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Special affine orbifold

1. Introduction. Main results

B. Klingler [12, Section 1.1] emphasizes that affine manifolds “are surprisingly very poorly understood”. Since orbifolds
can be considered as manifolds with singularities, the same can be said about affine structures on orbifolds.

S.S. Chern (in 1955) puts forward the following conjecture on topology of affine manifolds.

Chern’s conjecture. The Euler characteristic of every closed affine manifold has to vanish.

In other words, Chern’s conjecture states that non-zero Euler characteristic is an obstruction to the existence of an
affine structure on a closed manifold. This conjecture is open today in general case.

Chern’s conjecture was proved by B. Kostant and D. Sullivan for complete affine manifolds, i.e. for affine space
forms [14].

An n-dimensional affine manifold is called special if its holonomy group belongs to the special linear group SL(n, R).
Recently, B. Klingler [12] proved Chern’s conjecture for special affine manifolds. Some other sufficient conditions for
Chern’s conjecture have been found (see a short overview in [12]).

Orbifolds were introduced by 1. Satake [16] as a generalization of the concept of manifold and they were called by him
V-manifolds. The term orbifold was suggested by W. P. Thurston. He applied the classification of compact two-dimensional
Riemannian orbifolds of constant curvature to the classification of closed three-dimensional manifolds [19].
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Orbifolds arise in different branches of mathematics and physics, including algebraic and differential geometry,
topology (see an overview [1]). Orbifolds find applications in conformal field theory, deformation quantization, foliation
theory. In particular, orbifolds are used in string theory as the spaces of string propagation [6].

The first articles devoted to differential geometry and topology of orbifolds belong to I. Satake [16,17]. Many concepts
of smooth manifold theory such as de Rham cohomology, characteristic classes, and the Gauss-Bonnet theorem were
generalized by 1. Satake to orbifolds.

Differential geometry of orbifolds keeps developing. Automorphism groups of geometric structures on smooth orbifolds
are investigated in [2,21] and others papers. The papers [4] and [11] are devoted to geometrization of three-dimensional
orbifolds.

The aim of this paper is to find an analog of Chern’s conjecture for affine orbifolds and extend known results for affine
manifolds to affine orbifolds, mainly the results of B. Klingler [12] and B. Kostant and D. Sullivan [14].

We prove the following statement.

Theorem 1. Chern’s conjecture for affine manifolds is equivalent to the following analog for orbifolds:
The Euler-Satake characteristic of an n-dimensional compact affine orbifold has to vanish.

The holonomy group of an effective n-dimensional affine orbifold is a subgroup of GL(n, R) defined up to conjugacy
(see Section 3.3).

Definition 1. Let A/ be an n-dimensional affine orbifold and let A% be the associated effective affine orbifold. The orbifold
N is said to be special if the holonomy group of A% is contained in the special linear group SL(n, R).

The following statement extends the result of B. Klingler [12, Theorem 1.5] to orbifolds.

Theorem 2. Let N be an n-dimensional compact affine orbifold. If N is special, then its Euler-Satake characteristic is zero.

An orbifold N equipped with a pseudo-Riemannian metric g is called a pseudo-Riemannian orbifold. As an application
of Theorem 2 we obtain the following statement.

Theorem 3. Let (N, g) be an n-dimensional compact flat pseudo-Riemannian orbifold of arbitrary signature. Then the
Euler-Satake characteristic of N is zero.

The following statement extends the corresponding result of B. Kostant and D. Sullivan [14] to affine orbifolds.
Theorem 4. If N be an n-dimensional compact complete affine orbifold, then the Euler-Satake characteristic of N is zero.

Remark 1. It is known from [12, Remark 1.2] that Chern’s conjecture holds true for complex affine manifolds. This fact
and Proposition 4 imply that the Euler-Satake characteristic of any compact complex affine orbifold is zero.

Remark 2. For closed surfaces Chern’s conjecture is proved by Benzécri [3]. By Theorem 1, the analog of Chern’s
conjecture is true for all two-dimensional compact affine orbifolds.

Examples constructed below show that for the topological and orbifold Euler characteristics of orbifolds the direct
analog of Chern’s conjecture is not true (see Section 5).

The paper is organized as follows. In Section 2.1, we recall some facts, concerning the orbifold category.

In Section 2.2, we discuss regular coverings of orbifolds and their properties.

Section 2.3 is focused on different equivalent approaches to the concept of Euler-Satake characteristic for orbifolds
and its properties. The definitions of the topological and orbifold Euler characteristics are recalled in Section 2.4.

In Section 3.1, we consider an affine structure as a Cartan geometry. We define the holonomy group of an effective
affine orbifold in Section 3.3.

The structure of compact affine orbifolds is investigated in Section 3.4. The key result is the statement that every
compact affine orbifold is very good in Thurston’s terminology, i.e. it is the global quotient of an affine manifold by a
finite automorphism group (Proposition 4).

Theorem 1 is proved in Section 3.5. Theorems 2-4 are proved in Section 4.

In Section 5, we construct examples of computations of the Euler-Satake characteristic, the topological and orbifold
Euler characteristics of some orbifolds (Examples 2-3). We also construct an example of a compact affine orbifold with
zero Euler-Satake characteristic that is neither complete nor special (Example 1).

Assumption. All manifolds, orbifolds, vector fields, forms are assumed to be smooth of class C*°. Orbifolds (in particular,
manifolds) are assumed to be connected if otherwise is not mentioned.

Notations. We denote by X(M) the module of vector fields over the algebra of functions on a manifold M. If 91 is a smooth
distribution on M then Xy(M) .= {X € X(M) | X, € 9, Yu € M}.
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We extend the notations of [13, Chapter 2] to orbifolds. We denote by P(N, H) a principal H-bundle over an orbifold
N which is also an orbifold in the general case [2].

We denote by = an isomorphism in an appropriate category.

The quotient spaces of X with respect to both left and right actions of a group G are denoted by X/G.

The order of a finite group G is denoted by |G]|.

2. Orbifolds
2.1. The category of orbifolds

Denote by A a connected paracompact Hausdorff topological space and let n € N. Let U be a connected open subset
of R", I'y a finite group acting on U, ¢y: U— Naly- invariant map which induces a homeomorphism qy of U/FU
onto the open subset U = (pU(U) of N. Then the triple U, Iy, @y) is called an orbifold chart on N with the coordinate
neighborhood U.

Let (U, Iy, @y) and (V I'y, v) be_two orbifold charts with the coordinate neighborhoods U and V respectively, and
U C V. An embedding of the chart (U, Iy, ¢y) into the chart (V I'v, gv) is a pair (puwy, Avy), where Ayy: Iy — Iy isa
group monomorphism inducing an isomorphism of the kernels of the actions and ¢yy: U — V is a smooth embedding,
which is equivariant in the sense that gyy(y(x)) = Avu(y New (X)) Yy € Iy, Vx € U.

An orbifold atlas on N is a family A = {(U, I'y, gy)} of orbifold charts, which cover A and are locally compatible in the
following sense: for any two charts (U, I'y, ¢y) and (V, I'v, ¢y) with the coordinate neighborhoods U and V and for any
x € UNYV, there exist an open neighborhood W € UNV of x and a chart (W T'w, pw) with the coordinate neighborhood
W such that there are embeddings (pyw, Auw) and (@yw, Avw ) of the chart (W Iy, pw) into (U Iy, pu) and (V, I'v, ¢v)
respectively.

A connected paracompact Hausdorff topological space A equipped with a maximal (with respect to the inclusion)
orbifold atlas .A is called an n-dimensional orblfold, which will be also denoted by V.

For an orbifold chart (U, I'y, ¢u), let K be the subgroup of I'y, which consists of all y € I'y such that y -x = x for any
% € U. As observed in [7, Section 2.2], for any two charts (U Iy, pu) and (V I'y, ¢v) with the coordinate neighborhoods
U and V such that U NV # ¢, the subgroups Kj; 4 and K are isomorphic. This observation allows us to give the following
definition.

Definition 2. The inefficiency group Kf\j; of a connected orbifold A/ with an atlas A is the group Kfjf for an arbitrary chart
(U, I'y, pu) € A. It is uniquely determined up to group isomorphism.

The inefficiency group Kj K% is defined up to isomorphisms. If K 9 is trivial, then the group Iy acts effectively on U for
all charts of the atlas A. In thlS case the orbifold A/ is called effectzve

We emphasize that K v is a finite group.

Let A be an 1neffect1ve orbifold with atlas A4 = {(U, Iy, ¢u)}. Then the group F of =1y /Kf,f acts effectively on U.
The atlas A¢ = {(U, I} ,(pu)} on the topological space A defines an orbifold A¢ which is called the effective orbifold
associated to V. . .

For each point x € N of an n-dimensional effective orbifold (A, A), there exists a chart (U, I'y, ¢y) € A such that U
is the n-dimensional arithmetic space R", ¢y(0) = x with 0 = (0,...,0) € R", and Iy is a finite group of orthogonal
transformations of R". Such a chart is called a linearized chart at x.

For orbifold charts (U, Iy, ¢y) and (V, I'y, ¢y ) in A with the coordinate neighborhoods, containing x € A/, the isotropy
subgroups (I'y)y and (I'v), of the points y € ¢, Yx)and z € o, !(x) are isomorphic. Therefore, for every point x of A/,
there is a uniquely determined up to group isomorphism group I7x), called the orbifold group at x. A point x is said to be
regular if its orbifold group I, is isomorphic to inefficiency group Kj/ of \V; otherwise, it is called singular.

Let M and A be smooth orblfolds with atlases A and A’ respectively. A continuous map f: V' — N is called smooth if,
for each x € WV, there exist charts (U, I'y, pu) € A and (U, Iy, ¢gur) € A’ such that x € U = ¢y(U), f(U) C U = gy(0),
a smooth map fyry: U — U’, satisfying the identity f o ¢y = @y’ o fyy, and for any y € Iy, there is y’ € Iy such that
fou(y(x)) = v'(furu(x)) Vx € U. The map fyry is called the representative of f in the charts (U, I'y, ¢y) and (U’, 'y, gyr).
It is defined up to composition with elements in Iy and Iy respectively. _ _

A smooth map f: N — N’ is called a submersion, if each of its representative fyy;: U — U’ is a submersion of manifolds.

Let Otb denote the category of orbifolds, whose objects are smooth orbifolds and morphisms are smooth maps of
orbifolds. Note that the category of manifolds is a complete subcategory in Otb.

Two points in an n-dimensional orbifold A are said to have the same orbifold type, if there exist neighborhoods of
these points, which are isomorphic in the category Otb. The subset of points of the same orbifold type with the induced
topology has a natural structure of a smooth manifold, which is disconnected in general [2]. Let A, be the union of these
manifolds of dimension k The manifolds of points of different types may have the same dimension. Emphasize that every
connected component A of Ay consists of points of the same type.

It is possible that Ay = @ for some k € {0, ..., n — 1}.
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The family A(NV) = {Aij |j €k, k €{0,...,n}}is called the stratification of the n-dimensional orbifold N/, and A;j is
called its stratum. This stratification is natural [15].

It is well known that the set of regular points is the stratum A,. It is a connected, open, dense subset in A, which is
an n-dimensional manifold with the induced smooth structure.

2.2. Regular coverings of orbifolds

Recall the notion of a covering orbifold [19]. A smooth map f: N" — N of orbifolds (N, A") and (W, A) is called a
covering of the orbifold A/, if, for any x € A/, there exists a chart (U, Iy, ¢y) € A at x such thatf‘ (U) is a disjoint union
of open subsets V; c N7, i eI (Iis countable) and, for each i € I, there is an isomorphism v;: U/I7 — V;, where [ is a
subgroup of I'y with the same kernel K of the action, such that f|y,o; o p; = ¢y, where p;: U — U/F is the quotient
map.

Remark that the subgroups I are pairwise conjugate in the group Iy. The orbifold A is called a covering orbifold
of \V.

A deck transformation of a covering f: NV — N is a diffeomorphism h: N/ — N in the category Otb such that foh = f.
The set G(f) of all deck transformations of a covering f forms a group called the deck transformation group. A covering
f:N' — N is called regular, if N = N’/G(f). Remark that N = N’/G(f) if and only if the group G(f) acts transitively on
every fiber f~1(x), x € N.

A diffeomorphism h: N7 — N’ of an orbifold N is said to lie over a diffeomorphism h: ¥ — N with respect to a
covering f: N/ — N, if foh=hof.

A universal cover k: Ny — N of an orbifold A is an initial object in the category of orbifold coverings, i.e., for any
covering f: NV — N, there is a unique covering v: Ny — A, satisfying the equality f o v = k [10].

As known, for a connected orbifold A, a universal cover always exists. It is unique up to covering isomorphisms and
it is a regular covering ([ 19, Proposition 5.3.3]).

The deck transformation group G(k) of a universal cover k: Ny — A is called the orbifold fundamental group of N, it is
denoted by o™(N).

In the terminology of Thurston [19], if an orbifold A has a covering f: NV — A such that A’ is a manifold, then A is
called a good orbifold. If, moreover, the group G(f) is finite, then A is called a very good orbifold. An orbifold N is called
bad, if it is not good.

Now we establish orbifold analogs of some classical results on regular coverings, which we will need in the proof
of Proposition 4. Their proofs are quite similar to the proofs of the classical results. We will give them for the sake of
completeness.

Lemma 1. Let k: Ny — N be a universal cover of an orbifold N. Then, for any diffeomorphism h € Diff (N\'), there is a
diffeomorphism h € Diff (Np), lying over h.

Proof. Let h € Diff (NV). Then h o k: Ny — N is a universal cover of V. Since a universal cover is unique up to covering
isomorphisms, there is a diffeomorphism h € Diff (N) satisfying the equality ko h = h ok, i.e. h lies over h. O

Let f: NV — N be a covering of an orbifold N. Let k: Ay — N be a universal cover of V. In this case, there exists a
covering v: Ny — N’ satisfying the equality f o v = k. Thus, Ap is a common universal cover orbifold of A" and A”. By
definition, 79"(A) = G(k) and 7?™(N") = G(v). For any h € G(v), we have v o i = v, hence f o (v o ) = f o v if and only
if koh =k, i e. Gv)is a subgroup of G(k).

Proposition 1. A covering f: N' — N is regular if and only if nf”’(/\//) is a normal subgroup ofﬂ"”’(/\/). Moreover, if f is a
regular covering, the quotient group m%"(N')/m "™ (N") is isomorphic to the deck transformation group G(f).

Proof. Let f: N/ — N be a regular covering. We will use the notations introduced above. Since v: Ny — A is a universal
cover, by Lemma 1, for any h € G(f), there exists an element h € Diff (Np) lying over h, i.e. v o h = h o v. The following
chain of equalities koh = (fov)oh=fo(voh)=fo(hov)=(foh)ov =fov = kimplies that koh = k and h € G(k).
Thus for any h € G(f) there is h € G(k) lying over h with respect to v: Ny — N'.

Let us show that every g € G(k) lies over some h € G(f) with respect to v. As G(v) C G(k) and G(v) lies over id -,
it is sufficient to consider § ¢ G(v). Fix a regular point X, € A and a point zy € k~!(xo). Then z; = g(z9) # zo. Denote
Yo = v(20), y1 = v(z1). As & & G(v), Yo # y1. Since f: N/ — N is a regular covering, the group G(f) acts transitively on
the fiber f~ 1(xo). Therefore, there is an element h _G(f) such that h(yg) = y;. As shown above, for h € G(f), there is
he G(k), lying over h with respect to v. Remark that ho y and y o h lie over h for all y € G(v). Let h(zo) = z,. Since h lies
over h with respect to v, we have v(z;) = (v o h)(zo) (hov)(z9) = h(yo) = y1. Hence, z1, 2, € v~ 1(y1), and there exists
8o € G(v), satisfying go(z2) = z1. Thus, gg o h(z9) = z; and §(z) = z;, where go o h, § € G(k). Since the deck transformation
group G(k) acts simply transitively on the fiber k~1(xo) over the regular point x, it is necessary that § = gy o h, hence &
lies over h.
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Define a map p: G(k) — G(f) by p(g) := h, where g lies over h with respect to v. It is easy to check that p is a group
homomorphism. As shown above, the map p is surjective. Since ker p = {g € G(k) | v o & = v} = G(v), the group G(v) is
a normal subgroup of G(k), and the group G(f) is isomorphic to the quotient group G(k)/G(v) = n{"b( )/ 7P (NT).

Prove otherwise. Assume now that G(v) is a normal subgroup of G(k). For any g € G(k), define a map h: NV — N’ by
the equality h(x) = (vog)(X), x € A/, where X € v~!(x) is an arbitrary point. Let us show that the definition is correct. Take
another point X' € v~!(x). Since the fundamental group G(v) acts transitively on the fiber v=!(x) of the universal cover
v:No — N/, there is y € G(v) such that X' = y(x). As G(v) is a normal subgroup of G(k), there exists ¥’ € G(v), satisfying
the equality g o y = y’ o g. The chain of equalities vo g(X) =vo(goy)X)=vo(y og)X) = oy’ )ogX) =vogx)
implies that the map h: NV — A’ is independent of the choice of X € v=1(x), i.e. h is well defined. It is not difficult to
show that h € Diff (A). By definition of h, we have h o v(X) = v o g(X) VX € Ny, i.e. g lies over h with respect to v.

Therefore, we have a map u:G(k) — Diff(N’) given by u(g) := h, where g lies over h with respect to v. Hence
w(g) = p(g), and G(f) = p(G(k)). Let us show that the group G(f) acts transitively on every fiber f~1(z), z € V. Let
71,22 € fY(z) and y; € v™1(z1), y2 € v~ (22). Since y1, y» € k~1(z), there exists a deck transformation g € G(k) such that
g(y1) =ya. Put h = p(g) € G(f), hence h(z;) = z,. Therefore, the group G(f) acts transitively on every fiber f~!(z), z € \,
and f : NV — N is a regular covering. O

2.3. The Euler-Satake characteristic of orbifolds and its properties

Let A be a compact n-dimensional orbifold and let A’¥ be the effective orbifold associated to . It is known that A”
(as well as /¥) admits a good finite triangulation; i.e. a finite triangulation such that the orbifold groups at the points in
the interior of each simplex o are the same [7,15]. Let K be such a triangulation of A/. The Euler-Satake characteristic of
N is defined by the formula [17,19]

1

XB) = Z(—U‘“’“”ﬁ’ (1)

oe

where I, is the orbifold group at any point in the interior of o.

Let us introduce another, equivalent definition of the Euler-Satake characteristic. Let X be a vector field on V, x be
a singularity of X, and U, Iy, ¢y ) be a chart with the coordinate nelghborhood U > x Denote by Xy the lift of X to U
under the map ¢y: U — U C N. Then the vector field Xy has a singularity at X € (py)~!(x). Let x(Xy) denote the index

of singularity of X;; at x in the usual sense. As known from [17, Section 3], the number L,(X) = “1 ‘I (Xy) is independent

of the choices of (U, Iy, @y) and X. The number I,(X) is called the index of singularity of X at x. Note that I,(X) is not
necessarily integer.

In [17, Theorem 3], I. Satake proved the following generalization of the Poincaré-Hopf theorem: if X is a vector field
with singularities x1, ..., x, on a compact orbifold A/, then

k
=) LX), (2)
i=1

This formula may serve as an equivalent definition of the Euler-Satake characteristic of V.

One more, equivalent approach to the Euler-Satake characteristic for an orbifold A" was presented by H. Ding [5]. He
introduced the concept of Euler characteristic of Fukaya-Ono type x(A\) and proved that, for a compact orbifold A, this
characteristic x™(\) coincides with the Euler-Satake characteristic ().

By [7, Section 2.2], if A/ is a connected ineffective orbifold, then

1

ES
N) =
IKZ|

ES(Nef)

X , (3)

where Kf\f is the inefficiency group of V.
I. Satake showed that the Euler-Satake characteristic of an odd dimensional compact orbifold is zero [17, Theorem 4].
The Euler-Satake characteristic of an orbifold has the additivity and multiplicativity properties [7, Section 2.2]. Let K
be a good triangulation of an orbifold A/. Suppose that A; and A5 are closed subsets of A such that N7 UAN; = A, and
the sets N1, M3, N1 N A5 correspond to subcomplexes of K; then

xBWVTUN) = xBvi) + xBve) — xBvi nag).

The Euler-Satake characteristic of the product A7 x A5 of compact orbifolds A7 and N5 is equal to the product of their
Euler-Satake characteristics, i.e.

xBN x N2) = xBvi) - xBwe).

The following statement is given in [7, Lemma 2.2] without a proof. It is stated in [19, Proposition 13.3.4] in Section
13.3 “Two-dimensional orbifolds” with a short proof. In view of importance of the statement for the sequel, we give its
new proof here.
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Proposition 2. Let f: N/ — N be a regular covering of a compact orbifold N' whose deck transformations group G is finite.

Then

1

By = —x"w). (4)

IGI
Proof. Consider the case when \V is an effective orbifold. Then A is also effective. Let X be a vector field on A with finitely
many singular points {xi, ..., x}. Denote X’ to be the lift of X to A" under the covering f and f~'(x;) = {xi1, ..., Xim}-
Then each x;; € f~Y(x;) is a singular point of X’. Since the points x;1, ..., Xim; belong to the same orbit of G, their isotropy
groups are pairwise isomorphic, and the number m; is equal to |G/Gy,| = |G|/|Gy,|. Moreover, since the notion of the
index of singularity is local, I,,(X') = --- = I"imi (X"), where IXU(X/) is the index of singularity of X" at x;, i = 1,...,k,
j=1...,m.

By the definition of a covering orbifold, for points x; € A" and x;; € N, there are charts (U Iy, py) and (U Ty, our)
with_the following properties: (a) U=0U and Iy is a subgroup of the group I'y; (b) x; € U = ¢y(U) and x;; € U’ =
@ (U"); (c) fluropyr = @u. As above, let I}, and I}, denote the orbifold groups at x; and xj1 respectively. Without loss of
generality, we assume that Iy, C I},. It is easy to see that the isotropy group Gy, is isomorphic to the quotient group
I3/ T, Therefore, m; = [GI/|Gy, | = 0.

Let Xy be the lift of X to U. Then Xy is also the lift of X’ to U’ = U. Therefore, L, (X") = =—Ix(Xy), where X; € € (ou)'(x:).

IF [T i
Thus, using (2), we get the following chain of equalities:

k m;

k k
Y=Y =y Gl
N R = 2 miba 0O = 2 ) =

i=1 j=1 i=1 i=1

k k
1
= 1612 T ) = 161 2 1(X) = G5,
i=1 ! i=1

Suppose that A" and N are ineffective. Since f: N/ — N is a covering, it is necessary KY =~ Kf\f,,. Therefore, by (3), the
formula (4) remains valid in this case. O

Corollary 1. Let G be a finite group acting on a compact manifold M and let N = M /G be a very good orbifold. Then

1

M),
B = X x(M)

where x(M) is the topological Euler characteristic of the manifold M.
2.4. The topological and orbifold Euler characteristics

Let A be a compact orbifold. The Euler characteristic of the underlying topological space of A is called the topological
Euler characteristic of A" and is denoted by x(A). Note that x () is always an integer. If A" is a manifold, then x®(\)
coincides with x(N\).

Let G be a finite group acting on a compact manifold X. Then the compact quotient space ' = X/G admits an orbifold
structure. Recall that, in this case, the orbifold N is called very good. As known (see, for example, [9]), the topological
Euler characteristic of a very good orbifold N can be calculated by the following formula

XN = Z x(X (5)
geG
where X¢ is the fixed point set of g € G. It is well-known that X# is a smooth submanifold of X which is disconnected in
general.
L. Dixon, J. A. Harvey, C. Vafa, E. Witten [6] introduced the orbifold Euler characteristic x (/) for a very good compact
orbifold A/ = X/G. Denote by [g] the conjugacy class of an element g € G. Let C(g) be the centralizer of g in G. As
known [9], the orbifold Euler characteristic x°?(\) of A can be calculated by the formula

orb Z %( Xg/c (6)
lg]

where x(X8/C(g)) is the topological Euler characteristic of the quotient X8 /C(g).
If the action of G on X is free, then x(N) = x°P(WN). If G is an abelian group, then the conjugacy class [g] consists of
the element g, C(g) = G and the formula (6) can be rewritten in the following form

orb Z %( Xg/c (7)

geG
In contrast with the Euler-Satake characteristic, the orbifold Euler characteristic is always an integer.
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Remark 3. Generalized Euler characteristics for orbifolds are defined in [7,8].

3. Equivalence of Chern’s conjecture to its analog for affine orbifolds

3.1. A linear connection as a Cartan geometry

Let us first recall the definition of a Cartan geometry [20]. Let G be a Lie group and H be a closed subgroup of G. Denote
by g and b the Lie algebras of G and H respectively. Let N be a smooth (not necessarily connected) manifold. A Cartan
geometry on N of type (G, H) (or g/b) is a principal right H-bundle P(N, H) with the projectionp : P — N and a g-valued
1-form B on P, satisfying the following conditions:

(cq) the map B, : T,P — g is an isomorphism of vector spaces for every w € P (nondegeneracy of 8);
(c2) REB = Ad¢g(h~1)B for all h € H, where Ad¢ : G — GL(g) is the adjoint representation of G on g (equivariance of 8);
(c3) B(A*) = A for any A € b, where A* is the fundamental vector field associated with A.

This Cartan geometry is denoted by & = (P(N, H), B).

Let us consider the homogeneous space G/H and let G act on G/H by left translations. If there exists an Adg(H )-invariant
vector subspace V of g such that g = h @ V, then G/H is called reductive. A Cartan geometry £ = (P(N, H), 8) of type
(G, H), where G/H is a reductive homogeneous space, is called a reductive Cartan geometry.

A g-valued 2-form 2 = dB + [B, B] is said to be the curvature of a Cartan geometry & = (P(N, H), B). If 2 = 0, the
Cartan geometry & is called flat.

Cartan geometries form a category €ar, where morphisms of two Cartan geometries ¢ = (P(M,H), 8) and &' =
(P’(M’, H), B’) of the same type (G, H) are principle H-bundles morphisms I" : P(M,H) — P/(M’, H), satisfying the
condition I'*g’ = B.

Denote by Aff(A™) the group of all affine transformations of the n-dimensional affine space A™. Elements of Aff(A") can
be represented in the form (B, b), where B € GL(n, R) and b € R". The group operation in Aff(A") is defined by the formula
(B, b){C,c) = (BC,Bc + b) VY(B, b), (C,c) € Aff(A™). Therefore, Aff(A") = GL(n, R) x R" is the semidirect product of the
subgroup GL(n, R) and the normal subgroup R".

Further, we put G = Aff(A") and H = GL(n, R). The Lie algebra g of G is the semidirect sum of the Lie algebra b of
GL(n, R) and the Lie algebra p of R™. By the Adg(H )-invariance of p, G/H is reductive. Consider the frame bundle 7(M, H)
over an n-dimensional manifold M. Recall that an H-connection in this bundle is an H-invariant n-dimensional distribution
Q on 7(M, H). We emphasize that there is a one-to-one correspondence between linear connections V on M and
H-connections Q in 7(M, H). Note that, in the notation introduced above, a linear connection V on M can be considered
as a reductive Cartan geometry & = (7(M, H), B) of type G/H with 8 = w + 6, where w is the h-valued 1-form of the
connection Q associated with V and @ is the p-valued soldering 1-form of Q.

3.2. Affine orbifolds

_ Let A be an n-dimensional orbifold with atlas A = (U, Iy, pu)}- Suppose that for every chart U, Iy, @u) € A, the set
U is an open subset of the affine space A" and the group Iy acts on U by restrictions of transformations from the affine
group Aff (A™). This action may be ineffective. If every embedding ¢yy: U — v, satisfying ¢y o gyy = @y, is a restriction
of an affine transformation of A", then W is called an affine orbifold.

3.3. The holonomy group of an affine orbifold

In the sequel, we assume that the orbifolds under consideration are effective unless otherwise stated. We present
another approach to the concept of affine orbifold. The definition of a fiber bundle over an orbifold is known (see for
example [1,2]). The total space of a fiber bundle over an orbifold A is an orbifold 7 and its projection 7 : P — A is a
submersion in the category Otb. Here we will only work with principal bundles whose total spaces are manifolds.

We consider H-spaces, where a Lie group H acts on the right.

Let a Lie group H act properly and almost freely on a manifold P. Then there exists an orbifold structure on the quotient
space P/H such that the quotient map f : P — P/H is a submersion in the orbifold category Otb. This structure is unique
up to isomorphisms in Otb. Let h : P/H — N be an isomorphism of orbifolds. Then we say that we have a good principal
H-bundle P over the orbifold N' with the projection 1 = hof : P — N and use the notation P(N, H).

The frame bundle 7(N, H) over an n-dimensional orbifold A/ is an example of a good principal H-bundle over N/,
where H = GL(n, R). By analogy with the manifold case, an H-connection Q in 7(A/, H) is an H-invariant n-dimensional
distribution Q on 7. We emphasize the correspondence between linear connections V on A" and H-connections Q in the
frame bundle 7(V, H).

Consider an affine geometry on an orbifold A as a Cartan geometry & = (7(N, H), ) defined in Section 3.1, where 8
is a nondegenerate g-valued equivariant 1-form on 7. A diffeomorphism h of 7 is an automorphism of the affine orbifold
Nifh*B=Band hoR; =R,0oh Va e H.
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Note that an n-dimensional orbifold A/ is affine if and only if there exists a flat torsion free linear connection V on
N. The vanishing both of the torsion and of the curvature of the affine geometry on A/ is equivalent to the vanishing
of the curvature of the associated Cartan geometry: 2 = 0. Using properties of the curvature of a Cartan geometry
[20, Section 1.5], it is easy to check the equality

$2u(Xus Yu) = [BuXu), Bu(Yu)] — Bu(lX, Y]u), XY € X(T), ueT. (8)

In other words, £2 may be interpreted as a measure of the difference between the Lie algebra brackets and the brackets
of the corresponding vector fields on 7.

Fix a basis E;, i = 1,...,n, of the vector space p = R". The vector fields &, where &l,= (Bu) " '(E), u € T,
belong to Xq(7) and {&l,} is a basis of Q,. Since £2 = 0 and [A,B] = 0 for all A,B < p, by (8), it is necessary
(&, &lu = B '([Ei, Ej]) = O for each i,j € {1,...,n} and for every u € 7. This implies that [X, Y] € Xo(T) for every
vector fields X, Y € Xo(7). By the Frobenius theorem, the distribution Q is integrable. Thus, (A, V) is an affine orbifold
if and only if the H-connection Q on 7 defined by the linear connection V is an integrable distribution, i.e. there exists
an n-dimensional foliation (7, F) such that TF = Q. This foliation is called horizontal. The H-invariance of Q = TF implies
the H-invariance of the foliation (7, F).

Definition 3. Take any x € N and u € m~'(x). Let L = L(u) be the leaf of (7,F) through u. The subgroup
@(u) = {a € H | Ry(L) = L} of the group H = GL(n, R) is called the holonomy group at u of the affine orbifold N.

Ifu' =ub, b € H, then &(u’) = b~'®(u)b. Thus, the holonomy group of A is defined up to conjugacy in H.

Remark 4. In the case when A is an affine manifold, Definition 3 is equivalent to the usual definition of the holonomy
group ([13, Chap II, Section 4]).

Proposition 3. Let N be an n-dimensional affine orbifold which is not necessarily compact. Let 7w : T — N be the projection
of the frame bundle T(N, H). Then:

(i) the affine connection on N defines an integrable H-invariant distribution Q tangent to the foliation (T, F);

(ii) for every leaf L = L(u) of (T, F), u € T, the restriction 7| : L — N is a regular covering whose deck transformation
group is the holonomy group ®(u).

Proof. The statement (i) was proved above in this section.

(i) Let us describe the local structure of the principal H-bundle 7 : 7 — A. Take any x € A and a linearized orbifold
chart (U I'y, y) at x. In this case, I'y can be considered as a subgroup of H. Hence, Iy acts freely on UxH by the formula
y(y,a):=(yW),y ta)y,a) e UxH.The quotient manifold (U xH)/I'y as well as the projection ry: (UXH)/FU — U/FU
are defined. Denote by I7.(y, a) the I'y-orbit of (y,a) € U x H. The equality Iy.(y,a) - b := I'y.(y,a- b), b € H defines
a_right action of H on (U x H)/Iy. Since I'y acts freely on H, we have a locally trivial bundle with the projection
(U x H)/Iy — H/Iy and with the standard fiber U = R". The fibers of this bundle form a simple foliation, which
is called horizontal.

Thus, we have the following commutative diagram

7 1(U) o (U x H)/Ty

l”‘nfl(u) lru

u <2 0/,
where py: 7 Y (U) — (U x H)/ Iy is an isomorphism both of the induced principal H-bundles and of the horizontal
foliations. Let us identify 7 ~'(U) with (U x H)/Iy via py.

Let u € w~!(x) and L = L(u) be the leaf of (7, F). Therefore, (r|,)"'(U) = LN 7w~} (U) = || Vi, where V; = R" are
local leaves of the horizontal foliation, and there exists a diffeomorphism s;: V; — U, satisfying 7 |y;= @y o s;. Therefore.
mly;: Vi — U C m(L) is a diffeomorphism. This means that the restriction 7z |;: L — (L) is a covering onto an open subset
(L) in V.

Let us show that (L) = A. Suppose that there is X' € A \ m(L). Take 1’ € w~!(x'). Let L’ be the leaf of (T, F) through
u'. As proved above, 7(L') is open in A. Assume that there exists X, € m(L) N w(L’). Then there are y € 7~ '(x) N L
and y' € m~'(xo) N L. Since H acts transitively on every fiber of 7: 7 — A/, there exists b € H such that Ry(y') = y. The
H-invariance of (7, F) implies Ry(L") = L. Therefore 7t (L") = 7 (L). This contradicts with the choice of X', hence 7 (L)Nz (L) =
#. Thus, for any ¥’ € N \ 7(L), there is an open neighborhood 7 (L") belonging to A \ 7(L), hence 7 (L) is a closed subset
in V. Since (L) is an open-closed subset in A, the connectivity of A" implies (L) = N.

Therefore, |;:L — N is a covering. The transitivity of the H-action on every fiber 7~1(x), x € A, implies the
transitivity of the action of the holonomy group ®(u) on every fiber (m|;)~'(x). This means that @(u) is the deck
transformation group of this covering. Thus A" = L/®(u), hence 7 |.: L — N is a regular covering. O
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3.4. The structure of affine orbifolds

We call an affine orbifold A very good, if there exist an affine manifold M and a finite group ¥ of automorphisms of
M such that N = M/W.

Proposition 4. Every compact n-dimensional affine orbifold is very good.

Proof. Let N be a compact n-dimensional affine orbifold. By Proposition 3, there exists a regular covering f:L — N,
where L is a manifold and the deck transformation group @ = &(u) is a subgroup of H = GL(n, R). Therefore, @ is a
matrix group.

If v:1° — L is a universal cover for L, then k = f o v:1® — A is a universal cover for A. Since f:L — N is a regular
covering, by Proposition 1, the deck transformation group @ is isomorphic to the quotient group n{””(]\/ /n"”’ L). Recall
([10, p. 132]) that the fundamental group of a compact orbifold is finitely generated. Therefore, the group @ is finitely
generated as the quotient group of the finitely generated group n”’b(J\f ) by ] orb([),

According to a fundamental result of A. Selberg [18], a finitely generated linear group over a field of characteristic
zero is virtually torsion-free. Therefore, the finitely generated matrix group @ has a normal subgroup @, without finite
subgroups such that the quotient group ¥ = @/, is finite.

It is easy to see that the affine structure on A induces an affine structure on L such that the deck transformation group
@ becomes a group of affine automorphisms of L. Since N = L/®, the group & acts on L properly discontinuously. Hence,
the torsion-free subgroup @, of @ acts freely and properly discontinuously on L. Therefore, the group ¥ = @ /®, acts on
the affine quotient manifold M = L/®, as an automorphism group, and ' = M/¥. The quotient maps s:L — L/®y = M
and ¢:M — M/W¥ = N satisfy f = qos. Thus, N = M/¥, where M is an n-dimensional affine manifold and ¥ is a finite
group of its automorphisms. O

3.5. The proof of Theorem 1

Let A/ be an effective n-dimensional compact affine orbifold. By Proposition 4, N is very good and there exist an
n-dimensional affine manifold M and a finite automorphism group ¥ of M such that ' = M/¥. By Proposition 2, the
Euler-Satake characteristic x®(\) of A satisfies the equality

1
£
W)= x(M), 9
2%
where x (M) is the Euler characteristic of M.

If M is ineffective and has the inefficiency group Kf\f/, then there exists the associated effective orbifold A¢. In this
case, by the formula (3), we obtain the following equality

ES( )

7 x(M). (10)
(1K

The equalities (9) and (10) imply the equivalence of Chern’s conjecture with its analog for the Euler-Satake character-
istic of compact affine orbifolds stated above. O

4. Proofs of Theorems 2-4

Since the Euler- Satake characteristics of a compact affine orbifold A and the associated effective orbifold A satisfy
the equality x5(WV) = ef xB (W), it is sufficient to prove Theorems 2-4 for effective orbifolds. Therefore, without loss

of generality, we will furﬁler assume that all orbifolds under consideration are effective.
4.1. Special affine orbifolds
First, we prove the following lemma. As above, we put H = GL(n, R).

Lemma 2. Let M be an n-dimensional compact affine manifold admitting a finite automorphism group ¥ effectively acting on
M. Let N = M/¥ and let ¢:M — M /¥ = N be the quotient map. Denote by & = (P(M, H), «) and £ = (T(N, H), B) the
Cartan geometries defined by the affine structures on M and N respectively. Then:

(i) The induced automorphism group =y of & acts on P such that T = P/'II and the quotient map q : P — P/lI/ T
satisfies the conditions:

RioG=GoR, VaeH; G(Q)=Q,

where {, is the differential of g, Q and Q are the H-connections given by the affine structures on M and N respectively.
(ii) The holonomy groups @ (W), T € P, and ®(u), u = (1) € T, satisfy the inclusions

@) C ®(u) C H. (11)
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Proof. Denote by p : P — M the projection of the frame bundle P(M, H). If U = {X;, ... s Xn} is a frame of T,M, then
U € P and p(u) = x. Every element ¥ € ¥ defines a diffeomorphism of P by the formula lﬁLU (YaxX1, -+ 5 YaxXn),
where v is the differential of ¥ at x. As known, 1// is an isomorphism of the frame bundle, 1 o R; = R, © w for every
a € H. By ([13, Chap VI, Proposition 1.3]), w satisfies the condition w*a = o, where Lp is the codifferential of w Thus,
is an automorphism of the affine structure considered as a Cartan geometry. Thus, i generates an automorphism group
U= (1//) Jisomorphic to ¥, which lies over ¥ with respect to p : P — M. The equality q*(Q) Q follows from the
condition w*a = o. Thus. the statement (i) is proved.

Denote by (P, F) and (7, F) the foliations such that TF = Q and TF = Q. By the property q*(Q) Q of the projection
q:P — T,itis necessary ¢ A(L =L, where L = L( yand L = L(u), u = q(U) € T are the leaves of the foliations (P, F) and
(7, F) respectively.

Consider the holonomy group q§( 1) of the H-connection Q at . Letu = q(u) and let ®(u) be the holonomy group of
the H-connection Q at u. By the definition of the holonomy group ¢ (D( ) for any a € @(A ‘the equality Ra( ) = L holds.
Therefore, we have the following chain of equalities: Ry(L) = Ro(G(L)) = (Rq 0 )L = (§ o Ry)L = G(R4(L)) = G(L) = L. This
means that a € @(u), hence, the inclusions (11) hold true a

Proof of Theorem 2. Let A/ be an effective compact n-dimensional affine orbifold. Assume that A is special, i.e. the holon-
omy group of A belongs to the special linear subgroup SL(n,R). By Proposition 4, there exist a compact
n-dimensional affine manlfold M and a finite group ¥ of its automorphisms such that N = M/¥. Therefore, by
Proposition 2, x®(W\) = w7 L ¥(M). By Lemma 2, using the notations introduced above, the holonomy groups d>(A and

@(u) of M and N are related by the inclusions qbﬂ C @(u). Since @(u) C SL(n, R), we have cD(A ) C SL(n, R). Therefore,
the affine manifold M is also special. As proved by B. Klingler [12], the Euler characteristic of any special compact affine
manifold is zero. Therefore x55(WN) = ﬁx(M) =0 O

4.2. The application to flat pseudo-Riemannian orbifolds

Proofs of Theorem 3. Assume that (A, g) is a compact n-dimensional pseudo-Riemannian orbifold, and the Levi-Civita
connection V of g is flat. Therefore, (N, g) is a compact affine orbifold.

Let (r, s) be the signature of the pseudo-Riemannian metric g. Since (N, g) is a pseudo-Riemannian orbifold, its frame
bundle has a reduction R(N/, O(r, s)) to the pseudo-orthogonal subgroup O(r, s), r +s = n, of H = GL(n, R), and V defines
an O(r, s)-connection on R. Denote by @(u), u € R, the holonomy group of (A, V). Then ®(u) is a subgroup of O(r, s). It
is well known that the determinant of any matrix from O(r, s) is equal to +1.

First, assume (N, g) is oriented. Then the determinant of every matrix from the holonomy group @(u), u € R, is equal
to 1. Therefore, \V is special. By Theorem 2, x55(W\) = 0.

Let (N, g) be non-oriented. There is a 2-fold regular covering f: NV — N such that A7 is an oriented orbifold. Let
g’ be the induced pseudo-Riemannian metric on A”. Then the deck transformation group isomorphic to Z, becomes an
isometry group of (A7, g’). By Proposition 2, it is necessary x®(N) = 1 x®(N"). As proved above, x*(N”) = 0, hence
xBWNV)=0. O

4.3. Complete affine orbifolds

Definition 4. Let A/ be an n-dimensional affine orbifold. It is called complete, if its universal covering space is the affine
space A",

Proof of Theorem 4. Let N be an effective n-dimensional compact complete affine orbifold. By Proposition 4, A/ is very
good. Thus, there are a compact affine manifold M and a finite group ¥ of automorphisms of M such that ' = M /¥ and
the quotient map satisfies the relation v = qok, where k: A" — M, v: A" — N are universal covers and ¢: M — N = M/¥
is the quotient map. Completeness of A" implies completeness of M. By [14], the Euler characteristic of the complete
compact affine manifold M is zero, i.e. x(M) = 0. By Corollary 1, x®(W\) = ‘T},‘X(M). hence x5(WV)=0. O

5. Examples
5.1. Affine orbifolds which are neither special nor complete

Example 1. Fix A € (0, 1) and a natural number n > 3. Consider the homothety ¢:A"\{0} — A"™\{0}, ¢(x) = Ax,
x € A"\{0}. The group @ = Z generated by ¢ acts on A"\ {0} freely and properly discontinuously. Therefore, the quotient
map v:A"\{0} — (A"\{0})/® = M is a regular covering and the compact quotient space M = (A"\{0})/® admits a
structure of n-dimensional affine manifold. Since A"\{0} is incomplete, the affine manifold M is also incomplete. The
homothety ¢ does not preserve the volume form of A™"\{0}, hence M is not special. Remark that M is diffeomorphic to
the product "1 x S, therefore x(M) = (5" ! x S1) = (5™ 1) x(S') = 0, because x(S') = 0.
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Let y: A"\{0} — A"\{0} be the rotation of A"\ {0} given by

- 2 . 2w . 2w 2
Y(X1, X2, X3, - . ., Xp) = (X1 COS — — X, Sin —, X1 Sin — + X COS —, X3, ..., Xy),
k k k k
where (X1,X2,X3,...,X,) € A"™\{0} and k € N, k > 2. Since y o ¢ = ¢ o y, the affine automorphism y defines an

automorphism y of the affine manifold M such that y o v = v o y. Denote by I}, the group generated by y. Remark that
Iy = Zy. Since T}, is an affine automorphism group of M, the compact quotient space Ny, = M/ I} admits a structure of
n-dimensional affine orbifold.

For n = 3, the singular points of A} form two 1-dimensional strata diffeomorphic to the circle S'.

For3n > l4 the orbifold A has the following stratification A = {A,, A,_,}, where the stratum A,_, is diffeomorphic
to S"° x S,

Since x(M) = 0, Corollary 1 implies x®(W\) = x(M)/|Tk| = %X(M) = 0. Since M is neither special nor complete, A
is also neither special nor complete, however x®(N) = 0.

Example 1 shows that the analog of Chern’s conjecture stated above is still open.
5.2. Special affine orbifolds

Further, we construct some special affine orbifolds A" and compute their Euler-Satake characteristic x(\/), topological
Euler characteristic x(A") and orbifold Euler characteristic x°™(\).

Example 2 (n-Dimensional Pillow). Consider the n-dimensional affine torus X = T" as the quotient space A"/Z" of the
affine space A" by the integer lattice Z". Denote by [x1, X2, ..., X;] the image of (x1, X2, ..., x,) € A" under the quotient
map A" — A"/Z" = T". Let G = Z, be the group generated by the involution

T — T X1, X2, ..., Xl > [—X1, —X2, ..., —Xn].

The compact quotient space /' = X/G admits a structure of n-dimensional affine orbifold.

Let X be the fixed point set of g. Obviously, X® consists of the 2" points [x1, X2, ..., x,] € T", where x; € {0, 1/2}, i =
1,...,n. Let us denote them by A;,i = 1, ..., 2". Therefore, the set of singular points of A/ consists of the 2" points g(A;),
where q: X — N is the quotient map.

By Corollary 1, x®(W) = |z%\X(Tn) = 0, because x(T") = 0.

Using the fact that

2n 2n
Gl =122 =2, x(X)=x(T)=0, x(x*)=x(_|a=) x@)=2"
i=1 i=1

and applying the formula (5), we get

_ l e _ 27'1 __on—-1
XWV) = |G|(X(X )+ x(X%)) = > =2"" (12)
By (7), we get
XN = x(X/G) + x(X8/G) = x (V) + x(X8) = 2" 42" =3. 2", (13)

Thus, for the n-dimensional orbifold A/ constructed above, we obtain
BV =0, xW)=2"1 xPw)=3-2""N

In particular, for n = 2, the orbifold A is the 2-dimensional pillow with the underlying topological space homeomor-
phic to the 2-dimensional sphere 5%, and x®(N) =0, (V) = 2, x°?(V) = 6.
For n = 4, the orbifold A is the Kummer surface [1], and x5(V) = 0, x(WV) = 8, x"P(W) = 24.

Example 3. Let X = T? = R?/Z? be the 2-dimensional affine torus T? constructed in Example 2 for the case n = 2. Take
two reflections of the torus T? :
(X, %) =[1—x1, %], X, X%]) =[x, 1—x] Vix,x]eT?.

Let the group G be generated by ty, 7. Then G = 7Z, X Z,. The compact quotient space N' = X/G admits a structure
of 2-dimensional affine orbifold which can be considered as a square on the plane. Four vertices of the square are the
0-dimensional strata of A, four sides (without the vertices) of the square are the 1-dimensional strata of V.

By Corollary 1, we have x®(\) = =5 x(T?) = 0.
The fixed point set X% of the reflection 7; is the disjoint sum of two circles S? LI S, i = 1, 2. Hence, x(X%) =
x(S'u S = 2x(S") = 0. The composition 71 o 75 = 71, o 77 has four fixed points X"°2 = L} A;. Therefore,

x(XT1°2) = x (Ut Ai) = 4x(A) = 4. Using |G| = |Zy x Z,| = 4, x(X®) = x(T?) = 0 and the formula (5), we get

1
(XX + x (X)) 4+ x(X72) 4+ x(X7°72)) = 1.

X(N):r(ﬂ
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Since the restriction 7|y fixes four points u;‘zlAi = X"1°2, k #£ I, we have x(X™*/G) = x(X™*/Z;) = %(X(X’k) +
x(X™1°2)) = 2, k = 1, 2. Note that X¢/G = N, X"1°2 /G = X"1°%2, By (7), we obtain

XPNV) = x(X¢/G) + x(XT/G) + x(X2/G) + x(X1°2/G)=1+2+2+4=09.

Thus, we have x5(NV) =0, x(W) =1, x°?(W) = 9.

Examples 2 and 3 show that the direct analog of Chern’s conjecture for the topological and orbifold Euler characteristics
does not exist.
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