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One-dimensional Reaction-diffusion Equations
and Simple Source-sink Arcs on a Circle

O. V. Pochinka, A.S. Loginova, E. V. Nozdrinova

This article presents a number of models that arise in physics, biology, chemistry, etc.,
described by a one-dimensional reaction-diffusion equation. The local dynamics of such models
for various values of the parameters is described by a rough transformation of the circle. Ac-
cordingly, the control of such dynamics reduces to the consideration of a continuous family of
maps of the circle. In this connection, the question of the possibility of joining two maps of the
circle by an arc without bifurcation points naturally arises. In this paper it is shown that any
orientation-preserving source-sink diffeomorphism on a circle is joined by such an arc. Note that
such a result is not true for multidimensional spheres.
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1. Introduction

A wide range of models emerging in physics, biology, chemistry, etc. is described by the one-
dimensional reaction-diffusion equation. The corresponding chain of connected maps (CCM)
or discrete variants of this equation can be regarded as an infinite set of copies of the local
dynamical system on the phase space R or its compactification S'. If the local dynamics exhibits
hyperbolic behavior, then the dynamics of the entire CCM is completely determined by local
dynamics with sufficiently small parameters (see, for example, [5]).

So the Kolmogorov — Petrovsky — Piskunov (KPP) model of the development of useful genes
is described by a local map f(u) = u+~yu(l —wu). For any v € (0, 1) the compactification map f
is a Morse — Smale diffeomorphism of the circle S* with four fixed points (see [5, Theorem 5.1.1]).
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The Nagumo model of propagation of a voltage pulse through the neuron axon is described
by a local map f(u) = u — Au(u — ©)(u — 1). For all sufficiently small A the compactifica-
tion map f is a Morse —Smale diffeomorphism of the circle S with four fixed points (see [5,
Theorem 5.1.1]).

The real amplitude equation of waves generated by the wind is described by a local map

fu) =Au—bu. If b>0and A € (0,1) U <1, %), then the compactifying map fis the Morse —

Smale diffeomorphism of the circle S! with four fixed points at A € <1, %
at A € (0,1) (see [5, Theorem 5.3.1]).

The control of the dynamics of the described models reduces to the consideration of a con-
tinuous family of maps of the circle. This raises the question of the possibility of joining two
maps of the circle by an arc without bifurcation points. In this paper we show that such an arc
joins any orientation-preserving source-sink diffeomorphisms on the circle. In more detail.

Let us consider the circle S = {(z1,75) € R?: 22 + 23 = 1}. We denote by Dif f(S!) a set
of diffeomorphisms on a given circle and by J(S') € Dif f(S!) a set of orientation-preserving
source-sink diffeomorphisms, i.e., diffeomorphisms whose nonwandering sets consist of two hy-

perbolic points: a source and a sink.

Theorem 1. For any diffeomorphisms f, f' € J(S!) there is a smooth arc {f; € J(S')}
joining them.

> and two fixed points

We note that the multidimensional reaction-diffusion equations reduce to a source-sink
diffeomorphism on a multidimensional sphere for which the result of Theorem 1 is not true (see,
for example, [2]).

2. Supporting concepts and facts

Two diffeomorphisms f, f': S' — S' are smoothly isotopic if there is a smooth map
F:S' x [0,1] — S! (smooth isotopy) such that f; given by the formula fi(z) = f(x,t) is
a diffeomorphism for each ¢ € [0,1] and fo = f, f1 = f’. We say that the family {f;} is a smooth
arc joining diffeomorphisms f and f’. A support of the isotopy {f} is the closure of the set
{x € S*: fy(z) # fo(w) for some t € [0,1]}.

For the smooth arcs {f;} and {g;} such that f; = go the usually product of the respec-
tive paths is not smooth in general, but we can define the smooth arc {h;} joining diffeomor-
phisms fy, g1 as follows:

1
fQT(t)a 0<t<§7
he = )
g27’(t)717 5 <t < 17
where 7: [0,1] — [0,1] is a smooth monotone function such that 7(t) = 0 for 0 < ¢t < %

and 7(t) = 1 for % <t < 1. We will call the smooth arc {h;} a smooth product of the smooth

arcs {f;} and {g;} and denote it by {h;} = {fi * g:}.

In the present paper we will work with the class J(S') € Dif f(S') of orientation-preserving
source-sink diffeomorphisms, that is, diffeomorphisms whose nonwandering sets consist of pre-
cisely two hyperbolic points: a source and a sink. Also, we introduce a subclass NS(S') c J(S')
for which the source is the North pole N(0,1) and the sink is the South pole S(0,—1).
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Define the diffeomorphisms
J_: ST\ {S} =R,

ISP\ {N} =R

(the stereographic projections) by the formulas:

L1
19—(‘%.17(172) - 1 +1E2’

L1
19+(1‘1,332) = 1 —$2.

Define the diffeomorphisms
91 R — ST\ {S},

97 R — S\ {N}
which are given by the formulas:

791(35)—( 2 1‘9”2),

22 4+1 22 +1

0w = (),

22+1 22 +1

Through stereographic projections, diffeomorphisms from NS(S') are associated with the

contractions on the line
S(R) = {94 fi, 7", f e NS(Sh)}

and extensions on the line
N(R) = {9_f0_~",f € NS(S")}.

We define model diffeomorphisms ¢g: S* — S', g: R — R by the formulas

(1‘ x)_ 4.%'1 51‘2—3
I\ T2) =\ 530,75 — 31 )

It is easy to verify that g € NS(S'), g€ S(R),g ' € NR), 7 ' =9_gd9_" and g =999
Let E, C NS(S') be a set of such diffeomorphisms h for which there are neighbor-

hoods Vj,(N), Vi(S) of points N, S such that hly, (vyuv,(s) = 9lv, (nuv,(s)- We denote by

Eg C S(R) (Ez-1 € N(R)) a set of diffecomorphisms h for which there is a neighborhood V(O)

: 7 = 7 _ =1
of the point O such that hly-_0) = glv.(0) (hlv0) =T s (0))-
3. The construction of a smooth arc is a proof of Theorem 1
It is easy to prove Theorem 1 if f and f’ smoothly conjugate by a diffeomorphism h. In this
case there is a smooth isotopy h;: S! — S! such that hg = id, hy = h. Thus, f; = ht_lfht

is a required arc. In the opposite case we show how to construct a smooth arc {l; € J(S')}
joining an arbitrary diffeomorphism f € J(S!) with the model diffeomorphism g. Similarly,
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we construct a smooth arc {I} € J(S)} joining f’ and g. Then the smooth product of smooth
arcs fp = lyx1]_, is the required arc. The arc l; is a smooth product of tree smooth arcs (3, v, d;
(It = Bt * v * §¢), whose construction is given in the corresponding sentences below. Thus,

1. l; is a diffeomorphism from the class J(S') for all ¢ € {0, L

3]’ lo = f and [ is a diffeomor-

phism from the class N.S(S') (see Proposition 1);

2. l; is a diffeomorphism from the class NS(S!) for all ¢ € [ } , 1y € Ey (see Proposition 2);

3

12
33

3. l; is a diffeomorphism from the class F, for all ¢ € [2 1}, l; = g (see Proposition 3).

37
Proposition 1. For any diffeomorphism f € J(S') there exists a smooth arc
{Br € (J(SHNDiff(SY)} joining By = f with a diffeomorphism By € NS(S!).
(S

Proof. Let f € J(S'). We denote by a the source and by w the sink of the diffeomor-
phism f. Let D,, D, (Dg, Dy) be pairwise disjoint arcs of a circle containing «, w (S, N).
According to [3], there exists a smooth arc {H; € Dif f(S')} such that Hy = id, Hi(Dy) = Dy,
H,(Ds) = D,,, H(N) = a and H;(S) = w. Then ; = H; ' fH; is the desired isotopy joining
the diffeomorphism f = 3y with the diffeomorphism (5 = H; YfH e NS (SH. [

Proposition 2. For any diffeomorphism (3 € NS(S') there exists a smooth arc
{y € NS(SY} joining vo = B with a diffeomorphism v, € Ej.

Proof. Define B+ =9 69,V and B = 9_pB9_"'. Then B+ € S(R) and 8~ € N(R).
If BJF = g in some neighborhood of the origin O, then we define {7? = B+} In the opposite case
we show below how to construct a smooth arc {7, € S(R)} joining B+ with a diffeomorphism
Tir € Ly such that 7, for every t € [0,1] coincides with B+ out of a neighborhood V* c B! =
= {z € R: |z| < 1} of the origin O. Similarly, if 3 = g~! in some neighborhood of the origin O,
then we define {f, = B }. In the opposite case, similarly to ;" we construct a smooth arc
{7; € N(R)} joining B with a diffeomorphism 7, € E;-1 such that 7, for every t € [0, 1]
coincides with 3 out of a neighborhood V~ C B! of the origin O. Thus, the required arc
given by the formula
O+ (0 4 (), w € 971 (VH);
w(w) = 9"y (0-(w)), wed-~H(V7);
Blw),w € (ST\ (94 H(VFH)Ud_~1(V7)).

Let us construct a smooth arc {§,” € S(R)} joining B+ with a diffeomorphism 7 € Ej
such that 7;“ for every ¢ € [0,1] coincides with EJF out of a neighborhood V* C B!. The arc Wf
will be a smooth product of arcs: ﬁf and EZL , where

1) {p; € S(R)} joining the diffeomorphism B" with a diffeomorphism pi such that p;
for every t € [0, 1] coincides with B+ out of a neighborhood Vfr C B! of the origin O and ﬁf
coincides with differential Dﬁg (denote it by @) in a neighborhood V2+ C V1+ of the origin O;

2) {Ej € S(R)} joining the diffeomorphism p; with a diffeomorphism Ef € Ej such that EZL
for every ¢ € [0, 1] coincides with 5] out of a neighborhood V3" C V.
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1) Since O is a hyperbolic sink for diffeomorphism BJr, it follows that
Q) = Ao

for some 0 < A < 1. Since the map B+ in some neighborhood of the origin has the form
EJF(I') = z(A + a(z)) where a(z) tends to 0 with x tending to 0, there exists a number ¢; > 0
such that in the neighborhood U;" = {z € R: |z| < £1} of the point O for all z # 0 there is the

inequality |B+ (7)| < |z|. Define the arc X, : R — R by the formula

XS =01-05F" +1Q.

Then [\ (z)| < |z| for all nonzero # € U;". Note that the origin O is a fixed point for each
diffeomorphism Y, and X, (U;") C int U] for every ¢t € [0,1]. Let V! = (BJF)_l(UfL) and
let us consider the isotopy h; = (BJF)*IY}/F , which connects the identity map with the diffeo-
morphism (BJF)*lQ. By construction hy(U;") € V™ for every t € [0,1]. According to Thom’s
theorem about the continuation of an isotopy (see, for example, [4, Theorem 5.8]), there is an
isotopy H;: R — R, which coincides with h; on UfL and is the identity outside Vfr. Then the
required arc is given by
o =0 H,.

2) If @ =7, then we define {E:r =7/ }. In the opposite case we define the arc 7, : R — R
by the formula
T =(1-1)Q+17.

Let V,t = U}t and Uy = Q(U;"). Consider the isotopy 7; = Q=7 which connects the identity
map with the diffeomorphism @~'g. By the construction m(USL ) C V2Jr for every t € [0,1].
According to Thom’s theorem about the continuation of an isotopy (see, for example, [4, Theo-
rem 5.8]), there is an isotopy 6;: R — R, which on U2‘L is 0; and which is the identity outside V2+.
Then the required arc is given by

=+

§ = Pfat- ]

Proposition 3. For any diffeomorphism v € Ey there is a smooth arc {&; € J(S')} joining

09 =y with 01 = g.

Proof. Since v € Ey, there are neighborhoods V,(N) and V,(S) of the points N and S
such that yly. (vyuv, (s) = 9lv,(vuv,(s)- We define a diffeomorphism ) : ST\ {S} — S\ {S}
by the formula ¥, (w) = g¥(y~*(w)) where k € Z such that v~ *(w) € V,(N) for w € St \ {S}.
Then v =43 1 gt~ If 1, can be continued smoothly on S by the formula 1., (S) = S, then there
exists a smooth isotopy p;: S' — S!, such that pg = 1, p1 = id. Thus, the arc 6; = pt_lgpt is the
desired arc. In the opposite case we show that there exists a smooth arc {(; € E,} joining the
diffeomorphism (o =  with some diffeomorphism ¢, such that ¢, can be continued smoothly
on S! by the formula ¢, (S) = S.

Let B, = {z € R: || < r} and K, = cl(B, \ B,) for r > 0. Let ¥ = J1y9.~" and

2

E«, = 911,941, Then 7 € Ey and, therefore, there is 79 > 0 such that ¥ = g on B,, and the
space K,, is a fundamental domain of the restriction of the diffeomorphism g (as well as the
diffeomorphism %) on R \ {O}. By construction, the orbit space C' = (R \ {O})/7 is a disjoint
union of two circles C = Cy U C_. We denote by p: B,, \ {O} — C the natural projection.
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Then the curves ay = p(Oz™), a— = p(Ox~) are generators of fundamental groups m(Cy)
and 71 (C_), respectively.

Since ., translates orbits of the diffeomorphism g into orbits of the diffeomorphism 7
and K, is a common fundamental area for g, 7 on R\ {O}, it follows that v, is designed
for C'y by the diffeomorphism 1;7 L = p@wp_lz C1 — C4. Moreover, the induced isomorphism
1@/ 2«1 m(Cy) — m(Cy) is the identity. Thus, the diffeomorphism 1@/ . is smoothly isotopic
to the identity map.

We choose an open covering U+ = {Uli, ceey qu} of the manifold Cy such that each con-
nected component of the set p_l(Uii) is a subset of K, for some r; < TZT_I According to the
fragmentation lemma (see, for example, [1]), there exist diffeomorphisms @f, e ,@qi 0L — Oy

such that they are smoothly isotopic to the identity map and

i) for each i = 1,¢ and for each ¢t € [0,1] diffeomorphism @Z?tt is the identity outside Uii
and {@Zit} is the smooth isotopy between the identity map and iDii;
i) ¥, =7 ... 0L
Let @iﬁt: R — R be a diffeomorphism coinciding with (p| Kri)*lﬁ)\ftp on K,, and coin-
ciding with the identity map outside K,,. Let (4, = ’y_fwft .. .w;'ft: Ozx+ — Oxq. We de-
note by (;: R — R a diffeomorphism coinciding with ¢y, on Oz, with (_, on Oz_ and
such that (,(O) = O. By construction ¢, € E; for every ¢t € [0,1], {; = ¥ and b, = id.
Thus, ¢, = 19+_1ECI79+: ST\ {S} — S'\ {S} can be continued smoothly on S' by the for-
mula ¢, (S) = S. [
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