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Î ÑÒÐÓÊÒÓÐÅ ËÈÏØÈÖÅÂÛÕ ÎÏÅÐÀÒÎÐÎÂ
ÑÓÏÅÐÏÎÇÈÖÈÈ ÍÀ ÏÐÎÑÒÐÀÍÑÒÂÅ ΛBV

Â ðàáîòå ïîëó÷åíî ïðåäñòàâëåíèå ãåíåðàòîðà ëèïøèöåâà
îïåðàòîðà ñóïåðïîçèöèè, äåéñòâóþùåãî èç ïðîñòðàíñòâà ôóíê-
öèé äâóõ ïåðåìåííûõ êîíå÷íîé Λ�âàðèàöèè Óîòåðìàíà â ñåáÿ.

Ïóñòü I = [a1, b1]× [a2, b2] � áàçîâûé ïðÿìîóãîëüíèê â R2 ,
ãäå a = (a1, a2), b = (b1, b2) ∈ R2 òàêèå, ÷òî a1 < b1 , a2 < b2 .
Îáîçíà÷èì ÷åðåç RI ìíîæåñòâî âñåõ ôóíêöèé, äåéñòâóþùèõ
èç I â R . Ïóñòü Λ = {λi}∞i=1 ⊂ (0,∞) � íåóáûâàþùàÿ ïîñëå-
äîâàòåëüíîñòü ÷èñåë, òàêàÿ ÷òî ðÿä

∑∞
i=1 1/λ2

i ðàñõîäèòñÿ.
Îïðåäåëèì ôóíêöèþ f(·, a2) : [a1, b1] → R ïðàâèëîì:

f(·, a2)(x1) = f(x1, a2) , a1 6 x1 6 b1 . Äëÿ íåå Λ�âàðèàöèÿ
â ñìûñëå Óîòåðìàíà [1] íà îòðåçêå [a1, b1] åñòü âåëè÷èíà

VΛ(f(·, a2)) = sup
m∑
i=1

|f(y1i, a2)− f(x1i, a2)|
λi

,

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì m ∈ N è âñåì íåóïîðÿäî÷åí-
íûì íàáîðàì íåíàëåãàþùèõ îòðåçêîâ [x1i, y1i] ⊂ [a1, b1] , i =

= 1, . . . ,m . Àíàëîãè÷íî îïðåäåëÿåòñÿ Λ�âàðèàöèÿ VΛ(f(a1, ·))
ôóíêöèè f(a1, ·)(x2) = f(a1, x2) , a2 6 x2 6 b2 .

Äëÿ ôóíêöèè f ∈ RI äâóìåðíîé Λ�âàðèàöèåé â ñìûñëå
Óîòåðìàíà�Äüÿ÷åíêî [2] íà I íàçûâàåòñÿ âûðàæåíèå

V2,Λ(f,I)=sup
m∑
i=1

n∑
j=1

|f(x1i, x2j)+f(y1i, y2j)−f(x1i, y2j)−f(y1i, x2j)|
λiλj

,
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ãäå ñóïðåìóì áåðåòñÿ ïî âñåì ïàðàì (m,n) ∈ N2 è âñåì íå-
óïîðÿäî÷åííûì íàáîðàì íåíàëåãàþùèõ îòðåçêîâ [x1i, y1i] ⊂
⊂ [a1, b1] , i = 1, . . . ,m , è [x2j , y2j ] ⊂ [a2, b2] , j = 1, . . . , n .

Ïîëíóþ Λ�âàðèàöèþ ôóíêöèè f ∈ RI îïðåäåëèì òàê:
TVΛ(f, I) = VΛ(f(a1, ·)) + VΛ(f(·, a2)) + V2,Λ(f, I) è ÷åðåç ΛBV
îáîçíà÷èì ïðîñòðàíñòâî ôóíêöèé f ∈ RI ñ TVΛ(f, I) <∞ .

Îïåðàòîðîì ñóïåðïîçèöèè ñ ãåíåðàòîðîì h : I × R → R ,
íàçîâåì îïåðàòîð (Hf)(x) = h(x, f(x)) , ãäå x ∈ I è f ∈ RI .

Äëÿ f ∈ ΛBV åå ëåâàÿ ðåãóëÿðèçàöèÿ åñòü f∗ : I → R [3]:

f∗(x1,x2)=



lim
(y1,y2)→(x1−0,x2−0)

f(y1, y2), a16x16b1, a26x2 6 b2,
lim

(y1,y2)→(x1−0,a2+0)
f(y1, y2), a1 6 x1 6 b1, x2 = a2,

lim
(y1,y2)→(a1+0,x2−0)

f(y1, y2), x1 = a1, a2 6 x2 6 b2,
lim

(y1,y2)→(a1+0,a2+0)
f(y1, y2), x1 = a1, x2 = a2.

Òåîðåìà. Åñëè H äåéñòâóåò èç ΛBV â ñåáÿ è ëèïøèöåâ,
òî íàéäóòñÿ äâå íåïðåðûâíûå ñëåâà ôóíêöèè h0, h1 ∈ ΛBV
òàêèå, ÷òî h∗(x, u) = h0(x) + h1(x)u äëÿ âñåõ x ∈ I , u ∈ R
([4]), ãäå h∗(x, u) � ëåâàÿ ðåãóëÿðèçàöèÿ h(x, u) , îïðåäåëåííàÿ
äëÿ êàæäîãî ôèêñèðîâàííîãî u ∈ R .

Ýòà òåîðåìà îáîáùàåò ðåçóëüòàòû ðàáîò [3], [4] è [5].
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