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ABSTRACT. In the present paper, a solution to the 33rd Palis-Pugh problem
for gradient-like diffeomorphisms of a two-dimensional sphere is obtained. It is
precisely shown that with respect to the stable isotopic connectedness relation
there exists countable many of equivalence classes of such systems. 43 words.

1. Introduction. The problem of the existence of an arc with no more than a
countable (finite) number of bifurcations connecting structurally stable systems
(Morse-Smale systems) on manifolds is on the list of fifty Palis-Pugh problems [28]
under number 33. In this paper, this problem is solved for gradient-like diffeomor-
phisms of a two-dimensional sphere.

First the notion of rough (or structural stable) system was introduced in tha clas-
sical paper by A. Andronov and L. Pontryagin [3]. In 1976, S. Newhouse, J. Palis, F.
Takens [24] introduced the concept of a stable arc connecting two structurally sta-
ble systems on a manifold. Such an arc does not change its quality properties with
a little perturbation. In the same year, S. Newhouse and M. Peixoto [25] proved
the existence of a simple arc (containing only elementary bifurcations) between any
two Morse-Smale flows. It follows from the result of G. Fleitas [9] that a simple
arc constructed by Newhouse and Peixoto can always be replaced by a stable one.
For Morse-Smale diffeomorphisms given on manifolds of any dimension, examples
of systems that cannot be connected by a stable arc are known. In this direction,
the question naturally arises of finding an invariant that uniquely determines the
equivalence class of the Morse-Smale diffeomorphism with respect to the relation of
the connection by a stable arc.

According to [23], for diffeomorphisms of a closed manifold M™ with a finite
limit set, the stability of the arc {f; € Diff(M™), ¢t € [0,1]} is characterized by
a finite number of bifurcation values 0 < b; < --- < by < 1, while the bifurcation
diffeomorphism ¢y, € {1,...,q} has the following properties:
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1) diffeomorphism ¢p, has exactly one non-hyperbolic periodic orbit, namely
a flip or a non-critical saddle-node, while the arc unfolds generically through a
bifurcation value;

2) all invariant manifolds of the periodic points of the diffeomorphism ¢y, inter-
sect transversally and it has no cycles.

We say that diffeomorphisms fy, f1 : M™ — M™ belong to the same component
of stable connectedness if in the space of diffeomorphisms they can be connected by
an arc with the properties described above.

Classification from the point of view of the introduced equivalence relation is
already non-trivial for orientation-preserving diffeomorphisms of the circle S*. Here
a countable set of such classes appears, each of which is uniquely determined by the
rotation number of the rough transformation of the circle [26], which is %, where
ke (NU0),meNk<m,(k,m)=1.

In the present paper we also prove that here is a countable set of the components
of the stable connectedness for orientation-preserving gradient-like diffeomorphisms
of 2-sphere.

Namely, consider S' as the equator of the sphere S?. Then the structurally stable
diffeomorphism of the circle with exactly two periodic orbits of the period m € N
and the rotation number % can be extended to the diffeomorphism ¢y, ,,, : S? — 52,
which has two fixed sources at the north and south poles. Denote by Cj ., the
component of stable connectedness of the diffecomorphism ¢y, ,,, and by C,; m the

component of stable connectedness of the diffeomorphism (b,;}n Also denote by Cy
the component of stable connectedness of the source-sink diffeomorphism ¢.

Theorem 1.1. FEvery orientation-preserving gradient-like diffeomorphism of
2-sphere belongs to one of the components Cy, C m, C,;m, k,m e N k< m/2,
(k,m) = 1. Herewith:
e the components Co, Cim, Cy .,
disjoint;
° Ck,m = Um—k,m, I;,m = an—k,m’ CLQ = Ciz = 0071 = C(;,l = Co.

k,meN, k<m/2, (k,m)=1 are pairwise

Notice that it follows from a result by P. Blanchard [6] that ¢ ., drr ms : S? —
S? belong to different components for m = 2" - ¢,m’ = or' . q', where integers
r,7’ > 0 and positive integers ¢ # ¢’. He obtained some necessary conditions
for the connection of Morse-Smale diffeomorphisms on the surface by a stable arc.
However, the question on sufficient conditions was not considered in [6].

The obtained result is closely related with the classification of periodic homeo-
morphisms of a two-dimensional sphere obtained by B. von Kerekjarto [18]. The
topological conjugacy class of the periodic transformation of the period m on a
2-sphere is also completely determined by the rotation number % around the north
pole-south pole axis. Since any orientation-preserving gradient-like diffeomorphism
is topologically conjugate to a composition of a periodic homeomorphism with a
one-time shift of a gradient-like flow [5], [14], the natural question is about an
interrelation between these rotation numbers.

The proof of the theorem 1.1 shows that they are not coincide in general. In any
case the construction of a stable arc between diffeomorphisms is an independent
problem that does not directly follow from the topological classification of diffeo-
morphisms. In support of this, it suffices to note that all orientation-preserving
source-sink systems on the n-sphere are pairwise topologically conjugate for a fixed
n. However, they are not connected by a stable arc in general, for example, for
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n = 7 [8]. For n = 2,3 the non-trivial fact of the existence of an arc without
bifurcations between two source-sink diffeomorphisms was established in [27], [8].

2. Backgrounds.

2.1. Morse-Smale diffeomorphisms. Let a diffeomorphism f : M™ — M™ be
given on a smooth closed (compact without boundary) n-manifold (n > 1) M™ with
a metric d.

A point x € M™ is called wandering for f if there is an open neighborhood U,
of the point x, such that f™(U,) N U, = @ for all n € N. Otherwise, the point z is
called non-wandering. The set of non-wandering points f is called non-wandering
set and is denoted by .

For example, all the limit points of a diffeomorphism are non-wandering. Recall
that a point y € M™ is called a w-limit point for a point x € M™ if there exists
a sequence tp — 400, t;, € Z such that tklirﬂm d(ft(x),y) = 0. The set w(z) of

all w-limit points for the point z is called w-limit set. Replacing +o0o with —oo

determines the a-limit set a(x) for the point z. Theset Ly =cl( | w(z)Ua(z))
zeM?
is called the limit set of the diffeomorphism f.

If the set € is finite, then every point p € Q¢ is periodic, we denote by m, € N
the period of the periodic point p. Any periodic point p is associated with stable
and unstable manifolds defined as follows

Wy ={zreM": lim d(fFme (z),p) = 0},

k—+oo

Wy ={xeM": lim d(f~*"»(z),p)=0}.

k—+oco

Stable and unstable manifolds are called invariant manifolds. It is said that the
periodic orbits Oy, ..., 0 form a cycle if W§ N Wé.., # 0 forie{1,...,k} and

Ok41 = Os.
A periodic point p € {2y is called hyperbolic if the absolute values of the eigen-

values of the Jacobi matrix (%) |, are not equal one. If all of them are less

(greater) than one, then p is called the sink (source) point. Sink or source points
are called nodal. If a hyperbolic periodic point is not nodal, then it is called saddle
point.

The stable W and the unstable W, manifolds of the periodic point p are injective
immersions of the spaces R% and R"~9, where g, is the number of eigenvalues of
the Jacobi matrix, modulo large ones (see, for example, [31]). The number v, equal
to +1(—1) if the map f™|wu preserves (changes) the orientation of W', is called
an orientation type of p. The path-connected component of the set W'\ p (W, \p)
is called an unstable (stable) separatriz of the point p.

A closed f-invariant set A C M™ is called an attractor of a discrete dynamical
system generated by f f if it has a compact neighborhood U, such that f(Us) C

intUs and A = () f¥(Ua). The neighborhood Uy is called trapping. A repeller is
k>0

defined as an attractor for f~!. If the trapping neighborhood of an attractor A is
the complement of a trapping neighborhood of a repeller R then pair A, R is called
dual.

A diffeomorphism f: M™ — M™ is called Morse-Smale, if

1) the non-wandering set {2 consists of a finite number of hyperbolic orbits;

2) manifolds W7, W, intersect transversely for any non-wandering points p, q.
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A Morse-Smale diffeomorphism is called gradient-like if the condition W; N
W # 0 for different 01,00 € Qy implies that dim W} < dim W . The Morse-
Smale flow is similar defined and is called gradient-like in the absence of periodic
trajectories.

Notice that the gradient-like diffeomorphism on a surface has no heteroclinic
points — intersection points of the invariant manifolds of different saddle points.

Proposition 1. [14, Lemma 3.3] All saddle separatrices of an orientation-preserving
gradient-like diffeomorphism f on a surface has the same period p1y € N.

A homeomorphism ¢ : M? — M? is called periodic of order u € N if ¢* = id
and ¢’ # id for any positive integer j < .

Proposition 2. [14, Theorems 3.1, 3.3] Every orientation-preserving gradient-like
diffeomorphism f on a surface is topologically conjugate to a composition of a peri-
odic homeomorphism ¢, of the period py with the one-time shift of a gradient-like
flow. Moreover, flo, = ¢,|qa,.

We denote by G the class of orientation-preserving gradient-like diffeomorphisms
on the two-dimensional sphere S2. According to the classification given by B.
Kerekyarto [18], an orientation-preserving periodic homeomorphism of the period
w1 on 2-sphere has periodic points of only two periods 1 and p, while the set of its
fixed points is not empty. This gives us the following corollary of the propositions
1 and 2 for the class G.

Proposition 3. Any f € G has periodic points of only two periods 1 and py
(possibly py = 1). Moreover,

1) if f has saddle points with the negative orientation type then all such points
are fized and py = 2;

2) any saddle point with a positive orientation type has the period .

2.2. Stable arcs in the space of diffeomorphisms. Consider a one-parameter
family of diffeomorphisms (arc) ¢ : M™ — M™,t € [0,1]. Denote by Q the
set of arcs {y:}, that begin and end in Morse-Smale diffeomorphisms and every
diffeomorphism ¢; has a finite limit set.

According to [23], an arc {¢,} € Q is called stable if it is an internal point of the
equivalence class with respect to the following relation: arcs {¢;}, {4} € Q are
called conjugate, if there are homeomorphisms h : [0,1] — [0,1], H; : M™ — M"
such that h(b) is a bifurcation value for every bifurcation value b, Hyp; = ChyHe,t €
[0,1] and H; continuously depends on ¢ (see figure 2.2).

In [23] also established that the arc {¢;} € Q is stable if and only if all its points
are structurally stable diffeomorphisms with the exception of a finite number of
bifurcation points ¢,, ¢ =1,..., ¢ such that ¢y,:

1) has a unique non-hyperbolic periodic orbit, which is a non-critical saddle-node
or flip;

2) has no cycles;

3) the invariant manifolds of all periodic points intersect transversally;

4) the arc ¢; unfolds generically through oy, .

Recall the definition of unfolding generically arc p; through the saddle-node or
flip. We give the definition for a fixed non-hyperbolic point, in the case when it has
a period k > 1, a similar definition is given for the arc ¢¥.

One says that an arc {¢:} € Q unfolds generically through a saddle-node bifur-
cation oy, (see figure 2), if in some neighborhood of the non-hyperbolic point (p, b;)
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F1GURE 1. Conjugate arcs
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FIGURE 2. Saddle-node bifurcation

the arc ¢, is conjugate to the arc

Gi(T1, T2y oy Tldny s T2dny s - - -y Tn) =
. + +
(a:l + 227 4+ £, 4220, ..., 221 10y, x22+”“ e, ;n> ,
where (x1,...,7,) € R, |z;| < 1/2, || < 1/10.

In the local coordinates (1, . . ., Zn, t) the bifurcation occurs at time ¢ = 0 and the
origin O € R" is a saddle-node point. The axis Oz is called a central manifold, the
half-space {(z1,22,...,2n) € R" : 21 > 0, X24y, = -+ = =, = 0} is the unstable
manifold, half-space {(z1,22,...,2,) ER™: 2y <0, 29 = -+ = 214, = 0} is the

stable manifold of the point O.

If p is a saddle-nodal point of the diffeomorphism ¢3,, then there exists a unique
p,-invariant foliation F;* with smooth leaves such that W is a leave of this foliation
[17]. F3® is called a strongly stable foliation (see figure 3). A similar strongly
unstable foliation is denoted by F. A point p is called s-critical, if there exists
some hyperbolic periodic point ¢ such that W' non-transversally intersect some leaf
of the foliation FJ*; u-criticality is defined similarly. Point p is called

- semi-critical if it is either s- or u-critical;

- bi-critical if it is s- and wu-critical;

- non-critical if it is not semi-critical®.

Remark 1. For surface diffeomorphisms, the non-criticality of the saddle-node
point p means the absence of intersection of the central manifold of the point p
with the separatrices of saddle points.

IFor the first time, the effect of arc instability in a neighborhood of a non-critical saddle-node
was discovered in 1974 by V. Afraimovich and L. Shilnikov [1], [2]. The existence of invariant
foliations F5*, F'* was also proved earlier in the works of V. Lukyanov and L. Shilnikov [19].
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FIGURE 3. Strongly stable and unstable foliations

L
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FIGURE 4. Flip bifurcation

One says that an arc {¢:} € Q unfolds generically through a flip bifurcation pp,
(see figure 4), if in some neighborhood of the non-hyperbolic point (p, b;) the arc ¢;
is conjugate to the arc

@f(l‘la T2y e oo s Tldmy s L24my s -+ 71'n) =
- +z +x
(—m1(1 +1) 4 ad +220,. .., 221 0y, 2;"“ s 2") )

where (71,...,7,) € R, |2;] < 1/2, || < 1/10.

We say that Morse-Smale diffeomorphisms fy, f1 : M™ — M™ belong to the same
component of stable connectedness, if in the space of diffeomorphisms they can be
connected by a stable arc.

A diffeomorphism source-sink on a closed manifold is a gradient-like diffeomor-
phism having exactly two fixed points: a source and a sink. The ambient manifold
for such diffeomorphisms is always a n-sphere.

Proposition 4. [27, Theorem 1] Every source-sink diffeomorphisms fo, f1 : S? —
S? are connected by an arc without bifurcations.

2.3. Reduction of confluence objects to a canonical form. To construct an
arc that unfolds generically through a saddle-node or flip bifurcation, it is neces-
sary to reduce the confluence objects to a canonical form. In this section, we give
necessary facts that make it possible, without loss of generality, to consider any
diffeomorphism by linear in a neighborhood of a hyperbolic point, and the closure
of any saddle separatrix of a 2-diffeomorphism lying on a smooth arc.
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Proposition 5. [22, Theorem 5.8 (Tom’s theorem on the continuation of isotopy)]
LetY be a smooth manifold without boundary, X be a smooth compact submanifold
of Y and {fi : X = Y, t € [0,1]} is a smooth isotopy such that fy is the inclusion
of X in'Y. Then for any compact set A C Y, containing the isotopy support’
supp{ fi} there exists a smooth isotopy {g: € Dif f(Y), t € [0,1]} such that go = id,
gtlx = filx for any t € [0,1] and supp{g:} belongs to A.

Proposition 6. [11, Theorem 1 (A “pathwise” Franks’ lemma)] Let a diffeomor-
phism g : M™ — M™ has an isolated hyperbolic point ro of the period mg and
let (Up, h) is a local map of the manifold M™ such that ro € Uy, h(rg) = O.Then
for any hyperbolic automorphism @, having the same index as the automorphism
(Dpi™)y,, there exist neighborhoods Uy, Us of the point ro, Uy C Uy C Uy, and the
arc oy : M™ — M™ t € [0, 1] without bifurcations such that:

1) the diffeomorphism ¢y, t € [0,1], coincides with the diffeomorphism g utside

m—1
the set |J @k(Uy);
k=0

m—1
2) O,y = U ¢k(ro) is an isolated hyperbolic orbit of period mo of the same
k=0
index as the automorphism (Dg(™),,, for every ¢;;
m—1
3) Wo,, (pr) = Wo,, (po) and we,, (i) = Ws,, (o) outside the set |J &(Uy);
k=0

4) the diffeomorphism hoT*h=1 coincides with the diffeomorphism Q on the set
h(Us).

Proposition 7. [21, Lemma 2| Let a diffeomorphism oo : M? — M? has an
isolated hyperbolic sink wg and an isolated hyperbolic saddle oy such that the unstable
separalriz vy, of the saddle og lies in the sink basin Wj, —and has the same period
m, as the sink wg. Let (Vy,10) be a local chart in wy such that the diffeormorphism
Yoyt R2 — R? is the linear contraction g(x1,x2) = (x1/2,22/2). Then there
exist neighborhoods Vi, Vs of the point wy, Vo C Vi C Vi and the arc ¢, : M? —
M?t € [0,1] without bifurcations with the following properties:

1) the diffeomorphism @y, t € [0,1] coincides with the diffeomorphism g outside

the set mﬂlp’g(vl) and ijl @k (wo) is the hyperbolic sink orbit of the period m for
all o k=0 k=0

2) the diffeomorphism 1 coincides with the diffeomorphism po on the set mol 4,0}5
(V) and vo(vp, NVa) C OXy, where 7, is an unstable separatriz of the sac]lcc?l% o)
with respect to the diffeomorphism 1.

2.4. Necessary information from the graph theory. Recall some definitions
from the graph theory (see, for example, [16]).

Graph T is a pair (VI, Er), where VI is a set of vertices, and Er is a set of pairs
of vertices, called edges.

Two vertices are called adjacent, if they are connected by an edge (that is, they
form an edge), and the edge in this case is called incidental to each of the vertices.
The number of edges incident to a vertex is called the degree of the vertex.

2The support supp{fi} of isotopy {fi} s the closure of the set {xr € X : fi(z) #
fo(z) for somet € [0,1]}.
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The set of vertices {vy, (v1,v2),v2, ..., vk—1, (Vg—1, V), Vg } is called path of length
k. A path is called a cycle, if v1 = vi. A graph without cycles is called acyclic. A
graph is called connected, if every two of its vertices are connected by a path. Tree
is a connected acyclic graph, that is, any two of its vertices are connected in exactly
one way.

Everywhere below T is a tree.

Every tree with at least 2 vertices has at least two hanging vertices, that is,
vertices of degree 1. Then every such tree I is uniquely associated with the sequence

To, Iy, ..., g

trees such that 'y = T, T’y contain one or two vertices and for any i € {1,.,,,s},
the tree I';, is obtained from I';_; y removing all its hanging vertices. All vertices
of the tree I'y are called central vertices of the tree I" and if 'y has an edge, then it
is called central edge of the tree I'.

A tree T' is called central if it has exactly one central vertex, and bi-central,
otherwise.

Vertex rank x € Vr, denoted by rank(x), is defined by the formula

rank(z) = max{i: v € Vr,}.

It follows from the definition that if the vertices v, w are incident to an off-center
edge, then |rank(v) — rank(w)| = 1, and the central vertices of the bi-central tree
have the same rank.

Automorphism Pr of the tree I' is a bijective map of the set Vr onto itself,
preserving the adjacency, i.e.

(u,v) c bre (PF(’LL),PF(U)) € br.

The automorphism Pr can be represented as a superposition of cyclic permuta-
tions. Then the set Vi can be decomposed into Pr-orbits — subsets invariant under
the permutations. It is clear that every Pr-orbit consists of vertices of the same
rank and if the tree is central (bi-central), then its central vertex (central edge)
remains fixed for any automorphism.

The automorphism Pr naturally induces a map of the set of edges Er, which we
will also denote by Pr.

Proposition 8. [12, Corollary 2.2] Let (v,w) € Er be an off-center edge and
rank(v) < rank(w). Then the period of the edge (v,w) is equal to the period of
the vertex v.

3. Dynamics of gradient-like surface diffeomorphisms.

3.1. Dynamics on an arbitrary surface. Consider an orientation-preserving
gradient-like diffeomorphism f, defined on a smooth orientable closed surface M?2.
In this section, we describe the general dynamic properties of such diffeomorphisms.

Denote by Q%, QL, Q? the set of sinks, saddles and sources of f. For any (possibly
empty) f-invariant set 3 C Q} we set

As = QS UWY, Ry = Q7 U Wir\s:
It follows from [13] that Ay, Ry are dual attractor and repeller. The set
Vs = M? \ (AZ URE)
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FiGURrE 5. Illustration to the proof of lemma 3.1

is called characteristic space. We denote by Vs, the orbit space of the action of the
diffeomorphism f on Vi and by py : Vo — Vs the natural projection. According
to [15], each connected component of the manifold Vs is diffeomorphic to a two-
dimensional torus.

Lemma 3.1. For every orientation-preserving gradient-like diffeomorphism f :
M? — M? there exists a set ¥, such that the orbit space Vs is connected.

Proof. Let g = () and consider the corresponding dual attractor and repeller Ay, =
Q‘} and Ry, = Q? U Wé} If the orbit space of Vx, is connected, then ¥ = 3.

Otherwise, denote by Vl, ceey V, the connected components of the space Vgo. For
any saddle point o € Q} we set LY = Ps, (W5 \ o). Due to [14], the set L consists
of two closed curves if v, = +1 and one closed curve if v, = —1.

Consider the dual attractor and repeller for the set L, that is, AE? =Q%u
W '

Q

. and RE} = Q? In this case, the repeller has dimension zero and, by [13],
f
the attractor Az}, is connected. Then, up to the renumbering of the components

Vl, ceey f/}, there is a sequence of saddle points o1,...,0;_1 such that the set ig

consists of two closed curves @jj c Vi l%’f C Viq1 (see figure 3.1). Let O, denote
the orbit of the point ¢;. Let

Si=%ou | W, ciefl,...,1-1}
=1

According to [15], the orbit space of Vs, consists of [ — i connected components.
Thus, the space Vy,_, is connected, and ¥ = ¥;_; is the desired set. O

For any gradient-like diffeomorphism f : M? — M? and a set ¥, satisfying the
conditions of the lemma 3.1, let

Af = Ay, Ry = Ry, V; = V.
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Figure 6 shows a phase portrait of a gradient-like diffeomorphism f with a pair
Af, Rf.

FIGURE 6. An example of an attractor Ay and repeller Ry for a
gradient-like diffeomorphism f

Note that the set X, satisfying the conditions of Lemma 3.1, is not unique. Thus
in Figure 7 depicted diffeomorphism f € G with two choices of the pair Ay, R;.

FIGURE 7. For the shown diffeomorphism, there are two ways to choose
the pair Ay, Rf: 1) Ay = W3, Rf =a and 2) Ay =wU f(w), Ry =
cd W3

For any chosen pair Ay, Ry let
Vf = VE) pf = Ps-
Then the set Vf is connected and homeomorphic to the torus, while the set V; is
not connected in general. Denote by m; the number of connected components of
the set Vy. Note that the number m; depends on the choice of the pair Ay, R;.

For example, for a diffeomorphism in the figure 7 in case 1) my = 1, and in case 2)
my = 2.
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In any case the set Vy is diffeomorphic to (R? \ O) X Zy,, and the restriction of
the diffeomorphism f to Vy is topologically conjugate by a homeomorphism hy :
Vi = (R?\O) X Zp,, to periodic contraction ap,, : (R*\O) X Zy,; — (R*2\O) X Zy, ,
given by the formula

o (2,y,1) = (,y,i+1),i=0,...,ms — 2,
e (2/2,9/2,0), i =ms — 1.

Let ¢; = hy ' (S" x {i}),i =0,...,mp =1, ¢ = h3 ' (S' X Zyn,) and & =p,(c) (sce
figure 6, where the curve c is shown). Curve ¢ is called equator, it is a simple closed
curve on the torus Vf and its homotopy type is uniquely defined by a diffeomorphism
f, that is, does not depend on the choice of the conjugating homeomorphism hy.

3.2. Dynamics on the two-dimensional sphere. Let us recall that G is the
class of orientation-preserving gradient-like diffeomorphisms on the two-dimensional

sphere S?. Consider f € G. In this case, the attractor and repeller Ay, Ry can be
mg—1

described in more detail. To do this, note that [J f¥(c) divides the sphere S
i=0

into two disjoint parts U and V such that
FU)CU Ap= (VPO V)V R =[] f(V).

JEN jEN

FI1GURE 8. Illustration to the lemma 3.2

Lemma 3.2. For any diffeomorphism f € G (up to a consideration of the diffeo-
morphism f~1) the following is true (see figure 8):

1) the set U consists of my pairwise disjoint disks Dy, f(Dy),..., f™ ~*(Dy)
such that f™ (cl Dy) C int Dy;

2) the attractor Ay consists of my connected components A, f(A),..., f™~1(A)
such that A= () f7™(Dy) and ™ (A) = A;

JEN
3) repeller Ry is connected.
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Proof. It follows from the definition of the equator ¢ hat the set ¢ consists of my

simple closed curves co,...,¢n,—1 on the sphere S? such that c;11 = f(c;),i =

0,...,my — 2. Since there are a finite number of such curves, among them there

necessarily exists a curve f*(c), k € {0, ... ,ms—1}, bounding the disk Dy : int DN
my—1 )

(U f'(c)) = 0. For definiteness, we assume that the disk Dy is a connected
i=0

component of the set U (otherwise, this holds for the diffeomorphism f=1).
Since the restriction of the diffeomorphism ff to Dy N Vy is associated with
linear contraction, f™f(cl D) C int Dy. Thus, the set A = () fi™7(Dy) is con-
jEN
nected. Since Ay = () f7™/(U), A is a connected component of the attractor A
JEN
and Dy = (Dy NVy) U A. Further, we consider separately two cases: (1) my = 1,
(2) my > 1.
(1) If my =1, then Ay = A, Ry = () f9(5%\ Dy) are connected attractor and
jeN
repeller and the lemma is proved. ’

(2) If my > 1, then f(c) N (DyNVy) =0 due to conjugation to periodic contrac-
tion, also f(c) N A =0, since f(c) C Vy. So f(Dy) N Dy = 0 since f(c)N Dy = 0.
Therefore, the disk f(Dy) contains the connected component f(A) of the attrac-
tor Ay, which does not intersect with A. Reasoning in the same way, we get my
of pairwise disjoint connected components A, f(A),..., f™~1(A) of the attractor
Ay ,this means that the attractor Ay consists of one orbits of the period my. Thus,
the set U is the union of pairwise disjoint disks D¢, f(Dy),..., f™ ~*(Dy). This
implies that the set V = S2\ U is connected, that implies the connectedness of the
repeller Ry. 0

4. Proof of the theorem 1.1. In this section, we give a scheme of the proof of
theorem 1.1 with links to statements that will be proven in the following sections.

Recall that by G we denote the class of orientation-preserving gradient-like dif-
feomorphisms on the two-dimensional sphere S? and in the section 5 we constructed
a family of model diffeomorphisms ¢ m,¢o € G. We denote by Cy ,, the compo-
nent of stable connectedness of the diffeomorphism ¢, ,,, and we denote by C,; m the

component of stable connectedness of the diffeomorphism qb,;in. We denote by Cjy
the component of the stable isotopic connection of the source-drain diffeomorphism

bo-
We show that any diffeomorphism f € G belongs to one of the components
Co, Ckym, Cp ., k,meN, k<m/2, (k,m)=1.

k,m>

Proof. Let f € G. By lemma 3.2, diffeomorphism f (with respect to f~!) has
a (not unique) dual pair Ay, Ry, in which the repeller Ry is connected and the
attractor consists of the my connected components of the period my. Let us show
that f is connected by a stable arc either with the diffeomorphism ¢, or with the
diffeomorphism ¢, m,, (k,m) = 1.

It follows from the results of sections 6, 7 that if the non-wandering set of f
contains a fixed sink or a saddle of negative orientation type, then there exists a
fixed pair Ay, Ry (my = 1). Otherwise, my = s for any pairs Ay, Ry, where py is
a period of non-wandering points of the diffeomorphism f that is different from 1.

Denote by G the subset of G consisting of diffeomorphisms of f for which there
exists a fixed pair Ay, Ry (my = 1) and by G, m > 1 the subset of G, consisting
of f diffeomorphisms for which m; = m for any pair Ay, Ry.
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By the lemmas 6.3, 6.4, any diffeomorphism f € G; connected by a stable arc
with the diffeomorphism ¢g. By the lemmas 8.1, 8.2, 8.3, 8.5, any diffeomorphism
f € Gy, is connected by a stable arc with some diffeomorphism ¢y, .

Finitely, in section 9 we give a complete classification of the model diffeomor-
phisms ¢y, ,,, with respect to the stable connectedness. O

5. Model diffeomorphisms. In this section, we give an exact description of the
model diffeomorphisms ¢y, ., o : S? — S2.

For m € N we define a vector field on the plane R? using the following system of
differential equations in polar coordinates (r, ¢)

7 =—r(r—1),
b=—p(p-Z)... (p- 2mhr)

Denote by x!, the flow induced by this vector field and denote by X, its one-
time shift. The resulting diffeomprphism has a hyperbolic source at the origin
O, hyperbolic saddles at As; (1, %) and hyperbolic sinks at Ag; 11 (1, %) , 1€
{0,...,m — 1} (see figure 9).

For any integer k > 0 such that £ < m, (k,m) = 1 we define a diffeomorphism
Or,m : R2 = R? as follows 04 m (r, ) = (1, + 2ZE). We define the diffeomorphism
(,ng-vm : R? — R? by the formula

(Ekm@ = ekr,m o X-

By construction, the non-wandering set of the diffeomorphism ¢_>k,m coincides with
the non-wandering set of the diffeomorphism Y,,, and all sink points form a unique
orbit of the period m and all saddle points form a unique orbit of the period m of
the diffeomorphism @y .

Azms Az

A2m-2

FIGURE 9. Phase portrait of diffeomorphism X,
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Consider the standard two-dimensional sphere
S = {(x1, 29, 23) € R : 2] + 23 + 23 =1}.
Denote by S(0,0, —1) south pole and define a stereographic projection 9 : S?\ {S} —

R? by the formula
T Zo
0 = .
(351,332,333) (1—}—953’ 1+$3)

Then the inverse map 91 : R? — §2\ {S} is given by the formula
2 2 1— (a2 2
?9_1(‘%17:52) = 2 x; L) xz ) 2 (wl;— $2) .
ri+x5+1 2y +25+1 zi+ax5+1
Define a diffeomorphism ¢y, ,, : S* — S? by the formula

¢k,m(s) = {191 ° ¢kz,m 019(5), s € S?2 \ {3}7

S, s=5.

By construction, the diffeomorphism ¢y ,,, is a gradient-like diffeomorphism of a
2-sphere with the following non-wandering set (see figure 10):

e fixed source points:
at the north pole a; = 971(0), at the south pole ap = S;
e saddle and sink orbits of the period m at the equator:
saddle orbit O, = {19_1(140), 19_1(142)7 - 719_1(A2m_2)},
sink orbit O, = {1971(141), 1971(/13), Ce ,1971(A2m_1)}.

FI1cURE 10. Diffeomorphism ¢4, 3

Let us define yo as one-time shift of the flow x/ : R? — R? given by the vector
field 7 = —r. Define a diffeomorphism ¢ : S> — S? by the formula

ols) = {g RCEEte

By construction, the diffeomorphism ¢q is a source-sink diffeomorphism with the
source a = ¥~1(0) and the sink w = S.
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6. Diffeomorphisms of class G;. Recall that by G; we denote the subset G,
consisting of diffeomorphisms f, for which there exists a fixed pair Ay, Ry (ms = 1).

6.1. Attractor structure. Let f € G;. We associate the attractor Ay with the
graph I'y so that its vertices Vr, are in one-to-one correspondence with periodic
points, and the edges Er, — with saddle separatrices of the diffeomorphism f,
belonging to the attractor Ay. Moreover, the diffeomorphism f naturally induces
the automorphism Pr, of the graph T';.

Lemma 6.1. If f € Gy, then the graph 'y is a tree.

Proof. We show that if the attractor Ay is different from the sink, then it does not
contain cycles.
Suppose the opposite: Ay contains a cycle formed by the closures of the unstable

T
manifolds of saddle points o1,...,0,. Then the closed curve |J ¢l W* bounds a
i=1
disk d C D¢. It implies that one of the stable separatrices of every saddle o; lies
in the disk d. Consequently, the closure of this separatrix lies in the disk d. Thus,

Ry N Dy # (0, which contradicts lemma 3.2. O
The following lemma follows directly from the proposition 8.

Lemma 6.2. If f € G1 and the attractor Ay of the diffeomorphism f is different
from the sink, then exactly one of the following statements is true:

1) Ay = cl WY, where o is a saddle point with a negative orientation type;

2) there is a saddle point o € Ay with a positive orientation type and a sink point
w € Ay such that me = my,, w € dl W} and the intersection W3 N Ay onsists of

ezactly one unstable separatriz of the saddle o and the sink w.

6.2. Trivialization of the attractor for f € G;. Denote by H; a subset of Gy,
consisting of diffeomorphisms for which the attractor A; consists of one sink orbit.

Lemma 6.3. Any diffeomorphism f € Gy is connected by a stable arc with some
diffeomorphism g € Hy, coinciding with f on S?\ Dj.

Proof. We divide the set G into subsets G1 = G1,1UG12U---UG A U..., where
A € N is the number of sink orbits in the attractor Ay, for a diffeomorphism fy €
G1,x. Note that G1; = Hj, then to prove the statement it is enough to construct
a stable arc connecting a diffeomorphism fy € G, A > 1 with a diffeomorphism
fo—1 € Gia--

Let f = fr. By lemma 6.2 there exist points o,w € Ay such that ¢, =0,¢, =1,
w € cl W} and the intersection W5N Ay consists of exactly one unstable separatrix y
of the saddle ¢ and the sink w, while the period of w, we denote it by m. By lemma
7, without loss of generality, we can assume that there exists a local map (U, ) of
S?% such that w € U, ¢(w) = O, f™(U) CU C Dy and (yNU) C OX;. According
to lemma 6.2 for the diffeomorphism f two cases are possible: 1) v, = —1; 2)
v, = 1. We construct the desired arc separately for each case.

1) In this case Ay = W¥ UwU f(w) and m = 2. Let [ = W* Uy~ HOX;)U
f(¥~1(OX1)). Then [ is a smooth curve containing Ay, the points w, f(w) are in-
ternal and f(I) C . Let II; = {(z1,22) € R? : |z;| < 1}. Define the diffeomorphism
@ : II; — R? by the formula

~ 11 To
o(z1,22) = (—mxl +xi’, —2) .
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By construction ¢(I1;) C int Iy, the diffeomorphism ¢ has a saddle point O and

a sink periodic orbit {Py, ¢(Py)}, where Py(—x0,0), ¢(Py) = (z0,0), zo € (0,1/2).

Let II; = ¢(I1;). We choose a closed neighborhood V' of the attractor Ay and a

diffeomorphism S : V' — II; so that f(V) CintV, B(INV) = Oz1 NIy, B(f(V)) =

Iy, B(w) = Py and B(f(w)) = @(Py) (see figure 11). Let f = BfA~" : I} — Il,.

Then on the set II, the family of maps x; : IIy — R? is correctly defined by the
formula

xe=1-0)f+te.
By construction x4(Ilz) C intIly for all ¢ € [0,1]. Note that the origin is a

1/2

=12 /2 T x,

=
&
o

-1/2

FIGURE 11. Ilustration to the lemma 6.3, case 1)

fixed saddle point for the diffeomorphism x; and the points Py, ¢(Py) form a sink
orbit. In addition, the isotopy & = f’lxt\nz connects the identity map with the
diffeomorphism f ~1p and & (I1z) C intI1;. By proposition 5, there exists an isotopy
= : [Ty — I, coinciding with & on IIs and identical on OII;. Let

fe=f2e
Note that fl = @ on Il,. Let I3 = $(Ilz). Define the arc n; : I3 — R? by the

formula
(er,22) = (=1 (14 =(1—20) ) + 28, -2
(21, T2 T 10 x5, 5 )

By construction, n,(I13) C int I3 for all ¢ € [0, 1], in addition, the isotopy ¢; = ¢~ 1,
connects the identity map with the diffeomorphism @~ and (;(Il3) C int 1. By
the proposition 5, there exists an isotopy 6; : R? — R?, which coincides with ¢; on
II5 and is identical outside II5. Let

@t - ¢9t
Then the desired arc is the product of the arcs f;,0; : S2 — 52, where f;
coincides with f outside V, fi(z) = 8~ (f:(B(2))) for z € V and ©; coincides with
f1 outside f1(V), ©4(2) = B71(O:(8(2))) for z € f1(V).
2) In this case the saddle o and the sink w have the same period m. Let [ =
WEUp~1(OX1). Then [ is a smooth curve containing v and for which the points w, o
are internal. Let IT; = {(z1,22) € R? : |2;| < 1}, Uy = {(21,22) € R? : |zy| < 3},
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Uy = {(z1,22) € R? : |z;] < 2}. Define the diffeomorphism @ : U; — R? by the
formula
P(x1,m0) = (Jcl + 227 — 1—10, x;) .

By construction, the diffeomorphism ¢ has a saddle point P;(0,x1),z1 € (0,1/2)
and a sink point P>(—x2,0),22 € (0,1/2). Let I, = $(II4).

We choose a closed neighborhood V of the arc -y, an open neighborhood of U1 D V/
of the arc v and a diffeomorphism 3 : U; — Uy so that 8(0) = Py, f(w) = P5, B(IN
U)) = Oz, NUy, B(V) =1Ly, B(f™(V)) = I, (see figure 12). Let f = gfm3~1 :
U, — ¢(Ul). Then on the set II; the family of maps x; : II; — Il is correctly
defined by the formula

xe = (1—1)f +tp.

0 0 %
NN
I ij3 L,
/
4
o
p2 pl Xy

FIGURE 12. Ilustration to the lemma 6.3, case 2)

Note that the point P; is a fixed saddle point and the point P, is a fixed sink
point for the diffeomorphism ;. In addition, the isotopy & = f_1Xt|H1 (10 — I
connects the identity map with the diffeomorphism f —13. By proposition 5, there
exists an isotopy Z; : Uy — Uy, coinciding with & on II; and identical on dU;. Let

fi = fEe.
Note that f; = @ on II;. Define the arc 7, : I} — R2 by the formula

2
By construction n;(I1;) C Il for all ¢ € [0,1], in addition, the isotopy ¢; = ¢~ 'n;
connects the identity map with the diffeomorphism ¢~'n; and ¢;(I1;) C II;. By

proposition 5, there exists an isotopy 6; : U, — Us, coinciding with ¢, on II; and
identical on OU,. Let

1 x
ne(z1,2) = (ml + 227 + E(2t —1), 2) )

(:)t = QZHt
Let Uy = 871(Us). Then the desired arc is the product of the arcs f;, O : S? —
m—1
S? where f; coincides with f outside |J f*(U1), fi(2) = f(2) for z € f*(Uy), k €
k=0

{0,...,m —2} and fi(z) = B~ (f:(B( 71_7"(,2)))) for z € fm=Y(U;); ©; coincides
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with f; outside ijlf’“(Ug)7 O4(2) = fi(z) for z € fF(Us), k € {0,...,m — 2} and
k=0
Ou(2) = 87O (B(fi ™ (2)))) for z € [} (Ua). .

6.3. Trivialization of the repeller for f € H;.

Lemma 6.4. Any diffeomorphism f € Hy is connected by a stable arc with diffeo-
morphism ¢q.

Proof. Let f € Hy. Then the diffeomorphism f~! belongs to the class G; and has
a connected attractor A;-1 = Ry in the disk Dy-1 = S?\ int Dy.

By lemma 6.3 there exists a stable arc I'j-1 ;, , connecting the diffeomorphism
f~! with some diffeomorphism h € H; and such that I'y-1,, = f~' on Dy. By
construction, the diffeomorphism h is a source-sink diffeomorphism, as well as h~?.

Thus, the arc FJI}I 5. connects the diffeomorphism f ~! with the source-sink diffeo-
morphism.
Then the arc I';! connects the diffeomorphism f with a source-sink diffeo-

f=hht
morphism. By the proposition 4 it can be connected by an arc without bifurcations

with the diffeomorphism ¢y. 0

7. Properties of the number m;. Denote by G the subset of G, consisting of
diffeomorphisms all of whose saddle points have a positive orientation type. Let

G- =G\GT.
7.1. Diffeomorphisms f e G~.
Lemma 7.1. G~ C G;.

Proof. Let f € G~. Choose a pair Ay, Ry, satisfying lemma 3.1. By proposition 3,
iy = 2 and, therefore, my < 2.

If my = 1, then the lemma is proved. Consider the case my = 2. Let o be
a saddle with a negative orientation type. By the lemma 3.2, all periodic points
belonging to the attractor Ay have a period at least two. According to proposition
3, 0 is a fixed point, therefore o does not belong to the attractor A¢. Adding W
to Ay,we get a new attractor flf and a dual repeller Rf to it. By construction, flf
is connected and lies in the disk, just like the R ¢ repeller. Thus my = 1 for the pair
Ay, Ry O
7.2. Diffeomorphisms f € GT. Recall that by proposition 3, for any diffeomor-
phism f € G there exists a natural number s such that all periodic (non-fixed)
points of the diffeomorphism f have period p.

Lemma 7.2. For any diffeomorphism f € G* the number my is uniquely deter-
mined, that is, it does not depend on the choice of the pair Ay, Ry. Moreover,
my = 1, if the diffeomorphism f has at least one fized sink and my = uy otherwise.

Proof. It follows from lemma 3.2 that all periodic points of the attractor Ay of the
diffeomorphism f € G have a period at least my and there is at least one sink
point of the period my. If m; > 1, then, by proposition 3, all periodic points of
the attractor Ay, and therefore all sinks of f have period py = my. Thus, the
number my is uniquely determined, that is, it does not depend on the choice of
the pair Ay, Ry. Moreover, my = 1, if f has at least one fixed sink, and my = uy
otherwise. O
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Remark 2. If my = 1 for some diffeomorphism f € G*, then py may be different
from 1 (see the picture 13).

FIGURE 13. A diffeomorphism f € G, for which m; =1, uy =3

Thus, the set G\ G is represented as pairwise disjoint subsets of
G+\G1 =Gy---UG,,U...
such that m¢ = py = m for any diffeomorphism f € G,,, m > 1.

8. Diffeomorphisms of the class G,,,m > 1.

8.1. Trivialization of the attractor for f € G,,. For m > 1 denote by H,, the
subset of G, consisting of diffeomorphisms for which the attractor A, consists of
one sink orbit O, (of the period m by lemma 3.2).

Lemma 8.1. Any diffeomorphism f € G,, is connected by a stable arc with some
diffeomorphism g € Hy,, coinciding with f on S*\ (Dy U ---U f™~1(Dy)) (see
figure 14).

Proof. By the lemma 3.2, the attractor Ay of f € G,,, m > 1 lies on the disjoint
union of disks Dy,..., f™ }(Dy) and the diffeomorphism f™|p, is conjugate to
linear contraction. Let gy be a 2-sphere diffeomorphism coinciding with f™ on
Dy and having a unique hyperbolic source in 52\ Dy. By construction, go € Gi.
By lemma 6.3 there exists a stable arc g; : S — S2, t € [0,1], connecting the
diffeomorphism go with the diffeomorphism g; € H; and such that g; = go on
S2\ Dy. Then the desired arc f; has the form

f(z), z € fi(Dyf),i=0,...,m—2,

filw) = Qg7 (2)), x € fm7H(Dy),
f(x), 2 € S*\ (D Uf(Dy)U--- U fmH(Dy)).



1120 ELENA NOZDRINOVA AND OLGA POCHINKA

FIGURE 14. Transition from the diffeomorphism f € G,, to the diffeo-
morphism g € Hy,

Ficure 15. Curve C,

Lemma 8.2. For any diffeomorphism f € H,, there exists a saddle orbit O, of
period m such that cl W is a f-invariant closed curve Cy (see figure 15).

Proof. Let f € H,,. Then A consists of m sink points w,..., f™ !} (w). Since
the set cl Wy, is connected, there exists a saddle point o € Z} such that the
f

connected components of the set W \ o are in the different sink basins. Since the
period of the point o coincides with the period of its separatrices and is m, the set

m—1
Co =cl U Wi, is a closed curve. O
=0

Lemma 8.3. For any saddle orbit O, satisfying the conclusion of lemma 8.2, there
exists a unique number k < m/2, (k,m) =1 such that the map f|c, is topologically
conjugate to a rough transformation of the circle with the rotation number %
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Proof. Let C, be an f-invariant closed curve constructed in lemma 8.3. Then
the homeomorphism f|¢c, : C; — C, is topologically conjugate to an orientation-
preserving rough circle transformation. By [20] there is a unique number k <
m/2, (k,m) = 1 such that £ is the rotation number of this transformation. Sup-
pose that there exists another closed curve C5, that satisfies lemma 8.3. We show
that the homeomorphism f|c, : C5 — Cs is topologically conjugate to a rough
transformation of a circle with the same rotation number %

For this we note that the set A ¢ = Uy is a connected attractor of the diffeomor-
phism f and divides the sphere S? into two disks D; and D,. The dual repeller
fif =Ry \ W(SQU consists of two f-invariant connected components Ry C D1, Ry C
D5. Since the curve Cy is f-invariant, it lies in the closure of one of the disks,
suppose D1, for definiteness (see figure 16).

FIGURE 16. Curve Cs

Similarly to the lemma 6.1 it can be shown that the repeller R; is a tree, we
denote it by I'y. Moreover, the diffeomorphism f induces an automorphism Pr,,
for which all edges have a period m. This means (see section 2.4), that the graph is
central, that is, the repeller Ry contains a single fixed point, which is the source, we
denote it by a3. Denote by I3 the connected component WY \ o, belonging to the
disk Dy. Let a3 = cl(l1) \ (I1 U o) (see the picture 16). Then in the tree R; there
is a unique path Lg, o,, connecting the source a; with the source a;. It follows
from the properties of the tree that the path L,, o, consists of vertices of pairwise
different ranks, that is, Lg, 0, N f(Lay,eq) = Q1.

Let L1 = 13 U Lg, .0, Then the set £; = L1 U f(L1) U---U fm=Y(Ly) divides
the disk D; into m of pairwise disjoint parts Di ..., Dy gm-1(y), €ach of which
contains a single sink w, ..., f™ !(w), accordingly, in its closure. Moreover, by
continuity, the diffeomorphism f induces on the components D1 ), ..., Dy pm-1(y)
a rotation with the same rotation number as on the circle C,. Since any saddle
point lying inside such a part has unstable separatrices going to the same sink,
& € L;. Thus, the homeomorphism f|¢, is topologically conjugate to the rough
transformation of the circle with the rotation number % O
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Lemma 8.4. For any diffeomorphism f € G,,, m > 1 the following properties hold:

o there exists a simple closed f-invariant curve (may be not unique) Cy com-
posed by the closures of the unstable manifolds of saddle points;

e for all such curves Cy the homeomorphisms f|c, have the same rotation num-
ber %, kE<m/2, (k,m)=1.

Proof. According lemmas 6.1 and 8.1, every connected component of A¢ is a tree
for f € G,,, m > 1. Moreover, by lemma 8.1, there is a diffeomorphism g € H,,,
coinciding with f on S?\ (DfU---U f™/~1(Dy)). Let A be a connected component
of Ay belonging to Dy. Then for the saddle orbit O, satisfying the conclusion of
lemma 8.2, denote by A, the intersection cl W5 N A. If A, consists of a unique
point then Cy = clW¢ . In the opposite case A, consists of two vertex of the
tree Ay. Let ¢, be a simple path connected them. Then Cy = clW§5 Uc,. By
lemma 8.3, for all such curves Cy the homeomorphisms f|c, have the same rotation
number £,k <m/2, (k,m) = 1. O

For k € (NUO), m € N, k < m/2,(k,m) = 1 we denote by Gk, the subset of
G, such that f|c, is topologically conjugate to a rough transformation of the circle
with the rotation number % for any f € Gi,n. We denote by Hy ,,, the subset of
G;,m consisting from diffeomorphisms with unique sink orbit.

8.2. Trivialization of the repeller for f € Hj ,,. Denote by F} ,, the subset
of Hy, m,, consisting of diffeomorphisms having a repeller R, containing a unique
saddle orbit (of the period m by lemma 8.2).

Lemma 8.5. Any diffeomorphism f € Hy, , is connected by a stable arc with some
diffeomorphism g € Fj; .

Proof. The set Ay = clW¢_is a connected attractor, homeomorphic to a circle.
Then there exists a neighborhood K of this attractor diffeomorphic to an annulus
and such that f(K) C int K. Then the set S\ K consists of two disjoint disks
D1, Dy. Denote by g; a 2-sphere diffeomorphism coinciding with f on D; and having
a unique hyperbolic sink in S?\ D;. By construction, g; € G;. By lemma 6.4 there
exists a stable arc g; ; : S* — S?, ¢ € [0, 1], connecting the diffeomorphism g; with
the source-sink diffeomorphism, while g; ; = g; on S?\ f~(D;). Define the arc f;

by the formula
_ Jf@), @ e fAHEK),
fil) = {gi,t<x>, ve Dy,
O

Lemma 8.6. Any diffeomorphism f € Fy, ., is connected by an arc without bifur-
cations with diffeomorphism ¢ .

Proof. Let f € Fj . Then the non-wandering set of diffeomorphism f consists of
one saddle orbit O, = {0, f(0),..., f™ (o)}, one sink orbits O, = {w, f(w),...,
f™ H(w)} and fixed sources g, az. Moreover, the closures of unstable saddle sep-
aratrices form a circle
Co =Wp, UO,,.

Also a similar non-wandering set has a diffeomorphism ¢y, ,,, which we will denote
by ¢ for brevity (see figure 20). By proposition 7 the circle C, can be considered
smooth. Since all orientation-preserving diffeomorphisms of a 2-sphere are smoothly
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FIGURE 17. f € Hyp

7,

FIGURE 18. g € Fi

isotopic to the identity map (see, for example, [30]), the circle C, can be considered
to coincide with the similar circle of the diffeomorphism ¢, we can also consider the
same non-wandering sets of two diffeomorphisms. By proposition 6, we can assume
that the diffeomorphisms f and ¢ coincide in some neighborhoods of the periodic
points.

Since the circle C, is an attractor of both diffeomorphisms, there exist smooth
annulus Ky, K4, containing C, and such that f(K;) C int Ky, ¢(Ky) C int K.
We choose a diffeomorphism § : Ky — Ky so that §|c, = id and S(f(Ky)) =
d(Ky). Let f=p8f8""1: K4 — ¢(Kg). Then on the set Ky the family of maps
Xt : 9(Kp) — S? is correctly defined by the formula

xe = (1—t)f +to.

By construction, x¢(¢(Kg)) C int ¢p(Ky) for all t € [0,1]. Note that the circle
C, is xt-invariant and C, = W5 U O, for any diffeomorphism x:. In addition,
the isotopy & = f 71Xt|¢( K,) connects the identity map with the diffeomorphism
f1¢ and & (6(Ky)) C int K4. By proposition 5, there is an isotopy Z; : Ky — Ky,
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FIGURE 19. f € Fi3

FIGURE 20. ¢13

coinciding with & on ¢(K,) and identical on 0Ky. Let
ft = f Es.
Note that f; = ¢ on #(Ky). Define the arc f; : S — S? so that f; coincides with f

outside K¢, fi(2) = B71(f1(8(2))) for z € Ky.

Let v = f; and D;,i = 1,2 denotes the connected component of the set S? \ C,,,
containing «;. Let v; = 7|p,. By construction, there is a neighborhood V,, of the
point «;, where 'Yi‘Vai = ¢|Vai' Define the diffeomorphism -, : D; — D; by the
formula

w%‘ (w) = ¢k(7i_k(w))v
where k € Z such that v, *(w) € ¢(K,) for w € D;. Then ~; = Y oy, I 4y, can
be smoothly extended to the point a; by the condition ., (a;) = «;, then, by [30],
there exists a smooth isotopy p;+ : S? — S? such that Pi0 = Vv, pi1 = td. Let
0 = pZt1¢pi7t. Denote by 6&; : S> — S? the arc coinciding d;+ on D; and from ¢ to
¢(Ky4). Then the product of the arcs f; and d; is the desired arc.
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In the case when at least one of the diffeomorphisms .,, ¢ € {1,2} can not be
smoothly continued to o; we show that there is an arc (;; : D; — D;, connecting
the diffeomorphism ¢; o = |p, with some diffeomorphism (; ; such so that 9¢, , can
be smoothly extended to a; by the condition ¢, , (a;) = .

For definiteness, let i = 1. B,(0) = {(z1,22) € R? : 23 + 23 < 1} and K, =
B,(0) \ ¢(intB,.(0))) for r > 0. Let 53 = 9y 9~! and ., = V¢, 971, where
90 §?\ {az} — R? is the stereographic projection and 9¥(a;) = O. Then there
exists 79 € (0,1) such that 73 = ¢ = ¥¢¥~! on B,, and the ring K,, is the
fundamental domain of the diffeomorphism of ¢ (and 7;) and intB;(O) \ {O}.
Represent T? as the orbit space of (intB;(0) \ {O})/¢. Let p : B,, \ {O} — T?
denote the natural projection. Then the curves a = p(Ox1),b = p(9B,,) are the
generators of the fundamental group m; (T?). Since 1/371 translates the orbits ¢ into
the orbits 4; and K, is a common fundamental domain for ¢, on int B, (0)\ {0},
then 1., is projected onto T? by the formula 1&71 = pi,,p~ 1. Then the induced

isomorphism ¢, : 71 (T?) — 7, (T?) preserves the homotopy class of the generator
a and, therefore, is given matrix

1 no

0 1

for some integer nyg.

The arc ;¢ will be the smooth product of the arcs v, and p;, where

1) v, is a smooth arc without bifurcations connecting the diffeomorphism vy =
~v1 with the diffeomorphism 17 such that IZJyl induces an identical isomorphism in
71 (T?);

2) py is a smooth arc without bifurcations connecting the diffeomorphism pg = 14
with the diffeomorphism p; such that 1[4“ = id, which means v, = ¢* for some
k € Z\ {0}, that is, the diffeomorphism 1, is smoothly continued to .

1) We introduce the polar coordinates 7, on R2. Define the diffeomorphism 6;

ret?, p >y,

by the formula 6;(re’?) = rei(‘PH"DM(l_%)) J 5 < < ro;

ret(et2nomt) o .

Let 0, = 9799 : D1 — D1\ {a1} — D1\ {a1}, then 6; can be smoothly
continued to «y by the condition 6;(c;) = a;. Moreover, by construction, 1&91%
induces an identical isomorphism on 71(T?). Thus, vy = 0y, : D1y — Dj is the
desired arc.

2) Here we are dealing with a diffeomorphism vy : Dy — D; such that a dif-
feomorphism ijl induces an identical isomorphism in 71(T?). Then, by [29, 7],
the diffeomorphism 1/3,,1 is smoothly isotopic to the identity map. We choose
a cover U = {Uy,...,U,} of the torus T? consisting of disks such that a con-
nected component of the set p~(U;) is a subset of K,, for some r; such that
B,,(0) C ¢(By,_,(0)). By [4, Lemma de fragmentation] there exist smoothly
isotopic to the identity diffeomorphisms 11, ..., w0, : T? — T? such that

i) for each i = 1, ¢ there exists Uj(;) € U such that for each ¢ € [0, 1] the map 1 ;
is identical outside Uj(;), where {u;,} is the smooth isotopy between the identity
map ayd Wy;

i) 1y, =Wy ... 0.
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Let w;+ : D1 — D; be a diffeomorphism that coincides with (p\K”)’lwi,tp on
K,, and is identical outside K,,. Let fi; = tnwWiy...Wee : D1 \ {aa} — D1\
{a1}. By construction, fip = 71 and fi; has the property: ¢, = 12;;1 oy, =
gt by g b = dd. O
9. Classification of the model diffeomorphisms with respect to the stable

connectedness. The classification directly follows from two lemmas below.

Lemma 9.1. There is a stable arc connecting the diffeomorphism ¢o1 (¢1.2, ¢1—§7
(/567}) with diffeomorphism ¢q.

Proof. We show how to construct a stable arc connecting:

1) ¢1p with o3 2) ép ) with do.

For diffeomorphisms ¢1 2, ¢o,1 the constructions are similar.

1) Let f = qbl_% (see picture 21). Consider a smooth curve [ = cl W\ {wa}, for
which points o, f(o) are internal, while f(I) C I.

Let IT; = {(z1,22) € R? : |2;] < 1}. Define a diffeomorphism ¢ : II; — R?
formula along the axis Oz

~ 9 T
o(z1,22) = (—10961 — xi’, —22) .

By construction ¢(II;) C int I1;, diffeomorphism ¢ has a sink point O and saddle
periodic orbit {Py, p(Pp)}, where Py(—x0,0), ¢(Py) = (x0,0), zo € (0,1/2). Let
I, = ¢(I1;). We choose a closed neighborhood V' of arc [ and diffeomorphism
B :V — IIj in the following way f(V) C intV, SINV) = Oxy N1y, B(f(V)) =
I, B(w) = Py and B(f(w)) = @(Py) (see picture 21). Set f = BfB~1 : I} — Il,.
Then on the set II; correctly defined family of maps x; : IIo — R? by the formula

xe = (1—t)f +1t.

Xz
B e
_—
i
H2
(]
STE I IR IO S B TP
-1/2

FIGURE 21. TIllustration to the lemma 9.1, the case 1)

By construction x;(Ilz) C intIly for all ¢ € [0,1]. Note that the origin is a
fixed sink point for the diffeomorphism x; and the points Py, ¢(Fp) form a saddle
orbit. In addition, the isotopy & = f~!x¢|m, connects the identity map with the
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diffeomorphism f~1¢@ and & (Iy) C intI1;. By proposition 5, there exists an isotopy
= : II; — II4, coinciding with & on II; and identical on OII;. Let

fe = f=u.
Note that fl = @ on Il,. Let I3 = $(Il3). Define the arc n; : I3 — R? by the

formula
1 3 X9
ne(z1,22) = | —21 1—|—E(2t—1) - )

By construction n;(Il3) C intIl3 for all ¢ € [0, 1], in addition, isotopy ¢; = @~ 1n;
connects the identity map with a diffeomorphism $~1n; and (;(II3) C intIl. By
proposition 5, there exists isotopy 6; : R?> — R2, coinciding with ¢; on II3 and
identical outside Il5. Let
@t = gZQt

Let 0; = fy * ©; : S — S?, where f; coincides with f outside V, fi(z) =
B=1(f(B(2))) for z € V and ©, coincides with f; outside f1(V), ©:(z) = ~1(6,
(B(2))) for z € f1(V). Phase portrait of diffeomorphism d; depicted on the picture
22.

FIGURE 22. Tllustration to the lemma 9.1, case 1)

Having done similar constructions in a neighborhood of the arc ¢l W2, we connect
the diffeomorphism ¢; with the source-sink diffeomorphism by a stable arc with one
flip bifurcation. By the proposition4, any source-sink diffeomorphism is connected
by an arc without bifurcations with the diffeomorphism ¢q.

2) Let f = ¢, 1 (see figure 23). For the diffeomorphism f the saddle o and
the drain w; are fixed. Let | = Oz123 N'S? and denote by v C [ an arc bounded
by the points wy, o and not containing a. Set II; = {(z1,72) € R? : |2;| < %},
Ui = {(v1,22) € R? ¢ |25] < 3}, Us = {(z1,72) € R? : |zy] < 2}. Define the
diffeomorphism ¢ : Uy — R2 by the formula

. 1
= 202 — — =),
(1, 2) <x1+ 1~ g7 2)
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By construction, a diffeomorphism ¢ has a saddle point P;(0,xz1), 21 € (0,1/2)
and sink point Py(—x2,0), 22 € (0,1/2). Let IIy = ¢(I1;).

We choose a closed neighborhood V' of arc =, open neighborhood U; D V of arc
~ and diffeomorphism 8 : U; — U so that B(o) = Pi, B(w1) = P, B(INTUY) =
Oxz1NUy, B(V) =11y, B(f(V)) = I (see picture 23). Let f = Bf5~1: Uy — @(Uy).
Then on the set II; correctly defined family of mappings x; : II; — Ily by the
formula

xe=(1—t)f +tp.

U, U Xo
\ L")
I 1/2 1,
/]
0
b p, X

FIGURE 23. Tllustration to the lemma 9.1, case 2)

Note that the point P; is a fixed saddle point and the point P, is a fixed sink
for diffeomorphism x;. In addition, isotopy & = JE71Xt|H1 : II; — II; connects the
identity map with a diffeomorphism f —1%. By virtue of the proposition 5, there
exists isotopy Z; : Ul — Ul, coinciding with &; on II; and identical on 801. Let

fo=F=
Notice, that f; = @ on II;. Define an arc 7, : II; — R? by the formula

1
ne(21,22) = (1’1 + 222 + 52D x;) ,

By construction 7;(I1;) C Iy for all t € [0, 1], in addition, isotopy ¢; = @~ 1n; ¢~y
and (;(II;) C II;. By virtue of the proposition 5,there exists isotopy 6; : Uy — Us,
coinciding with (; on II; and identical on 8U2. Let

O = pb;.

Let Uy = 7Y ~2) and & = fi * O, : S? — S2, f, coincides with f out of
U, and fi(z) = B~U(f:(B(2))) for z € Uy; ©; coincides with f; out of U, and
0:(2) = B71(04(B(2))) for z € U,. By construction, a diffeomorphism d; is a source-
sink diffeomorphism. By virtue of the proposition 4, any source-sink diffeomorphism
is connected by an arc without bifurcations with a diffeomorphism ¢q. O

Lemma 9.2. Diffeomorphism ¢im, k < m/2, m > 2 is connected by a stable arc
with a diffeomorphism @i m if and only if m’ = m, k' = m—k; and is not connected
with any diffeomorphism qS,;/l

/.
,m
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Proof. Assume that diffeomorphism ¢y, ,,,, & < m/2, m > 2 is connected by a stable
k

arc oy with some diffeomorphism ¢y v such that = # :Tl' By remark 1, all
diffeomorphisms on ¢;, except bifurcations, belongs to class G. Firstly, let us show
that all these ¢; belongs to the same subclass G,,.

Indeed, in the opposite case, as ¢x m € Gy, there is a stable arc f; with unique
bifurcation value b such that fy € G,,, and f; € G, m # m. By proposition 3, f
has the periodic points of exactly two periods 1 and m, moreover, all saddle points
have the positive type of the orientation and the period m. As a flip bifurcation
is connected with an appearing or disappearing of points of two different periods
k and 2k, then for f; is impossible to be disappearing because m > 2. If f, is an
appearing, then &k = 1 or K = m and, hence, f1 necessary has periodic points of three
different periods 1,2, m or 1,m,2m, that is impossible according to proposition 3.
Thus, f3 is a saddle-node bifurcation.

A saddle-node bifurcation is connected with an appearing or disappearing of
saddle of the positive type of orientation and node points of the same period. If f,
is an appearing than, by proposition 3, this period equals m and, hence, by lemma
7.2, m = m, that is a contradiction. If f; is a disappearing then there are two
possibilities: 1) f; has no saddle points; 2) f; has a saddle point. In the case 1) f3
has a saddle-node cycle, that contradicts to definition of the stable arc. In the case
2), by lemma 7.2, f; € G,,,. Thus, m = m.

Let us assume now that k # k/. There are two possibilities: 1) ¢; has no
bifurcation at all; 2) ¢; contains bifurcations. In the case 1) g is topologically
conjugated with ¢1. Hence, they are conjugated on the equator, where ¢, is a

rough transformation of the circle with the rotation number %, k< % and ¢1 —

with % By [20], it implies ¥ = m — k. Let us show that there indeed exists a
stable arc ¢y, connecting ¢y ., With ¢, m. To do this, denote by ©; : S? — §?
a rotation S? on the angle 27t around an axis passing through points (1,0, 0) and
(—=1,0,0). Then ¢; = @t¢k,m@t_1-

In the case 2) let us show that all these ¢, belongs to the same subclass G .

Indeed, in the opposite case, as ¢ m € Gm, there is a stable arc f; with
unique bifurcation value b such that fy € Gy, and f; € G,;,m, k # k. Similar
to the arguments above it is possible to show that for f; is impossible to be a flip
bifurcation. Thus, f; is a saddle-node bifurcation connected with an appearing or
disappearing of saddle of the positive type of orientation and node points of the
same period m. By proposition 8.4, fy possesses a simple closed f-invariant curve
C't composed by the closures of the unstable manifolds of saddle points such that

the homeomorphism f|c, has the rotation number % If f, is an appearing than

the curve is preserved for f; and, hence, k = k, that is a contradiction. If fo is
a disappearing then there are two possibilities: 1) the disappearing points do not
belong to Cy; 2) the disappearing points belong to C. In the case 1) the curve Cy
is preserved for f; and, hence, k = k, that is a contradiction. In the case 2) fp has
periodic points different from saddle-node on Cy (in the opposite case we have a
saddle-node cycle) then, by [20], fy|c, and fi|c, has the rotation number £. Thus,
k=k. O
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