

H=Z[:(Di+lD[_l(1_yi)_1) H (q*lzj) .
i=0

j=i+1
The Toda recursion reads as HF =0, and the symmetry relation reads as
Flo—! .1 -1 -1 -1, )=G A3
427 s 54 Veenq 1) =G(q,2,Y). (A.3)

Set

i 1 Y
A= H - Z . (A.4)
0N 4
The fermionic recursion reads as

F(q,2,y)=AG(q,z,y). (A.5)

Our goal is to show that if HF =0, and therefore (A.3) is valid, then (A.5) follows.
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Suppose that HF =0. By changing ¢ — ¢!, z; —>zi_1, yi—>q 'y, Di —> Dl._l, we

obtain
1 1
-1 - — 1 -1 - -
Z(D,-JrlDi(l—q 1yi)—l)H (qzj )F(q LalghaT g 1yz)=0.
i=0 =i+l
Using

AT'DiA=(1-y)D;,
we can rewrite this as
-1 -1 -1 -1 -1 1.\ _
(A HA)F(q N TIPS ST/ B PN yl)—O. (A.6)

Because of the uniqueness of the solution HF(q,z,y) =0 with F(q,z,0)=1, we
obtain

F(q,z,y)=AF (q_l,zfl,-..,zl_l,q_lyz,-.-,q_lyl)-

From (A.3) and this equality follows the fermionic recursion (A.5). O

Appendix B: Proposition on Singular Vectors

The main goal of this Appendix is to prove a statement about singular vectors
which is used in the main text. In what follows, for a U,(g) module M, [M], will
denote its subspace of weight v.

We start with the following Lemma.

LEMMA B.1. Let M be a Uy(g) module from the category O. Let p e [M]_,_2,,
e Py be a singular vector such that

!
p¢ > ImF,.
i=1
Then the Verma module U,(g)- p generated by p is a direct summand in M.

Proof. We first note that since the Verma module V~#~2 is irreducible, the sub-
module V =U,(g)- p generated by p is isomorphic to it. We now show that there
exists a submodule W C M such that M=V @ W.

Denoting by C, the quantum Drinfeld Casimir element e @ity (see [6]
and Proposition 3.5) we have the decomposition M =@,xM* into the generalized
eigenspaces

M*={meM|(C,—z)*m=0 for some k.

Setting zo=v***+2°) we have V. C M% and M = M ®€D, .., M*. So it suffices to
find a submodule My~ M such that M =V & M,.



74 BORIS FEIGIN ET AL.

Since M €O, there exists a sequence of submodules

Lo—Li—~>Ly—..., Lj—>M*/V, lim L;=M*/V
j—o00

such that each quotient L;/L;_; is a highest weight module with highest weight
7j. For all j>0, let w; e L; be a vector of weight 7; such that the image of w;
in L;/L;_y is highest weight vector. Note that 7; £ —u—2p. In fact, for all j we
have zo=v ™ %120 If we set ¢ =—pu—2p — T;, we obtain

(c, @) +2(p, a) +2(u, ) =0,

which implies that 7; € —u —2p — (Q4+\{0}). Hence, if 7; #—u —2p, there exists the
unique vector w; € M* which is a lifting of w;. For j, such that r;=—u—2p, we
fix arbitrary liftings w; € M. Setting

MOZZUU(Q)'sz

Jj=0

we obtain V 4+ My= M?. Since V =U,(g)- p is irreducible and pg_fo.:l ImF;, the
intersection V N My is trivial. This proves the Lemma. O

COROLLARY B.2. Let M be a Uy,(g) module from the category O such that M =
D cp [M1-y—2p. Then M is isomorphic to a direct sum of Verma modules.

Proof. Let My C M be the maximal submodule such that M =My + W is a
decomposition into the direct sum of U,(g) modules and My is a direct sum of
Verma modules. Let w e W be a singular vector such that [W], =0 for A bigger
than the weight of w. Then Lemma B.1 implies W = (U,(g) -w) ® W’ and thus M
is not maximal. O

PROPOSITION B.3. Let L* be an irreducible U,(g) module with highest weight | €
Py, and let . € P, B e Q4 be such that either »+2p€—Py or u+B8—r€—Py.
Assume further that [L"],_g=0. Then we have

sing

[\7/\—# ® \7/3—2/9—)»] s

where ()*"& means the space of singular vectors.

Proof. Set M =V*#®VF~2r=* and suppose that the statement of the Proposi-
tion is not true. Then there exists a vector pe M™®, " such that p ¢ > ImF.
Set V=U,(g)- p. Because of Lemma (B.1), there exists a submodule W C M such

that

M=VaWw. (B.1)
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Tensoring both sides of (B.1) by L* we obtain
VHQVP2 b @ LI = (VTR @ LM @ (W ® LM). (B.2)

We show that the decomposition (B.2) is impossible by a homological argument.
In the following we set U =U,(g). Let N (resp. B, H) be the subalgebra of U
generated by {E;}1<i< (resp. {E;, Kl.il}lsisl, {K,?—Ll}lgisl). All these subalgebras are
vector spaces over the field K=C(v!'/N). We shall make use of the following facts.
(i) Let X be a B module and Ind% X =U ®3 X be the induced U module. Then
we have an isomorphism

TorV H(K, Ind§ X) ~ TorBH(K, X). (B.3)

The proof is essentially given in [16], Lemma 3.1.14, which treats the classical case

of (B.3). In order to prove (B.3) we only need to replace the classical (B, H) pro-

jective resolution of X from [16], Corollary 3.1.8 by an arbitrary B-free resolution.
(i1) Denoting by n the number of positive roots of g we have

dim[Tor) (K, V)1, =8, 5425 (B.4)
dim[TorY (K, L)1, =8, 412, (B.5)

The proof of these equalities is based on the quantum BGG resolution [14] (see
also [17,18]), which generalizes the classical BGG resolution [1]. Let W be the
Weyl group of g. For we W and A € P we denote by /(w) the length of w and
by wxi=w(\+ p)— p the shifted action of w. In order to prove (B.4) we use the
quantum BGG resolution of the trivial U, -1(g) module

0> F,—>F;_1—> - —F—K-=0, (B.6)

w0 . . w0
where Fp = D yewiw—p V is a direct sum of Verma modules V over

U,-1(g). Using the anti-isomorphism o :U,(g) = U,-1(g) (3.1) we endow each F)
with the structure of right U,(g) module. Thus (B.6) is a right B-free resolution of
the trivial module K and Tor) (K, V*) is equal to nth homology of the complex

0> F, v V> F,_ 19y V' > > Fp@n V' — 0. (B.7)

We note that F,, is the free B module with one generator of H-weight —wq * 0,
where wy is the longest element in W. Since V* is irreducible we obtain that the
space of nth homology of (B.7) is one-dimensional and is generated by the tensor
product of highest weight vectors of Vwo*o and of V*. Now the equality wop=—p
implies (B.4). The proof of (B.5) is very similar and uses the (left) quantum BGG
resolution of the module L*.

For any A we have V* =IndgKk, where K, denotes the one-dimensional B mod-
ule with trivial action of N and an action of K; by v*%) This gives (see [16],
Proposition 3.1.10)

VI @VP207h @ LH =TndY (Ky -, @ VP~ @ LMy =
=Ind% (Kg_2,-1 @ V*H ® LM).
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We conclude that

TorVH(K, V' @ V204 @ L) = [Tor}f (K, VP-2* g L“)] . (B.8)
-

- [TornN K,V F e L“)]Hzp_ﬁ . (B.9)

Suppose u+p —xre—P;. Then we have the decomposition (see Corollary B.2)
VT L =@, VT QL.

From (B.4) and the vanishing assumption, the right hand side of (B.8) is equal
to [L"],—p=0. Now suppose A +2p € —P;. Then we have the decomposition (see
Corollary B.2)

V@ LI =@,V T @ [LH],.
Again, from (B.4) and the vanishing assumption, the right hand side of (B.9) is

equal to [L*],_p=0.
Similarly, (B.5) implies

Tor M (K, V12 @ LI ~ [TornN(K, L“)] _K.
20+
This shows that the decomposition (B.1) is impossible, and thus proves our Prop-
osition. 0
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