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One-dimensional Reaction-diffusion Equations

and Simple Source-sink Arcs on a Circle

O. V. Pochinka, A. S. Loginova, E.V.Nozdrinova

This article presents a number of models that arise in physics, biology, chemistry, etc.,
described by a one-dimensional reaction-diffusion equation. The local dynamics of such models
for various values of the parameters is described by a rough transformation of the circle. Ac-
cordingly, the control of such dynamics reduces to the consideration of a continuous family of
maps of the circle. In this connection, the question of the possibility of joining two maps of the
circle by an arc without bifurcation points naturally arises. In this paper it is shown that any
orientation-preserving source-sink diffeomorphism on a circle is joined by such an arc. Note that
such a result is not true for multidimensional spheres.
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1. Introduction

A wide range of models emerging in physics, biology, chemistry, etc. is described by the one-
dimensional reaction-diffusion equation. The corresponding chain of connected maps (CCM)
or discrete variants of this equation can be regarded as an infinite set of copies of the local
dynamical system on the phase space R or its compactification S

1. If the local dynamics exhibits
hyperbolic behavior, then the dynamics of the entire CCM is completely determined by local
dynamics with sufficiently small parameters (see, for example, [5]).

So the Kolmogorov – Petrovsky –Piskunov (KPP) model of the development of useful genes
is described by a local map f(u) = u+γu(1−u). For any γ ∈ (0, 1) the compactification map f̃
is a Morse – Smale diffeomorphism of the circle S1 with four fixed points (see [5, Theorem 5.1.1]).
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The Nagumo model of propagation of a voltage pulse through the neuron axon is described
by a local map f(u) = u − Au(u − Θ)(u − 1). For all sufficiently small A the compactifica-
tion map f̃ is a Morse – Smale diffeomorphism of the circle S1 with four fixed points (see [5,
Theorem 5.1.1]).

The real amplitude equation of waves generated by the wind is described by a local map
f(u) = Au− bu3. If b > 0 and A ∈ (0, 1) ∪

(
1, 3

2

)
, then the compactifying map f̃ is the Morse –

Smale diffeomorphism of the circle S1 with four fixed points at A ∈
(
1, 3

2

)
and two fixed points

at A ∈ (0, 1) (see [5, Theorem 5.3.1]).
The control of the dynamics of the described models reduces to the consideration of a con-

tinuous family of maps of the circle. This raises the question of the possibility of joining two
maps of the circle by an arc without bifurcation points. In this paper we show that such an arc
joins any orientation-preserving source-sink diffeomorphisms on the circle. In more detail.

Let us consider the circle S
1 = {(x1, x2) ∈ R

2 : x2
1 + x2

2 = 1}. We denote by Diff(S1) a set
of diffeomorphisms on a given circle and by J(S1) ⊂ Diff(S1) a set of orientation-preserving
source-sink diffeomorphisms, i.e., diffeomorphisms whose nonwandering sets consist of two hy-
perbolic points: a source and a sink.

Theorem 1. For any diffeomorphisms f , f ′ ∈ J(S1) there is a smooth arc {ft ∈ J(S1)}
joining them.

We note that the multidimensional reaction-diffusion equations reduce to a source-sink
diffeomorphism on a multidimensional sphere for which the result of Theorem 1 is not true (see,
for example, [2]).

2. Supporting concepts and facts

Two diffeomorphisms f , f ′ : S
1 → S

1 are smoothly isotopic if there is a smooth map
F : S

1 × [0, 1] → S
1 (smooth isotopy) such that ft given by the formula ft(x) = f(x, t) is

a diffeomorphism for each t ∈ [0, 1] and f0 = f , f1 = f ′. We say that the family {ft} is a smooth
arc joining diffeomorphisms f and f ′. A support of the isotopy {ft} is the closure of the set
{x ∈ S

1 : ft(x) �= f0(x) for some t ∈ [0, 1]}.
For the smooth arcs {ft} and {gt} such that f1 = g0 the usually product of the respec-

tive paths is not smooth in general, but we can define the smooth arc {ht} joining diffeomor-
phisms f0, g1 as follows:

ht =

⎧⎪⎨⎪⎩
f2τ(t), 0 � t � 1

2 ,

g2τ(t)−1,
1
2 � t � 1,

where τ : [0, 1] → [0, 1] is a smooth monotone function such that τ(t) = 0 for 0 � t � 1
3

and τ(t) = 1 for 2
3 � t � 1. We will call the smooth arc {ht} a smooth product of the smooth

arcs {ft} and {gt} and denote it by {ht} = {ft ∗ gt}.
In the present paper we will work with the class J(S1) ⊂ Diff(S1) of orientation-preserving

source-sink diffeomorphisms, that is, diffeomorphisms whose nonwandering sets consist of pre-
cisely two hyperbolic points: a source and a sink. Also, we introduce a subclass NS(S1) ⊂ J(S1)
for which the source is the North pole N(0, 1) and the sink is the South pole S(0,−1).

RUSSIAN JOURNAL OF NONLINEAR DYNAMICS, 2018, 14(3), 325–330



One-dimensional Reaction-diffusion Equations and Simple Source-sink Arcs 327

Define the diffeomorphisms
ϑ− : S

1 \ {S} → R,

ϑ+ : S
1 \ {N} → R

(the stereographic projections) by the formulas:

ϑ−(x1, x2) =
x1

1 + x2
,

ϑ+(x1, x2) =
x1

1 − x2
.

Define the diffeomorphisms
ϑ−1
− : R → S

1 \ {S},
ϑ−1

+ : R → S
1 \ {N}

which are given by the formulas:

ϑ−1
− (x) =

(
2x

x2 + 1
,
1 − x2

x2 + 1

)
,

ϑ−1
+ (x) =

(
2x

x2 + 1
,
x2 − 1
x2 + 1

)
.

Through stereographic projections, diffeomorphisms from NS(S1) are associated with the
contractions on the line

S(R) = {ϑ+fϑ+
−1, f ∈ NS(S1)}

and extensions on the line

N(R) = {ϑ−fϑ−−1, f ∈ NS(S1)}.

We define model diffeomorphisms g : S
1 → S

1, g : R → R by the formulas

g(x1, x2) =
(

4x1

5 − 3x2
,
5x2 − 3
5 − 3x2

)
,

g(x) =
(
x
2

)
.

It is easy to verify that g ∈ NS(S1), g ∈ S(R), g−1 ∈ N(R), g−1 = ϑ−gϑ−1
− and g = ϑ+gϑ

−1
+ .

Let Eg ⊂ NS(S1) be a set of such diffeomorphisms h for which there are neighbor-
hoods Vh(N), Vh(S) of points N , S such that h|Vh(N)∪Vh(S) = g|Vh(N)∪Vh(S). We denote by
Eg ⊂ S(R) (Eg−1 ⊂ N(R)) a set of diffeomorphisms h for which there is a neighborhood Vh(O)
of the point O such that h|Vh(O) = g|Vh(O) (h|Vh(O) = g−1|Vh(O)).

3. The construction of a smooth arc is a proof of Theorem 1

It is easy to prove Theorem 1 if f and f ′ smoothly conjugate by a diffeomorphism h. In this
case there is a smooth isotopy ht : S

1 → S
1 such that h0 = id, h1 = h. Thus, ft = h−1

t fht
is a required arc. In the opposite case we show how to construct a smooth arc {lt ∈ J(S1)}
joining an arbitrary diffeomorphism f ∈ J(S1) with the model diffeomorphism g. Similarly,
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we construct a smooth arc {l′t ∈ J(S1)} joining f ′ and g. Then the smooth product of smooth
arcs ft = lt ∗ l′1−t is the required arc. The arc lt is a smooth product of tree smooth arcs βt, γt, δt
(lt = βt ∗ γt ∗ δt), whose construction is given in the corresponding sentences below. Thus,

1. lt is a diffeomorphism from the class J(S1) for all t ∈
[
0, 1

3

]
, l0 = f and l1

3

is a diffeomor-

phism from the class NS(S1) (see Proposition 1);

2. lt is a diffeomorphism from the class NS(S1) for all t ∈
[
1
3 ,

2
3

]
, l2

3

∈ Eg (see Proposition 2);

3. lt is a diffeomorphism from the class Eg for all t ∈
[
2
3 , 1

]
, l1 = g (see Proposition 3).

Proposition 1. For any diffeomorphism f ∈ J(S1) there exists a smooth arc
{βt ∈ (J(S1) ∩Diff(S1))} joining β0 = f with a diffeomorphism β1 ∈ NS(S1).

Proof. Let f ∈ J(S1). We denote by α the source and by ω the sink of the diffeomor-
phism f . Let Dα, Dω (DS , DN ) be pairwise disjoint arcs of a circle containing α, ω (S, N).
According to [3], there exists a smooth arc {Ht ∈ Diff(S1)} such that H0 = id, H1(DN ) = Dα,
H1(DS) = Dω, H1(N) = α and H1(S) = ω. Then βt = H−1

t fHt is the desired isotopy joining
the diffeomorphism f = β0 with the diffeomorphism β1 = H−1

1 fH1 ∈ NS(S1).

Proposition 2. For any diffeomorphism β ∈ NS(S1) there exists a smooth arc
{γt ∈ NS(S1)} joining γ0 = β with a diffeomorphism γ1 ∈ Eg.

Proof. Define β+ = ϑ+βϑ+
−1 and β

− = ϑ−βϑ−−1. Then β
+ ∈ S(R) and β

− ∈ N(R).
If β+ = g in some neighborhood of the origin O, then we define {γ+

t = β
+}. In the opposite case

we show below how to construct a smooth arc {γ+
t ∈ S(R)} joining β+ with a diffeomorphism

γ+
1 ∈ Eg such that γ+

t for every t ∈ [0, 1] coincides with β
+ out of a neighborhood V + ⊂ B

1 =
= {x ∈ R : |x| � 1} of the origin O. Similarly, if β− = g−1 in some neighborhood of the origin O,
then we define {γ−t = β

−}. In the opposite case, similarly to γ+
t we construct a smooth arc

{γ−t ∈ N(R)} joining β
− with a diffeomorphism γ−1 ∈ Eg−1 such that γ−t for every t ∈ [0, 1]

coincides with β
− out of a neighborhood V − ⊂ B

1 of the origin O. Thus, the required arc γt
given by the formula

γt(w) =

⎧⎨⎩
ϑ+

−1(γ+
t (ϑ+(w))), w ∈ ϑ+

−1(V +);
ϑ−−1(γ−t (ϑ−(w))), w ∈ ϑ−−1(V −);
β(w), w ∈ (S1 \ (ϑ+

−1(V +) ∪ ϑ−−1(V −)).

Let us construct a smooth arc {γ+
t ∈ S(R)} joining β

+ with a diffeomorphism γ+
1 ∈ Eg

such that γ+
t for every t ∈ [0, 1] coincides with β+ out of a neighborhood V + ⊂ B

1. The arc γ+
t

will be a smooth product of arcs: ρ+
t and ξ+t , where

1) {ρ+
t ∈ S(R)} joining the diffeomorphism β

+ with a diffeomorphism ρ+
1 such that ρ+

t

for every t ∈ [0, 1] coincides with β
+ out of a neighborhood V +

1 ⊂ B
1 of the origin O and ρ+

1

coincides with differential Dβ+
O (denote it by Q) in a neighborhood V +

2 ⊂ V +
1 of the origin O;

2) {ξ+
t ∈ S(R)} joining the diffeomorphism ρ+

1 with a diffeomorphism ξ
+
1 ∈ Eg such that ξ+t

for every t ∈ [0, 1] coincides with ρ+
1 out of a neighborhood V +

3 ⊂ V +
2 .
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1) Since O is a hyperbolic sink for diffeomorphism β
+, it follows that

Q(x) = λx

for some 0 < λ < 1. Since the map β
+ in some neighborhood of the origin has the form

β
+(x) = x(λ+ a(x)) where a(x) tends to 0 with x tending to 0, there exists a number �1 > 0

such that in the neighborhood U+
1 = {x ∈ R : |x| � �1} of the point O for all x �= 0 there is the

inequality |β+(x)| < |x|. Define the arc χ+
t : R → R by the formula

χ+
t = (1 − t)β+ + tQ.

Then |χ+
t (x)| < |x| for all nonzero x ∈ U+

1 . Note that the origin O is a fixed point for each
diffeomorphism χ+

t and χ+
t (U+

1 ) ⊂ int U+
1 for every t ∈ [0, 1]. Let V 1

+ = (β+)−1(U+
1 ) and

let us consider the isotopy ht = (β+)−1χ+
t , which connects the identity map with the diffeo-

morphism (β+)−1Q. By construction ht(U+
1 ) ⊂ V +

1 for every t ∈ [0, 1]. According to Thom’s
theorem about the continuation of an isotopy (see, for example, [4, Theorem 5.8]), there is an
isotopy Ht : R → R, which coincides with ht on U+

1 and is the identity outside V +
1 . Then the

required arc is given by
ρ+
t = β

+
Ht.

2) If Q = g, then we define {ξ+t = ρ+
1 }. In the opposite case we define the arc τ+

t : R → R

by the formula
τ+
t = (1 − t)Q+ tg.

Let V +
2 = U+

1 and U+
2 = Q(U+

1 ). Consider the isotopy ηt = Q−1τ+
t which connects the identity

map with the diffeomorphism Q−1g. By the construction ηt(U+
2 ) ⊂ V +

2 for every t ∈ [0, 1].
According to Thom’s theorem about the continuation of an isotopy (see, for example, [4, Theo-
rem 5.8]), there is an isotopy θt : R → R, which on U+

2 is θt and which is the identity outside V +
2 .

Then the required arc is given by
ξ
+
t = ρ+

1 θt.

Proposition 3. For any diffeomorphism γ ∈ Eg there is a smooth arc {δt ∈ J(S1)} joining
δ0 = γ with δ1 = g.

Proof. Since γ ∈ Eg, there are neighborhoods Vγ(N) and Vγ(S) of the points N and S

such that γ|Vγ (N)∪Vγ (S) = g|Vγ (N)∪Vγ (S). We define a diffeomorphism ψγ : S
1 \ {S} → S

1 \ {S}
by the formula ψγ(w) = gk(γ−k(w)) where k ∈ Z such that γ−k(w) ∈ Vγ(N) for w ∈ S

1 \ {S}.
Then γ = ψ−1

γ gψγ . If ψγ can be continued smoothly on S by the formula ψγ(S) = S, then there
exists a smooth isotopy ρt : S

1 → S
1, such that ρ0 = ψ, ρ1 = id. Thus, the arc δt = ρ−1

t gρt is the
desired arc. In the opposite case we show that there exists a smooth arc {ζt ∈ Eg} joining the
diffeomorphism ζ0 = γ with some diffeomorphism ζ1, such that ψζ1 can be continued smoothly
on S

1 by the formula ψζ1(S) = S.
Let Br = {x ∈ R : |x| � r} and Kr = cl(Br \ B r

2

) for r > 0. Let γ = ϑ+γϑ+
−1 and

ψγ = ϑ+ψγϑ+
−1. Then γ ∈ Eg and, therefore, there is r0 > 0 such that γ = g on Br0 and the

space Kr0 is a fundamental domain of the restriction of the diffeomorphism g (as well as the
diffeomorphism γ) on R \ {O}. By construction, the orbit space C = (R \ {O})/g is a disjoint
union of two circles C = C+ ∪ C−. We denote by p : Br0 \ {O} → C the natural projection.
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Then the curves a+ = p(Ox+), a− = p(Ox−) are generators of fundamental groups π1(C+)
and π1(C−), respectively.

Since ψγ translates orbits of the diffeomorphism g into orbits of the diffeomorphism γ

and Kr0 is a common fundamental area for g, γ on R \ {O}, it follows that ψγ is designed
for C± by the diffeomorphism ψ̂γ± = pψγp

−1 : C± → C±. Moreover, the induced isomorphism
ψ̂γ±∗ : π1(C±) → π1(C±) is the identity. Thus, the diffeomorphism ψ̂γ± is smoothly isotopic
to the identity map.

We choose an open covering U± = {U±
1 , . . . , U

±
q } of the manifold C± such that each con-

nected component of the set p−1(U±
i ) is a subset of Kri for some ri <

ri−1

2 . According to the

fragmentation lemma (see, for example, [1]), there exist diffeomorphisms ŵ±
1 , . . . , ŵ

±
q : C± → C±

such that they are smoothly isotopic to the identity map and

i) for each i = 1, q and for each t ∈ [0, 1] diffeomorphism ŵ±
i,t is the identity outside U±

i

and {ŵ±
i,t} is the smooth isotopy between the identity map and ŵ±

i ;

ii) ψ̂γ± = ŵ±
1 . . . ŵ

±
q .

Let w±
i,t : R → R be a diffeomorphism coinciding with (p|Kri

)−1ŵ±
i,tp on Kri and coin-

ciding with the identity map outside Kri . Let ζ±t = γw±
1,t . . . w

±
q,t : Ox± → Ox±. We de-

note by ζt : R → R a diffeomorphism coinciding with ζ+t on Ox+, with ζ−t on Ox− and
such that ζt(O) = O. By construction ζt ∈ Eg for every t ∈ [0, 1], ζ0 = γ and ψ̂ζ1 = id.
Thus, ψζ1 = ϑ+

−1ψζ1ϑ+ : S
1 \ {S} → S

1 \ {S} can be continued smoothly on S
1 by the for-

mula ψζ1(S) = S.
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