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Abstract—1In this paper, we obtain a classification of gradient-like flows on arbitrary surfaces
by generalizing the circular Fleitas scheme. In 1975 he proved that such a scheme is a complete
invariant of topological equivalence for polar flows on 2- and 3-manifolds. In this paper, we
generalize the concept of a circular scheme to arbitrary gradient-like flows on surfaces. We prove
that the isomorphism class of such schemes is a complete invariant of topological equivalence.
We also solve exhaustively the realization problem by describing an abstract circular scheme
and the process of realizing a gradient-like flow on the surface. In addition, we construct an
efficient algorithm for distinguishing the isomorphism of circular schemes.
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1. INTRODUCTION

Let M™, n > 2 be a closed connected n-manifold with a Riemannian metric d.
A flow on a manifold M" is a continuous map F': M™ x R — M™" satisfying the group properties:

1) F(z,0) =z, Vo € M";
2) F(F(z,t),s) =F(x,t+s), Ve € M", Vs, t € R.

We will use the notation f!(z) = F(x,t), x € M", t € R. Notice that, for a fixed ¢t € R, the map
ft: M™ — M" is a homeomorphism (see, for example, [7]), so the flow is also called a one-parameter
group of homeomorphisms acting on the manifold M™.

The set O, = {f!(x),t € R} is called the trajectory or flow orbit of a point x € M™. Any flow
orbit either consists of a unique point (in this case this point is called fized), or is homeomorphic to a
circle (in this case the orbit is called periodic), or is an injectively immersive line. It is assumed that
all trajectories other than a fixed point are oriented in accordance with the increasing parameter t.
Two flows ft: M™ — M"™ and f*: M™ — M" are called topologically equivalent if there exists a
homeomorphism h : M™ — M"™ sending the trajectories of f to the trajectory f’* with orientation
preserved. If the homeomorphism A has the property hf!(x) = f"*h(x) for any t € R, then the flows
are called topologically conjugate.

An e-chain of length T connecting a point = with a point y for a flow f! is a sequence of points
T = x0,...,T, =y for which there is a sequence of times t¢1,...,t, such that d(fti (xi_l),azi) <,
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866 GALKIN et al.

tiz1forl<i<mnandty+---+t,=T (see Fig. 1). A point z € M" is called chain recurrent
for a flow f! if for any € > 0 there exists T > 0 depending on € > 0, and an e-chain of length T,
connecting the point x with itself. The set of all chain recurrent points is called the chain recurrent
set and is denoted by Ry¢:. If the chain recurrent set of the flow is finite, then it consists of fixed

points.
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Fig. 1. e-chain of length T'.

Obviously, a fixed point p of a flow f* is chain recurrent. The stable and unstable manifolds of
a fixed point p are defined, respectively, as the sets:

Wy ={eeM": lim dpf(@)=0} Wy={eeM": lm dp f'()=0}

Following [8], we call a fixed point p of the flow f* hyperbolic if there exists a neighborhood U, C M™

of p, a number A\, € {0,1,...,n} and a homeomorphism h, : U, — R", conjugating the flow ft|Up

with the linear flow aﬁ\p : R™ — R™, given by the formula

t _ (ot t —t —t
ay, (T1s oo Tay Tyt 1s oo o5 Tn) = (2721500, 200, 27 ) 41, 27 ).

The number A, is called the Morse index of the hyperbolic point p. The index points n and 0 are
called a source and a sink, respectively, otherwise the point p is called a saddle (see Fig. 2).
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Fig. 2. Dynamics in the neighborhood of a hyperbolic fixed point: (a) saddle point, (b) source point, (c) sink
point.
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Proposition 1 ([14, Theorem 1]). Let f': M™ — M" be a flow with a finite hyperbolic chain
recurrent set. Then

) M= U Wr= U W
pEth peth

2) the unstable (resp., unstable) manifold Wy (resp., W) of a fized point p is a topological
submanifold of a manifold M™, homeomorphic to R (R"=*»);

3) (W) \ W C U we (CZ(W;) \W; C U W;).
GER pe:WENWE#D GER pe:WENW#0
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CIRCULAR FLEITAS SCHEME FOR GRADIENT-LIKE FLOWS ON THE SURFACE 867

A flow ft: M? — M? is called a gradient-like flowif its chain recurrent set is finite and hyperbolic
and the stable and unstable manifolds of different saddle points do not intersect. In this case
invariant (stable or unstable) manifolds of every saddle point p of f* have dimension one, each of
the sets W \ p, Wy \ p consists of two connected components named separatrices. The flows of the
class under consideration have the simplest dynamics, which has inspired many mathematicians to
search for invariants of their topological equivalence.

Under the assumptions of different generality for the class under consideration, the following
invariants were obtained: the Peixoto graph (M. Peixoto [13]), the equipped Peixoto graph
(V. Grines, O. Pochinka [5]), two-color graph (K.Wong [15]), three-color graph (A.Oshemkov,
V. Sharko [11]), and circular scheme (G. Fleitas [2]).

In particular, the circular Fleitas scheme was constructed as a complete equivalence invariant
for polar flows (flows with one sink and one source) on the surface. The scheme consists of a circle
around the source point with intersections with saddle stable manifolds marked on it. For every
saddle point such an intersection consists of two points, marked by a spin which is + (-) if the union
of a disk bounded by a circle and a tubular neighborhood of a stable manifold of the saddle point
is an annulus (a Mobius band) (see Figs. 3, 4). Two circular schemes are called isomorphic if there
is a circle homeomorphism preserving the pairs of points and their spins. The isomorphic class of
such a scheme is a complete invariant of topological equivalence of a polar flow f*: M? — M?.

. 1+@
1+ 2+
® °

Fig. 3. Polar flow f* on the torus and its circular scheme.
w
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Fig. 4. Polar flow f' on a projective plane with points of the negative spin.

In this paper we generalize the circular scheme to gradient-like flows. In more detail.
Let f': M? — M? be a gradient-like flow. Denote by Q?t, A € {0,1,2} the set of fixed points
of the flow f! with the Morse index A. Directly from Proposition 1 we conclude that the sets 9,
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868 GALKIN et al.

and Q?t, the sink and source points, respectively, are not empty for any gradient-like flow f*. For

any subset of P C Ry we will assume W = (J W7, Wg = (J Wj'. For any (possibly empty) set
peP peP

6 C Q}t of saddle points we put
05 = Q% U6, A5 =W

In [4] it is proved that, for any gradient-like flow f*: M? — M?, the set Ag is an attractor!) of the
flow f! and has a trapping neighborhood Us whose boundary ¥s intersects every flow trajectory in
ft|W§5\A5 at exactly one point.

Proposition 2 ([4, Theorem 1]). For any gradient-like flow f': M? — M? there is a set 0, C Q}t
consisting of |Q(J)ct| — 1 points and such that Us, = D?.

Let X5, = S L§ ={WinX;,, o€}, LY ={WiNXs,,0¢ (Q;t \ d.)}. Every element of the
set Lj (Lg ) is a pair of intersection points of the circle X5, with the stable (unstable) saddle
manifold WS (W) of a saddle point o € 4, (o € Q7 \ d,). Pairs of points of the set LY are marked

by the spin + (—) if the union of the disk Us;, with the tubular neighborhood of the unstable
manifold W of the corresponding saddle o is homeomorphic to the annulus (Mdbius band). The
set

Ss, = (%s,, L3, L§.)

is called a circular scheme of a gradient-like flow f!: M? — M? (see Figs. 5, 6). Two circular
schemes S5, and Sy, of gradient-like flows f!: M? — M? and f* : M'? — M’ are called equivalent
if there is a homeomorphism 1 : X5, — X/, sending pairs of points of sets L3 , L§ into pairs of

points of sets L3, , L}, , respectively, with the spins being preserved?).

Since there is no unique way to choose As, (see Figs. 5, 6), we denote by Sy the set of all possible
different circular schemes of gradient-like flow f!: M? — M?2. The sets S go and Syn of gradient-

like flows f* and f’* are called equivalent if they contain equivalent circular schemes Ss5, € S ¢ and
55; S Sf/t.

Next, the main result of this paper follows.

Theorem 1. Let ft, f'* be gradient-like flows which are topologically equivalent if and only if the
sets of their circular schemes Sy, Syr are equivalent.

Corollary 1. It follows from Theorem 1 that, if Sy+ and S e are equivalent, then all their circular
schemes are pairwise equivalent.

To solve the realization problem, we introduce the concept of an abstract circular scheme. Let
Y. =S' and L?, L* C 3 be sets of pairs of pairwise distinct points having the following properties:

1) the paired points in L*® are arranged so that the chords joining them are pairwise disjoint;

2) the paired points in L* are marked by + or —.

U An invariant set A € M™ of a flow f': M™ — M™ is called an attractor if it has a closed neighborhood U, which

is called trapping, such that f*(Ua) CintUa for t > 0 and () f(Ua) = A.
£>0

YNotice that an invariant similar to the circular scheme was used in [6] for a description of the connected
components of gradient-like vector fields on closed surfaces.

REGULAR AND CHAOTIC DYNAMICS Vol. 28 No. 6 2023
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Fig. 6. Gradient-like flow on a projective plane with a set of all possible circular schemes.
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with properties 1, 2 above will be called an abstract circular scheme. Obviously, the circular scheme

of any gradient-like flow f*: M? — M? is equivalent to some abstract scheme.
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Denote by k° the number of paired points in L°, by kY (k“) the number of the paired
points with spin + (-) in L". Let k" = k" + k% and k = k® 4+ k". We assume that the circle ¥
is counterclockwise oriented and the paired points in L% are numbered: (z1,y1), ..., (2ku, Ygu).
Select the arcs [a;, b;], [ci,d;] C X, i€ {1,...,k"} (oriented consistent with the orientation of the
circle X)) so that [a;, b;] N (LY U L®) = z;, [¢;,d;] N (L* U L®) = y;. Now, choose pairwise disjoint arcs
Yar>Vors - - > Yagu s Yo Whose interiors avoid 3, as follows:

o 0v, = a; Ud;, Oy, = b; Uc; if a pair of points z;,y; has a spin +;

o 07, = a; Uc;, Oy, = b; Ud; if a pair of points z;,y; has a spin —.

kU kU
Let C% = <Z \ U ((ai, b;) U (e, dz))> U U (Ya; U, ) (see Fig. 7). Denote by m™ the number of the
i=1 i=1

connected components of the set C*.

4u+ 2u+

2u+

Fig. 7. Building a set C".

Theorem 2. For every abstract circular scheme S there is a gradient-like flow ft: M? — M? with
a circular scheme Ss, equivalent to S. Also, the surface M? is orientable (nonorientable) if and
only if the scheme S does not contain (contains) a point with negative spin, and its genus g is
calculated by the formula

Rt 41
9277;” (9= k" —m" +1).

Theorem 3. Let S = (3,L°,L") and S' = (X,L”®, L") be abstract circular schemes such that
k* = K*, k" = k", k't = K. Then there is an efficient (polynomial-dependent on k = k* + k™ + k)
algorithm for distinguishing their isomorphism.

2. THE CIRCULAR SCHEME IS A COMPLETE EQUIVALENCE INVARIANT
OF GRADIENT-LIKE FLOWS ON SURFACES

In this section we prove Theorem 1: gradient-like flows f? and f’* on surfaces are topologically
equivalent if and only if the sets of their circular schemes Sy and Sy« are equivalent.
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CIRCULAR FLEITAS SCHEME FOR GRADIENT-LIKE FLOWS ON THE SURFACE 871

Proof.

Necessity. Let gradient-like flows f*: M? — M?, f'* . M'> — M'? be topologically equivalent by
means of a homeomorphism h : M? — M'?. Let us show that the sets of circular schemes S ¢ and
S are equivalent.

Let S5, = (Xs,, Lj,, L§.) be a circular scheme of flow ft and &, = h(6,). Let us show that St
is a circular scheme for f* which is equivalent to Ss,, which completes the proof.

Indeed, h(As,) = As, and the disk h(Us,) is a trapping neighborhood of the attractor As . The
homeomorphism h sends the circle 35, into the circle h(3s,) which intersects every trajectory in
f’t\Wés/ \Ag at the unique point, similar to the circle ¥s . Define homeomorphism ¢ : ¥5, — s by

the formula

U(y) = ™ (h(y)).
where 7, € R, y € 35, is a value for which /'™ (h(y)) € S,

Sufficiency. Let Ss., Sy« be circular schemes of the flows ff: M? — M2, f'*: M"? - M"
equivalent by means of a homeomorphism 1 :¥; — Xs . Let us construct, step-by-step, a
homeomorphism h : M? — M’? sending the trajectories of f!: M? — M? to the trajectories of
ft: M"? — M" with the saving orientation on the trajectories.

Step 1. For a point z € M? (2’ € M'?) denote by O, (O.,) the trajectory of f!(f") passing
through the point z (2’). Let N = |J O, and N'= |J O.,. Define a homeomorphism h; :

TEXs, 1’6265‘

N — N’ realizing the equivalence of flows f!|y, f"!|n5+ by the formula

hi(y) = f" oo [T (),
where 7, € R is a value for which f7(y) € X5, for y € N. From the definition of the section X5, (Xs; )
it follows that it intersects exactly one invariant manifold of each saddle point p € Q, (p’ € QL)

exactly at a pair of points. Since the homeomorphism 1 sends the paired points into the paired
points preserving their stability, the homeomorphism h; sends an invariant manifold of a point p

without a point p into an invariant manifold of the same stability of a point p’ without a point p’.
/

That is, the homeomorphism h; uniquely extends to the set Q}t so that hi(p) =p'.

Step 2. Consider the linear flow a’ : R? — R?, given by the formula a’(x1,z2) = (2¢x1, 27 xs).
Let Uy = {(z1,72) € R? : 22 + 22 < 1}. The definition of a hyperbolic point implies the existence
of a neighborhood U, of the point p € Q}t and a homeomorphism h,: U, — Uy conjugating
[, and af|y,. Let V= U O, and Vj = {(ml,xg) €R?: |zymo| < %} (see Fig. 8). Define a

zeUy
homeomorphism hy, : Vj, — Vj realizing the equivalence of the flows f*|y,,a|y, by the formula

hv, (y) = a™™ o hy o fT¥(y),
where 7, € R is a value for which f™(y) € a, for y € V},.

Then we construct a homeomorphism hvp, (y) : Vy = Vo for points p’ € Q}m analogous to
homeomorphism hy,. At the same time, we choose the homeomorphism h, so that for a
connected component v of the set Vp \ (Oxy UOxs) the intersection hy,(v) Nhy (hv,(v)) is not
empty. Let ﬁvp = h‘_/ll ohy, :V, =V, V= U V,, V"= U V), and denote by ho:V = V' a

P 1 1
peEN st p'EN ot
homeomorphism composed by the homeomorphisms ﬁvp for all p € QL,.

Step 3. Denote by f/p/ a subset of M? containing the invariant manifolds of saddle p’ and
bounded by curves hi(0V,). For p> 0 let V{ = {(z1,22) € R?: |2122] < p}. Choose 0 < p), < 3
such that ho(Vy”) C int V. Let W, = Vi*, Wy = ho(W,). Let T be a connected component of the
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Up

Fig. 8. Neighborhood of Up.

set V}, \ int W,. Then one of its boundary components (denote it by Tp) belongs to W), and the
other (denote it by 7' ) belongs to dV,,. Denote by T the connected component of the set f/p/ \ int Wp/
having boundary components Ty = ho(Tp) and T, = hi(Ty).

Let ¢:T —[0,1] xR (¢:T — [0,1] x R) be a homeomorphism such that ¢(O,) = {s} x R
(p(OL) = {5} xR) for z€T,s€(0,1] (F€T,5€][0,1]) and ¢(Tp) = {0} x R, ¢(Ty) = {1} x R
(¢(Tp) = {0} x R, ¢(T1) = {1} x R). Then the homeomorphism ¢y = ¢ o hg o (¢|7,) "' : {0} x R —
{0} x R has a form ¢o(0,7) = (0,70(r)). Similarly, the homeomorphism ¢; = o hy o (¢|7,) " : {1} x
R — {1} x R has a form ¢;(1,7) = (1,71(r)). For s € [0,1] denote by n, : R — R a homeomorphism
given by the formula

1s(r) = smu(r) + (1 = s)mo(r)
and let ¢ : [0,1] x R — [0,1] x R be a homeomorphism given by the formula

C(s,r) = (5,m5(r))-

By construction, the homeomorphism (7 = poCo¢l:T — T realizes the equivalence of flows

Uz, f 7, it c01nc1des with hg on Ty and with A; on T7. Similarly, we construct a homeomorphlsm

on all connected components of the set V,, \ int W}, and get a homeomorphism th Vp — V Let

V= U V/ and denote by ho:V =V a homeomorphism composed by the homeomorphisms
P GQflt

iva for all p € Q}ct.

Step 4. Let M = M?\ (Q?t UQ2), M'=M"?\ (Q?,t UQ2,) and define a homeomorphism
h: M — M’ coinciding with ko on V and with h; on M \ V. We show that the homeomorphism h
uniquely extends to M?, which completes the proof.

Assume that the circle Y5, is oriented and the paired points of the sets Ly are numbered:
(z1,41), -+, (2w, ygu) and belong to unstable manifolds of saddle points p1, ..., pgu, respectively.
Then the set V" N'Ys, consists of two arcs [a;,b;] Ll [¢;,d;] (oriented in accordance with the
orientation of the circle),which are the neighborhoods of the points z;,y;, respectively. Let A; =
hy,, (a;), B; = hy,, (b;),C; = hy,, (¢;),D; = hy,, (d;). Without loss of generality, we assume that the
points A; and B; belong to the fourth and first quadrants of R? (in other cases, the reasoning is
similar). Then for a pair of points z;,y; with spin + (—), the points C; and D; belong to the second
and third (third and second) quadrants, respectively. Next, we construct the section v4,,vp, for
trajectories in at|V0pi\W5 as follows (we will construct for spin +, for spin — it is similar).

Let A; = a™i (1, —p;), D; = a™Pi (=1, —p;). For 2y € [~1,1] let

ti(z1) = 0,5(x1 + 1)(Ta, = Tp,) + Tpyy va, = | £ (21, —po).
Ile[—l,l]
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[0; 1] x R

Fig. 9. Illustration of step 3.

Similarly, we construct a section 7p, with boundary points B;, C;. Let v, = h‘_,pl(’yAi), Yo, =
h‘_/pl(’yBi) (see Fig. 10) and

K k*
CcY = (25* \ U ((ai, bz) U (Cz,dz))> U U('Yai U FVbi)'
i=1 i=1

By construction, every connected component ng of the set CY is a section for trajectories of f*
in the basin of some source a;. Then h(c}‘) is also a section for the trajectories of f* in the basin
of some source o;. Hence, |Q?t| = |Qfm| and h can be continuously extended to the set cht.

It follows from the definition of the circular scheme that the circle s, bounds a two-dimensional
disk Us, on the surface M?. Also, the arcs Wy, divide this disk into |Q?t| two-dimensional disks,

whose the interiors belong to basins of pairwise different sinks of f*. It follows from the construction
of the homeomorphism A that the circle h(Xs,) bounds the two-dimensional disk h(Us,) on the

hvpi
EO'* /\ Vo
Vo, Ci =a"Ci(=1,p;) Bi =a""i(1,pi)
C; bz
Yi Piln Zi O
d; i
D; ZGTDi (—1,—pi) Az :aTAi(l,—pi) A, :hVPi
Ya;
Ya;

Fig. 10. Illustration of step 4.
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surface M'? and the arcs W5, = h(W§,) divide it into |Q?/t| two-dimensional disks. It implies that

|Q‘}t| = |Q?,t| and the homeomorphism h continuously extends to the set Q9,.

3. REALIZATION

The proof of the realization theorem consists of the construction of a gradient-like flow
ft: M? — M? having a circular scheme Sj, = (35, L, Lg*) equivalent to the given abstract
scheme S = (X, L*®, L").

Step 1. Consider an abstract circular scheme S = (3, L®, L*%). Set the flow ¢’ on the manifold
R x ¥ by the formula ¢'(s,r) = (s,r +t). Assume that the circle ¥ is counterclockwise oriented
and the paired points of the set L" are numbered: (21,41), ..., (2ku, yru). Choose pairwise disjoint
arcs oriented in accordance with the circle orientation [a;, b;], [¢;,d;] C X, 7 € {1,...,k"} such that
[a;, b)) N (L* U L) = 2, [ei, di] N (LY U L®) = y;.

Let 07, = {2} xR, £y, = {yi} x R, N} = [a;, 0] x R, Nj} = [¢;,di] x R, £} =2, ULy, and N}' =
NYUNE. On the set N = {(z1,22) € R?: |z 25| <1} we define the flow a' by the formula
al(z1,w2) = (2'21,27 w2). Let N* = N\ Oxy. Define a diffeomorphism p¥ : N* — N, realizing
the equivalence of flows ¢f, a’, by the formulas

25 — b; — a;
Ul = (2", 27" ————=
He o 57) ( 7 < bi — a; >> ’

” r —r 2s — dl — C;

where §; € {—,+} is the spin of the pair (z;,;). It is directly checked that a'u® = p¥q'. Let

kU kv
A" = |J ¢ and Npu = |J N¥. Denote by p* : Nyu — N™ X Zgu a diffeomorphism composed by
i=1 i=1
the diffeomorphisms uf, ..., gi..
Then, we number the points of the set L®: (21,71), ..., (Zgs, Jxs) and choose pairwise disjoint

arcs [a;, bi], [¢i,di] C X, i€ {1,...,k°}, avoiding ¥, such that [a;,b] N (Na« U L®) = z;, [¢;,d;] N
(NAu U Ls) = y;. Let f% = {Z} x R, 6;—1 = {gz} x R, NZSZ = [ai,bi] x R, Ny% = [Ei,di] x R, €f = 6;1 U
¢z and N = N2 UN; . Let N* = N\ Ox;. Define a diffeomorphism 4§ : N — N, realizing the

equivalence of the flows ¢f, a’, by the formulas

2w — b; — @
8 ls, (w, ) = <2" (“’7) 2) |
s bi — a;

2w — CZZ — G _r
i g (w,r) = (2’" (?) ;=2 > :

ke ke
It is directly checked that a’u = pfqt. Let A® = |J €5 and Nys = |J N{. Denote by u®: Nps —
‘ =1

=1 7

N?® X Zys a diffeomorphism composed by the diffeomorphisms p3,...,u.. Let Q@ = (R X X) U,u
(N X Zgu) Ups (N X Zgs), Q@ = (R X Z)U (N X Zgu) U (N x Zys) and denote by p:@Q — Q the
natural projection. Let pi = p[(rxx), P2 = PINxZu>P3 = PIN'x7,s- Let us define on the manifold
Q aflow Y : Q — Q by the formula

Jat qt(pl_l(a:))) ze€p(R xX)
vt =, at(m—l(@)) € po(N x {i}),i € Zga
3 (at (pgfl(ﬂf))) z € p3(N x {i}),i € Zys
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By construction, the nonwandering set of the flow Y consists of k% 4 k* saddle fixed hyperbolic
points.

Step 2. Let R* = Q\ Wfayt and denote by o7, ..., 0}s; the connected components of the set R°.
Consider the linear flow b’ (x1, 22) = (2721, 27 2). From property 1 of the definition of the abstract
scheme it follows that the flow Yt|%s is conjugated to the flow bt|R2\O by some diffeomorphism
v$. Denote by v*: R® — (R?\ O) x Zgs,1 a diffeomorphism composed by the diffeomorphisms
Vi, Viapq- Let My = Q Uys (R? X Zysqq), My = QU (R? X Zys11) and denote by p, : My — M,
the natural projection. Let ps1 = ps|g,ps2 = ps|R2szs+l. Then the flow X! on the manifold M, is
defined by the formula

. ps,1<Yt(p;i(w))) z € ps1(Q)
Ps,2 (bt(ps_%(ﬂ?))) x € psa(R? X {i}),i € Zys 1.

By construction, the nonwandering set of the flow X! consists of k“ + k* saddle and k® + 1 sink
fixed hyperbolic points.
Step 3. Let R* = M, \ W;{Xt and denote by of,..., 05« the connected components of the

s —

set R". Similarly to step 4 of the proof of Theorem 1, a set of circles C* = {c},...,c%u.} can
be constructed, which are sections to the trajectories of flow in the components. Then the
flow X! ov is conjugated with the flow b‘t|R2\O by means of some diffeomorphism ;. Denote
by v%: R* — (R?\ O) X Zpu a diffeomorphism composed by the diffeomorphisms v, ... v%..
Let M? = M, U,u (R? X Zpyu), M? = M, Ll (R? X Zyu) and denote by p, : M2 — M? the natural
projection. Let p, 1 = pu|n,, Pu2 = pu|R2szu. Then the flow f? on the surface of M? is determined
by the formula

Pu Xé(p;j(ar))) z € pun (M)
pua (bt (pié(i))) 2 € pun(R2 x {i}),i € Zypu.

By construction, the nonwandering set of the flow f! consists of k% + k* saddle, k* + 1 sink and

m" sources, all of them are fixed hyperbolic points. The surface M? is closed, its orientability

(nonorientability) is determined by the presence (absence) of points with negative spin in the

scheme S, and its genus g is calculated by the Poincaré —Hopf formula (see, for example, [10])

K4 —m" 4+ 1
2

fi=

9= (g=kK"—m"+1).

4. AN EFFICIENT ALGORITHM FOR DISTINGUISHING ABSTRACT
CIRCULAR SCHEMES

Recall that a graph T is an ordered pair (B, F), where B is a nonempty set of vertices and F is
a set of pairs of vertices, called edges. Each vertex a, b of the edge e = ab is called an incident to
the edge e, and one says that a, b are joined by the edge e.

The valency of the vertex is the number of edges incident to it. If the edges are ordered pairs of
vertices, then the graph is called oriented. A graph is called connected if any two of its vertices a, b
can be joined by a path from edges, the number of edges included in the path is called path length.
If the beginning and the end of the path coincide, then the path is called a cycle. If both vertices of
an edge coincide, then the edge is called a loop. A subgraph of the graph I' is a pair (B ) E‘), where
BCB,ECE.

Next, we call an operation in which the edge e is removed from the graph and new vertices

c1,Co,...,c, with edges acy,cica,. .., cr_1ck, cib are added a k-subdivision of the edge e = ab.

Then we call an operation in which the edge e is removed from the graph and new vertices
c1,Co,...,Cp,d with edges aci,cica,...,ce_1ck, cib, c1d are added a k*-subdivision of the edge
e = ab.
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A graph is called simple if it does not contain loops and multiple edges. A graph is called planar
if there is an embedding of it in the plane. If there is an embedding of a graph in a surface, then
the graph is called embeddable in the surface.

Two graphs I and I are called isomorphic if there is a map that sends the vertices and the
edges of the graph I' into the vertices and the edges of the graph I", respectively.

Next, we will prove Theorem 3: let S = (X, L%, L") and S" = (X, L'*, L'*) be abstract circular
schemes such that k° = k'*, k% = k™, k% = k*. Then there is an efficient (polynomial-dependent
on k = k* 4+ k" 4 k%) algorithm for distinguishing their isomorphism.

Proof. Let S = (X, L%, L") be an abstract circular scheme. Next, we construct a simple graph I'g
from it as follows. The intersection points will be the vertices of the graph and the arcs of the circle
will be the edges. Connect the edges of the paired points of L* U L“. Let us apply a 1-subdivision
to each edge joining the paired points from L* with spin +, a 1*-subdivision to each edge joining
the paired points from L" with spin — and a 2-subdivision to each edge joining the paired points
from L*® (see Fig. 11). Notice that the graph I'g is uniquely constructed by the circular scheme S.
Next, show that the converse is also true.

S Fs ® [}
o ®
[ 1u+ [ ]
3u—
©2s 250 O oo ° ®
Ju—
b lu+ ¢
@ L

Fig. 11. Graph Ff}l and simple graph fft.

The initial points of the circular scheme S are the vertices of the graph I's of valency 3 that
do not have neighboring vertices of valency 1. The vertices of the graph I's correspond to the
paired points of the set L® if they are joined by a path of length 3 that does not contain other
similar vertices. The vertices of the graph correspond to the paired points of the set L" if they are
connected by a path of length 2 that does not contain other similar vertices. If the vertices in such
a path have valency 2 (3), then the path corresponds to the spin + (—).

By construction, the graph I's has m =k + 2k® + kY + k“ = 2k + k® < 3k vertices and, by
Theorem 2, it can be embedded in a surface of genus g. Then, the graphs I'g and I'gs have the same
number of vertices m and they can be embedded in a surface of genus p = max{g, ¢'}. According
to [9], the isomorphism of two simple m-vertex graphs embedded in a surface of genus p can be

checked in time O(mo(p)). Thus, there is a polynomial-dependent k algorithm for distinguishing
the circular schemes S and S’.

Applications. Typical gradient flows are a special case of the systems considered in this work.
A prototypical gradient flow is the diffusion equation that governs heat propagation in a physical
medium. The formal derivation of diffusion equations dates back to the nineteenth-century treatise
of Joseph Fourier on the Analytic Theory of Heat [3]. Such equations have a plethora of applications
in physics and have also been used in image processing, computer vision [12], and graph neural
networks [1].
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